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Objectives

• Present Our Recent Development of Entropy Split Methods (ES) 
for the Ideal MHD
> Two ES methods are proposed

• Comparison of 8th-Order Entropy Split Methods with Six Other 
8th-Order Methods 
> Entropy Conserving Methods
> Momentum Conserving Method
> Kinetic Energy Preserving Method
> Combination of Two of These Properties Methods



Motivation
• Improvement in Nonlinear Stability (reduce aliasing errors)

> More efficient than Tadmor-type entropy conserving methods of same order
> Methods cater to long time integration of compressible turbulence

• Improvement in Accuracy (for a wide spectrum of flow speeds)
> Efficient Nonlinear Filter methods with adaptive local flow sensors designed to 

minimize the use of numerical dissipation

• Mass Conservation Issue for shock-free & flows with shocks
> Entropy split method is entropy conserving but it is not in conservation form
> Two proposed methods to overcome the issue



Comparison Among Seven 8th-Order Methods



Comparison Among Seven 8th-Order Methods
(Cont.)



Treatment of Discontinuities for Entropy Split Schemes
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Yee et al. Nonlinear Filter Approach:  
- High order entropy split schemes as the base scheme 
- Local flow sensor to examine the regularity of the computed

date after each full time step of the base scheme.   
- Determine the location and amount of numerical dissipation needed
- Nonlinearly filter the computed data at these locations only

Accurate schemes developed for short time integration (or rapidly 
developing flows) usually SUFFER from nonlinear instability for long 

time integration

• Standard shock-capturing methods are too diffusive for long time integration
• Careful design of appropriate nonlinear numerical dissipations with flow sensors 

can improve accuracy



Preliminary



Entropy Conserving Discretization



Local & Global Entropy Stability

Entropy Splitting of the Euler Flux Derivatives
Leads to Global Entropy Conservation (Stability) by the Energy Norm



Entropy Split Methods (ECHKP)

ECHKP: Entropy Split Methods automatically satisfies the Ranocha’s kinetic energy preservation condition 



Entropy Splitting Leads to 
Global Entropy Conservation & Stability



Entropy Splitting of Euler Flux Derivatives
(Oliger & Olsson, Olsson, Gerittsen & Olsson, Yee et al. (1994-1999)

Entropy stable (generalized energy norm) with SBP for Central Schemes
Physical Entropy, Homogeneous of Degree One of Euler Flux Derivative Fx

Negative Beta-> unphysical



Entropy Conserving Discretization 
Tadmor-type (ECLOG) with Boundaries
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Entropy Split Schemes: Achieving global entropy conservation & stability automatically
by standard SBP & energy norm estimate (periodic or non-periodic BC)

Entropy Conserving Schemes - Tadmor-type: Achieving global entropy conservation & stability 
require generalized SBP & dissipation



Entropy Conserving Discretization of Tadmor-type (ECLOG) 
with Boundaries (Cont.)
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Advantage of Entropy Split Method over
Standard Tadmor-Type Entropy Conserving Methods
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Tadmor-type entropy conserving method (logarithmic entropy or physical entropy)
requires 2 times CPU than entropy split method 

Both Approaches Exhibit Similar Accuracy & Stability
(Same order of central discretization)

+



Mass Conservation issue by Entropy Split Methods

Fact: Entropy splitting of the Euler inviscid flux derivatives is not in conservation form
> ES method in its original form is entropy conservative but is not a conservative method
> Mass conservation is not a problem on smooth flow test cases 
> Mass conservation error increases as a function of the duration of time integration for 

flows with discontinuities
Two Proposed New Split Methods to Correct Mass Conservation Error:   

Sjogreen & Yee, “Construction of Conservative Numerical Fluxes for the Entropy Split    
Method”, HONOM-2019 special CAMC volume, 2022  

Test Cases on the new approach with improve stability and accuracy:   
> 2D Vortex Convection
> 3D Taylor-Green Vortex
> 3D Isotropic Turbulence with Shocklets
> 1D Shu Osher Shock-Turbulence
> 2D Alfven Wave
> Orzag-Tang MHD Vortex
> Brio-Wu MHD Shock-Tube 
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Kennedy & Gruber Splitting (2008) 
Split the derivative of triple products, kinetic energy preservation

Common parameter:  



Dispersion Relation-Preserving (DRP)  Schemes

Three DRP schemes in CAA: DRP4S7 (Tam & Webb), DRP4S9, ST09 (Bogey & Bailly)

DRP4S7 DRP4S9 ST09



Conservative form is not symmetrizable
Two Entropy Split forms (ES & ES2) include the Godunov term are considered



Entropy Split Methods (ES) for MHD

(ES)



Entropy Split Methods (ES2) for MHD



Semi Discrete Entropy Split Approximation 



Non-uniqueness of Ducros et al. Splitting for MHD
(Minimize the use of numerical dissipation for high order 

central schemes) 

• MHD inviscid (ideal) flux derivatives consist of triple products of 
conservative variables & their derivatives

• Splitting such triple products is not unique
(See Sjogreen & Yee, ICOSAHOM-2016 for the chosen forms) 

• Splitting all 8 flux derivatives, partial or just the gas dynamic portion

• Solving the Conservative MHD

• Solving the Godunov/Powell symmetrizable MHD (Non-conservative)

The above consists of 8 combinations 



2D Alfven Wave Test Case

================================================

================================================



Alfven Wave Beta Study (L2-Norm Error vs. Time)
(Comparison between ES & ES2 by 8th-order Entropy Split Method)



Alfven Wave (Max-Norm Error vs.Time)
(Beta Parameter Study:  8th-order Entropy Split Method)
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Alfven Wave (Max-Norm Error vs. Time)
(Comparison Among Seven 8th-order Methods)
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Brio-Wu MHD Shock Tube Problem



Density Density (Zoom)

Pressure Pressure (Zoom)

Brio-Wu MHD Shock Tube Problem
(Comparsion Among Seven Methods  + 7th-order nonlinear filter)



Brio-Wu MHD Shock Tube Problem
(Comparsion Among Seven Methods  + 7th-order nonlinear filter)

By magnetic field By magnetic field (Zoom)



Summary

GAS dynamics: Classical Central, DRP Central & Pade (Compact) Spatial Schemes
• ES can improve nonlinear stability for smooth flows in general without added numerical dissipation
• Nonlinear filter version of ES schemes can improve stability & accuracy for DNS & LES with shocks
• High order entropy conserving methods (centered or nonlinear filter version) ES & EC provide similar 

stability & accuracy improvement.   
• Tadmor-type EC methods are approximately twice the CPU than ES

Plasma:
• ES can improve nonlinear stability in general for smooth flows

but MHD equations dependent

• Nonlinear filter version of split schemes can improve stability & accuracy for flows with 
discontinuities but MHD equations dependent

• High order entropy conserving methods (centered or nonlinear filter version) can
provide different stability & accuracy improvement, depending on the forms of the 
MHD equations & the choice of entropy fluxes

Entropy Split (ES) Schemes & Entropy Conservative (EC) Methods









Skew-Symmetric Splitting the Derivative of Products 
(Minimize the use of numerical dissipation for high order central 

schemes) 

Splitting of the derivative of a product in conservative & non-conservative part:

Split approximation can be written into conservative form:

D0:  2nd-order central, D+uj = (uj+1 – uj)/   x 

Can be generalized to 2pth order accurate:  Ducros et al. 2000

Entropy splitting of Euler flux, Yee et al. 1999




