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ABSTRACT

The dual-frequency ratio of radar reflectivity factors (DFR) has been shown to be a useful quantity as it is independent of the number concentration of the particle size distribution and primarily a function of the mass-weighted particle diameter, Dm.  A drawback of DFR-related methods for rain estimation, however, is the non-unique relationship between Dm and DFR.  At Ku- and Ka-band frequencies, two solutions for Dm exist when DFR is less than zero.  This ambiguity generates multiple solutions for the range profiles of the particle size parameters.  We investigate characteristics of these solutions for both the initial-value (forward) and final-value (backward) forms of the equations.   To choose one of among many possible range profiles of Dm, number concentration and rain rate, R, independently measured path attenuations are used.  For the backward approach the possibility exists of dispensing with externally measured path attenuations by achieving consistency between the input and output path attenuations.  The methods are tested by means of a simulation based on disdrometer-measured raindrop size distributions and the results are compared with a simplified version of the operational R-Dm method. 









1. Background and Introduction
One of the goals of rain retrievals using measurements from a dual-frequency radar is to estimate two parameters of the raindrop size distribution, RSD, at each range gate.  Apart from the important microphysical information that these parameters provide, they can be used to infer bulk parameters of the rain such as rain rate and liquid water content.  For satellite-based measurements, the approach offers the possibility of linking microphysical processes to different climatological regimes, changes in surface type (land versus ocean), orography and diurnal and seasonal variations over the globe.  The basic idea that underlies the class of methods based on the dual-frequency ratio (DFR) is that the stronger non-Rayleigh backscattering at the higher frequency provides information on a characteristic size parameter of the distribution.  In particular, the ratio of radar reflectivity factors at the two frequencies is independent of the number concentration of hydrometeors so that this ratio depends only on a characteristic size parameter of the distribution and, in the gamma parameterization of the RSD, the shape factor .  
    The basic equations for this approach were given in work related to the analysis of measurements from a dual-frequency airborne radar operating at X-band (10 GHz) and Ka-band (35 GHz) [Meneghini et al., 1992, 1997].  Iguchi and Meneghini [1995], Iguchi [2005] and Iguchi and Haddad [2020] showed that the idea could be formulated as coupled non-linear differential equations for parameters related to the number concentration and characteristic diameter of the raindrop distribution.  Mardiana et al. [2004] and Rose and Chandrasekhar [2005, 2006] explored iterative solutions to the equations that do not depend on an external constraint of path-integrated attenuation (PIA).  Liao and Meneghini [2005] and Adhikari et al. [2007] compared several constrained and unconstrained solutions to the problem.  Seto and Iguchi [2011] provided a detailed analysis of the ambiguities that can arise in both the forward and iterative backward solutions.  More recent work includes that of Gorgucci and Baldini [2016] who investigated a self-consistent numerical method and its application to data from the Micro-Wave Rain Radar and Le and Chandrasekhar [2014] in which linear models of Nw and Dm in rain are used to circumvent the dual-value problem described below and where the method was applied to data obtained from the JPL dual-frequency airborne radar.  Seto et al. [2013] proposed a formulation that depends on the DFR and the Hitschfeld-Bordan [1954] method.  The approach was later supplemented by estimates of path-integrated attenuation (PIA) from the Surface Reference Technique (SRT) [Seto and Iguchi, 2015].  In both studies, the goal was to develop an algorithm applicable to measurements from the Dual-frequency Precipitation Radar (DPR) onboard the GPM satellite [Hou et al., 2008; Hou et al., 2014].  
    One of the principal sources of error in the DFR method is the double-valued nature of the DFR-Dm relationship, where DFR = 10 log10[Z(f1)/Z(f2)] = dBZ(f1)-dBZ(f2), f1 and f2 are the lower and upper frequencies of the radar, Z is the effective radar reflectivity factor, dBZ = 10 log10(Z) and Dm is the mass-weighted diameter defined as the ratio of the fourth to third moment of the RSD.  Unlike the situation in snow where the relationship between the DFR and a characteristic size parameter of the distribution is monotonic [Matrosov, 1992, 1998; Meneghini and Kumagai, 1994], in rain and for negative values of DFR, there are two solutions of the equation:  DFR=g(Dm); that is, there are two values of Dm that satisfy the equation:  Dm=g-1(DFR).  Moreover, it is sometimes the case that the estimated DFR is smaller than the theoretical value so that no solution for Dm is available.  A modified DFR, DFR’, can be defined as DFR’ = dBZ(f1)-*dBZ(f2), 0.6 to minimize the region of ambiguity [Liao and Meneghini, 2019b]; a drawback of the strategy, however, is that DFR’ depends on the particle number concentration, thereby sacrificing one of the main advantages of DFR.  
    Our approach here is to consider multiple solutions (i.e., multiple range profiles of the raindrop size distribution parameters and rainfall rate) that the double-valued DFR-Dm relationship generates and to select the ‘best’ solution either by using an external constraint such as the path-integrated attenuation or, in the case of the backward formulation, by imposing a self-consistency condition.  
    Although our focus is on the DFR approach, which is an analytical method that seeks to solve a set of equations, the operational algorithms for the DPR alone or combined with radiometer data are more accurately classified as optimal estimation methods [Seto et al., 2021; Iguchi et al., 2020; Grecu et al., 2016].  Earlier work along these lines includes Marzoug and Amayenc [1994], Haddad et al. [1997], Marzano et al. [1999] and Grecu et al. [2011].  These methods tend to be more robust with respect to the many error sources that exist.  The DFR approach is subject not only to the DFR-Dm ambiguity but often to greater instabilities than the optimal estimation techniques.  Analytical methods do have advantages, however, by dispensing with some of the assumptions used in the optimal estimation approaches thereby providing, in some cases, more accurate information on the raindrop size distribution and insight into relationships among the radar measurements and microphysical parameters.   
    One other relevant study is that of Iguchi and Meneghini (2022) who use a differential form of the dual-frequency equations to study their stability with respect to changes in the initial conditions.  The study also proposes a new method of retrieval that employs both the DFR and the ratio of specific attenuations, dFk, k(f1)/k(f2).  This approach mitigates the DFR-Dm ambiguity when the attenuation within the bin is sufficiently large.  The relationship between this method and the approach taken here is the subject of ongoing investigation.   

2. Basic Considerations and Equations
a. Dual-frequency Equations
The most common form assumed for the raindrop size distribution is the gamma which can be written [Ulbrich, 1983; Testud et al., 2001]:

		
where D (mm) is the equivalent drop diameter of an oblate spheroid, Dm (mm) is the mass-weighted diameter (fourth over the third moment of N(D)), Nw (m-3 mm-1) is the normalized intercept parameter and  is the shape parameter.  As the effective radar reflectivity factor, Z (mm6/m3), specific attenuation, k (dB/km), and rain rate, R (mm/h), are directly proportional to Nw, these quantities can be written 

				
where fi=f1 or f2, denote the lower and upper frequencies and are here taken to be the DPR frequencies of 13.6 and 35.5 GHz.  Explicitly


where b (mm2) and e (mm2) are the backscattering and extinction cross sections, c (m/s) is the speed of light and v(D) (m/s) is the drop fall speed expressed as a function of the particle diameter.  The height dependence of v(D) is ignored in the simulations presented.  Although b and e depend on temperature, the variations are small and will be neglected; the look-up tables used in the retrievals have been calculated for a temperature of 10C.
   Another quantity of interest, which is directly related to the radar backscattered power, is the measured radar reflectivity factor, Zm, which is related to Z and k by:

 				
The notation dBZ=10 log10(Z) and dBZm=10 log10(Zm) will be used in the following equations.
[bookmark: _Hlk98838941]    It is important to note that the integrals Ib, Ie and IR can be computed at the outset as a function of Dm, for each value of .  We assume that the drops are oblate spheroids with rotational axes along the vertical and a shape-size relationship given by Thurai et al. (2007) and that the viewing angle of the radar is near nadir. The scattering cross sections are computed by means of the T-matrix method [Mishchenko and Travis, 1998].  In large part, the retrievals amount to the repeated use of the look-up tables in concert with the set of measured radar reflectivity factors and path attenuations.
As its name indicates, the basis of the dual-frequency ratio method is the DFR itself, defined as

				
As this is independent of Nw it provides an estimate of Dm if  is fixed or related to Dm.  The DFR-Dm relationship for rain is shown in Fig. 1 for several values of  where the Ku-band frequency is taken to be 13.6 GHz and the Ka-band 35.5 GHz.  It can be seen from the figure that for DFR<0, and a fixed value of , two values of Dm yield the same DFR.  As in previous work, we can simply take the larger of the two roots.  This, however, leads to instabilities in the retrievals particularly at lighter rain rates.  Use of both roots also provides more flexibility in the equations when the underlying RSD does not follow the gamma form of the distribution. 
 [image: Chart

Description automatically generated]
Fig. 1.  Dm versus DFR(Ku, Ka) for a Gamma raindrop size distribution for several values of µ at a temperature of 10C.

  The approach taken here is to generate all valid solutions to the equations and then choose one among them based primarily on the assumption that independent estimates of the path attenuation are available at both frequencies.  As described later in the paper, for the backward recursion, a consistency condition between the input and output path attenuations can also be used to select a solution. 
    To get an idea of what is meant by a ‘valid’ solution, consider the extreme case where DFRmin<DFR<0 at each of the n gates that comprise the path from the storm top to the surface.  At each range gate, two values of Dm will be consistent with the measured DFR so that a total of 2n valid solutions can be generated.  At the opposite extreme is the case where DFR>0 at all gates; in this case, a single Dm exists for each DFR so that only a single profile/solution is possible.  Most cases will be intermediate to these extremes with the number of solutions between 1 and 2n.  It is also worth noting that the set of solutions depends both on the way the equations are solved (forward versus backward) and the  value that is assumed.  For example, the solution set using the forward or initial-value equations, described below, with =3, will generally be different than the solution set using the backward or final-value equations with =6, or, in fact, with =3.    
    Before discussing the generation of multiple solutions, we first describe the basic solution procedure.  Because of the way the multiple solutions are generated, it is sufficient to assume that only a single root exists to the equation Dm=g-1(DFR).  For DFR<0, this can be either the upper or lower root; for DFR>0, only a single solution, considered the upper root, exists.  
    Consider first the forward or initial-value version of the method that proceeds from the storm top to the surface.  The measured reflectivity factors over a path consisting of n range gates are written in the form: {Zm(f1,rj), Zm(f2, rj), j=1,…,n}.  At the storm top, r=r1, and as a first approximation, the Zm are taken to be equal to the attenuation-corrected value (Z = Zm) so that DFR(r1)= dBZm(f1,r1)-dBZm(f2, r1).  From this, an estimate of Dm is obtained.  Next, Dm along with Z and an assumed value of  yield an estimate of Nw.  Note that the Z and Ib from either frequency give the same result.  We choose f1 so that, from (3):  

						
From Dm and Nw, k(f1) and k(f2) can be obtained from (4).  With the estimates of the specific attenuations, the estimated Z can be updated to dBZ(fi)=dBZm(fi)+2hk(fi) where h is the range resolution and  is taken to be 0.5.  The iteration can be continued until the Z values effectively become constant. 
   Having determined the values of Z(f1), Z(f2), k(f1), k(f2), Dm and Nw at the first gate, we can proceed to the second gate using the initial approximation dBZ(fi, r2)=dBZm(fi, r2)+2hk(fi, r1) to estimate DFR at this gate and the corresponding value of Dm.   As in the first gate, Dm is used along with Z to estimate Nw; next, Dm and Nw yield k(f1, r2) and k(f2, r2).  Updated estimates of dBZ can then be written:  dBZ(fi, r2)=dBZm(fi, r2)+2hk(fi, r1)+2hk(fi,r2).  This procedure can be iterated until stable estimates of the quantities are attained.  For the calculations we have taken the number of iterations to be six.  A change in this iteration number does sometimes modify the results but the changes are negligible with respect to the minimum-error and standard solutions, which are discussed below, and the differences between these solutions and the true profiles.
  At the jth gate (j  n) and for i=1 and 2, representing the Ku- and Ka-band frequencies, the equations become

				
The subscript ‘I’ denotes the iteration number which begins at 1 and where kI=0=0.  For example, for the second iterate, I=2, the specific attenuations from the first iteration, at gate j, are used to update the Z estimates.  Note that the summation term in (12) is taken to be zero for j=1.
    A similar set of equations holds for the backward or final-value estimates but where the procedure begins at the last (nth) gate and ascends along the path to the first gate.  In this case, however, the dBZ(fi,rn) (i=1, 2) are taken to be equal to the sum of dBZm(fi,rn) and Am(fi) where Am(fi) are the independently-measured values of the path attenuation, obtained from methods such as the Surface Reference Technique (SRT) [e.g., Meneghini, et al., 2021].  The attenuations associated with each gate are successively subtracted from this sum so that at the jth gate, the equations for dBZ(fi) become:

   		
Equations (13)-(17) for DFR, Dm, etc. remain the same.  Although the change in the equations from forward to backward is minor, the impact on the solutions is significant where the backward equations usually show a higher degree of stability as the path attenuations increase.  The reason for this is that the path attenuations are bounded by the measured path attenuations, Am(fi), whereas the path attenuations obtained from (12) can increase without limit. 
b. Generation of Multiple Solutions
We are interested in generating all valid solutions of both the initial (12-17) and final-value (18, 13-17) equations.  One way to do this is to define an integer that runs consecutively from 0 to (2n – 1) where n is the number of range gates that comprise the down-looking path along which precipitation is viewed by the radar.  For each of these values, the decimal number is converted to a binary which can be interpreted as an instruction to take either the lower root (when the binary digit is 1) or upper root (when the binary digit is 0) of the equation:           Dm=g-1(DFR).  If the instruction calls for the lower root but only the upper root exists (i.e., DFR>0), then the instruction is considered invalid and discarded.  
    Consider the case where n=20 so that the counting variable, j, will range from 0 to 220-1.  For example, for j=210-1 =1023, or, in binary, 00000000000111111111, the instruction is interpreted as taking the upper root for the first 11 gates of the path, starting from the storm top, followed by taking the lower root for the last 9 gates.  If the DFR over any of the last nine gates is greater than 0, however, the lower root does not exist and the instruction is considered invalid, i.e., a valid solution to the equations for this instruction does not exist.  It is worth noting that valid instructions/solutions for the forward-going problem are typically not the same as valid instructions/solutions for the backward-going problem.  Since the solution procedure is somewhat like a random walk, the number of solutions for the forward procedure tend to grow and diverge in magnitude as the recursion descends the column; for the backward problem, a similar proliferation of solutions can occur as the recursion ascends the column.  Of course, the exact number of solutions depends on the input data.  It should also be noted that, because of numerical instabilities and because of differences between the gamma model and disdrometer-measured DSD’s, which will be used to test the method, the true or input instruction often will not be chosen as the ‘best’ solution. In fact, it is sometimes the case that the input instruction yields no solution for either the forward or backward recursion.
    In some cases, DFR()<DFRmin(), that is, the DFR at a particular range gate is smaller than the theoretical minimum for the particular  value that has been assumed.  When this happens we can either discard the instruction or set Dm to Dm*(), the value of Dm for which DFR=DFRmin().  For the results shown below, we have used the first option since the discarded solutions rarely include a candidate for the ‘best’ solution as defined below.
    To make these ideas more concrete, consider an example of a path consisting of three range gates and that, for the retrieval, we assume µ=3.  For µ=3, T=10C the value of Dm at which DFR is minimum (-1.15 dB) is 1.03 mm and the value of Dm above which the DFR is positive is 1.45 mm [Fig. 1] so that if Dm is less than 1.03 mm, the lower root of the equation Dm=g-1(DFR) should be chosen and if Dm is greater than this value, the upper root should be used.  Assume further that the true values of Dm at these gates are: [0.4, 1.1, 1.6] mm so that the input or true instruction is [1, 0, 0], i.e., the lower root is to be chosen at the first gate and the upper root is to be chosen for the second and third gates.  If the estimated values of DFR are negative for the first two gates and positive for the third then four valid instructions would exist out of a total of eight: {[0,0,0], [0,1,0],[1,0,0], [1,1,0]}.  Note that all instructions ending in ‘1’ are eliminated because ‘1’ requires choosing the lower root; however, since DFR>0 at this gate, the lower root does not exist.  If the DFR were negative at all gates, but greater than DFRmin, then the number of valid instructions would be eight whereas if the DFR were positive at all gates only a single valid instruction, [0,0,0], would exist.  It is worth noting that the DFR values cannot be determined prior to the retrieval because they depend on the attenuation corrections which, in turn, depend on the choice of roots.
    For the forward procedure, the path attenuation constraints are not imposed when generating the solutions.  The constraints are used only in choosing the ‘best’ solution.  In contrast, the backward procedure embeds the independent estimates of path attenuation into the basic equations as shown in (18).  Despite this difference, both approaches yield path attenuations generated by the DSD parameters themselves.  For each valid solution, indexed by q, the specific attenuations at each range gate, when summed over all gates, yield the (two-way) path integrated attenuations (PIA) at both frequencies given by 

					
where q denotes the qth valid solution/instruction and i indicates the frequency, f1 or f2.  Note that corresponding to each pair of PIAs, {Aq(f1), Aq(f2)}, are profiles of {Dmq(rj), Nwq(rj), Rq(rj), j=1,..,n}.  Moreover, for the backward solution, the assumed or measured PIAs, Am(fi), used in (18) generally will not match those derived from the retrieved DSD parameters given by (19).   Modifying the input PIAs to match the output PIAs is similar to the Mardiana et al. (2004) approach and will be described in section 3b.
    To choose a particular solution among the, say, NS valid solutions, we can define an error based on the root mean square (RMS) difference between the path attenuations at Ku- and Ka-band derived from the DSD parameters along the path, as defined in (19), and independent measurements of these quantities.  We add to this a term that penalizes solutions with highly fluctuating values of Dm along the path.   This penalty can be viewed as enforcing continuity of the Dm profiles. The error for each valid solution, denoted by the subscript q, is defined by the following equation:

	            
This expression reduces to the usual RMS error for sKu=1 and sN=0.   Since the attenuation at Ka-band is typically about 6 times larger than that at Ku-band, the scale factor sKu can be used to give the two terms approximately equal weights by taking sKu=62.  The final term in (20) consists of a product of the scale factor sN and the quantity Ntrans which is the number of 0 to 1 and 1 to 0 transitions in the instruction.  In the example given earlier, with the instruction 00000000000111111111, Ntrans=1, whereas for the instruction 10101010101010101010, Ntrans=19 and equal to the maximum number of transitions for n=20.  Nominally, sN is set to 0.1; a change to 0 or 0.2 typically produces only minor changes in the profiles.  Nevertheless, exceptions to this rule exist.  
    As already noted, the solution sets that are generated for the forward and backward equations will generally be different, although in many cases, there is a significant overlap.  The solution sets will also change for different values of the parameter .  For the examples in the paper, µ is set to 3.  Changing this to 6 usually has a minor impact on the solutions.  However, a significant loss of accuracy usually occurs if µ is set to 0.  
   Note finally that the single solution generated in previous work uses only the upper root of the Dm-DFR relationship; in the context of this paper, this corresponds to an instruction consisting of all zeros (bigger roots).  In section 3, we will distinguish this ‘standard solution’ from the minimum-error solution given by (20).  In some cases, these are identical; in other cases, they differ but both exist; in other cases, only the minimum-error solution exists.
c. The R-Dm Method
       To assess the behavior of the DFR approach, it is instructive to compare its performance to that of the R-Dm method which is used in the operational version of the DPR retrieval algorithm.  A comprehensive description of the method has been given by Seto et al. (2021).  Our intention here is to give a simplified version of the method with focus solely on the rain retrieval problem. 

    A straightforward way to present the method is to begin with the assumption of an R-Dm relationship with an adjustable parameter


Equating (5) and (21) yields an Nw-Dm relationship that can be written:




where   The relationship between Nw and Dm is usually expressed in the form of a power-law but the expression in (22) is sufficient for present purposes. Next, we use the equation that expresses the measured reflectivity factor, Zm, in terms of the true reflectivity factor, Z, and an attenuation factor.  This is given by (9).  Taking 10 log10 of both sides of this equation and substituting (3) and (4) gives:



[bookmark: _Hlk76993207]Substituting (22) into (23) yields an equation that depends only on Dm, µ and the adjustable parameter :




For a fixed µ, , and frequency, f, (24) can be solved recursively either in the forward or backward direction.  For the backward solution, the integral in (24) is written as the difference of integrals from (0, rn) and (r, rn) where rn denotes the range to the last gate.  Recognizing that the first integral represents the measured path attenuation, Am(f), then (24) becomes:




In practice, only the forward-going method is used.  An important feature of this equation is that it can be applied to both single and dual-frequency data [Seto et al., 2021].  For Ku-band only and dual-frequency data, (24) is applied to the Ku-band data; the difference between the Ku-band and dual-frequency estimates arises only in the constraints that are used.  For single-frequency Ka-band data, (24) is applied to the Ka-band data. 





    Beginning at the first gate, and for a fixed value of , (24) can be solved for Dm; R and Nw then follow from (21) and (22), respectively.  From Nw and Dm, the specific attenuation, k(f), can be computed from (4).  Having determined these values at the first gate, the procedure can be continued to the second gate and so on until the full profiles of (Dm, Nw, R) are obtained for a given .  The choice of the best  has been described by Seto et al. (2021) and Liao and Meneghini (2019a) where conditions are imposed on the pdf of log() (with a maximum at the nominal value where log()=0), the closeness of the path attenuation estimate(s), derived from the DSD parameters, to match the externally measured value(s), and, in the case of dual-frequency data, the accuracy to which the dBZm profiles at Ka-band, as estimated by the DSD parameters, match the measured values.   It is worth noting that for the dual-frequency case, the attenuation constraint is the differential path attenuation as derived from the dual-frequency SRT because this quantity typically can be obtained more accurately than estimates of attenuation from the single-frequency version of the method.

3. Results
In this section, we present examples from the forward/backward recursion and the R-Dm method.  For the results here, the measured or input path attenuations are taken to be equal to the true values.  The shape parameter, µ, is fixed at 3.  In evaluating (20) we choose sKu=1 and sN=0.1.
    The input profiles of the measured reflectivity factor, Zm, at Ku- and Ka-band are generated from a sequence of twenty temporally consecutive raindrop size distributions (RSD) which are taken to represent the RSD along a 5 km rain column with 0.25 km range gates.  A set of 500 profiles were produced from 5-minutely averaged RSDs.  These data are compilations of measurements made by the PARSIVEL2 disdrometers during the Iowa Flood Studies (IFloodS) field experiment in eastern Iowa from 1 May to 15 June 2013, the Mid-latitude Continental Convective Clouds Experiment (MC3E) from 22 April–6 June 2011 near Lamont, Oklahoma [Jensen et al., 2016], and measurements at the NASA Wallops Flight Facility, located in Wallops Island, Virginia from May 2013 to February 2014 [Liao et al., 2014].  
   From each RSD, Dm, Nw, R, k(fi), Z(fi) and Zm(fi), A(fi), i=1, 2, are computed.  The two-way path attenuation, A(fi), is equal to the sum of the k(fi) multiplied by twice the gate spacing: 2*0.25 km.  The inputs to the retrievals are the measured radar reflectivity factor profiles, Zm(fi; rj), i=1,2; j=1,..,20 and the measured path attenuations Am(fi).  As noted above, for the results in 3a, the true and measured path attenuations are taken to be equal.
a. General Results
Fig. 2 shows an example of a moderate rain case where the Zm profiles (in dB) are given by the dashed-dotted dark blue lines for Ku-band on the left and Ka-band on the right.  The true reflectivity-factor profiles, Z, derived from the input RSDs are given by the black lines.  As noted in the previous section, multiple solutions are generated for the forward recursion (top plots) and backward recursion (bottom plots).  For this example, the number of forward solutions, NF, is 20 while the number of backward solutions, NB, is 4.  For each of the NF and NB solutions, range profiles of Z(fi), k(fi), Dm, logNw, R, as well as path attenuations, are generated.  (Since all logarithms are taken to the base 10, the subscript ‘10’ is suppressed.)  The solution that yields the smallest error, as defined by (20), is taken as the minimum error result and represented in the panels by the heavy dotted red lines.  The remaining estimated Z profiles are represented by the light blue solid lines.  These profiles are visible only in the Ka-band forward Z plots (upper right) since the four backward profiles are nearly identical (bottom plots) as are the twenty profiles for the forward Ku-band results (upper left).  Notice that the extent of the light blue lines in the upper-right panel increases toward the bottom of the column, indicating that the solutions tend to diverge as the forward recursion descends the path.  It can be seen in this case that most of the estimated Z profiles overestimate the true Z profile. 
[image: Chart
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Fig. 2.  dBZm and dBZ range profiles at Ku-band (left) and Ka-band (right).  Forward recursion and backward recursion results are shown in the top and bottom panels, respectively. Blue dashed-dotted lines represent the dBZm input data while the black lines represent the true dBZ profiles.  The heavy dotted red lines represent the estimated dBZ profile from the minimum-error solution.  The light blue lines visible in the upper-right panel represent the dBZ(Ka) profiles from the solutions to the forward recursion.   
The behavior of the backward profiles can be understood by noting that these solutions are constrained to be equal to dBZm(fi)+Am(fi) at the lowest gate; since Am(fi) is taken to be equal to the true value, the sum is equal to the true value, dBZ(fi).   Although the backward solutions sometimes diverge higher in the column, in this case, the four solutions give nearly the same profile.  One other point worth making is that for this case, the standard solution exists for both the forward and backward recursion.  As noted earlier, the standard solution is obtained by taking only the bigger root of the equation: Dm=g-1(DFR) at all range gates.  An absence of the standard solution indicates that the choice of the larger root results in DFR becoming less than DFRmin at some point along the path so that the solution is rejected.  (For the forward solutions, the other reason for the absence of the standard solution is that the attenuations increase without bound.  This is not the case for this example.) 
    The forward recursion results for this case are shown in Fig. 3.  The path attenuations at Ku- and Ka-band are shown in the upper-left panel where the small black circles represent the PIAs for the 20 forward solutions.  The true PIA(Ku, Ka) is represented by the ‘+’ sign while the PIA corresponding to the minimum-error solution is given by the blue circle, which for this case is nearly coincident with the true PIA .  The PIA corresponding to the standard solution is represented by the red circle.  
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Fig. 3.  Results from the forward recursion for the Zm input profiles shown in Fig. 2.  The 20 small black circles in the upper-left panel represent the PIA estimates from the 20 solutions.  The blue circle and ‘+’ represent the estimated and true path attenuations respectively.  The red circle represents the PIA from the standard solution.  The heavy blue dotted lines in the remaining panels show the selected (minimum error) profiles of Dm, logNw and R while the red curves represent the results from the standard solution.  The black lines represent the true profiles while the light blue solid lines represent the profiles for the remaining 18 solutions. 

 The other panels in Fig. 3 show the results for Dm (upper right), logNw (lower left) and R (lower right).  In all cases, the black lines represent the true profiles as computed directly from the set of input raindrop size distributions.  The heavy dotted blue lines represent the minimum-error solution from (20), while the red dashed lines represent the results from the standard solution. When it exists, as in this case, the standard solution yields the smallest PIA, the highest Dm and lowest logNw and R profiles.  In this case the standard solution provides more accurate results than the minimum-error solution.   In particular, the underestimates of Dm and overestimates in logNw and R at a height of 1.5 km that are seen in the minimum-error solution (blue) are absent in the standard solution (red), which tends to follow the input (black) profile well.  What the error condition in (20) provides is the DSD-generated PIA that is ‘closest’ to the input PIA.  Satisfaction of this condition often, but not always, leads to Dm, logNw and R profiles close to the input values.  
   The set of light blue lines in the panels represent the profiles generated by the remaining 18 profiles and define the extent of Dm, logNw and R profiles that are generated from the input Zm profiles for the initial value problem.  The largest PIA in the upper-left panel is associated with the lowest Dm and highest Nw and R profiles whereas the smallest PIA, which in this case is the standard solution, corresponds to the highest Dm and lowest logNw and R profiles.  These correspondences are a direct consequence of the retrieval where the bigger Dm root yields a smaller logNw to satisfy the Z constraint.  The higher Dm/lower logNw combination yields smaller values of specific attenuation so that the path integrated attenuations are lower.  Conversely, the lower Dm/higher logNw combination yields larger values of the specific attenuation and higher path attenuations.
    The PIA bias problem for the forward recursion can be explained by the PIA results in the upper-left panel of Fig. 3.  The allowable solutions for the forward or initial-value problem depend only on the Zm(fi) profiles and are independent of the PIA constraint or choice of sN, sKu in (20).   If the measured PIA, sN or sKu is changed, the choice of solution generally will change.  This situation is shown schematically in Fig. 4 where for values of the measured PIA, Am, above the line U, the solution associated with the highest attenuations will be selected and for values of Ameas below the line L, the solution associated with the lowest attenuations will be chosen.  For some profiles, the PIA solution set cannot be approximated by points along a straight line; nevertheless, the idea that the procedure selects the solution ‘closest’, as defined by the minimum of (20), to the measured/input PIA remains valid.  
[image: ]
Fig. 4.  Schematic of solution choice for the forward recursion.  The solution set is represented by the points along a straight line in the A(Ku)-A(Ka) plane.  For measured path attenuations, Am, below the line L, e.g., Am(1), Am(2),  the solution with the smallest path attenuations is chosen; for Am above the line U, e.g., Am(3),  the solution with the highest path attenuations is chosen.  For intermediate values of Am, e.g., Am(4), the solution ‘closest’ to Am, as defined by (20), is chosen.   

  Results for the backward recursion for this case are shown in Fig. 5 using the same format as in Fig. 3.  In this case, the 4 solutions are tightly clustered in PIA space and the minimum error and the standard solutions are the same.  Despite some discrepancies between the true and retrieved data in this case, the profiles are generally accurate.  It is worth noting that the minimum error solution is not the solution closest to the measured/true PIA.  This is a consequence of the fact that sN in (20) has been set to 0.1.  By setting sN to 0, the minimum error solution moves to the black circle closest to the true PIA.  This results in slightly modified Dm, logNw and R profiles and differences between the standard and minimum error solutions.
   The corresponding R-Dm results for this profile are shown in Fig. 6 where the retrievals can be seen to be somewhat less accurate than the backward estimates of Fig 5.  To quantify this, we compute the correlations and RMS errors between the true and estimated profiles for the forward, backward and R-Dm approaches for R, logNw, and Dm, respectively.  Specifically, we use the notation M=[c1, c2, c3] to denote the correlation coefficients for method ‘M’ between the true and estimated rain rate profiles, c1;  the true and estimated logNw profiles, c2; and the true 
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Fig. 5. Results from the backward recursion for the Zm input profiles shown in Fig. 2.  The 4 small black dots in the upper-left panel represent the PIA estimates from the 4 solutions where ‘+’ and the blue circle represent the PIA of true/input path attenuation and the path attenuation of the selected (minimum error) solution.  The heavy blue dotted line in the remaining panels show the corresponding minimum error profiles of Dm, logNw and R.  The red lines represent the standard solution results which in this case are identical to the minimum error results.  The black lines in the Dm, logNw and R panels represent the true values; the light blue solid lines represent the set of profiles for the remaining 3 solution sets.  
and estimated Dm profiles, c3.  The method ‘M’ can refer to the backward recursion, ‘B’, forward recursion, ‘F’, or the R-Dm method, ‘RD’.  A similar notation is used for the RMS error.  For the profiles shown in Figs. 3, 5, and 6, we obtain:
B=[0.98, 0.91, 0.86], RMSB=[0.31, 0.2, 0.12]
F=[0.61, 0.65, 0.74], RMSF=[1.54, 0.55, 0.21]
RD=[0.7, 0.21, 0.45], RMSRD=[1.18, 0.39, 0.15]
The low correlation value, 0.21, of logNw obtained from the R-Dm method will be discussed below.
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Fig. 6.  Results of the R-Dm method for the input data shown in Fig. 2.  The upper-left panel shows the true (+) and estimated (blue circle) path attenuations. The true Dm, logNw and R profiles shown by the black lines are identical to those in Figs. 3 and 5.  Results from the method are shown by the heavy dotted blue lines.  
   A second example of Zm, Z profiles is shown in Fig. 7.  In this case, the Zm, Z, rain rates and path attenuations are somewhat larger and a separation between Zm and Z can be seen at both Ku- and Ka-band.  For the forward recursion results shown in the top panels for Ku (left) and Ka (right), there are 49 solutions (NF=49) which include the standard solution. The minimum-error Z profiles are shown by the heavy red dotted lines which are close to the true profiles (black lines).  The light blue lines in the upper-right panel (Ka-band, forward) represent the 48 remaining profiles of Z and show a clear divergence of some of the solutions especially near the bottom of the column.  The number of backward solutions in this case is only 3 where all solutions yield corrected Z profiles nearly identical to the true Z profile.  
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Fig. 7. dBZm and dBZ range profiles for Ku-band (left) and Ka-band (right).  Forward recursion and backward recursion results are shown in the top and bottom panels, respectively. Blue dashed-dotted lines represent the dBZm input data while the black lines represent the true dBZ profiles.  The heavy dotted red lines represent the estimated dBZ profiles from the minimum error solution.  The light blue lines visible in the upper-right panel represent the Z(Ka) profiles from the solutions to the forward recursion.
    The forward recursion results for this case are shown in Fig. 8.  As in Figs. 3 and 5, the upper left panel shows the PIAs corresponding to the standard solution (red circle), the minimum error solution (blue circle) and the true value (‘+’).  Of the 49 solutions, represented by the small black circles, 30 solutions yield Ka-band path attenuations greater than 14.5 dB and fall outside the plotting area.   Profiles of Dm, logNw and R, represented by the heavy blue dotted lines, correspond to the minimum-error solution and show discrepancies relative to the true profiles shown in black.  For the standard solution, given by the red dashed lines, the errors are smaller than for the minimum-error solution because of the absence of the discontinuity in the Dm, logNw and R profiles around 2 km that appear in the minimum-error profiles.  The light blue solid curves that represent the profiles associated with the other solutions show that the errors in Dm, logNw and R can become large when the estimated PIA is positively biased, leading to underestimates in Dm and overestimates in logNw and R.  
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Fig. 8. Results from the forward recursion for the Zm input profiles shown in Fig. 7.  The small black circles in the upper-left panel represent the PIA estimates from a portion of the 49 solutions where ‘+’ represents the true/input path attenuations.  The blue circle represents the path attenuations corresponding to the minimum error solution while the red circle represents the path attenuations corresponding to the standard solution. The heavy blue dotted lines in the Dm, logNw and R panels show the corresponding minimum-error profiles of Dm, logNw and R.  Profiles corresponding to the standard solution are represented by the red dashed lines. Black lines represent the true values while the light blue solid lines represent the profiles for the remaining solutions.
    The backward recursion results are given in Fig. 9.  Unlike the forward solutions, the path attenuations, corresponding to the 3 backward solutions, and represented by the small black circles in the upper left panel, are tightly clustered with variations in the Ka-band PIA less than 0.5 dB.   In contrast to the forward case, the standard solution does not exist for the backward so the corresponding results (red circle and red lines) are not available.  As in previous plots, the blue circle represents the minimum-error solution.  As in the forward case, the minimum-error solution for backward shows a discontinuity in the Dm, logNw and R profiles at the height of 2 km.  Results from the R-Dm method are shown in Fig. 10.  Although the logNw profile shows deviations from the input profile at lower heights, the Dm and R yields relatively accurate results throughout the profile.
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Fig. 9. Results from the backward recursion for the Zm input profiles shown in Fig. 7.  The black dots in the upper-left panel represent the PIA estimates from the 199 solutions where ‘+’ represents the true path attenuations.  The blue circle represents PIA of the minimum-variance solution. The heavy blue dotted line in the Dm, logNw and R panels show the corresponding profiles of Dm, logNw and R.  The black lines represent the true values while the light blue solid lines represent the profiles corresponding to the remaining 198 solutions.  The standard solution (red circle and red lines) does not exist for this case.
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Fig. 10. Results of the R-Dm method for the input data shown in Fig. 7.  True (+) and estimated (blue circle) path attenuations are shown in the upper-left panel.  The Dm, logNw and R profiles, shown in black, represent the true profiles and are identical to those shown in Figs. 8 and 9.  Results from the method are represented by the heavy dotted blue lines.  

   Using the notation introduced earlier, we obtain for this case the following results:
B=[0.79, , 0.74, 0.91], RMSB=[0.68, 0.32, 0.16]
F=[0.68, 0.74, 0.9], RMSF=[0.84, 0.36, 0.17]
RD=[0.85, 0.61, 0.93], RMSRD=[0.61, 0.15, 0.07]
  Note that the R-Dm results for this case are more accurate than either the forward or backward recursion with correlations in R and Dm of 0.85 and 0.93, respectively, in contrast to those from the backward recursion given by 0.79 and 0.91, respectively, and lower values from the forward.  The RMS errors from the R-Dm method for R, logNw and Dm are also smaller than those obtained from the forward and backward recursions.  It is only in the correlation of logNw where the results from the R-Dm are poorer than those from the backward and forward recursions.
   The reason for the low correlations in logNw for the R-Dm method seems to arise from the fact that the Nw-Dm relationship is fixed to within a constant.   Although this constant is adjusted by using constraints obtained from the PIA and consistency between the Ku- and Ka-band data, the exponent in this relationship is not adjustable so that the method is unable to track deviations from a fixed-slope linear logNw-logDm relationship. An additional example of this is shown in Fig. 11 where the result from the backward recursion (NB=6) is compared with that from the R-Dm method.  It is worth noting that, unlike the previous cases, the standard solution for this profile exists neither for the forward nor the backward recursion.  On the left-hand plots of Fig. 11, the backward-derived profiles of Dm, logNw and R are generally close to the true profiles despite some fluctuations.  For the R-Dm result on the right, however, the retrieved logNw profile fails to track the decrease in logNw in the 3-4 km height range, which results in an overestimation of the rain rate over this range.
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Fig. 11. a. Backward recursion (left panels) and b. R-Dm method (right panels) for a non-uniform logNw range profile.

The statistics for this example are given below, including those from the forward recursion which are not pictured.  Even though the R-Dm method shows no correlation (-0.06) in logNw, the RMS error (0.39) is essentially the same as that of the forward (0.39) and backward (0.37) recursions and yields an accurate mean estimate of this parameter over the profile.
B=[0.95, , 0.70, 0.69], RMSB=[0.41, 0.37, 0.20]
F=[0.92, 0.73, 0.71], RMSF=[0.59, 0.39, 0.21]
RD=[0.83, -0.06, 0.58], RMSRD=[0.73, 0.39, 0.18]

b. Backward Recursion with a Consistency Constraint 
   In the foregoing examples, the measured PIA was taken to be equal to the true PIA.  When this assumption is removed, the accuracy of the retrievals usually degrades.  As noted in the previous section, the effect of PIA biases on the forward recursion is relatively easy to understand as the solutions are independent of the PIA constraint; that is, the PIA has no effect on the set of solutions and is used only in selecting the ‘best’ solution.  This is not the case with the backward recursion where the estimated/measured path attenuations are embedded in the basic equation (18).  
    A study of the PIA bias effect on the backward solutions brings to light the contradictory situation in which the PIA associated with the measured or input PIA, i.e., the Am used in (18), does not match the PIA computed from the estimated drop size distribution parameters.  We do, however, often find a good match between the output and input PIA when the input PIA is at or close to the true PIA.  This suggests that a solution can be found with the backward recursion if we adjust the input PIA so that it matches the output or DSD-generated PIA.  
   This idea is reminiscent of that proposed by Mardiana et al. (2004) where an iteration is performed so that a somewhat similar kind of consistency is achieved between the input and output data.  A detailed analysis of the conditions under which the backward iterative method converges to the correct solution has been given by Seto and Iguchi [2011].  The present study differs from the Mardiana et al. approach in two respects.  In earlier work, only the bigger-root solution was considered so that for each input PIA only a single solution, at most, is obtained.  In the present work, multiple solutions (including the no-solution case) can be generated for each input PIA.  To handle this situation, we use (20) to obtain the minimum error solution for each input.  For N such PIA inputs, we select the minimum of these N minima to obtain the result.  This is the minimum error with respect to changes in the input PIA and the minimum error among the multiple solutions generated for each input PIA.    
    A second difference from the Mardiana et al. approach is that an iteration is not used but rather, a simple search in PIA space about the nominally true value.  In practice, estimates of the PIA can be obtained with the SRT [Meneghini et al., 2021], the Hitschfeld-Bordan [Hitschfeld and Bordan, 1954] equations or the dual-frequency method [Durden, 2018].  For this study, we assume a region in PIA space centered about the true PIA and search over a ± 1 dB neighborhood about this point.  For example, if, for a given profile, the true or SRT-estimated PIA is: AT=(AT(Ku), AT(Ka))=(1, 6) dB, we step through values in Am space from 0 to 2 dB for the Ku-band input path attenuation and from 5 to 7 dB for the Ka-band path attenuation.  We choose in particular, the following set of input attenuations: Am(i,j)=(AT(Ku)+i*Ku, AT(Ka)+j*Ka) for i = -10, -9,…, 0, 1, …10;  j = -10, -9,…, 0, 1, …10 where Ku=Ka=0.1 dB.  In other words, Am is assumed to take on 21×21=441 equally-spaced values within ±1 dB of the true path attenuations. For each of these input PIAs, multiple solutions are generated, from which the minimum error solution, based on (20), is selected.  The final step is simply to choose the smallest error among these 441 results.  As in the single-input case, each PIA has associated with it profiles of Dm, logNw and R so that the final profiles will be those corresponding to the minimum-error solution.
    Four examples of the outputs from this procedure are shown in Figs. 12-15.  In each example, the upper-left panel shows a plot of the minimum error along the z-axis, given by (20), for various input path attenuations as shown on the x-axis (Ku-band input PIA) and y-axis (Ka-band input PIA).  In Fig. 12, which uses the same input Zm profiles shown in Fig. 2, the input Ku-band PIA ranges from 0 dB to 2 dB while the input Ka-band PIA ranges from 6.5 to 8.5 dB.  (Although negative path attenuations are not physically meaningful, we have chosen to keep them to simplify the presentation of the results.  Moreover, solutions to the equations can exist even with negative path attenuations.)  At the center of the search region is the true path attenuation indicated by the red circle.  The minimum-error solution is marked by the blue circle.  The Dm, logNw and R profiles associated with the minimum-error solution are in blue, those associated with the true PIA are in red while the input/true profiles, derived from the set of input raindrop size distributions, are in black.  The minimum-error PIA in Fig. 12 is displaced from the true PIA by -1 dB in Ka-band and by -0.1 dB in Ku-band.  This deviation from the true PIA usually produces errors in the profiles.  In this case, however, the Dm, logNw and R profiles obtained from the true path attenuation (red) differ only slightly from the results obtained from the consistency condition (blue).   It should be noted that use of the true PIA, while giving slightly more accurate profiles, shows differences with the profiles in black.  Results from the remaining 439 minimum variance solutions for the remaining input PIAs are represented by the light blue lines.  The interpretation of these is different than the previous curves, since in this case, the lines represent the minimum error curves from the 439 set of input PIAs.  These results show explicitly the error in the solutions when the input PIAs are displaced from the true value by offsets in the Ku- and Ka-band path attenuations of up to ±1 dB.
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Fig. 12.  Upper left: Error (z-axis) between measured/input and output path attenuations for measured PIAs within ± 1 dB of the true PIA, indicated by the red circle.  The PIA corresponding to the minimum error solution is represented by the blue circle.  Dm, log(Nw) and R profiles corresponding to the true PIA and minimum error PIA are given by the heavy red and blue lines, respectively.  The true values derived from the input raindrop size distributions are shown by the black lines.  Light blue lines represent the corresponding profiles from the remaining 439 PIA inputs.
  A second example is shown in Fig. 13.  In this case, the minimum error solution has a Ku-band path attenuation equal to the true value and a Ka-band path attenuation offset from the true value by 0.1 dB.  Results in the other panels show only black and red lines because the red and blue lines, corresponding to the true input PIA and those from the consistency condition, are effectively identical.  This case is fairly typical of other results that show that deviations from the true Dm and logNw profiles tend to cancel for the rain rate estimates, which in this case exhibits a high degree of accuracy.
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 Fig. 13. Same as Fig. 12 for a case where the true PIA and minimum error PIA are nearly identical. 
   
For the case shown in Fig. 14 the Dm values are in the region where only the higher root of the equation Dm=g-1(DFR) exists.  In this case, we obtain a single solution for each input PIA and the range of solutions for all 441 inputs show only a small amount of variability.  This indicates that the profiles are relatively independent of the input PIA when the value is taken within ±1 dB of the true value.  The forward recursion in this case yields no solution using either the true or the minimum variance PIA as input.  This occurs frequently when the path attenuations are large.
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Fig. 14.  Same as Fig. 12 for a case where the input Dm profile is in the upper-root region of the DFR-Dm curve.
    Fig. 15 shows a profile exhibiting the opposite kind of behavior where a large portion of the Dm profile is in the lower root region of the Dm-DFR relationship.  Whereas the true input PIA, represented by the red dashed lines, gives somewhat reasonable results, despite fluctuations in Dm and logNw, the minimum variance solution shown by the heavy blue lines exhibits significant errors in the Dm and logNw profiles.  This example shows that the consistency condition can sometimes fail by the choosing the wrong root – in this case, the upper rather than the lower root.  In contrast, the results from the R-Dm method shown in Fig. 15b, which is insensitive to the DFR-Dm ambiguity, yields accurate estimates of Dm, logNw and R.  For this result, we have assumed that the measured differential path attenuation is equal to the true value.
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Fig. 15. a. Left panels: same presentation as in Fig. 12 for a case where the majority of the Dm profile is in the lower-root region of the DFR-Dm curve.  b Right panels:  R-Dm results assuming that the measured and true PIAs are the same. 

4. Discussion and Summary
By accounting for both roots of the Dm=g-1(DFR) equation, multiple profiles of Dm, logNw and R are obtained from the dual-frequency radar equations.  For each profile, DSD-generated path attenuations are retrieved and compared with externally measured estimates, Am(f1), Am(f2) of the same quantities.  If the Am are accurate, then the choice of that pair of DSD-generated path attenuations ‘closest’, as defined by the minimum of (20), to the Am yield profiles of Dm, logNw and R that usually are accurate.  Exceptions to this rule occur, however, particularly with the forward recursion at high path attenuations and for both forward and backward approaches when the majority of the Dm profile resides in the lower branch of the Dm-DFR curve.
    Although the input set of raindrop size distributions are taken from measured disdrometer data, the assumption of a gamma distribution with µ=3 often yields accurate results and the retrieval results of the paper have been obtained with this assumption.  Tests of the retrievals with µ=6 often yield comparable results but with slightly worse accuracy.  On the other hand, the assumption of µ=0 leads to a significant loss of accuracy and cases where no solution exists.
    For the forward recursion or initial-value problem, the solution set is independent of the externally measured path attenuations, Am, or the factors sKu and sN in (20).   These quantities come into play only in selecting the ‘best’ solution which can be thought of as choosing that DSD-generated path attenuation pair closest to the Am.   Although examples can be found where the multiple solutions are tightly clustered, ensuring that all the solutions give approximately the same set of microphysical profiles, more generally, biases in the Am can lead to significant errors in the results.  In fact, even the Am are equal to the true values, the forward recursion often fails or becomes highly inaccurate when the path attenuations become large.
    For the backward recursion, the situation is different because the Am are incorporated into the final-value equation.  Accurate microphysical and rain rate retrievals can usually be obtained if the Am are taken as the true values.  For biases in Am, trial and error computations show that accurate retrievals usually can be made if the input Am are modified to match the DSD-generated output attenuations.  In implementing this procedure, we have limited the search area to within a ±1 dB neighborhood of the true PIA.  In practice, since the true PIAs are unknown, this would need to be replaced by proxy values, such as from the SRT, using a search area large enough to accommodate uncertainties in the estimates at the two frequencies.
    As noted earlier, this procedure is similar to that of Mardiana et al. (2004).  There are several differences, however.  Mardiana et al. employed an iterative procedure beginning with zero Ku- and Ka-band path attenuations.  However, because of the existence of multiple local minima for many profiles, where an iteration might fail to locate the global minimum, we have used a simple search procedure in the vicinity of the true or nominally true PIA.  A second difference is that, like all earlier work, the Mardiana et al. study used only the bigger-root solution of the        Dm=g-1(DFR) equation.  As we allow for multiple solutions, this requires selecting the minimum error solution for each input and then finding the minimum among these minima to obtain the final set of profiles and PIAs.  While the consistency condition works well in many cases, examples such as that in Fig. 15a show that profiles in which Dm is predominantly in the lower branch of the Dm-DFR curve can give erroneous results. 
    A simplified form of the version 6 R-Dm method [Seto et al., 2021] was implemented to identify advantages and disadvantages of the generalized DFR approach.  In general, the R-Dm method works well and often provides results comparable to or with better accuracy than the DFR approach.  Exceptions occur, however, for profiles that show non-uniformities in the range profiles of Nw.  Because of the constraint introduced by use of an Nw-Dm relationship, the method tends to produce profiles of Nw that do not fully capture the variations in range.  This translates into errors in the rain rate profile.  It is worth noting that the dual-frequency version of R-Dm is sensitive to errors in the differential path attenuation, A, and a similar kind of consistency condition imposed on the input/output path attenuations might be applicable to the R-Dm backward-recursion equation, given by (25), to mitigate this dependence. 
    Although the DFR approach as described here explicitly accounts for the double-valued nature of the DFR-Dm relationship, it appears that the PIA alone, or the use of a consistency condition for the backward recursion, is not always sufficient to identify an accurate solution.  These failed cases tend to be confined to profiles with small path attenuation, low Dm and relatively uniform Nw profiles where the R-Dm method works well if the differential path attenuation can be accurately specified.  These cases, nevertheless, raise the question as to whether additional constraints on the DFR approach might be needed, such as a restriction on the allowable variations in the Nw-Dm relationship along the profile.  Indeed, comparing the effective Nw-Dm relationships obtained from the DFR and the R-Dm methods may help explain differences in the retrievals, either because of an overly-constrained Nw-Dm in the R-Dm method or the lack of an Nw-Dm constraint in the DFR approach.
    The appeal of the DFR approach is that, apart from the use of a gamma raindrop size distribution, it is independent of a priori assumptions or empirical relationships.   Although the ambiguity in the DFR-Dm relationship can be handled analytically, finding an accurate solution among the multiplicity of solutions is not always possible even when an accurate PIA estimate is available or when a consistency condition is imposed.  Nevertheless, the method provides insight into the characteristics of the solutions, their relationship to external PIA constraints, and the accuracy of existing operational methods.  
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