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General Idea

Goal: For a given Hamiltonian H, find a (compilable) unitary U
such that forany € > 0 andt>0

U — e Y| < €
Allows us to simulate the time dynamics
[9(t)) = e~ "*[4(0))
May require ancillary qubits

1U10)[y) — [0)e " [y)]| <e
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Simulation Methods

 Lie-Trotter-Suzuki

* Linear Combination of Unitaries (LCU)

e Qubitization
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Encodings

Fermions

- (Jordan-Wigner) 1 _
{ap,dg}:(qu apzﬁ(X'l'ZY)@Zp—l@"'@ZO

=
{ap,aq} = {a;:a:r;} =0

Bosons _
(Truncated occupation number)

ap, al] = dpq N i

lap, ag] = [a;r;:a;] =0

O RO

0
0

V2

1 .
al = 5 (X —iY)®Zp

o OO

® - ® Zo
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Suzuki-Lie-Trotter

N-qubit k-local Hamiltonian

H=Y H, [H;, H,;] #0

Baker-Campbell-Hausdorff (BCH)

cAoB — eA“LBJr%[A’BH%[A’[A=B”+”'
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Discovery Innovations Solutions !

Suzuki-Lie-Trotter

Lie-Trotter product formula

e—th — lim (e—zHlt/ne—zHgt/n o e—szt/n)

n—oo

Algorithm:

« Exponentiate each of the k-local terms in succession

* Repeat a large number of times
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Suzuki-Lie-Trotter

2
o—iHE (e—iﬂlt/ne—iﬂzt/n N _e—iHmt/n) L0 (t )

n

Cpy : (Max) Cost of implementing any single e *#:*/™ term
m: Total number of k-local terms
e : Desired accuracy

2
Total cost ~ O (LCH)

€
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ZZ: 100) = +]00) e %7 . |00) = e *°|00)
01) —» —|01) N 01) — e*|01)
10) —» —|10) 10) — e™|10)
11) - +|11) 11) — e %|11)

e iz
w0 (700 0)
|90) * *
1) ——| RZ(20) —&




Suzuki-Lie-Trotter

XOR

Pauli Z's produce XOR in phases
. b; | b; | b; ®
Z:2;b:)[bs) = (=1)* [b)1b;) T T g
More generally, 0 1 1
Zy... Zplbr) .. |bg) = (=) % by) o) | 1| O 1
1 |1 0
So that b. o b: — 0

e~ 021 Zx|b, b)) = RZ(20)|b1 ® - © by,

Controlled NOT (bitflip) produces XOR on bits
Ci-NOT;|bi)[b;) = |bi)|b: @ bj)
Ci-NOT;|b;)|b; @ b;) = |bs)|b; © b; ® bj) = |b;)|b;)
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Suzuki-Lie-Trotter
—10Z,... 23

Prescription to compile €

k—1
- J] CoNOTifalby) ... |bk) = [b1)|by @ ba) ... [b1 D by & - - @ by)

=1

- RZp(20)|b1) ... b1 @by @ - @ bi) = e VT by b @by & - @ by)

1
- ] Cici-NOT;|b1)[b1 @ b2) ... |by Dbo @ -~ @ b) = [br) ... |bg)
i=k—1
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Suzuki-Lie-Trotter

o—i0Z1... 2
q1)
g2) é (L‘
gs) i (L
T |
|gk) (Lu RZ(26) $
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Suzuki-Lie-Trotter
Note that
X=HZH Y = (SH)Z(SH)'
1 /1 1 (10
-0 h) =0
Eg. e—iGXlYQZS
|q1) H H
lg2) — St H l ’ ® CL H S
|g3) &S— RZ(20) —b
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Suzuki-Lie-Trotter

n

2
o—iHE (e—iﬂlt/ne—iﬂzt/n N _e—iHmt/n) L0 (t )

Cpy : (Max) Cost of implementing any single e *#:*/™ term
m: Total number of k-local terms
e : Desired accuracy

2 2
Total cost ~ O (LCH) ~ O (mt k)

€ €
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Suzuki-Lie-Trotter
Suzuki higher-order formulas
S2(At) — 6—’iH1At/2 . e—'iHm_1At/26—iHmAte—iHm_1At/2 . 6—’iH1At/2
yields a better approximation

e HHAL — G, (At) + O(A#?)

Recursive definition

Sok(At) = [52(k—1)(PkAt)]2 Sok—1)(qrAt) [Sz(k—l)(PkAt)]2

pr = (4— 41/(%_1))_1 , G =1 —4py

e tHAL = Sop(AL) + O(AL*F+1)



Linear Combination of Unitaries

Taylor series expansion

p—iHt _ (e—iH(t/fr)) r

Ve = ZZ‘LO zi! (_th)k

~ Zg;n :i! (ﬂft)k

mplement V' = 3" oyU;  suchthat ||V — V|| < ¢/r



Linear Combination of Unitaries

Given

H = i—;?:l o; U; a; >0
Construct

Uprep|0) = F Sl Vaili) ali =Y

Userecr = 3y |i)(i| ® U;



Linear Combination of Unitaries

PREP

l]SELECT

) —+




Linear Combination of Unitaries

PREP

l]SELECT

) —+

(ﬁzle¢a—i|i))®|¢>



Linear Combination of Unitaries

PREP

‘(_]) 7~ UPREP []T T

USELECT

) —+

ﬁ S Vi) @ Uil



Linear Combination of Unitaries

‘(_]) —7 UPREP UEREP ——
USELECT |
) —#
Success probability — |
1AL)] 12 o |0) ® AlY) + |2+)
|| |7



Linear Combination of Unitaries

Robust Oblivious Amplitude Amplification
Let W[0)|w) = L[0)V[9) + /1 — L|@*)

If ||s—2|| ~O(e), and ||V — V|| ~O(e) where Vis unitary, then with
the reflection operator R =2 (|0)(0| ® I;) — I,

the unitary A = W RWTRW achieves

[A|0)[) —[0)V[4)]] ~ OCe)
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Qubitization

Suppose H = {g|U|g)

Then Wy = (2/|9)(g]| ® I — T) U defines a step of a

"quantum walk"

= [0){1|. ® U + [1){0]. ®@ U
9) = |+)cl9)




Qubitization

We can construct H = {g|U|g)

using |9) = Uprepl0) U =UsgLecT
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Qubitization
_________ U ________ Reflection about |+)|g) _
¢ — 0 | Had Had H—
i I ‘ : Ry :
a”’ :E U; Uy _E_
| U Ut [ mm e *
s 7T 5




Qubitization

Jacobi-Anger
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Thank you!

Email: sohaib.alam@nasa.gov;
malam@usra.edu



