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Outline

• Multiple scattering theory (MST) combined with density functional theory (DFT) allows 
to predict properties of chemically disordered materials from the first principles.  

• Such predictions suffer from the systematic errors, which depend on crystal geometry. 
Each computed property of a particular crystal structure typically has a relatively small 
random error and a larger systematic error. 

• Cancellation of systematic errors allows more accurate predictions. We propose a 
computational methodology based on the subtraction of the systematic errors in MST. 

• To exemplify it, we apply it to the precipitated alloys. Considering precipitation 
strengthening in Ni superalloys, we compute the relative enthalpies of the competing 
Ni3(Al,Ti)1 crystal structures with a chemical disorder on the Al+Ti sublattice. 

• Such predicted composition-structure-property dependencies are useful for the guided 
design of the next-generation alloys with improved strength. Our predictions are 
validated by comparison with the results of other DFT methods and with experiment.
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Subtraction of systematic errors

• Approximation = Exact + Error
Xi = X0 + εi

• X0 is the exact value; Xi are approximations; εi are errors; ε1< ε2.
X1 = X0 + ε1 = (X0 + ε2) + (ε1– ε2) = X2 + (X1 – X2).

• Assume slow (rapid) variation of systematic (random) error;                               
random errors can be small compared to systematic errors.

• If 2 approximations differ in accuracy, then systematic error can be reduced 
to that of the higher-accuracy approximation.
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Density Functional Theory & Multiple Scattering Theory 

Density functional theory (DFT) Multiple scattering theory (MST)

• Formulated in terms of Green’s functions G 
and scattering matrices t.

• Can be combined with CPA to address 
chemical disorder in small unit cell.
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DFT is enabling science for computing electronic ground-state energy E and elec-
tronic properties from the first principles. Its importance was emphasized by the
Nobel prize.27

If energy E is a smooth function of atomic positions RI , then it can be expanded
in terms of atomic displacements uI ⌘ (RI �R0

I) from the reference positions R0
I :

E({R0
I + uI}) = E0({R0

I}) +
X

I

�E

�RI
uI +

X

IK

�2E

�RI�RK
uIuK +O(u3). (8)

Linear-response methods31 in DFT allow to compute variations of energy E with
respect to ionic positions RI , unit cell volume V , strain ", or another internal vari-
able,32 providing atomic forces FI = dE/dRI , pressure P = dE/dV , stress �, etc.33

Either small di↵erences or grid methods can be used to find the same derivative
properties.

Phonons: The quasi-harmonic approximation (QHA)34 remains the most used
method for addressing thermal vibrations of atoms around their equilibrium po-
sitions R0

I , where atomic forces FI(R0
I) are zero and the linear terms in Eq. (8)

vanish. The quadratic term in Eq. (8) contains the force-constant matrix

�IK =
d2E

dRIdRK
, (9)

which is computed by either linear-response or small-displacement method. Deriva-
tives are taken at R0

I , the stable equilibrium of all the atoms. The matrix (9)
provides the force FI =

P
K �IKuK , acting on atom I of mass MI at its equilib-

rium position R0
I due to a small displacement of atom K from its equilibrium by a

vector uK = (RK �R0
K). In a harmonic potential, FI({uK}) is linear versus u, and

matrix (9) does not depend on displacements u.
In a crystal, described by an infinite Bravais lattice with unit cells pointed by

a periodic displacement vector L, the mass-reduced Fourier transform of � is a
dynamical matrix D:

DIK(q) =
1p

MIMK

X

L

�I(K+L)exp[iq · (R0
I + uI �R0

K+L � uK)]. (10)

Matrix D is Hermitian; its real eigenvalues are squared vibrational eigenfrequencies
!2
"(q):

det|DIK(q)� �IK!2
"(q)| = 0. (11)
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Theoretical and computational methods for accelerated materials discovery

Phonon frequencies are defined at each inverse vector q in the Brillouin zone (BZ).
Integration over BZ (and sum over ") allows to find the vibrational Helmholtz free
energy Fv = (2⇡)�3V kBT

R
BZ dq

P
" ln[2 sinh (~!2

"(q)/2kBT )]. Here T is tempera-

ture; kB is the Boltzmann constant; ⌦BZ = (2⇡)3/V is BZ volume in q-space; and
V is the unit cell volume.

In an anharmonic potential (examples are in Fig. 2), phonon frequencies depend
on atomic displacements u. Amplitudes of thermal vibrations increase with tem-
perature T . One can use atomic forces from the snapshots of molecular dynamics
(MD) at fixed T to compute T -dependent matrix �.35 The finite-displacement (or
large-displacement)36 method is used to compute phonons in unstable crystals.6

A representative stable structure was used to model the austenitic phase of NiTi
shape memory alloy.37 Anharmonic dependence of energy E on the lattice constant
a can be used for predicting the linear thermal expansion38 ↵a ⌘ a�1da/dT ⇡
�(NkB/a)(@3E/@a3)(@2E/@a2)

�2
; here N is the number of atomic and molecular

units per unit cell with energy E and dimension a.

Motivation for the alternative forms of DFT: Electronic density can be found
from either electronic wave functions (in conventional DFT) or Green’s functions
(in the multiple scattering theory). The wave functions can be projected on the lo-
calized molecular orbitals, Wannier functions, gaussians, or delocalized plane waves;
this expansion can be exact in an infinite basis, but becomes practical and approx-
imate in a truncated basis. The plane-wave methods are the most used for periodic
systems. Perfectly ordered infinite crystals are idealized mathematical models, while
real materials contain defects and disorder. Disordered systems can be modeled in
large supercells with artificial periodicity. Special quasi-random structures (SQS)39

were designed to approximate a homogeneous disorder; larger SQS typically pro-
vide a better approximation, but still disregard longer-ranged atomic correlations.
The best scaling of DFT computational time with the number of electrons n is
n2 log(n). Due to a large n, supercell methods are slow. In contrast, the coherent
potential approximation (CPA),40–42 based on the multiple scattering theory, can
address disorder in a small (primitive) unit cell. For a homogeneous disorder of
atoms at the ideal lattice positions, CPA exactly reproduces atomic correlations at
any range.

Multiple scattering theory: DFT can be formulated in terms of the Green’s
functions, as done in the formalism of Korringa, Kohn, and Rostoker (KKR).43,44

The multiple-scattering operator ⌧IJ = tI�IJ+
P

K 6=J tIG0
IK⌧KJ is defined in terms

of the single-site scattering matrix tI and free-electron Green’s functions (in the
atomic units) G0

II = 0 and G0
IK(E) = �(4⇡)�1|RI � RK |�1exp(i

p
E|RI � RK |)

for I 6= K. For a periodic lattice, ⌧(q, E) = (t�1(E) � G0(q, E))�1 is the Fourier
transformation of ⌧IJ ; its singularities are solutions of the KKR equation:

det|t�1(E)�G0(q, E)| = 0, (12)

which gives the electronic band structure of a metal. For the on-site scattering,
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the diagonal elements of the Green’s function GLL
0

II (r, E) = ZL
I (r, E)⌧LL0

II ZL0

I �
�LL0ZL

I (r, E)JL
I (r, E) are expressed in terms of the regular (Z) and irregu-

lar (J) solutions of a single-site one-electron Schrödinger equation; ⌧II(E) =
⌦�1

BZ

R
⌧(q, E)dq, and the integral is over the BZ of the volume ⌦BZ . The elec-

tronic density ⇢(r) = �⇡�1 Im
H
GII(r, E)dE is found by the contour integration

of the on-site Green’s function.

CPA: Crystals with a homogeneous chemical disorder on one or more sublattices
can be addressed by the CPA.40–42 Linear response based on CPA allows to compute
variations of energy E with respect to local compositions ⇣↵I :

E({⇣↵I }) = E0({⇣̄↵}) +
X

I,↵

�⇣↵I
�E

�⇣↵I
+

1

2

X

IK,↵�

�⇣↵I
�2E

�⇣↵I �⇣
�
K

�⇣�K +O(�⇣3), (13)

where E0 is the energy of a homogeneously random solid solution, ⇣̄↵ is an average
occupation of sites by atoms of type ↵, and �⇣↵I = (⇣↵I � ⇣̄↵) is a deviation of the
occupation ⇣↵I of a particular site I from the average composition ⇣̄↵. Any periodic
structure (fully or partially ordered) can be described in terms of the compositional
waves in real or reciprocal space. The linear term in Eq. (13) is related to the
chemical potential. The second-order term describes energies of the atomic short-
range order (and incipient long-range order) in a disordered alloy. One can also
compute the chemical fluctuation stability matrix.45 The CPA competes with the
more precise and elaborate multi-scale methods.

There are similarities between equations describing phonons and multiple scat-
tering. In a single-site CPA, derivatives in Eq. (13) are evaluated at the homoge-
neously disordered state at ⇣↵I = ⇣̄↵; the linear term vanishes due to the sum ruleP

↵ ⇣↵I = 1 and hence
P

↵ �⇣↵I = 0; the second-order term is diagonalized. An
impurity concept and the CPA-averaged single-site scattering matrix tcI are used
in the equations for multiple scattering ⌧↵IJ = [tcI�IJ + (t↵I � tcI)�IJ ] +

P
K 6=J [t

c
I +

(t↵I � tcI)]G
0
IK⌧KJ and the on-site scattering ⌧↵II = [1� ((tcI)

�1 � (t↵I )
�1)⌧ cII ]

�1⌧ cII .
The single-site CPA is a mean-field theory that averages the single-site scattering:P

↵ ⇣̄↵⌧
↵
II [t

↵, {tc}] = ⌧ cII [{tc}].

Disorder: Atomic disorder on a lattice can be addressed by CPA in a small unit
cell, by multi-scale methods, and by conventional DFT in large supercells. With
a partial success, a homogeneous disorder is approximated by SQS.39 A hybrid
Cuckoo search algorithm46 constructs supercell random approximates for multi-
component solid solutions with a specified target value of the localized short-range
order parameters. Cluster expansion (CE)47 is a multi-scale method that o↵ers an
elegant way to compute energies of fully or partially disordered structures; energies
of a large set of structures with relatively small unit cells are used to construct
the CE.
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• Formulated in terms of stationary electronic 
wave functions and charge densities.

• Applicable to ordered structures only.

• Both methods are applicable to ordered structures.
• Disorder can be addressed using large supercells.
• Computational cost increases with number of electrons.

Modern Physics Letters B 35 (12): 2130003 (2021).  doi: 10.1142/S0217984921300039
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The first term describes the kinetic energy mev2/2 = p2/2me (here v is speed,
p = mev is momentum, and me is electron mass), while the second term is the
potential energy V .

For n electrons in a material, the n-body wavefunction  (r1, r2, . . . , rn) depends
on 3-dimensional positions r of n electrons, the kinetic term in Eq. (3) contains a
sum over n, and the electrostatic potential energy is

V (r1, r2, . . . , rn) =
e2

4⇡"0

 
nX

k<i

1

|rk � ri|
�

nX

k

NIX

I

ZI

|rk �RI |
+

NIX

K<I

ZKZI

|RK �RI |

!
.

(5)

Here ZI is the number of protons in the nucleus I, (e ZI) is the charge of the
nucleus I, NI is the number of ions. The first term in the brackets is the electron–
electron repulsion; the second term is the electron–ion attraction. The last term is
the ion–ion interaction, which does not depend on electronic coordinates r, and is
omitted in Eqs. (6) and (7). In Eqs. (4)–(7) it is convenient to use the atomic units,
in which (~2/me) ! 1 and (e2/4⇡"0) ! 1.

For a system with a single electron, such as the hydrogen atom,16 Eq. (3) has
a known analytic solution within the Bohr model.17 For atoms or molecules with
a few electrons, an approximate solution of a many-body problem can be found
by quantum chemistry methods,18 implemented in a number of computer codes,
such as NWChem,19 GAMESS,20 or ABINIT.21 Severe competition of the com-
mercial Gaussian software22 with the rivals23 was accompanied by attempts to ban
competitive users.24

Solutions for the homogeneous and inhomogeneous electron gas18 were found by
quantum Monte Carlo (QMC) and used to approximate exchange and correlation.25

DFT: When only the ground-state electronic energy is of interest, one can avoid
solving the many-body problem with potential (5) by using the density functional
theory (DFT).26 Within DFT,27 the total energy E = K + V is a functional of
the electronic charge density ⇢(r), where K[⇢] is the known kinetic energy of a
non-interacting electron gas of density ⇢ and V is the Coulomb potential energy:

V [⇢] =
e2

4⇡"0

 
1

2

ZZ
⇢(r)⇢(r0)

|r � r0| drdr0 �
NIX

I

Z
ZI⇢(r)

|r �RI |
dr

!
+ EXC [⇢]. (6)

The many-body e↵ect is hidden in the exchange-correlation functional EXC , which
depends on density ⇢(r) within the local density approximation (LDA),28 or on den-
sity ⇢ and its gradient r⇢ within the generalized gradient approximation (GGA).29

The exact form of EXC remains unknown, and improving this functional is an active
area of research.30

Via the variational principle, the ground-state electron density ⇢(r) =P
i |'i(r)|2 is found by solving iteratively (for the orbitals 'i of non-interacting
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Combining formation and mixing energies

5
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Formation energies in Ni3(Al,Ti)1 alloys
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Electronic density of states (DOS) in Ni3(Al1-xTix)
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Experimental strength of alloys
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üBest-in-class alloys are designed.

Scatter plot of alloy density and ultimate tensile strength at 
1093°C for conventional and dispersion strengthened alloys. 
V-MEA, ODS-MEA and ODS-ReB are denoted by star points.

Scatter plot of creep rupture life (hours) and stress (MPa) 
at 1093°C for conventional superalloys. 
ODS-MEA and ODS-ReB are denoted by blue points.



Superalloys retain strength at high temperature, stress, radiation. 
Electric and thermal conductivity of a metal, corrosion resistance. 
Superalloys are used in engines, nuclear reactors, heat exchanges.

Combustion engines Turbines GeneratorsHeat exchangers Nuclear reactors

Power plants Planes, trains, automobiles

Ships, Submarines

RocketsSatellites

Applications of superalloys



Summary
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• Considered subtraction of systematic errors. 
• Combined full-potential DFT and multiple-scattering theory with CPA; 
• Applied to precipitation in Ni superalloys. 
• Formation of χ and η phases along the γʹ stacking faults correlates with 

improved creep strength of Ni superalloys. 
• Composition-structure-property relations allow to design an alloy with 

superior strength and creep properties at high operating temperature.
• Subtraction of systematic errors resulted in higher-accuracy predictions, 

useful for materials design.  
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