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Abstract. Motivated by the spurious variance loss encountered during covariance propagation in atmospheric5
and other large-scale data assimilation systems, we consider the problem for state dynamics governed6
by the continuity and related hyperbolic partial differential equations. This loss of variance has been7
attributed to reduced-rank representations of the covariance matrix, as in ensemble methods for ex-8
ample, or else to the use of dissipative numerical methods. Through a combination of analytical work9
and numerical experiments, we demonstrate that significant variance loss, as well as gain, typically10
occurs during covariance propagation, even at full rank. The cause of this unusual behavior is a11
discontinuous change in the continuum covariance dynamics as correlation lengths become small, for12
instance in the vicinity of sharp gradients in the velocity field. This discontinuity in the covariance13
dynamics arises from hyperbolicity: the diagonal of the kernel of the covariance operator is a char-14
acteristic surface for advective dynamics. Our numerical experiments demonstrate that standard15
numerical methods for evolving the state are not adequate for propagating the covariance, because16
they do not capture the discontinuity in the continuum covariance dynamics as correlations lengths17
tend to zero. Our analytical and numerical results show that this leads to significant, spurious vari-18
ance loss in certain regions, and gain in others. The results suggest that developing local covariance19
propagation methods designed specifically to capture covariance evolution near the diagonal may20
prove a useful alternative to current methods of covariance propagation.21
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1. Introduction. At the heart of modern data assimilation is covariance propagation.24

Data assimilation techniques evolve the estimation error covariance along with the model25

state, either explicitly as in the Kalman filter, implicitly as in variational methods, or using a26

reduced-rank approximation as in ensemble schemes [22, 38, 9, 13]. To provide context for the27

problem addressed in this paper, we start with a stochastic model state N -vector q, which is28

propagated discretely in data assimilation schemes from time tk−1 to tk as29

(1.1) qk = Mk,k−1qk−1,30

whereMk,k−1 is the deterministicN×N propagation matrix representing the model dynamics.31

For simplicity, we consider here the linear case with no forcing, random or otherwise. From32
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the model state we can define the N ×N symmetric positive semi-definite covariance matrix33

at time tk,34

(1.2) P k = E[(qk − qk)(qk − qk)T ],35

where E[·] is the expectation operator, qk = E[qk] is the mean state, and superscript T36

denotes transpose. The basic equation of discrete covariance propagation behind modern37

data assimilation schemes then follows directly from the discrete state propagation (1.1),38

(1.3) P k = Mk,k−1P k−1M
T
k,k−1,39

where P k−1 and P k are the covariance matrices at times tk−1 and tk, respectively [22, 21,40

chapter 6]. We omit a process noise term in (1.3), which will be discussed later.41

Motivated by atmospheric data assimilation schemes used for global numerical weather42

prediction (NWP) [11, 23], we consider covariance propagation associated with hyperbolic43

partial differential equations (PDEs). Let x ∈ S2
r , where S2

r is the surface of the sphere of44

radius r, and take time t ≥ t0. To fix ideas, we first consider the continuity equation, which45

describes the continuum evolution of the stochastic model state q = q(x, t) as follows:46

qt + v · ∇q + (∇ · v)q = 0,47

q(x, t0) = q0(x).(1.4)4849

The subscript t denotes the time derivative unless noted otherwise. The two-dimensional50

velocity field v = v(x, t) is taken to be deterministic and continuously differentiable while the51

initial state q0 is stochastic with mean q0. Equation (1.4) is the statement of mass conservation52

when q is the density of a passively advected tracer in a thin layer of atmosphere between two53

isentropic surfaces, for instance [29, 17, Sec. 2.5 – 2.6]. For the model state in (1.4), we can54

define the covariance between two points x1,x2 ∈ S2
r as55

(1.5) P (x1,x2, t) = E[(q(x1, t)− q(x1, t))(q(x2, t)− q(x2, t))].56

The corresponding covariance evolution equation for (1.4) on S2
r × S2

r and for t ≥ t0 becomes57

Pt + v1 ·∇1 P + v2 ·∇2 P + (∇1 ·v1 +∇2·v2)P = 0,58

P (x1,x2, t0) = P0(x1,x2).(1.6)5960

Here ∇i denotes the gradient with respect to xi, and vi = v(xi, t), i = 1, 2.61

Both the model state and covariance equations given in (1.4) and (1.6) are hyperbolic62

PDEs, the former in two space dimensions and the latter in four. For the covariance equation,63

the characteristic (or trajectory) equations that describe the coordinate vectors x1 and x2 of64

parcels located initially at coordinates s1 and s2, respectively, both satisfy the same ordinary65

differential equation,66

dx

dt
= v(x, t),67

x(t0) = s,(1.7)6869
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[37, following Ch. 3 notation]. The coordinate vector xi for i = 1, 2 can be written as70

xi = x(t; si), which is the solution to (1.7) that represents the arrival point xi at time t71

of the characteristic (trajectory) departing from the point si at t0. In the case that initial72

parameters for x1 and x2 are equal, s1 = s2, then it follows from (1.7) that x1 and x2 are73

also equal, x1 = x(t; s1) = x(t; s2) = x2. Therefore, initial covariances that start on the74

hyperplane x1 = x2 (i.e. s1 = s2) remain on x1 = x2 for all time, implying that the x1,x2-75

hyperplane is everywhere characteristic [6, p. 3130]. We show in section 2 that as a result,76

there is a discontinuous change in solutions to (1.6) along the x1,x2-hyperplane in the limit77

as correlation lengths approach zero, for example in the vicinity of sharp gradients in the78

velocity field which can arise naturally, as seen for instance in [27].79

To describe this discontinuity, suppose first that the initial covariance P0 is continuous on80

S2
r×S2

r , and denote it by P d0 (x1,x2). Thus, the stochastic initial state q0 is spatially correlated,81

with variance σ2
0(x) = P d0 (x,x). It follows that the solution of the covariance evolution82

equation (1.6) along the x1,x2-hyperplane corresponds to the variance σ2(x, t) = P (x,x, t)83

and satisfies84

σ2
t + v ·∇ σ2 + 2(∇ · v)σ2 = 0,85

σ2(x, t0) = σ2
0(x) = P d0 (x,x),(1.8)8687

where σ2 = σ2(x, t) for x ∈ S2
r and t ≥ t0, which can be derived either from (1.6) or directly88

from (1.4) [6, Sec. 2].89

Now suppose instead that the initial state q0 is spatially uncorrelated, and denote its90

covariance function by P c0 (x1)δ(x1,x2), where δ is the Dirac delta and P c0 is continuous91

on S2
r . As we show in subsection 2.3, for t ≥ t0 the solution to (1.6) is then given by92

P (x1,x2, t) = P c(x1, t)δ(x1,x2), where P c satisfies93

P ct + v ·∇ P c + (∇ · v)P c = 0,94

P c(x, t0) = P c0 (x).(1.9)9596

Thus, near zero correlation length, the behavior of solutions of the covariance evolution equa-97

tion along the x1,x2-hyperplane changes abruptly from that of the variance equation (1.8) to98

that of (1.9), in the case of a nonzero divergent velocity field, ∇ · v 6= 0. Such a discontinuous99

change in covariance dynamics for states governed by the continuity equation (1.4) also holds100

for states governed by a generalized version of (1.4), which we present in section 2.101

The characteristic behavior of the x1,x2-hyperplane in the continuum does not translate102

into discrete space for typical discretizations (1.1) of (1.4): diagonal elements of P k in (1.3)103

depend on off-diagonal elements of P k−1, and a diagonal initial covariance matrix in (1.3)104

does not remain diagonal for all time. In this paper, we study the behavior of solutions of105

the continuum covariance evolution equation (1.6) and a generalized version (2.8) near the106

x1,x2-hyperplane, and we contrast this with the behavior of discretizations (1.3) near the107

diagonal, using a combination of analytical and numerical methods. We conduct numerical108

experiments using a one-dimensional version of (1.4) and study the covariance and variance109

propagation as a function of correlation length scales of the initial covariance. We find in some110

cases that the variance propagated numerically according to (1.3) bears little resemblance to111
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that of the continuum variance dynamics (1.8), exhibiting both variance loss and variance gain112

relative to the continuum solution. In particular, variances propagated numerically according113

to (1.3) tend to be better approximations of (1.9) than of (1.8) for short initial correlation114

lengths, quite independently of any numerical dissipation or dispersion effects. This property115

manifests itself as a large, spurious loss of variance in regions where the amplitude index m,116

defined in (3.7) and (3.8) of subsection 3.3, is greater than one, and a spurious variance gain in117

regions where the index m is less than one, as our analytical and numerical results illustrate.118

This behavior is the result of the discontinuous change in the continuum covariance dynamics119

in the limit as the correlation length tends to zero.120

Spurious loss of variance is well known in the data assimilation literature. How covariances121

propagated through data assimilation schemes tend to underestimate the exact error covari-122

ances has long been noted [28, pp. 23 – 24]. Variance loss has been discussed primarily in the123

context of ensemble schemes [28, 25, 13] in recent years, where spurious variance loss can be124

attributed to the use of reduced-rank covariance representations [14]. Several methods have125

been developed to address variance loss to prevent filter divergence, such as covariance infla-126

tion [1, 31, 28, Ch. 9.2], a scale-selective generalization of covariance inflation [7, Sec. 2.4.4],127

and methods of discrete covariance propagation that address variance loss associated with128

numerical discretization [33, 30]. Loss of variance is sometimes addressed through an artifi-129

cial model error or process noise term added to the discrete covariance propagation in (1.3)130

[21, Sec. 8.8 – 8.9]. Accurately estimating an appropriate model error/process noise term is131

difficult because spurious variance loss can be due to several different known and unknown132

sources, though it has been shown that adding a model error term can help rectify the neg-133

ative impact of variance loss, for instance, by increasing ensemble spread in the case of the134

ensemble schemes [31, 19]. Stochastic parameterization of subgrid scale physics also helps to135

increase ensemble spread to prevent filter divergence [3, p. 567].136

For the purpose of illuminating a root cause of variance loss, we consider in this work137

only the unforced covariance dynamics and omit a model error term, artificial or not. The138

focus of this paper is on the spurious loss and gain of variance associated with the peculiar,139

discontinuous limiting behavior of solutions of the continuum covariance evolution equation140

(1.6) and its generalization (2.8), where spurious variance gain, while not often noted in the141

literature, can also cause issues during data assimilation. Spurious loss and gain of variance142

due to this discontinuous limiting behavior is a full-rank effect. We believe ours is the first143

work to identify and study this effect.144

The layout of this paper is as follows. In section 2, we consider a slightly generalized145

form of the continuity equation to study the continuum covariance propagation. In subsec-146

tion 2.1 we establish the generalized problem, defining the necessary operators and associated147

PDEs used for the analysis. This is followed by subsection 2.2, where the continuum polar148

decomposition is defined for use in subsection 2.3, which derives the generalized version of149

(1.9) and discusses the discontinuous change in the continuum dynamics as initial correlation150

lengths approach zero. The analysis sections are followed by numerical experiments, where151

we illustrate spurious loss and gain of variance in full-rank covariance propagation through152

a simple one-dimensional example. Subsection 3.1 details the experimental setup of the one-153

dimensional problem, describing the numerical propagation methods, discretization schemes,154

and initial covariances. Subsection 3.2 summarizes the results from these numerical experi-155



CONTINUUM COVARIANCE PROPAGATION FOR UNDERSTANDING VARIANCE LOSS IN ADVECTIVE
SYSTEMS 5

ments, followed by subsection 3.3, which discusses additional interpretations of the numerical156

experiments. Section 4 contains concluding remarks, followed by Appendices A and B which157

contain additional derivations.158

2. Analysis. We first study covariance propagation in the continuum. We will consider159

the state and covariance equations as PDEs with solutions in the Hilbert space L2, define the160

associated linear operators, and use tools from functional analysis to study these equations161

and operators. This continuum analysis is crucial for interpreting the results of the numerical162

experiments given later in section 3.163

2.1. Preliminaries. Let Ω = S2
r and take x ∈ Ω and t ≥ t0. We will consider the164

generalized advection equation for the model state q = q(x, t),165

qt + v · ∇q + bq = 0,166

q(x, t0) = q0(x).(2.1)167168

Here b = b(x, t) is a scalar, noting that setting b =∇ · v yields the continuity equation (1.4).169

From (2.1) we have170

(2.2)
d

dt

∫
Ω
q2dx+

∫
Ω

(2b−∇ · v)q2dx = 0,171

which is derived via integration by parts, where we assume that 2b −∇ · v ∈ L∞(Ω) and172

q0 ∈ L2(Ω) so that (2.1) has a unique solution q ∈ L2(Ω) for all time (e.g. using energy173

arguments applied to (2.2) similar to those presented in [37, Sec. 5.3]). We write this solution174

as175

(2.3) q(x, t) = (Mtq0)(x),176

whereMt : L
2(Ω) 7→ L2(Ω) is the solution operator of (2.1),177

(2.4) (Mtf)(x) =

∫
Ω
M(x, t; ξ)f(ξ)dξ.178

The subscript t on all operators denoted using the calligraphy font style, as inMt for example,179

indicates the operator evaluated at time t, not the time derivative. The kernel of the operator180

Mt, M = M(x, t; ξ), is the fundamental solution of (2.1),181

Mt + v ·∇M + bM = 0,182

M(x, t0; ξ) = δ(x, ξ),(2.5)183184

where the initial condition is the Dirac delta. Here, we simply view the Dirac delta as the185

kernel of the identity operator I : L2(Ω) 7→ L2(Ω),186

(2.6) (If)(x) = f(x) =

∫
Ω
δ(x, ξ)f(ξ)dξ.187
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Equation (2.3) is analogous to the discrete state propagation computed in data assimilation188

schemes. We can propagate our discrete state q in (1.1) from time t0 to tk,189

(2.7) qk = Mk,k−1Mk−1,k−2...M2,1M1,0︸ ︷︷ ︸
Mk,0

q0,190

which is the discrete version of (2.3) evaluated at time t = tk; the operator Mtk is the191

continuum version of the propagation matrix Mk,0.192

With the model state now defined, we can derive the corresponding covariance evolution193

equation for P = P (x1,x2, t) with x1,x2 ∈ Ω and t ≥ t0 [6, Sec. 2 and references therein],194

Pt + v1 ·∇1 P + v2 ·∇2 P + (b1 + b2)P = 0,195

P (x1,x2, t0) = P0(x1,x2),(2.8)196197

where again, ∇i refers to the gradient with respect to xi, and vi = v(xi, t), bi = b(xi, t) for198

i = 1, 2.199

The solution of the covariance evolution equation (2.8) can be expressed using the funda-200

mental solution operatorMt and its adjointM∗
t . The adjoint fundamental solution operator201

is defined using the inner product over the Hilbert space L2(Ω),202

(2.9) (M∗
t f, g)2 = (f,Mtg)2 ∀f, g ∈ L2(Ω).203

The adjoint operator,M∗
t : L2(Ω) 7→ L2(Ω), can be expressed as an integral operator whose204

kernel M∗ is the solution to the adjoint final value problem associated with (2.1),205

(2.10) (M∗
t f)(ξ) =

∫
Ω
M∗(ξ;x, t)f(x)dx.206

With respect to the method of characteristics, the fundamental solution operator Mt prop-207

agates the solution forward along the characteristics determined by departure points, and208

the adjoint fundamental solution operatorM∗
t propagates the solution backwards along the209

characteristics determined by arrival points. This yields the symmetry property [8, p. 729]210

that at any fixed time t the kernels satisfy211

(2.11) M(x, t; ξ) = M∗(ξ;x, t).212

Using (2.11), we can express the covariance in terms of the kernels of the fundamental solution213

and adjoint fundamental solution operators,214

(2.12) P (x1,x2, t) =

∫
Ω

∫
Ω
M(x1, t; ξ1)P0(ξ1, ξ2)M∗(ξ2;x2, t)dξ2dξ1,215

or simply216

(2.13) P t =MtP0M∗
t ,217

where P0 : L2(Ω) 7→ L2(Ω) is the operator whose kernel is P0,218

(2.14) (P0f)(x1) =

∫
Ω
P0(x1,x2)f(x2)dx2,219
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and P t : L2(Ω) 7→ L2(Ω) is the resulting operator at time t,220

(2.15) (P tf)(x1) =

∫
Ω
P (x1,x2, t)f(x2)dx2.221

Thus, the covariance evolution equation (2.8) is interpreted as the evolution equation for the222

kernel of the covariance operator P t. As with the state propagation, (2.13) evaluated at time223

tk is the continuum version of the discrete covariance propagation,224

(2.16) P k = Mk,0P 0M
T
k,0,225

following from (1.3) and (2.7).226

2.2. The polar decomposition. We next define the (left) polar decomposition of the227

fundamental solution operator Mt, which will bring to light important properties of the228

covariance evolution that will be discussed in subsection 2.3. The polar decomposition is a229

canonical form for all bounded linear operators on Hilbert spaces [36, p. 196 – 198]. It is the230

unique decompositionMt = DtU t where Dt = (MtM∗
t )1/2 and U t is a partial isometry.231

To derive the polar decomposition forMt, we first decompose the fundamental solution232

M into233

(2.17) M(x, t; ξ) = d(x, t)u(x, t; ξ)234

where d = d(x, t) and u = u(x, t; ξ) satisfy the following PDEs,235

dt + v ·∇ d+

(
b− 1

2
∇ · v

)
d = 0,236

d(x, t0) = 1,(2.18)237238
239

ut + v ·∇ u+
1

2
(∇ · v)u = 0.240

u(x, t0; ξ) = δ(x, ξ),(2.19)241242

The solution u of (2.19) is quadratically conservative,243

(2.20)
d

dt

∫
Ω
u2(x, t; ξ)dx = 0,244

and therefore defines a bounded linear operator U t : L2(Ω) 7→ L2(Ω) whose kernel is the245

solution to (2.19),246

(2.21) (U tf)(x) =

∫
Ω
u(x, t; ξ)f(ξ)dξ.247

The operator U t is an invertible isometry and therefore unitary.248

To obtain the operator Dt, we consider the operatorMtM∗
t . From (2.13), the operator249

MtM∗
t is just the covariance operator P t when the initial covariance operator P0 is the250
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identity operator (2.6); equivalently, the kernel of the operatorMtM∗
t is the solution to the251

covariance equation (2.8) when the initial covariance P0(x1,x2) is the Dirac delta, δ(x1,x2).252

We show in Appendix A that the solution of (2.8) with the initial condition P0(x1,x2) =253

δ(x1,x2) is P (x1,x2, t) = d2(x1, t)δ(x1,x2), where d is the solution to (2.18). In other words,254

according to (2.13), MtM∗
t is in fact a multiplication operator. A multiplication operator255

K : L2(Ω) 7→ L2(Ω) is defined as one for which256

(2.22) (Kf)(x) = k(x)f(x) =

∫
Ω
k(ξ)δ(x, ξ)f(ξ)dξ,257

where k(x) ∈ L∞(Ω) is the multiplication function. The operatorMtM∗
t : L2(Ω) 7→ L2(Ω),258

(2.23) (MtM∗
t f)(x) = d2(x, t)f(x),259

is a multiplication operator, where the multiplication function satisfies the following differen-260

tial equation,261

d2
t + v ·∇ d2 + (2b−∇ · v) d2 = 0,262

d2(x, t0) = 1.(2.24)263264

As the operatorMtM∗
t is non-negative, its square root exists, and we define the operator265

Dt : L
2(Ω) 7→ L2(Ω) as this square root,266

(2.25) (Dtf)(x) = ((MtM∗
t )1/2f)(x) = d(x, t)f(x),267

with the multiplication function for Dt being the solution to (2.18). Note that because the268

operator Dt is a multiplication operator with a real-valued multiplication function, it is self-269

adjoint.270

The decomposition (2.17) of the kernel of the fundamental solution operator gives us the271

(left) polar decomposition ofMt,272

(2.26) Mt = DtU t,273

with Dt and U t defined above. In the next section, we use this polar decomposition to study274

the continuum covariance propagation.275

Remark 2.1. The polar decomposition is a canonical form for all bounded linear operators276

on Hilbert spaces [36, pp. 196 – 198] and is crucial for deriving the continuous spectrum equa-277

tion (2.33) in subsection 2.3. Related to the polar decomposition is the continuum singular278

value decomposition (SVD), which is a canonical form for compact linear operators on Hilbert279

spaces [36, Thm. VI.17]. The fundamental solution operator Mt defined for the advective280

dynamics presented in this work, (2.1), is not compact, therefore the continuum SVD does281

not apply. If a diffusion term were added to (2.1), say κ∇2q for κ > 0 a diffusion coefficient282

and ∇2 the Laplacian operator, the corresponding fundamental solution operator would be-283

come compact and a continuum SVD would exist. The discrete SVD is used widely in matrix284

analysis, particularly in NWP data assimilation literature [26, 5, 12, 2].285
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2.3. Continuum covariance propagation. The solution of the continuum covariance evo-286

lution equation (2.8) depends on the initial covariance P0(x1,x2), and we show in this section287

how the behavior of the solution changes as the initial correlation length tends to zero. To do288

so, we will interpret the covariance function P (x1,x2, t) as the kernel of the operator P t de-289

fined in (2.15), whose evolution can be written in terms of the fundamental solution operator,290

its adjoint, and the initial covariance, as given in (2.13).291

We consider two cases for the initial covariance P0(x1,x2). First, assume the initial covari-292

ance is continuous on Ω×Ω, and denote it as P d0 (x1,x2). Since P d0 is continuous, the solution293

to the covariance equation (2.8) is a strong solution and has a bounded L2-norm. Therefore294

the corresponding covariance operator, which we will denote as Pdt , is a self-adjoint Hilbert-295

Schmidt operator [36, pp. 210 – 211]. Hilbert-Schmidt operators are a subclass of the compact296

operators, and it follows from spectral theory that self-adjoint Hilbert-Schmidt operators only297

contain eigenvalues in their spectrum [20, pp. 230 – 232] with the possible exception of zero in298

the continuous spectrum. The set of eigenvalues is often referred to as the discrete spectrum,299

hence we can refer to the covariance operator Pdt as the discrete spectrum covariance operator.300

Now, consider the case where the initial state q0 is spatially uncorrelated, whose covari-301

ance we represent by P c0 (x1)δ(x1,x2), and assume that the function P c0 is continuous on Ω.302

The Dirac delta in the initial covariance reduces the initial covariance operator (2.14) to a303

multiplication operator (2.22) with multiplication function P c0 ; denote this operator as Pc0.304

We can see how this impacts the corresponding covariance operator, which we denote as Pct ,305

by applying the polar decomposition (2.26) to (2.13) with P0 = Pc0,306

(2.27) Pct = DtU tPc0U∗
tDt = DtP̃ tDt,307

where308

(2.28) P̃ t = U tPc0U∗
t .309

From the definition of U t in (2.21), it follows that the operator P̃ t : L2(Ω) 7→ L2(Ω) has kernel310

P̃ = P̃ (x1,x2, t) given by311

P̃t + v1 ·∇1 P̃ + v2 ·∇2 P̃ +
1

2
(∇1 ·v1 +∇2·v2)P̃ = 0,312

P̃ (x1,x2, t0) = P c0 (x1)δ(x1,x2),(2.29)313314

whose solution is shown in Appendix A to be315

(2.30) P̃ (x1,x2, t) = P̃ c(x1, t)δ(x1,x2)316

where317

P̃ ct + v · ∇P̃ c = 0,318

P̃ c(x, t0) = P c0 (x).(2.31)319320

Thus, P̃ t is a multiplication operator, and it follows from (2.18) and (2.31) that Pct in (2.27)321

is also a multiplication operator,322

(2.32) (Pctf)(x1) = P c(x1, t)f(x1) =

∫
Ω
P c(x1, t)δ(x1,x2)f(x2)dx2,323
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where P c = d2P̃ is the solution to the continuous spectrum equation324

P ct + v ·∇ P c + (2b−∇ · v)P c = 0,325

P c(x, t0) = P c0 (x).(2.33)326327

Since multiplication operators contain only a continuous spectrum [20, pp. 219, 240], we will328

refer to Pct as the continuous spectrum covariance operator and to P c as the continuous329

spectrum solution.330

Thus, we have shown that the solution of the covariance evolution equation (2.8) for initial331

condition P c0 (x1)δ(x1,x2) is P (x1,x2, t) = P c(x1, t)δ(x1,x2); white noise evolved under the332

state dynamics (2.1) remains white. Further, we can see explicitly that the dynamics of the333

covariance along the x1,x2-hyperplane are governed by the continuous spectrum equation334

(2.33) for spatially uncorrelated initial states, rather than by the variance equation335

σ2
t + v ·∇ σ2 + 2bσ2 = 0,336

σ2(x, t0) = σ2
0(x) = P d0 (x,x),(2.34)337338

which follows directly from (2.8) when the initial covariance is continuous on Ω × Ω . Only339

in cases where the velocity field is divergence-free are the continuous spectrum equation and340

variance equation identical. The dynamics of the covariance along the x1,x2-hyperplane are341

governed by the variance equation (2.34) for all continuous initial covariances, independently342

of nonzero initial correlation lengths, but at zero correlation length the dynamics change343

abruptly to those of the continuous spectrum equation (2.33).344

Covariances associated with spatially uncorrelated initial states, which correspond to co-345

variances with zero initial correlation length scales, are limiting cases in our analysis, as well346

as in practice. Atmospheric wind fields, for example, have sharp vertical correlation structures347

relative to long horizontal correlations that need to be represented in covariances for NWP348

models [35], and horizontal wind shear leads to tracer correlations that shrink in the direc-349

tion perpendicular to the flow such that they are no longer spatially resolved [27]. Through350

careful analysis and use of the polar decomposition, we are able to derive the discontinuous351

change in dynamics along the x1,x2-hyperplane as the correlation length approaches zero for352

covariances governed by (2.8), which is not readily apparent when first considering the model353

state and covariance equations nor when only considering these equations in discrete space.354

3. Numerical experiments. The purpose of the numerical experiments is to examine the355

evolution of the diagonal of the covariance matrix P k during discrete covariance propagation356

and its relation to the discontinuous change in the continuum dynamics along the x1,x2-357

hyperplane as the initial correlation length approaches zero. To clearly illustrate the prob-358

lems associated with full-rank covariance propagation, a simple example is used so that our359

numerical results can be compared to a known exact solution. We conduct these experiments360

for various types of initial covariances specified with different initial standard deviations and361

different correlation kernel functions with varying correlation length scales.362

3.1. Experimental setup. For these experiments, we will consider the one-dimensional363

version of the continuity equation (1.4) over the unit circle S1
1 . We take the velocity field to364
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be independent of time and spatially-varying,365

(3.1) v(x) = sin(x) + 2.366

The exact solution to the one-dimensional continuity equation with this velocity field can367

be obtained explicitly using the method of characteristics and is used as reference for our368

experiments; see Appendix B for further discussion.369

The spatial domain S1
1 is discretized on a uniform grid, xi = i∆x, i = 0, 1, ..., N −1 where370

N = 200 and ∆x = 2π
N . The time discretization is given by tk = k∆t where the time step ∆t371

is determined from the Courant-Friedrichs-Lewy number λ,372

(3.2) λ = max
x∈[0,2π]

|v(x)|∆t
∆x

= 3
∆t

∆x
≤ 1.373

For these experiments, we take λ = 1. We ran experiments with several other values of λ < 1374

(not shown) and found it did not have a significant impact on the results.375

3.1.1. Numerical covariance propagation. We use two methods of propagation to illus-376

trate the impact of numerical schemes on the discrete covariance propagation (1.3) and to377

leverage insights from continuum covariance analysis in the form of the polar decomposition.378

The covariance matrix is propagated discretely using either of two methods:379

1. Traditional propagation: the covariance is propagated as in (1.3), where the matrix380

Mk,k−1 is the finite difference discretization of the fundamental solution equation381

(2.5).382

2. Polar decomposition propagation: the polar decomposition of the fundamental solution383

operator (2.26) is discretized and used in place of the matrix Mk,k−1 in (1.3).384

In the polar decomposition propagation, (2.26) is discretized as follows. The operator385

Dt of (2.25) is a self-adjoint multiplication operator, therefore when t = tk its corresponding386

discretization is the diagonal matrix Dk,0 whose diagonal elements are (Dk,0)ii = d(xi, tk).387

Here d(xi, tk) is the solution to (2.18) evaluated on the discrete spatial grid at time tk, which388

we generate using the exact solution to (2.18), as discussed in Appendix B. The discretization389

of the operator U t of (2.21) is done via finite differences to generate the propagation matrix390

Uk,k−1 corresponding to (2.19). The matrix Uk,k−1, which propagates the solution from time391

tk−1 to tk, is independent of time by virtue of (3.1), therefore we will denote Uk,k−1 = U392

for simplicity. To compute the covariance matrix at time tk, P k, we do not construct the393

matrix Mk,k−1 explicitly using the polar decomposition, but instead compute the covariance394

as follows:395

P k = Dk,0Uk,k−1Uk−1,k−2...U1,0P 0U
T
1,0...U

T
k,k−1Dk,0396

= Dk,0U
kP 0(UT )kDk,0.(3.3)397398

The Lax-Wendroff [24] and Crank-Nicolson [10] finite difference schemes are used to gen-399

erate the matrices Uk,k−1 and Mk,k−1 corresponding to their respective PDEs (2.19) and400

(2.5). Like Uk,k−1, Mk,k−1 is independent of time, therefore through the rest of the paper401

we will denote Mk,k−1 simply as M . We choose these two simple finite difference schemes to402

illustrate their contrasting behaviors, particularly when generating the matrix U . According403
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to the continuum analysis, the operator U t is unitary. The Crank-Nicolson discretization pre-404

serves the unitary property of U t because the scheme is quadratically conservative, but the405

Lax-Wendroff scheme does not. In the numerical results, subsections 3.2 and 3.3, propagated406

covariances are labeled by the finite difference scheme used to construct the matrices M and407

U (Lax-Wendroff or Crank-Nicolson) followed by the method of propagation (traditional or408

polar decomposition) as described in the beginning of this section.409

Figure 3.1. Examples of the correlation functions used to generate the initial covariances for numerical
propagation. The GC correlation functions (left) are functions of compact support length parameter c, where
the FOAR correlation functions (right) are functions of length scale L.

3.1.2. Initial Covariances. We generate four types of initial covariances from the following410

two different correlation kernel functions: the Gaspari-Cohn (GC) fifth-order piecewise ratio-411

nal function [15, Eq. 4.10], and the first order autoregressive function (FOAR) [16, Eq. (23)].412

Using each correlation function, we construct the initial covariance matrix with either a con-413

stant initial variance or spatially-varying initial variance. Initial covariances with constant414

initial variance take the initial variance to be one, while initial covariances with the spatially-415

varying initial variance take the initial variance as the square of the standard deviation416

(3.4) σ0(x) =
sin(3x)

3
+ 1.417

The GC correlation function C0(r(xi, xj), 1/2, c) is a compactly supported approximation418

to a Gaussian function, supported on the interval 0 ≤ r(xi, xj) ≤ 2c, where419

(3.5) r(xi, xj) = 2 sin(|xi − xj |/2)420
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is the chordal distance between xi and xj on S1
1 . On the uniform spatial grid of 200 grid421

points for these experiments, values of c = 1, 0.25, and 0.05 correspond to 100, 16, and 3 grid422

lengths (∆x), respectively, from the peak of the correlation function to where it becomes zero,423

and 33, 8, and just 1 grid length, respectively, from the peak value of 1 to values less than424

0.2; see Figure 3.1 for these examples.425

The FOAR correlation function given by426

(3.6) FL(r(xi, xj)) = exp(−r(xi, xj)/L)427

is continuous but non-differentiable at the origin because of its cusp-like behavior (see Fig-428

ure 3.1). As with the GC correlation function, the chordal distance (3.5) is used to reflect429

periodicity of the domain. The FOAR correlation functions are nonzero on the full spatial430

domain. On the spatial grid, L = 0.5, 0.25, and 0.03 correspond to 26, 12, and just 1 grid431

length, respectively, from the peak of the correlation to where it becomes less than 0.2.432

Figure 3.2. Top: Solutions to the one-dimensional variance equation (1.8) and continuous spectrum equa-
tion (1.9) at various times with velocity field (3.1), for unit initial condition (top row) and spatially-varying
initial condition (bottom row) taken to be the square of (3.4). Time T = 3.979 corresponds to slightly after a
full period. Exact solutions for each case are given in black dashed (variance) and black dot-dashed lines (con-
tinuous spectrum). Green curves denote the solution to the variance equation computed with Crank-Nicolson
(abbreviated CN); blue curves are solutions to the continuous spectrum equation computed with Crank-Nicolson.
Regions highlighted in grey correspond to regions where the exact solution to the variance equation is greater
than the exact solution to the continuous spectrum equation, i.e. σ2 > P c; unhighlighted regions correspond to
regions where σ2 < P c.

3.2. Experimental results. From the continuum analysis, one might expect the diagonal433

of the covariance matrix P k to behave according to the variance equation for covariances with434

nonzero initial correlation lengths and according to the continuous spectrum equation for435

covariances with zero initial correlation length. To establish a baseline, Figure 3.2 illustrates436
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the solutions to the variance equation (1D version of (1.8)) and continuous spectrum equation437

(1D version of (1.9)) for unit initial condition and for the spatially-varying initial condition438

given by the square of (3.4). Considering the exact solutions first (black), we see that the439

dynamics of the variance solution and continuous spectrum solution are quite different due to440

the spatially-varying velocity field (3.1). We also see that solving either the variance equation441

or continuous spectrum equation directly using the Crank-Nicolson scheme (colored) produces442

solutions that are nearly indistinguishable from the exact solutions. Solutions to the variance443

and continuous spectrum equations computed using Lax-Wendroff differ very slightly from444

Crank-Nicolson and are not shown.445

Figure 3.3. Propagated covariances at the final time T (slightly after a full period) for GC initial correlations 
with c = 1 (supported on the full domain) for all four propagation methods. Top row: constant initial variance. 
Bottom row: spatially-varying initial variance. The left panels correspond to the normalized spectra (relative 
to largest eigenvalue), the middle panels show the discrete variances (covariance matrix diagonals), and the 
right panels show the correlations at row 150 (location of maximum in variance in space and time). The exact 
normalized spectra are given in solid black, and the exact variances and correlations are given in black dashed. 
Crank-Nicolson (CN) and Lax-Wendroff (LW) M refer to traditional propagation using Crank-Nicolson or Lax-
Wendroff (solid). CN and LW PD refer to propagation using the polar decomposition (dashed) with the matrix 
U constructed via the Crank-Nicolson or Lax-Wendroff scheme, respectively.
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Figure 3.2 shows that propagating the diagonal of the covariance matrix P k numerically,446

independently of the rest of the matrix, using the known dynamics of either the variance447

equation or the continuous spectrum equation, produces minimal discretization error. Fig-448

ure 3.3 illustrates further that, at least for covariance matrices with relatively long initial449

correlation lengths, the numerically propagated full covariance itself also contains only mi-450

nor discretization errors typically expected from finite difference approximations. Figure 3.3451

shows results for the GC initial correlation supported on the full spatial domain (c = 1). The452

dissipative behavior of both Lax-Wendroff schemes are clear in the normalized spectra (left453

panels), whereas both the traditional Crank-Nicolson propagation and polar decomposition454

propagation using the Crank-Nicolson U (hereafter referred to as Crank-Nicolson polar de-455

composition) capture the normalized spectra quite well. The small amount of variance loss456

and gain seen in both the constant initial variance and spatially-varying initial variance cases457

(middle panels of Figure 3.3) are consistent with dissipation and phase errors expected from458

finite differences. The polar decomposition methods (dashed) reduce the errors in the diag-459

onals of the covariance matrices only slightly compared to the traditional methods (solid).460

The correlations at row 150 (right panels), which corresponds to where the variance reaches a461

maximum as the velocity field is at a minimum, are nearly identical to the exact correlations,462

suggesting minimal errors in correlation propagation.463

The accuracy of numerically propagated full covariances is much worse for short initial464

correlation lengths, increasingly so as they approach zero. We monitor the total amount of465

variance lost or gained over time through the trace of the covariance matrix, Tr(P k). Fig-466

ure 3.4 shows the trace time series for both the GC and FOAR cases with spatially-varying467

initial variance as initial correlation lengths tend to zero (the constant initial variance case468

results are similar to Figure 3.4 and not shown). The GC and FOAR cases in Figure 3.4 ex-469

hibit similar behaviors in the trace over time, even though their initial correlation structures470

are quite different. As the initial correlation lengths tend to zero, the amount of variance471

lost during propagation increases strikingly in the Lax-Wendroff schemes. The polar decom-472

position propagation schemes (dashed) are an improvement over traditional propagation in473

some cases but are worse in others, and generally suffer similar amounts of variance loss. We474

also observe that as initial correlation lengths tend to zero, the numerical schemes gradually475

approach their own limiting behavior at c = L = 0, rather than a discontinuous change in476

dynamics as seen in the continuum analysis.477

Had we not performed the continuum analysis of section 2, one might assume that the vari-478

ance loss in Figure 3.4 is caused simply by dissipation. However, the Crank-Nicolson scheme479

is not dissipative and yet produces significant variance loss. In fact, we see for the traditional480

Crank-Nicolson propagation (solid light blue) that there are regions of both variance loss and481

gain. We also see that for short, nonzero initial correlation lengths (c = 0.05, L = 0.03 in482

particular), the numerical schemes better approximate the limiting case of c = L = 0 than the483

correct behavior for c, L > 0. This suggests that inaccurate discrete diagonal propagation is484

particularly pronounced for short correlation lengths.485

The behavior of the trace time series in Figure 3.4 indicates that covariance propagation486

itself can be a source of spurious loss and gain of variance, however it does not indicate where487

exactly this manifests itself. To gain a better understanding of the source of variance loss488

and gain, we examine various aspects of the propagated covariance matrix for different types489
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Figure 3.4. Trace time series for GC (top row) and FOAR (bottom row) for the spatially-varying initial
variance (the square of (3.4)). Each panel corresponds to different values of c and L, decreasing from left to
right towards c = L = 0. Refer to Figure 3.3 for description of the curves. For the cases when c = L = 0
(rightmost panels), the exact solutions (solid black) are constant in time due to the fact that continuous spectrum
solution P c satisfies the continuity equation (1.9), hence its integral over space is constant.

of initial covariances as we did in Figure 3.3, but now for covariances with shorter initial490

correlation lengths.491

Figures 3.5 and 3.6 are final time snapshots (in the same format as shown in Figure 3.3)492

of propagated covariances specified using the GC correlation function with c = 0.25 and493

FOAR correlation function with L = 0.25, respectively, which are initially well-resolved as494

described in section 3.1.2 and correspond to the mildest variance loss and gain cases shown495

in leftmost panels of Figure 3.4. The normalized spectra in both of these cases are similar to496

the spectra seen in Figure 3.3, where the Lax-Wendroff schemes are severely dissipative and497

both Crank-Nicolson methods approximate the exact spectrum moderately well.498

The diagonals extracted from the numerically propagated covariances in Figures 3.5 and 3.6499

are strikingly different from the exact solution. Though covariances with these values of c and500

L are well-resolved initially, the extracted diagonals are smooth but wholly inaccurate. Across501

all four methods of propagation we see regions of both variance loss and variance gain, clearly502

illustrating that inaccurate discrete diagonal propagation is the problem more so than dissi-503

pation. The diagonal propagation becomes worse when the initial covariance has a spatially-504

varying variance (bottom rows of Figures 3.5 and 3.6), which is a more realistic situation in505

practice. The errors we observe in the diagonals of the covariance matrices, interestingly, are506

not reflected in the normalized spectra; considering the normalized spectra alone would not507

even hint at the problems occurring in the discrete diagonal propagation. The correlations, as508

expected, show dispersion off the diagonal. The oscillatory behavior of both Crank-Nicolson509
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Figure 3.5. Same as Figure 3.3 for c = 0.25.

schemes due to numerical dispersion is expected for this finite difference scheme [4, p. 46].510

In the limiting case when the initial correlation lengths become zero, we see two con-511

trasting behaviors in the numerically propagated covariances depending on the initial vari-512

ance; see Figure 3.7. When the initial variance is constant (i.e. the initial covariance is513

the identity matrix), the Crank-Nicolson polar decomposition is the only scheme that cor-514

rectly captures the behavior of the exact covariance (top row of Figure 3.7). This is ex-515

pected from the definition of the Crank-Nicolson polar decomposition in this case. Since516

the initial covariance is the identity matrix and the matrix U constructed using the Crank-517

Nicolson scheme is unitary, the Crank-Nicolson polar decomposition propagation (3.3) reduces518

to P k = Dk,0U
kI(Uk)TDk,0 = Dk,0U

k(Uk)TDk,0 = D2
k,0, which is exact since the diago-519

nal of Dk,0 is evaluated analytically. When the initial variance varies spatially (bottom row520

of Figure 3.7), the Crank-Nicolson polar decomposition propagation instead behaves more521

similarly to the Crank-Nicolson traditional propagation and both have regions of variance522

loss and variance gain.Carefully comparing the diagonals extracted from the traditional and523

polar decomposition propagated covariances, the Crank-Nicolson polar decomposition prop-524



18 S. GILPIN, T. MATSUO, AND S. E. COHN

Figure 3.6. Same as Figure 3.5 for the FOAR correlation function with L = 0.25.

agation is a slight improvement over the Crank-Nicolson traditional propagation, but these525

differences are relatively minor compared to their absolute errors. The Lax-Wendroff schemes526

are substantially dissipative in all cases. We also observe that as the values of c and L de-527

crease towards zero, the normalized spectra in Figures 3.3 and 3.5 to 3.7 decay more slowly528

and become relatively flat. This suggests that low-rank approximations would have difficulty529

capturing these covariances as correlation lengths shrink.530

Comparing the diagonals of the covariance matrices at the final time across a series of531

initial correlation lengths in Figures 3.8 and 3.9 demonstrates the severity of the variance532

loss and gain caused by inaccurate discrete diagonal propagation and provides a closer look533

at the approach to a limiting behavior seen in the trace time series. Without prior knowl-534

edge of the discontinuous change in dynamics as the initial correlation length tends to zero,535

one might surmise from Figures 3.8 and 3.9 that the observed discrete diagonal behavior is536

caused by dissipation. Knowing the continuum behavior, however, makes it clear that we are537

observing inaccurate discrete diagonal propagation associated with the discontinuous change538

in continuum dynamics. The Crank-Nicolson polar decomposition propagation for a constant539
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Figure 3.7. Propagated covariances at the final time T (slightly after a full period) for initial covariances
with zero initial correlation lengths (c = L = 0) for all four propagation methods. Top row: constant initial
variance (identity matrix). Bottom row: spatially-varying initial variance. The left panels correspond to the
normalized spectra (relative to largest eigenvalue), the middle panels show the discrete variances (covariance
matrix diagonals), and the right panels show the correlations at row 150 (location of maximum in variance in
space and time). The exact normalized spectra are given in solid black, the exact diagonals (solutions to the
continuous spectrum equation) and correlations are given in black dashed. See Figure 3.3 caption for description
of the colored curves.

initial variance is the only scheme that captures the correct diagonal behavior when the initial540

covariance is the identity, and gradually approaches this behavior as the initial correlation541

length decreases. For all other cases in Figures 3.8 and 3.9, the resulting covariance matrix542

diagonals are smooth, but grossly incorrect, and gradually approach their own limiting behav-543

ior at c = L = 0 rather than changing abruptly as in the continuum case. The Lax-Wendroff544

schemes are severely dissipative, hardly resembling the correct dynamics, and are not shown545

in these and subsequent figures.546

The errors in the discrete diagonal propagation are not limited to the final time; errors547

start to accumulate early on in the propagation cycle. We show this for the GC case in548
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Figure 3.8. Covariance diagonals extracted from Crank-Nicolson traditional and polar decomposition prop-
agation methods at the final time T for GC initial correlations as c approaches zero. Top row: constant initial
variance. Bottom row: spatially-varying initial variance. Left column: propagation via traditional Crank-
Nicolson (CN M). Right column: propagation via Crank-Nicolson polar decomposition (CN PD). Black curves
are the exact diagonals, dashed for covariances with nonzero initial correlation lengths (variance solution) and
dot-dashed for covariances with zero initial correlation length (continuous spectrum solution). These exact
curves here labeled as Exact (c > 0) and Exact (c = 0) are the same exact curves labeled as Exact σ2(x, t) and
Exact P c(x, t) in Figure 3.2. In the top right panel, the exact curve for c = 0 (black dot-dashed) and the CN
PD curve for c = 0 (magenta) identically overlap.

Figure 3.10, where the FOAR results are similar but not shown. We can see clearly that549

rather than approximating the variance for c > 0 (black dashed), the Crank-Nicolson schemes550

(blue) tend to approximate the continuous spectrum (c = 0, brown), which is not the correct551

diagonal behavior for this case. Along with the diagonals extracted from the propagated552

covariances in Figure 3.10, we include the variance propagated independently by solving the553

one-dimensional version of (1.8) using the Crank-Nicolson scheme, as was shown in Figure 3.2.554

Including the variance solution computed using the Crank-Nicolson scheme in Figure 3.10555

emphasizes that propagating the covariance diagonal independently using the known diagonal556

dynamics significantly reduces the errors in the variance compared to the diagonal extracted557
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Figure 3.9. Same as Figure 3.8 for FOAR correlation function initial covariances.

from the propagated covariance matrix.558

3.3. Interpretation of the experimental results. Grey regions in Figure 3.10 correspond559

to where the exact variance solution is larger than the exact continuous spectrum solution,560

and these regions tend to correspond to where the numerically propagated diagonal for the561

short, nonzero initial correlation length (blue) exhibits variance loss. Further insight into562

this behavior can be gained by returning to the generalized continuum problem presented563

in section 2. Assuming P d0 (x,x) = P c0 (x), as is the case in Figure 3.10, by multiplying the564

variance equation (2.34) by P c and the continuous spectrum equation (2.33) by σ2, taking the565

difference and dividing by (P c)2, we find from the quotient rule that the ratio566

(3.7)
σ2(x, t)

P c(x, t)
= m(x, t)567

satisfies the continuity equation with unit initial condition,568

mt + v · ∇m+ (∇ · v)m = 0,569

m(x, t0) = 1,(3.8)570571



22 S. GILPIN, T. MATSUO, AND S. E. COHN

Figure 3.10. Variance time series for GC case with c = 0.05. Top row: constant initial variance. Bottom
row: spatially-varying initial variance. Diagonals extracted from the Crank-Nicolson traditional and polar
decomposition propagation are shown (solid and dashed blue) as well as propagating the variance by solving
the variance equation (one-dimensional version of (1.8)) independently using Crank-Nicolson (green). The
exact solutions to the variance and continuous spectrum equations are shown in black dashed and solid brown
and denoted as Exact (c = 0.05) and Exact (c = 0), respectively. Regions where the exact variance is larger
(smaller) than the exact continuous spectrum are highlighted in grey (white).

for all x ∈ Ω and t ≥ t0. From (3.8), the ratio σ2/P c must be conserved, and this holds572

for the generalized variance and continuous spectrum equations (2.33) and (2.34), not just573

those presented in the numerical experiments. In regions where m > 1 we have σ2 > P c,574

and conversely in regions where m < 1 we have σ2 < P c. In fact, the function m of (3.8) on575

S1
1 with velocity field (3.1) can be expressed explicitly using (B.7), taking one as the initial576

condition. Solving m = 1, or equivalently v(s(x, t)) − v(x) = 0 (following the notation of577

Appendix B), determines the boundaries between regions where m is less than or greater than578

one in S1
1 at every time t > t0.579

For short initial correlation lengths, if the numerical schemes are better approximating580

the continuous spectrum solution P c, regions where m > 1 should correspond to variance loss581

and regions where m < 1 should correspond to variance gain. Therefore, we refer to the ratio582

m as the amplitude index, which can be used to interpret the variance loss and gain observed583

in our numerical results. For example, regions where the index m is greater than one, i.e.584

σ2 > P c, highlighted in grey in Figure 3.10, generally do coincide with regions where we see585

variance loss in the Crank-Nicolson traditional and polar decomposition schemes. Conversely,586

in the unshaded regions of Figure 3.10 where the index m is less than one, i.e. σ2 < P c, the587

Crank-Nicolson traditional and polar decomposition schemes generally exhibit variance gain.588
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Hence, we can exploit the amplitude index m to indicate regions of variance loss and gain.589

Since the amplitude index m must be conserved according to (3.8), for a typical velocity590

field v there will always be regions of the spatial domain where m is greater than one and591

regions where m is less than one at any given time t. This implies that we should see both592

loss and gain of variance at individual times; whether there will be global variance loss or593

variance gain depends on the details of the velocity field v. In all the numerical results,594

Figures 3.3 to 3.10, we see both spurious variance loss and gain as a result of inaccurate595

discrete diagonal propagation. Data assimilation literature tends to focus on loss of variance596

because of its known negative impact on data assimilation schemes [21, Sec. 8.8], [28, Sec. 9.2],597

[1, 18, 27]. However, we see here for a general advective system that both loss and gain exist598

as reflected by the conservation law (3.8), cumulatively causing wholly inaccurate discrete599

diagonal propagation. Variance inflation, a tool often used in data assimilation practice to600

combat variance loss by rescaling the variance, typically by a multiplicative or additive factor,601

could perhaps be optimally adjusted in this context. Distinguishing between regions where602

the index m is greater than or less than one in general isolates the regions of variance loss603

and gain, respectively, thus the inflation factor could be tuned to only inflate where we expect604

variance loss. This would avoid using a single scale-factor that inflates the whole variance605

function and prevent variance inflation in regions where we already see variance gain.606

Since covariance information on and close to the diagonal may be sufficient information607

for many applications, local covariance evolution, where the variance and correlation lengths608

are propagated rather than the full matrix, may prove useful. [6] first discussed local covari-609

ance evolution through continuum analysis of hyperbolic and parabolic PDEs, similar to the610

equations discussed here. The covariance equation in 2N spatial dimensions, where N is the611

number of spatial dimensions of the state, is reduced to a system of auxiliary PDEs in N612

dimensions consisting of variance and correlation length equations, which approximate the613

covariance locally. The parametric Kalman filter (PKF) [34, 32, 33] applies the ideas of [6] to614

advective-diffusive dynamics and Burgers’ equation, where the PKF evolves variance and local615

diffusion tensor dynamics to approximate covariance matrices. Our results, together with the616

results of [6] and [34, 32, 33], suggest further investigation into local covariance propagation,617

which may help reduce computational expense and the spurious loss and gain of variance618

observed in full covariance propagation.619

4. Conclusions and discussion. In this work, we study covariance propagation associated620

with random state variables governed by a generalized advection equation. We do this in an621

effort to understand the root causes of spurious loss of variance, which is observed in data622

assimilation schemes wherein the covariance is explicitly or implicitly propagated. Using a623

continuum analysis to guide the numerical results, new insights are gained through the detailed624

study of both the continuum and discrete covariance evolution. The main conclusions are as625

follows:626

1. Continuum analysis of the state and covariance equations (2.1) and (2.8) is necessary627

to establish a fundamental understanding of the covariance evolution. In particular,628

the continuum analysis uncovers the discontinuous behavior of the dynamics along629

x1 = x2 as the correlation length approaches zero, for example in the vicinity of sharp630

gradients, which is an insight crucial for understanding the spurious loss and gain of631
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variance observed in our numerical experiments.632

2. Comparison of the numerical results with the continuum analysis shows that full-633

rank covariance propagation via (1.3) typically results in considerable spurious loss634

of variance. This is due to the peculiar discontinuous behavior of the dynamics far635

more than to any numerical dissipation. Discrete propagation using (1.3) produces636

inaccurate covariance matrix diagonals, resulting in both variance loss in regions where637

the amplitude index m is greater than one and variance gain in regions where this638

index m is less than one. When propagating initial covariances with short, nonzero639

correlation lengths, the numerical schemes better approximate the dynamics of the640

zero correlation length case than those of the nonzero correlation length case.641

3. Isolating the variance and propagating it independently eliminates the variance loss642

and gain observed during full-rank covariance propagation and yields accurate prop-643

agation because it adheres to the continuum dynamics. This result suggests further644

investigation into alternate methods of covariance propagation.645

Though the continuum analysis performed here may not be tractable in all situations,646

it serves as a foundation for understanding covariance evolution and interpreting the results647

of our numerical experiments. Central to the continuum analysis is the polar decomposition648

of the fundamental solution operator (2.26), which is general in that it is a canonical form649

for all bounded linear operators on Hilbert spaces. Thus, we expect that much of the work650

presented here can be extended to general hyperbolic systems of PDEs having a quadratic651

energy functional, e.g. [7].652

It is important to recognize that the loss of variance observed in our numerical experiments653

is a result of the discontinuous change in continuum covariance dynamics discussed in subsec-654

tion 2.3. Even when propagating covariance matrices using a fully Lagrangian scheme, as done655

in [27], propagated covariances still suffer from spurious loss of variance that is not due to the656

numerical scheme but rather to the discontinuous change in dynamics that we’ve identified in657

this work. Covariance propagation tends to be overlooked in the data assimilation literature658

as a potential source of variance loss, particularly when using the same numerical method that659

propagates the state. Data assimilation schemes that do not propagate the covariance explic-660

itly may experience errors similar to what we observe here because the underlying cause of661

these errors is the covariance dynamics, not the numerical scheme. Studying full-rank covari-662

ance propagation as in (1.3) isolates the spurious loss of variance as an issue with covariance663

dynamics and implies that approximations to (1.3), such as in ensemble Kalman filters, can664

suffer variance loss in a similar manner. The errors caused during the covariance propagation665

may be a neglected source of the model error or “system error” observed in data assimilation666

schemes [19, p. 3285].667

Our work brings to light a fundamental issue associated with current approaches to numeri-668

cal covariance propagation and recommends investigation into alternate methods of covariance669

propagation. Figures 3.2 and 3.10, which display the independent variance propagation for670

example, suggest that local covariance evolution may be an adequate alternative. As discussed671

in [6, 34, 32, 33], for applications in which information on and close to the diagonal is suffi-672

cient, evolving the variance and correlation lengths themselves may serve as an alternative to673

full covariance evolution.674
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Appendix A. Proofs of solutions with Dirac delta initial conditions. We begin by675

verifying that P (x1,x2, t) = d2(x1, t)δ(x1,x2), where d2 satisfies (2.24), is the solution to the676

covariance evolution equation (2.8) for P0(x1,x2) = δ(x1,x2).677

Proof. The function P (x1,x2, t) = d2(x1, t)δ(x1,x2) is a weak (distribution) solution of678

(2.8) with P0(x1,x2) = δ(x1,x2) if679

(A.1) (L∗φ, P ) = 0680

for all test functions φ ∈ C1(Ω × Ω × [t0, T ]) with period t = T , where L∗ is the adjoint681

differential operator682

(A.2) L∗ = −∂t − v1 ·∇1 −v2 ·∇2 +b1 + b2 −∇1 ·v1 −∇2·v2683

corresponding to the differential operator684

(A.3) L = ∂t + v1 ·∇1 +v2 ·∇2 +b1 + b2685

of (2.8). Here we denote (·, ·) as the inner product over L2(Ω×Ω× [t0, T ]) and we will denote686

(·, ·)′ as the inner product over L2(Ω × [t0, T ]). Substituting P = d2(x1, t)δ(x1,x2) into the687

expression for (L∗φ, P ), applying the Dirac delta, and expanding the result yields688

(A.4) (L∗φ, P ) = (−φt(x1,x1, t)−∇1 ·(v1φ(x1,x1, t))+(2b1−∇1·v1)φ(x1,x1, t), d
2(x1, t))

′,689

where we note that ∇2 ·v2 |x2=x1 = ∇1·v1 and ∇1φ(x1,x1, t) = ∇1φ(x1,x2, t)|x2=x1 +690

∇2φ(x1,x2, t)|x2=x1 . Using integration by parts to move derivatives off of the test function691

φ onto d2 in (A.4) gives us692

(A.5) (L∗φ, P ) = (φ(x1,x1, t), d
2
t + v1 ·∇1 d

2 + (2b1 −∇1·v1)d2)′ = 0,693

since d2 satisfies (2.24). Thus, P (x1,x2, t) = d2(x1, t)δ(x1,x2) is a weak solution to (2.8).694

To show that P̃ = P̃ c(x1, t)δ(x1,x2) is the solution to (2.29) for P̃0 = P c0 (x1)δ(x1,x2)695

follows an identical proof as given above, where we take696

bi 7→
1

2
∇i·vi, i = 1, 2(A.6)697

d2(x1, t) 7→ P̃ c(x1, t),(A.7)698699

where P̃ c satisfies (2.31).700

Appendix B. Solution to the state equation. In this appendix we solve the one-701

dimensional version of (1.4) used in the numerical experiments with velocity field (3.1),702

qt + vqx + v′q = 0, x ∈ S1
1 ,703

q(x, t0) = q0(x),(B.1)704

v = sin(x) + 2.705706
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To solve (B.1), we start by rewriting the equation in terms of the Lagrangian/total deriv-707

ative708

(B.2)
D

Dt
≡ ∂t + v∂x.709

By doing so, (B.1) becomes the ordinary differential equation (1-D version of (1.4)),710

Dq(x(t), t)

Dt
= −v′(x(t))q(x(t), t),711

q(x, t0) = q0(x).(B.3)712713

Associated with (B.3) are the Lagrangian trajectories, or characteristic equations, that deter-714

mine how the spatial variable x evolves over time,715

dx(t)

dt
= v(x(t)),716

x(t0) = s.(B.4)717718

Here, we take s as a general initial parameter and define our solutions to (B.4) as x(t; s),719

following the notation of [37, Ch. 3] and discussion in section 1.720

Since the state equation is reduced to an ordinary differential equation in (B.3), solutions721

are of the form722

(B.5) q(x, t) = q0(x(t0))e
∫ t
t0
−v′(x(τ))dτ

.723

We can solve the integral in the exponential of (B.5) using a simple u−substitution of u = x(t)724

along with (B.4),725

(B.6)

∫ t

t0

−v′(x(τ))dτ =

∫ x(t)

s
−v
′(u)

v(u)
du = ln

(
v(s)

v(x(t))

)
.726

To rewrite (B.6) in terms of (x, t), we first solve for x(t; s) using the characteristic equation727

(B.4), then invert to determine s = s(x, t), which can be done since the velocity field v is728

continuously differentiable [37, Ch. 3]. Therefore, substituting (B.6) and x(t0) = s(x, t) into729

(B.5), we have the explicit solution to (B.1),730

q(x, t) = q0(s(x, t))

(
sin(s(x, t)) + 2

sin(x) + 2

)
,(B.7)731

s(x, t) = 2 tan−1

(√
3

2
tan

(
tan−1

(
2 tan(x/2) + 1√

3

)
−
√

3t

2

)
− 1

2

)
.(B.8)732

733

The function tan−1 refers to the principle branch of inverse tangent, where y = tan−1(x), x ∈734

R, y ∈ (−π/2, π/2), defined by solving x = tan(y) [39, Sec. 6.3.3]. Figure B.1 plots (B.7)735

for two different initial conditions, along with solving (B.1) using Lax-Wendroff and Crank-736

Nicolson schemes on a uniform grid of 200 grid points and unit Courant-Friedrichs-Lewy737

number.738
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Figure B.1. Solutions to (B.1) for q0(x) = 1 (top row) and q0(x) = sin(3x)/3 + 1 (bottom row) at four
different times. The exact solution (black dashed) is shown along with finite-difference solutions using Crank-
Nicolson (blue) and Lax-Wendroff (orange). The finite difference solutions are nearly indistinguishable from
the exact solution.

The amplitude index m of (3.8) on S1
1 with velocity field (3.1) can be expressed explicitly739

using (B.7) taking one as the initial condition. The exact solution d of (2.18) on S1
1 for b = vx,740

as in the numerical experiments, can also be computed explicitly from (B.7) (as d2 in this741

case satisfies (B.1) with unit initial condition).742
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