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Abstract
The fuel-to-dry-mass ratio of spacecraft continues to grow as new human spaceflight missions target destinations

farther from Earth. Large amounts of liquid propellant can lead to significant coupling between the rigid-body dy-
namics of the spacecraft and the motion of the fuel within its storage tank. The present work gives an overview of
the dynamic features and a flowchart for a method of simulating the motion of a spacecraft with fuel slosh inside a
cylindrical, domed tank in a low-g environment. The method involves modeling the liquid propellant as a particle that
transfers momentum to the spacecraft through perfectly inelastic collisions with the tank wall. The foundation of the
modeling methodology is the approach taken during the Apollo program used to predict the effect of fuel slosh on
the complex motion exhibited by the Service Module following separation from the Command Module. This paper
discusses the motivation, methodology, and conclusions from the Apollo-era method, then presents corrections to the
derivation of the dynamics and fills in the gaps left from the unavailability of the detailed contractor report and sim-
ulation code. The results presented in this paper provide an example that demonstrates the effect that fuel slosh can
have on the trajectory of a spacecraft in a low-g environment.
Keywords: low-g fuel slosh, spacecraft dynamics, spacecraft guidance, navigation, and control (GN&C), constraints

1. Introduction
Current and future space exploration missions will uti-

lize spacecraft with a large fuel-to-dry-mass ratio. Large
amounts of liquid propellant can lead to significant cou-
pling between the rigid-body dynamics of the space-
craft and the motion of the fuel within its storage tank.
Of particular interest for this study are the spacecraft-
propellant interactions that take place in a low-g environ-
ment. In short, small relative accelerations between the
spacecraft and its liquid propellants characterize a low-g
environment—the technical definition of low-g environ-
ments used in this work is found in Refs. [1, 2]. There
are many ways this interaction can negatively affect sys-
tem level requirements and mission success. For instance,
it may preclude the attitude control system from achiev-
ing the desired pointing accuracy or cause an excessive
amount of propellant to be expended. In the event of
spacecraft jettison, residual propellant onboard the dis-
carded vehicle may significantly alter the trajectory, re-
sulting in recontact with the vehicle in service. The latter

describes what almost transpired during Apollo missions
8, 10, and 11 in which the Service Module (SM) separated
from the Command Module (CM) prior to Earth reentry
as discussed in Refs. [3, 4]. Crew members onboard the
CM observed the jettisoned SM tumbling through their
field of view despite the fact that the jettison maneu-
ver was planned in such a way that the SM should have
never done so; a visualization of this anomaly is found
in Fig. 1 of Ref. [4]. This potentially catastrophic, unin-
tended retrograde motion is attributed to the gross reori-
entation of the residual propellant inside the tanks of the
SM in Ref. [3] and replicated with numerical simulation in
Ref. [4]. A similar concern is investigated in Ref. [5] for
the STARDUST mission. In Ref. [5], the authors analyze
the controlled despin of the spacecraft after separation for
the possibility of recontact with the launch vehicle upper
stage.

Analyzing the complex interaction between a space-
craft and propellant in a low-g environment is a compli-
cated undertaking and active area of research. The dy-
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namic model developed in Ref. [4] appears to be suc-
cessful in simulating the general motion of the resid-
ual propellant inside the tanks and reproducing the ob-
served retrograde motion. Reference [2] uses a single
torsional spring-restrained pendulum mechanical analog
model to describe the behavior of the low-g slosh dynam-
ics. Pendulum parameters such as spring stiffness, length,
and damping are functions of lateral acceleration and fill
level. Computational fluid dynamics (CFD) solvers such
as Flow-3D are used determine the parameters in off-line
simulations. In the vehicle simulation, equivalent force
and moments due to slosh are applied to the vehicle; how-
ever, this approach fails to capture the coupling in the dy-
namics between the slosh model and spacecraft bus. Fur-
thermore, according to Ref. [6], CFD codes yield poor
results when the applied accelerations are small, such as
when large amplitude motions have decayed to small am-
plitude sloshing. Similar analytical models exist such as
the work found in Ref. [7]; however, the issues with the
lack of dynamic coupling and reduced validity at small ac-
celeration levels persist. Due to modeling complexity, the
Space Launch System Exploration Upper Stage adopts the
approach of turning off any slosh models during periods
of quiescent flight.

The tractability and simplicity of the particle model
have resulted in recent advances. References [8, 9] pro-
vide descriptions of the Sloshsat Motion Simulator (SMS)
that uses a free-moving pulsating ball inside a spherical
cavity to capture the physics behind the momentum trans-
fer between the liquid and the spacecraft. The design
objective of SMS was to support development and eval-
uation of control laws for the Sloshsat spacecraft. Ref-
erence [5] describes a constraint surface model similar
to Ref. [4] that solves for the constraint forces and ap-
plies them to the particle and spacecraft to capture the
interaction between the two. Reference [10] describes
a three-dimensional constraint surface mechanical model
that portrays the liquid as a particle. Three distinct math-
ematical models are used to describe the dynamics of the
coupled system when the particle moves freely inside the
tank, collides with the tank walls, or slides along the tank
wall. Good comparisons with Flow-3D are shown for a
few different values of forced accelerations. Moreover,
the constraint surface model shows an improvement in
computational time of two orders of magnitude compared
to the Flow-3D model. This allows the analyst to rapidly
evaluate the design space and assess controller perfor-
mance without relying on time-consuming CFD solutions.
Rather than using the tank geometry as the constraint sur-
face, both Refs. [5, 10] define the constraint surface as the
minimum potential energy ellipsoid of the fuel center of
mass in a constant acceleration field for all possible tank
orientations.

An accurate low-g slosh and spacecraft dynamics
model that can run in real time or faster has many space
GN&C applications. For instance, the model can be used
to assess degradation of handling qualities in the presence
of low-g slosh dynamics during manual rendezvous prox-
imity operations and docking events. Furthermore, such
a model can be incorporated into an attitude navigation
filter for a more accurate representation of the dynamics.
Finally, such models would allow controls engineers to
quickly assess jettison maneuvers to avoid recontact as
demonstrated in Refs. [4, 5].

The novel contribution of this work is the develop-
ment of a generalized framework for rapidly analyz-
ing spacecraft-propellant interactions in a low-g environ-
ment. The methodology closely follows the particle mod-
eling approach described in Ref. [4] with some additional
enhancements—heritage and analytical tractability being
the top motivating factors. Despite exhausting all avail-
able sources, the authors of this work were unable to
find the Apollo contractor reports that contain the com-
prehensive theoretical development [11] and user man-
ual [12] as well as the simulation that produced the re-
sults in Refs. [4, 13]. In lieu of this, the authors of this
work correct the mistakes found in Ref. [4] and apply the
principles of impulse and momentum as a more rigorous
approach to the collision dynamics.

The remainder of the paper is organized into three
sections. Section 2 discusses the dynamics modeled in
Ref. [4] and points out the mistakes and unmodeled dy-
namics discovered upon review. Section 3 contains an
overview of the simulation framework and results from
an example. Conclusions are presented in Section 4.

2. Dynamics
This section contains an overview of the dynamics that

are modeled in Ref. [4] and applied in Section 3. The
discussion covers the mistakes discovered in Ref. [4].

2.1 System Description
In order to understand the modeling choices made in

this work, consider the dynamical system from Ref. [4].
This system consists of the Apollo-era SM with an oxi-
dizer tank and a fuel tank, each containing some amount
of propellant. The spacecraft is treated as a rigid body
with constant mass and inertia properties; the liquids con-
tained in each tank are treated as particles of mass equiva-
lent to the corresponding liquid. The tanks are cylindrical
tanks capped with hemispheres on both ends, henceforth
referred to as domed tanks. All collisions between the
spacecraft and each of the particles are treated as perfectly
inelastic collisions. When a particle is in contact with the
tank wall, friction forces of equal magnitude and oppo-
site direction tangent to the tank wall are applied to the
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spacecraft bus and the particle. The friction model is an
empirical model that is a function of particle velocity and
normal force.

The work presented here examines a modified version
of the system previously described with the following al-
terations. Although the approach described in Ref. [4]
can be generalized for any number of domed tanks with
each containing a single particle, the authors decided to
limit the scope to a single tank-particle combination in
this study. Furthermore, friction forces are ignored but
could be readily implemented in the form expressed by
Eqns. (18)–(21) of Ref. [4]. The friction coefficients can
be adjusted to account for spatial features of the tank such
as slosh baffles.

2.2 Equations of Motion
Reference [4] derives the translational and rotational

equations of motion of the spacecraft via a Newton-Euler
approach. Subsequently, the translational acceleration of
the particle is derived using kinematics. The derivation of
the translational acceleration of the particle contains some
errors; specifically, there are missing terms in Eqns. (10)–
(14) of Ref. [4].

Before the mistakes can be highlighted, a definition of
points and reference frames is necessary. Consider Fig. 1
that presents a schematic of the system. Point B∗ denotes
the SM center of mass, point O denotes a point fixed to
the center of the intersection between the forward hemi-
spherical and cylindrical portions of the tank, and point P
denotes the particle. Note that point B∗ does not necessar-
ily lie on the centerline of the spacecraft and that the par-
ticle does not have volume despite the size of point P. For
the purposes of this paper, the inertial frame

(
X−→, Y−→, Z−→

)
,

SM body-fixed frame
(

x−→, y
−→
, z−→

)
, and particle track-

ing frames
(

e−→R, e−→M, e−→T and e−→CR, e−→CL, e−→CT
)

used in
Ref. [4] are denoted by Fi, Fb, and Fe respectively. Each
of these frames are orthonormal, dextral, and defined by
unit vectors. The particle tracking frames e−→R, e−→M, e−→T
and e−→CR, e−→CL, e−→CT are spherical and cylindrical coordi-
nate systems used to describe the location of the particle
when it is in the hemispherical and barrel sections of the
tank respectively. Figure 4 of Ref. [4] presents a visual-
ization of these reference frames.

Equation (5) of Ref. [4] is the expression of the parti-
cle’s acceleration with respect to Fi resolved in Fb. This
equation is rewritten in vector form (i.e., so that it is not
resolved in any frame) as follows.

a−→
p = a−→

O + ω−→
bi •b × r−→

p + ω−→
bi × ω−→

bi × r−→
p

+2ω−→
bi × r−→

p•b
+ r−→

p•b•b
, (1)

where a−→
p is the acceleration of the particle with respect

B∗

F
−→

X
−→

Z
−→

Y
−→

x
−→y

−→

O

P

Fig. 1. Schematic of the spacecraft and particle system.

to Fi; a−→
O is the acceleration of point O with respect to

Fi; ω−→
bi is the angular velocity of Fb relative to Fi; ω−→

bi •b

is the time derivative of ω−→
bi taken with respect to Fb; and,

r−→
p, r−→

p•b
, and r−→

p•b•b
are the position, velocity, and ac-

celerations of the particle relative to point O, respectively,
with all time derivatives taken with respect to Fb.

Now consider the application of the transport theorem
(p. 23 of Ref. [14] and p. 47 of Ref. [15]) to ω−→

bi •b
in

Eqn. (1), resulting in

ω−→
bi•b

= ω−→
bi •e

+ ω−→
eb × ω−→

bi︸ ︷︷ ︸
Missing

, (2)

where ω−→
bi •e

is the time derivative of ω−→
bi taken with re-

spect to Fe and ω−→
eb is the angular velocity of Fe relative

to Fb. This crucial step is left out of Ref. [4] resulting in
the omission of the term labeled as “Missing.” It appears
the authors of Ref. [4] simply set ω−→

bi•b = ω−→
bi •e

and did
not account for the fact that Fe can rotate relative to Fb.

The consequences of this mistake manifest in
Eqns. (10)–(14) of Ref. [4]. Note that Eqn. (9) of Ref. [4]
is correct. These scalar equations are a result of taking the
dot product between Eqn. (1) and the unit vectors that de-
fine Fe. These equations are now presented here with the
missing terms, each of which can be traced back to the
original omission of the transport term in Eqn. (2). The
expressions for the acceleration of the particle resolved in
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e−→M and e−→T (Eqns. (10) and (11) from Ref. [4]) are

(Ap)M =(A0)M +
.

ΩT ·ρ +ΩR ·ΩM ·ρ

+2ΩT · .
ρ −2ΩR ·ρ ·

.
φ · sinθ

+ρ ·
..
θ +2

.
ρ ·

.
θ −ρ ·

.
φ

2 · sinθ · cosθ

+ΩM ·ρ ·
.

φ · cosθ +ΩR ·ρ ·
.

φ · sinθ︸ ︷︷ ︸
Missing

, (3)

(Ap)T =(A0)T +
.

ΩM ·ρ +ΩR ·ΩT ·ρ

+2ΩR ·ρ ·
.
θ −2ΩM · .

ρ +ρ ·
..
φ · sinθ

+2
.
ρ ·

.
φ · sinθ +2ρ ·

.
φ ·

.
θ · cosθ

+ΩT ·ρ ·
.

φ · cosθ −ΩR ·ρ ·
.
θ︸ ︷︷ ︸

Missing

. (4)

The corrected equations of acceleration of the particle re-
solved in e−→CR, e−→CL, e−→CT (Eqns. (12)–(14) from Ref. [4])
are

(Ap)CR =(A0)CR −
.

ΩCT ·ηc −
(
Ω

2
CL +Ω

2
CT

)
·ρc

+ΩCR ·ΩCL ·ηc +2ΩCL ·ρc ·
.

φ

−2ΩCT · .
ηc +

..
ρc −ρc ·

.
φ

2 +ΩCR ·ηc ·
.

φ︸ ︷︷ ︸
Missing

, (5)

(Ap)CL =(A0)CL +
.

ΩCT ·ρc +ΩCR ·ΩCL ·ρc

−
(
Ω

2
CR +Ω

2
CT

)
·ηc +2ΩCT · .

ρc

−2ΩCR ·ρc ·
.

φ +
..
ηc +ΩCR ·ρc ·

.
φ︸ ︷︷ ︸

Missing

, (6)

(Ap)CT =(A0)CT −
.

ΩCL ·ρc +
.

ΩCR ·ηc

+ΩCR ·ΩCT ·ρc +ΩCL ·ΩCT ·ηc

−2ΩCL ·
.
ρc +2ΩCR ·

.
ηc

+ρc ·
..
φ +2

.
ρc ·

.
φ +ΩCT ·ηc ·

.
φ︸ ︷︷ ︸

Missing

. (7)

2.3 Constraints
The discussion up to this point pertains to the case

when the particle is free floating and not in contact with
the tank wall. Since there are no constraints being en-
forced, the system has nine degrees of freedom (DOF):
three for spacecraft translation, three for spacecraft rota-
tion, and three for particle translation. When the particle
is moving along the tank wall, the kinematic constraint in
Eqn. (15) of Ref. [4] is applied and the degrees of freedom
of the system are reduced by one from 9 DOF to 8 DOF.

The constraint prevents particle translation normal to the
tank wall. The constraint force acting orthogonal to the
tank wall is described by Eqns. (16) and (17) of Ref. [4]
when the particle is located inside the hemispherical and
cylindrical sections of the domed tank respectively. Refer-
ence [4] appears to have excluded a term involving grav-
itational force in Eqns. (16) and (17) following the stated
assumption that the orbital centrifugal force perfectly can-
cels out the gravitational force.

In this work and Ref. [4], the motion of the particle is
restricted to stay on the constraint surface defined by the
domed tank’s geometry. References [5, 10] describe alter-
native approaches to model the constraint surfaces based
on how the fluid behaves in a one-g environment.

2.4 Collision Dynamics
A collision occurs when the particle makes initial con-

tact with the tank wall. The collision implementation de-
scribed in Ref. [4] involves first solving the constrained
kinematic equation for the acceleration of the particle at
the moment of the collision. Using the result from the
first step, normal and friction forces having equal magni-
tudes and opposite directions are computed and applied
to the SM and particle. These forces resolved in cylindri-
cal coordinates (Eqns. (17), (20), and (21) of Ref. [4]) are
incorrect considering the equation for the radial accelera-
tion of the particle (Eqn. (12) of Ref. [4]) is missing the
terms identified in Eqn. (5). Also, there is no evidence
that the principles of impulse and momentum were con-
sidered for the full scope of the DOF involved. Therefore,
it is unclear whether the behavior of the system would be
accurate even with correct equations.

The authors of Ref. [4] comment on the numerical sen-
sitivity of the equations of motion, and the authors of the
present work believe that their implementation of the col-
lision dynamics is a contributing factor. Their method of
implementation is useful for applications such as adding
the particle model to an existing rigid body spacecraft
simulation. However, a more numerically stable approach
exists that incorporates the principles of impulse and mo-
mentum discussed in Refs. [14, 15] to solve for the states
of the system following a collision. This approach re-
sults in discrete changes in system states and requires a
variable-size time step solver that may not be applicable
in all situations.

The collision problem can be stated as follows: “given
the states of the system at the instant prior to the collision
and the type of collision, solve for the velocities of the
system at the instant following the collision”. Nine alge-
braic equations are derived to solve this problem using the
principles of impulse and momentum and the coefficient
of restitution derived in Refs. [14, 15]. Consider the equa-
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Fig. 2. Block diagram of simulation architecture.

tion for the coefficient of restitution (p. 452 of Ref. [15])

ε =

(
r−→

p•i
)′
· n−→−

(
r−→

q•i
)′
· n−→

r−→
q•i · n−→− r−→

p•i · n−→
, (8)

where r−→
p•i is the velocity with respect to Fi of the parti-

cle at the instant prior to the collision, r−→
q•i is the velocity

with respect to Fi of the point on the tank wall at the lo-
cation of the collision at the instant prior to the collision,
(•)′ is velocity vector, •, at the instant following the col-
lision, and unit vector n−→ is e−→R or e−→CR depending on the
particle’s location inside the domed tank. This study and
Ref. [4] assume all collisions are perfectly inelastic. This
corresponds to setting ε = 0 and results in the relative ra-
dial velocity equaling zero after the collision.

Equation (8) provides one algebraic relationship for
solving the collision problem. The principles of impulse
and momentum, as discussed in Sections 7.8 and 7.9 of
Ref. [14] and Section 5.12 of Ref. [15], are applied to ob-
tain the remaining equations.

2.5 Singularities
The reader should be aware that a thorough under-

standing of the selection and application of a coordinate
system is crucial. When choosing cylindrical and spheri-
cal coordinates to describe the location of the particle rel-
ative to point O, as in Ref. [4], singularities are reached
when ρ = 0, ρc = 0, or θ = 0; these singularities are
analogous to gimbal lock. In short, when the particle lies
on the center axis of the tank, a unique solution for the
cylindrical or spherical coordinates does not exist. Refer-
ence [4] contains a brief description of the effects of the
singularities on the numerical stability of the simulation

and notes that the size of the time step was decreased to
mitigate the effects. This is a limitation that comes with
the use of cylindrical and spherical coordinates and high-
lights the trade-off that comes with using these intuitive
coordinate systems.

3. Simulation & Results
Reference [4] does not provide a wholly satisfactory

description of the simulation architecture, particularly for
readers unfamiliar with the concepts of enforcement of
constraints. What follows is a description of the com-
plete simulation architecture supplemented by a flowchart
and results from an example. Reference [16] establishes
the framework for the enforcement and relaxation of con-
straints implemented in this work.

3.1 Simulation Architecture
The simulation framework—based upon the consider-

ations discussed in Section 2—has two operating modes.
The Unconstrained Mode is active when the particle
moves freely and is not in contact with the tank wall,
whereas the Constrained Mode is utilized when the par-
ticle slides along the tank wall. Figure 2 provides a
flowchart of the simulation architecture.

The simulation begins with initial conditions specified
by the user. This includes the spacecraft position, attitude,
velocity, and angular velocity, as well as the particle po-
sition and velocity. A flag indicating the mode in which
the simulation starts is also initialized. Once the initial-
ization is completed, the simulation checks the flag to see
if the Unconstrained Mode or Constrained Mode should
be used.

The Unconstrained Mode begins by numerically in-
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tegrating the 9 DOF unconstrained equations of motion
described in Section 2. Simultaneously, it is also con-
tinuously checking for a collision between the tank wall
and particle. If there is no collision detected, the simula-
tion continues numerical integration of the unconstrained
equations of motion. Once a collision is detected, the
value of the states immediately following the collision are
computed algebraically using the principles of impulse
and momentum described in Section 2, the flag is set to
indicate that the Constrained Mode must be activated, and
the simulation exits the Unconstrained Mode. The simu-
lation then returns to the beginning of the flowchart where
the initial conditions are reset to the values following the
collision.

The Constrained Mode begins by numerically integrat-
ing the 8 DOF constrained equations of motion described
in Section 2. Simultaneously, the normal force between
the wall and particle is computed at each time step. If
the normal force is tensile, then a separation occurs. Oth-
erwise, the simulation continues numerical integration of
the states using the constrained equations of motion. Once
a separation is detected the flag is set to indicate that the
Unconstrained Mode must be activated. The simulation
then exits the Constrained Mode and returns to the begin-
ning of the flowchart where the initial conditions are reset
to the states at the time step immediately preceding the
separation.

The exchange between the Unconstrained and Con-
strained Modes continues until the user-specified terminal
simulation time is reached.

3.2 Numerical Example
An example is presented that demonstrates simulation

capabilities. This notional example involves a station-
ary spacecraft with an initial angular velocity and a pre-
scribed open-loop thrust profile lasting 30 seconds. Fig. 1
presents a schematic of the system at t = 0 s for a single
case. The simulation is run multiple times, with varying
conditions of the particle. This is done to highlight the
effects fuel slosh can have on the motion of the spacecraft
in a low-g environment.

The spacecraft in the simulation has the same mass
properties as the SM in Ref. [4], but has only one domed
tank instead of two. The spacecraft is stationary at t = 0 s
and has an initial angular velocity in the x direction of
18 deg/s. The spacecraft follows a thrust profile that be-
gins with the reaction control system thrusters firing in
the negative x direction at t = 0 s; the thrusters shut off
at t = 15 s. The thruster dynamics are not modeled and
the resultant force F−→ is applied at point B∗. The center
of mass of the spacecraft is not located on the x axis, as
seen in Fig. 1, which is consistent with the configuration
provided in Ref. [4].

(a) Three-dimensional time histories of B∗.

(b) Projection of Fig. 3a onto the YZ plane. Positive X−→ points
into the page.

Fig. 3. Spacecraft trajectory results from numerical exam-
ple over 30 seconds.

The resulting trajectories can be seen in Fig. 3. Fig-
ure 3a shows a three-dimensional view of the time history
of the position of point B∗. The solid blue line represents
the no-slosh case, whereas the dashed red lines represent
cases with various initial positions and velocities of the
particle. The initial velocities of the particle have mag-
nitudes in the range 0 to 11 in/s. Figure 3b shows the
projection of the trajectories onto the YZ plane.

The ensemble of trajectories after 30 seconds shown
in Fig. 3b demonstrates the importance of capturing the
interactions between fuel slosh and spacecraft. For the
assumed parameters and open-loop thrust profile, devi-
ations in the final position of point B∗ can be as much
as 10 m in magnitude. A review of the system’s energy
and momenta verified the validity of the equations of mo-
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tion. The system’s energy increases when the thrusters
are on and conserved when the thrusters are off, provided
no collisions occur. The system experiences discrete en-
ergy losses whenever a collision occurs. The system’s
translational and angular momenta are conserved when
the thrusters are off, but not conserved when the thrusters
are on.

4. Conclusions
A framework for predicting the complex interactions

between fuel slosh and spacecraft in a low-g environ-
ment is described in this paper along with historical con-
text. The study is motivated by the methodology devel-
oped during Project Apollo as engineers sought to predict
the unintended retrograde motion displayed by the SM
following separation from the CM, prior to Earth reen-
try. Detailed contractor reports of the simulation are lost;
thus, the authors of this work recreate the system dynam-
ics from first principles based on the limited information
provided in Ref. [4]. Along the way, several mistakes are
identified in Ref. [4] and presented here. The contem-
porary simulation flowchart is discussed and results from
an example application are presented. Results highlight
the effects liquid propellant can have on the gross motion
of a spacecraft in a low-g environment. The simulation
framework presented in this study serves as a platform for
analyzing the underlying dynamics behind the complex
interaction between a spacecraft and its liquid propellant.
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