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Fluid reduced-order models (ROMs) that qualify the flow physics within the problem’s
physical domain are usually constrained in accuracy to only the parameter points; e.g., Reynolds
and Mach numbers, at which reference data were provided. Interpolation-focused quantity-of-
interest ROMs are often structured differently and fail to provide flow volume data with the
same quality – if at all. In this paper, techniques that reside at the intersection of these two ROM
schools – flow physics ROMs that can be interpolated within a parameter space of interest – are
explored. Using a combination of existing and novel techniques, emergent physics are identified
using a fluid ROM at parameter points that are not provided in the ROM training data.

Nomenclature

𝑎 = modal coefficient
𝐶 = reduced-order model constant vector
𝐺 = Grassman manifold
𝐿 = reduced-order model linear matrix
𝑀 = reduced-order model mass matrix
𝑝 = fluid static pressure
𝑃 = reduced-order model pressure matrix
𝑄 = reduced-order model nonlinear matrix
𝑟 = dimension of POD subspace
𝑅𝑒 = Reynolds number
𝑠 = new parameter point for interpolation
𝑡 = time
𝑢 = fluid velocity vector
𝑈 = left singular vector matrix
𝑉 = right singular vector matrix
x = spatial position vector
Γ = spatial domain boundary
𝜙 = spatial mode
Φ = modal basis
Σ = diagonal singular value matrix
Ω = spatial domain
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EDL = Entry, Descent and Landing
MCMC = Markov Chain Monte Carlo
MLUQ = Machine Learning with Embedded Uncertainty Quantification
ODE = Ordinary Differential Equation
POD = Proper Orthogonal Decomposition
ROM = Reduced-order Model

I. Background and Motivation

Vehicles designed for planetary entry, descent, and landing (EDL) experience a gamut of extreme environments.
Within this broad parameter space, the vehicle must perform within very tight trajectory tolerances in order for its

landing to be as precise as possible and its cargo to remain safe. As lander geometries become more complicated and
deviate further from existing, trusted flight envelopes, e.g., those of the Viking program, more rigorous uncertainty
quantification becomes a necessary part of the design process. This is a focus of the Mars Lander Aerodynamic
Model Data Fusion using Machine Learning with Embedded Uncertainty Quantification (AeroFusion-MLUQ) initiative
recently undertaken by researchers at the NASA Langley Research Center and collaborating universities [1].

Uncertainty quantification can be performed for aerodynamic models through Bayesian Markov chain Monte Carlo
(MCMC) techniques. However, these techniques typically require numerous model evaluations, e.g., on the order of
O(104). This in turn necessitates the use of fast and accurate flow solvers, which exhibit sensitivity to flow parameters
and simulation hyperparameters similar to the higher-cost, higher-fidelity flow solvers used to generate the original
design cycle data. Fluid reduced-order models (ROMs), with explicit dependence on parameters like Reynolds number,
are one such tool. In this work, we focus on ROMs that are parametrically sensitive but do not require modal matrix
operations to be performed during the model evaluation itself. While this limits the complexity of the models that can
be implemented, it keeps the ROM’s computational cost low enough that MCMC efforts can yield meaningful results
without intractable computation times.

Often for design optimization or uncertainty quantification, high fidelity computational fluid dynamics (CFD)
simulations must be performed at a large number of points within a parameter space. However, since these CFD
simulations are computationally expensive, computing data at a high density within the parameter space presents a
significant challenge. To address the large computational cost of high fidelity CFD models, reduced-order modeling
techniques are commonly employed to obtain low-dimensional models for the simulation of fluid flows [2, 3]. These
ROMs, often based on the proper orthogonal decomposition (POD) and Galerkin projection, are able to achieve
reasonable accuracy at a much cheaper computational cost [4]. The accuracy of such reduced-order models for fluid
flows is typically constrained to parameter points for which reference data are provided. Therefore, techniques have
been developed for constructing accurate fluid flow reduced-order models at parameter points where no reference data
are available [5–7].

Application of ROMs for the purpose of parameter interpolation has been explored more thoroughly in the context
of quantities of interest (QoI). Rather than simulate the entire fluid flow with a ROM and then extract QoIs, like the lift
and drag coefficients, the system of QoIs can themselves be modeled, for example as a linear time-invariant system [8]
or as a constrained dynamical system [9]. However, these models are far more likely to miss emergent physics in the
underlying systems because they do not model it directly. This motivates yet other methods, which are specifically
designed to qualify bifurcations within dynamical systems [10], though these too are limited in their generalizability.

More general parametrized fluid reduced-order models, which are capable of accurate simulations at parameter points
not included in the training data, are the focus of this research. Existing techniques in this category include utilizing a
single global basis, interpolating local bases, interpolating local reduced-order system matrices, and interpolating local
reduced-order transfer functions [5]. Global basis techniques include basis concatenation of precomputed bases and the
spanning ROM approach, which forms a global basis by performing POD on a collection of snapshots from a number of
parameter points [6]. Basis concatenation offers a simple approach for the construction of a global basis to be utilized
for parametric ROM construction and is useful for MCMC considerations since the ROM system matrices do not need
to be recomputed for new points in the parameter space. The spanning ROM approach introduced in Ref. [6] also does
not require recomputation of the ROM system matrices via Galerkin projection and instead utilizes interpolation of
the ROM system matrices when the ROM system matrices depend on the parameter/parameters. Typically in basis
interpolation, two precomputed orthonormal bases associated with given parameters are interpolated within a tangent
space to a Grassman manifold, to which the subspace spanned by each of the bases is an element [11]. The need to
recompute the ROM system matrices for new parameters generally precludes this method from MCMC techniques
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for this problem due to the computational cost of constructing the ROM matrices, however, we include this technique
for accuracy comparisons to other techniques since this method has been successfully utilized for the adaptation of
aeroelastic ROMs [7].

In this paper, we investigate the construction and performance of parametric reduced-order models based directly on
the incompressible Navier-Stokes equations. Using regularized lid-driven cavity data [12] as the test case, we will show
that emergent physics in the form of unique frequency-domain responses can be found at parameter points not provided
for the ROM’s training. We employ global basis and basis interpolation techniques to construct parametric ROMs
parametrized by Reynolds number. The performance and robustness of the techniques are assessed by comparing two
QoIs obtained from both the ROM and from reference direct numerical simulation (DNS) data: the global kinetic energy
and the global enstrophy. We investigate three specific methods for constructing parametric reduced-order models:
formulating a global basis using the spanning ROM approach [6], implementing a simple basis concatenation technique,
and interpolating bases using the Reynolds number as the reference point for interpolation.

II. Methodology

A. Parametric ROM Construction
We consider three methods for construction of parametric reduced-order models: the spanning ROM method,

basis interpolation and basis concatenation. In the spanning ROM method, data snapshots corresponding to different
parameter points across the parameter space are used to form a snapshot matrix. Proper orthogonal decomposition is
performed on this collection of snapshots and the obtained spanning basis is used to form the ROM system matrices, via
Galerkin projection, for each parameter value used to form the collection of snapshots. If the ROM matrices do not
depend on the parameters, then the ROM system matrices will be the same for each parameter value since the same
basis is used for each computation. To compute the reduced-order model for a new parameter value not in the set used
to form the spanning ROM basis, elementwise cubic spline interpolation is performed among the known ROM matrices
[6]. This interpolation may be performed either in the original coordinate space or a tangent space of a manifold where
the variation of the elements of the ROM matrices as a function of the parameter is smooth. We note that a downside of
this approach is the computational cost of performing POD on the collection of snapshots.

In the univariate basis interpolation method, two precomputed orthonormal bases, represented by modal matrices
Φ0 and Φ1, are interpolated following the techniques introduced for univariate parameter interpolation of bases in Ref.
[7] with a small adaptation to the formulation. The two bases, Φ0 and Φ1, span 𝑟0 and 𝑟1 dimensional subspaces of
R𝑛. These subspaces are elements of the Grassman manifolds (𝐺𝑛,𝑟0 for the subspace spanned by Φ0 and 𝐺𝑛,𝑟1 for the
subspace spanned by Φ1). The Grassman manifold 𝐺𝑛,𝑟 is the set of all 𝑟 dimensional subspaces of R𝑛.

We summarize the interpolation procedure in Algorithm 1. We adapt the original formula by replacing the inverse
with the pseudo-inverse to permit bases of different sizes in terms of number of modes, 𝑟0 and 𝑟1. We note that whereas
this method provides a parameter-dependent basis, the ROM matrices must be recomputed every time we construct a
new basis via this method, preventing this method’s use for MCMC methods since construction of the ROM matrices
for the incompressible ROM is not computationally cheap.

The general basis interpolation formula detailed in Ref. [7] extends the univariate formula to an arbitrary number of
bases and physical or modeling parameters. We summarize this procedure in Algorithm 2. Each basis spans a subspace
{𝑆𝑖}𝑛𝑖=0. A subspace is chosen as a reference point for the interpolation, and the other subspaces are mapped to a matrix
Σ𝑖 representing a point on the tangent space, 𝑇0, using the logarithm map. Next, each entry of the matrix Γ(𝑠) for the
new parameter value 𝑠 is computed by interpolating the entries of the matrices {Σ𝑖}𝑛𝑖=1. Finally, Φ(𝑠) is obtained from
Σ(𝑠) through the exponential map.

In the concatenated basis approach, precomputed bases corresponding to given parameter values are concatenated
together to form a new basis, which is used to construct ROMs for parameter values ranging across the parameter values
of the bases used to construct the new concatenated basis. Consider 𝑘 bases corresponding to 𝑘 parameter values or
𝑘 parameter configurations within a parameter space. We construct a new basis for parametric ROM construction
by concatenating the 𝑘 bases. This concatenated basis is utilized via Galerkin projection to construct a parametric
reduced-order model capable of accurate interpolation at new parameter values or configurations within the parameter
space.

In Section II.B, we introduce the incompressible Navier-Stokes equations and and the set of coupled ODEs that we
solve with the parametric ROM techniques.
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Algorithm 1 Univariate Basis Interpolation
Input: 2 orthonormal bases (Φ0,Φ1) with associated parameters (𝑠0, 𝑠1) and the new parameter at which the bases
are to be interpolated (𝑠).
1. Map to the tangent space using a logarithm map:

(𝐼 −Φ0Φ
𝑇
0 )Φ1 (Φ𝑇

0 Φ1)† = 𝑈Σ𝑉𝑇

Λ = 𝑈 tan−1 (Σ)𝑉𝑇 .

2. Interpolate in the tangent space:
𝛼̃ =

𝑠 − 𝑠0
𝑠1 − 𝑠0

Λ̃ = 𝑈 [𝛼̃ tan−1 (Σ)]𝑉𝑇 .

3. Map back to the Grassman manifold using an exponential map:

Φ(𝑠) = Φ0𝑉 cos
[
𝛼̃ tan−1 (Σ)

]
+𝑈 sin

[
𝛼̃ tan−1 (Σ)

]
.

Algorithm 2 General Basis Interpolation
Orthonormal bases {Φ𝑖}𝑛𝑖=0, associated with parameters, {𝑠𝑖}𝑛𝑖=0
1. Choose a subspace 𝑆0 as a reference and origin point for the interpolation.
2. Each subspace is mapped to a matrix Σ𝑖 representing a point on the tangent space, 𝑇0 using a logarithm map and
the SVD:

(𝐼 −Φ0Φ
𝑇
0 )Φ𝑖 (Φ𝑇

0 Φ𝑖)† = 𝑈𝑖Σ𝑖𝑉
𝑇
𝑖

Γ𝑖 = 𝑈𝑖 tan−1 (Σ𝑖)𝑉𝑇
𝑖 .

3. Each entry of the new matrix Γ(𝑠) is computed by interpolating the entries of the matrices {Σ𝑖}𝑛𝑖=1.
4. The matrix Σ(𝑠) is mapped to a subspace on the Grassman manifold spanned by Φ(𝑠) using an exponential map:

Γ(𝑠) = 𝑈Σ𝑉𝑇

Φ(𝑠) = Φ0𝑉 cos(Σ) +𝑈 sin(Σ).

B. Incompressible ROM Formulation
Consider the continuity and Navier-Stokes equations

∇ · 𝑢 = 0, (1)

𝜕𝑢

𝜕𝑡
=

1
𝑅𝑒

Δ𝑢 − ∇ · (𝑢𝑢) − ∇𝑝. (2)

Here 𝑢(𝑥, 𝑡) is the velocity field of the fluid, 𝑅𝑒 denotes the Reynolds number, and 𝑝 is the pressure. The evolution of
an incompressible flow is governed by Equations (1) and (2). We consider the Galerkin approximation

𝑢(𝑥, 𝑡) ≈ 𝑢0 (𝑥) +
𝑛∑︁
𝑗=1

𝑎 𝑗 (𝑡)𝜙 𝑗 (𝑥), (3)

where 𝑢0 (𝑥) is the arithmetic mean of the provided flow snapshots, 𝑎𝑖 (𝑡) are POD coefficients, and 𝜙𝑖 (𝑥) are the POD
modes. We assume 𝑢0 (𝑥) satisfies the boundary conditions and

∑𝑛
𝑗=1 𝑎 𝑗 (𝑡)𝜙 𝑗 (𝑥) quantifies the rest of the flow with

homogeneous Dirichlet boundary conditions. A Galerkin projection scheme yields a set of 𝑛 coupled ODEs

𝑀
𝑑𝑎

𝑑𝑡
= 𝑎𝑇𝑄𝑎 + (𝐿0 + 1

𝑅𝑒
𝐿𝑅𝑒)𝑎 + 𝑃 + 𝐶0 + 1

𝑅𝑒
𝐶𝑅𝑒, (4)

for the modal coefficients [13]. Note that the modal matrices are given by
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𝑀𝑖 𝑗 =
(
𝜙𝑖 (𝑥), 𝜙 𝑗 (𝑥)

)
Ω
,

𝑄𝑖 𝑗𝑘 = −
(
𝜙𝑖 ,∇ · (𝜙 𝑗𝜙𝑘 )

)
Ω
,

𝐿𝑅𝑒
𝑖 𝑗 =

(
𝜙𝑖 ,Δ𝜙 𝑗

)
Ω
,

𝐿0
𝑖 𝑗 = −

(
𝜙𝑖 ,∇ · (𝑢0𝜙 𝑗 )

)
Ω
−
(
𝜙𝑖 ,∇ · (𝜙 𝑗𝑢0)

)
Ω
,

𝐶𝑅𝑒
𝑖 =

(
𝜙𝑖 ,Δ𝑢0

)
Ω
,

𝐶0
𝑖 = −

(
𝜙𝑖 ,∇ · (𝑢0𝑢0)

)
Ω
,

𝑃𝑖 = −
(
𝜙𝑖 ,∇𝑝

)
Ω
,

where (𝜙𝑖 , 𝜙 𝑗 )Ω =
∫
Ω
𝜙𝑖 (𝑥)𝜙 𝑗 (𝑥)𝑑Ω [2]. The mass matrix 𝑀 reduces to the identity matrix due to the orthonormality

of the POD modes. We examine the pressure term,

−
(
𝜙𝑖 ,∇𝑝

)
Ω
= −

∫
Ω

𝜙𝑖 (𝑥)∇𝑝𝑑Ω

= −
∫
Γ

𝑝𝜙𝑖 (𝑥) · 𝑛̂𝑑Γ +
∫
Ω

𝑝∇ · 𝜙𝑖 (𝑥)𝑑Ω.

(5)

Note that the POD modes are linear combinations of the data snapshots, which are divergence-free as illustrated in
Equation 1. Therefore, the modes will be divergence free and each mode will satisfy Equation 1. This implies that the
second integral in Equation 5 will be zero. Additionally, the modes in the Galerkin decomposition satisfy homogeneous
Dirichlet boundary conditions. As such, the surface integral in Equation 5, and consequently the pressure term, will be
zero. Then, (4) reduces to

𝑑𝑎

𝑑𝑡
= 𝑎𝑇𝑄𝑎 + (𝐿0 + 1

𝑅𝑒
𝐿𝑅𝑒)𝑎 + 𝐶0 + 1

𝑅𝑒
𝐶𝑅𝑒 . (6)

The sensitivity of this data set to the numerically nonzero pressure term has been studied previously by the authors [14].
We assess the performance of the parametric reduced-order modeling techniques by testing on 2D regularized

lid-driven cavity data [12]. We do so by comparing the kinetic energy and enstrophy time histories to those from the
reference data. As the trends presented by the global kinetic energy were qualitatively identical to those presented by the
global enstrophy, for brevity only plots of global kinetic energy are presented here.

III. Results and Discussion
Flow data will be sampled from a range of Reynolds numbers at which the lid-driven cavity exhibits a toroidal

bifurcation from periodic to chaotic dynamics: Reynolds numbers between 15,000 and 18,000. The dominant frequencies
remain coherent but vary with Reynolds number within this range [15]; at higher Reynolds numbers, the flow’s frequency
spectrum becomes broadband and the dynamics are thus less informative for comparing these different models.

A. Spanning ROM
We form a parametric ROM by first performing POD on a collection of snapshots built from data snapshots

corresponding to different parameter values in the parameter space. The collection of snapshots is formed from
lid-driven cavity reference data at Reynolds numbers 15,000, 16,000, 17,000, and 18,000. Next, POD is performed to
obtain the spanning basis. The spanning basis is then used to construct the ROM matrices and ODE system via Equation
(4). The resulting parametric ROM is evaluated over a time period of 6000 time steps (600 s) at the out-of-sample
Reynolds numbers 𝑅𝑒 = 15,500, where the flow changes from periodic to quasiperiodic, 𝑅𝑒 =16,500, and 𝑅𝑒 =17,500.
We compute the kinetic energy time histories to assess the performance of the parameterized reduced-order model.

The time histories of the kinetic energy for the spanning basis POD-ROM, as well as the results of direct numerical
simulation, are shown in Figure 1. The spanning ROM matches the kinetic energy of the direct numerical simulation
well at each of the three tested Reynolds numbers. Time histories of global enstrophy were also surveyed and they
presented qualitatively identical agreement to these kinetic energy plots.

We observe that the spanning ROM performs well even across bifurcations when the reference data are closely spaced
within the parameter space. Next, we increase the separation between the datasets, in terms of the Reynolds number, to
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(f) Final iterations, 𝑅𝑒 =17,500

Fig. 1 Comparison of kinetic energy of the spanning ROM [15k|16k|17k|18k] with those of the direct numerical
simulation for intermediate Reynolds numbers.

assess how well this parametric ROM approach performs when the datasets aren’t as close. We increase the spacing
between Reynolds numbers from 1,000 to 1,500, and construct a spanning ROM using data from Reynolds numbers
15,000, 16,500, and 18,000. From Figure 2, we observe that the ROM remains accurate in short-time integration,
but loses some stability in long-time integration. The bifurcation at Reynolds number 15,500 is still well-qualified in
short-time integration, but stability issues appear after this point. When further increasing the separation between the
Reynolds numbers of the training datasets to 2,000, the spanning ROM is still able to retain accuracy in short-time
integration, as shown in Figure 3. Here a spanning ROM is constructed using data from Reynolds numbers 14,000,
16,000, and 18,000. The flow at 𝑅𝑒 =14,000 is periodic, rather than quasi-periodic, so the basis at just this Reynolds
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number has an order of magnitude fewer modes in it. As such, late-time instabilities are more possible and far more of
the basis is defined for higher-Reynolds number flow dynamics.
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(d) Final iterations, 𝑅𝑒 =16,000

Fig. 2 Comparison of kinetic energy of the spanning ROM [15k|16.5k|18k] with those of the direct numerical
simulation for intermediate Reynolds numbers.

The disadvantage of the spanning ROM approach is that it requires a large amount of memory to form and store
the collection of snapshots, as well as to perform POD on this collection of snapshots. Therefore, this method is not
preferable when memory is limited or when the size of the data is excessively large. One can reduce the memory cost of
the spanning ROM approach by reducing the number of snapshots and reducing the number of modes in the spanning
basis. When taking this approach early in testing, we found the modes of the spanning basis were dominated by the
modes from higher Reynolds numbers in the quasiperiodic and aperiodic regimes (for a spanning basis formed from
1,000 snapshots each from datasets 𝑅𝑒 =14,000 to 𝑅𝑒 =19,500, excluding 𝑅𝑒 =17,000, where we wanted to evaluate
the resulting ROM). The domination of the larger Reynolds number modes caused the ROM to perform poorly in the
quasiperiodic regime.

B. Basis Concatenation
We construct a parametric ROM through concatenation of POD bases computed from reference flow data from

different Reynolds numbers. Using data snapshots from regularized lid-driven cavity data [12] at Reynolds numbers
15,000, 16,000, 17,000, and 18,000, a POD basis is constructed for each set of data and concatenated together into a
single basis:

Φ𝑡𝑜𝑡𝑎𝑙 = [Φ15,000 |Φ16,000 |Φ17,000 |Φ18,000] .
This concatenated basis is used to form the ROM matrices and ODE system via Equation (4). The resulting

parametric ROM is then evaluated at the out-of-sample Reynolds numbers 15,500, 16,500, and 17,500 for 6000 time

7



0 200 400 600 800 1000
Time step

0.0000

0.0002

0.0004

0.0006

0.0008

0.0010
KE

DNS
POD-ROM

(a) First iterations, 𝑅𝑒 =15,500

0 200 400 600 800 1000
Time step

0.0000

0.0001

0.0002

0.0003

0.0004

0.0005

0.0006

0.0007

KE

DNS
POD-ROM

(b) First iterations, 𝑅𝑒 =16,500

0 200 400 600 800 1000
Time step

0.0000

0.0002

0.0004

0.0006

0.0008

KE

DNS
POD-ROM

(c) First iterations, 𝑅𝑒 =17,000

0 200 400 600 800 1000
Time step

0.0000

0.0002

0.0004

0.0006

0.0008

0.0010

0.0012

KE

DNS
POD-ROM

(d) First iterations, 𝑅𝑒 =17,500

Fig. 3 Comparison of kinetic energy of the spanning ROM [14k|16k|18k] with those of the direct numerical
simulation for intermediate Reynolds numbers.

steps (600 s). We compute the kinetic energy to assess the performance of the parameterized reduced-order model
against direct numerical simulations. We observe in Figure 4 that the kinetic energy of the parametric reduced-order
model closely matches that of the direct numerical simulation at each of the three tested Reynolds numbers. We note that
the reduced-order flow matches the dominant frequencies of the reference data over the entire 6000 time step simulation.
With this relatively close separation between the Reynolds numbers, we note that the bifurcation at Reynolds number
15,500 is well qualified as the flow becomes quasiperiodic, as seen in Figure 4.

As with the spanning ROM, we increase the separation between the datasets used to construct the basis concatenation
ROM and observe the effect on the reduced-order model. A basis concatenation ROM is constructed from POD
bases corresponding to Reynolds numbers of 15,000, 16,500, and 18,000 to test the effect of increasing the separation
between the Reynolds numbers of the reference datasets. When the separation between the POD bases used to form
the concatenate basis is increased to 1,500 between each Reynolds number, we observe that the reduced-order model
retains accuracy in short-time integration, but performs worse in longer time integration for some Reynolds numbers, as
shown in Figure 5. With this additional separation between the Reynolds numbers of the POD bases, we observe that
the bifurcation at Reynolds number 15,500 is still well modeled in short-time integration, but is not so when looking at
longer time integration.

Similarly, if the separation between Reynolds numbers is increased to 2,000, ROM performance becomes more
inconsistent, with some choices of training datasets performing better than others at certain Reynolds numbers. For
example, a ROM formed using a concatenated basis from Reynolds numbers 14,000, 16,000, and 18,000 outperforms
one built using a concatenated basis from Reynolds numbers 15,000, 17,000, and 19,000 at Reynolds number 17,500 as
shown in Figure 6.

The basis concatenation method has the disadvantage that the basis can quickly grow large as more bases are
concatenated together, especially when these bases have many modes. Therefore, this method is less suited for the range
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(b) Final iterations, 𝑅𝑒 =15,500
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(c) First iterations, 𝑅𝑒 =16,500

5000 5200 5400 5600 5800 6000
Time step

0.0000

0.0001

0.0002

0.0003

0.0004

0.0005

0.0006

0.0007

KE

DNS
POD-ROM

(d) Final iterations, 𝑅𝑒 =16,500
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(e) First iterations, 𝑅𝑒 =17,500
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(f) Final iterations, 𝑅𝑒 =17,500

Fig. 4 Comparison of kinetic energy of the basis concatenation ROM [15k|16k|17k|18k] with those of the direct
numerical simulation for intermediate Reynolds numbers. The first 450 modes were retained in the single basis
that yielded all of these results.

of turbulent Reynolds numbers, which requires a large number of modes to retain a significant portion of the kinetic
energy. As the number of modes in the basis increases, the matrix 𝑄 among the ROM matrices becomes exceedingly
computationally expensive to compute and store. Basis concatenation parametric ROMs are also more susceptible to
numerical noise than the spanning ROM since it contains more higher order modes, which are affected by numerical
noise when the resolution of the data is low. To address these weaknesses, rank-deficient components may be removed
by a singular value decomposition or rank-revealing QR factorization to decrease the size and obtain an orthonormal
basis [5]. This was not performed in the present work.
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(a) First iterations, 𝑅𝑒 =15,500

5000 5200 5400 5600 5800 6000
Time step

0.0000

0.0002

0.0004

0.0006

0.0008

0.0010

KE

DNS
POD-ROM

(b) Final iterations, 𝑅𝑒 =15,500
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(c) First iterations, 𝑅𝑒 =16,000
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(d) Final iterations, 𝑅𝑒 =16,000
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(e) First iterations, 𝑅𝑒 =17,500
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(f) Final iterations, 𝑅𝑒 =17,500

Fig. 5 Comparison of kinetic energy of the basis concatenation ROM [15k|16.5k|18k] with those of the direct
numerical simulation for intermediate Reynolds numbers. The first 340 modes were retained in the single basis
that yielded all of these results.

This approach is very well suited to incompressible flows requiring few modes. Once the incompressible ROM
matrices have been computed for a particular basis, the matrices do not need to be recomputed to adapt the ROM for
a new Reynolds number; only the Reynolds number in the formulation needs to be adjusted. This makes the basis
concatenation ROM very computationally efficient when the concatenated basis contains less than a few hundred modes,
permitting this method to be used for uncertainty quantification using MCMC methods. If the ROM matrices are
dependent on the parameters, the ROM matrices have to be recomputed to evaluate the ROM at a new Reynolds number.
To maintain computational efficiency, one may employ the strategy of Ref. [6] and utilize interpolation of ROM matrices
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(a) First iterations, [14k|16k|18k] parametric ROM
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(b) First iterations, [15k|17k|19k] parametric ROM

Fig. 6 Comparison of the kinetic energy time histories of the parametric ROMs built from concatenated bases
[14k|16k|18k] and [15k|17k|19k] at Reynolds number Re=17,500, respectively.

to efficiently compute the ROM matrices for new parameter values.

C. Basis Interpolation
The final method we investigate is the basis interpolation approach to constructing parametric reduced-order models.

In this approach, a parametric ROM is constructed by interpolating POD bases corresponding to separate Reynolds
numbers as outlined in Algorithm 1. We interpolate the POD bases computed from regularized lid-driven cavity data
[12] at Reynolds numbers 16,000 and 17,500, with the origin for the transformation to the tangent space being Reynolds
number 16,500. From Figure 7, we see that the kinetic energy of the general basis interpolation parametric ROM
matches that of the direct numerical simulation. What is more, we note that the general basis interpolation formula
produces a more stable ROM than the one obtained from the univariate basis interpolation algorithm.

This shortcoming of the univariate basis interpolation procedure is not always apparent, however. In Figure 8, we
observe two univariate basis interpolation ROMs with different target Reynolds numbers but the same interval between
target and source Reynolds numbers. Despite the similarity in setup, the particular Reynolds numbers of interest yielded
better results in one case than the other. The relative number of modes in each source basis seems to inform this
shortcoming: the more disparate, the less accurate the interpolated ROM is likely to be.

In terms of utility, basis interpolation is useful when there are parameters of interest that are not explicitly in the
ROM formulation. The downside of basis interpolation is that the ROM matrices must be recomputed to adjust the ROM
to new parameter values. Computationally, this makes basis interpolation less appealing for the incompressible ROM
formulation in comparison to the spanning ROM and basis concatenation approaches. However, basis interpolation is
useful when the spanning ROM and basis concatenation techniques may be too memory intensive or use an excessive
amount of modes that cause the ROM to be computationally inefficient. The general basis interpolation ROM is expected
to more useful when considering multiple parameters, especially when data are available at many parameter values in
the parameter space.
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(a) General basis interpolation, first iterations
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(b) Univariate basis interpolation, first iterations

Fig. 7 Comparison of kinetic energy of the general basis interpolation ROM [16k|17.5k] (top) and the univariate
basis interpolation ROM [16.5k|17.5k] (bottom) for new Reynolds number 17,000.

(a) [15.5k|17.5k] Univariate Basis Interp., 𝑅𝑒 =16,500 (b) [16.5k|18.5k] Univariate Basis Interp., 𝑅𝑒 =17,500

Fig. 8 Comparison of kinetic energy for two univariate basis interpolation ROMs with a separation in Reynolds
number of 2,000.

D. Conclusions
We have investigated three different techniques to produce fluid reduced-order models at conditions not directly

studied by higher fidelity tools. All three methods presented different strengths and weaknesses when applied to the
same source data, indicating that each has utility in different kinds of applications.

The spanning and basis concatenation parametric ROMs yielded very similar results. It was shown that these two
approaches yield parametric ROMs capable of accurate fluid flow simulations even in long-time integration when the
Reynolds numbers used to construct them are relatively close. When the separation of the Reynolds numbers of the
reference data or POD bases used to construct the parametric ROMs was increased, it was shown that these parametric
ROMs preserve accuracy in short-time integration, but stability in long-time integration is less consistent. The primary
difference between these techniques lies in the resources required to construct the ROMs in the first place: the spanning
ROM requires a large amount of memory to load the snapshots from all reference data points and perform the single
basis construction step, whereas the concatenation ROM does not require this large up-front memory requirement
but does require the ROM itself to include more modes to perform well, as the basis size grows with the number of
parameter points included in the source data.

12



Basis interpolation proved less robust than the spanning and basis concatenation parametric ROM techniques for the
incompressible formulation. The univariate basis interpolation ROMs were only accurate for short-time integration
using bases close to the Reynolds number of interest. The general basis interpolation vastly improved the stability of the
basis interpolation ROMs, but did not reach the performance of the spanning and basis concatenation ROMs. However,
this technique allows for both small snapshot sets and small basis sizes, and thus for smaller interpolation distances this
technique is preferable to the other two. The general basis interpolation ROM is also expected to prove more useful
when considering multiple parameters or parameters not explicitly included in the governing equations and boundary
conditions due to the explicit nature of the interpolation algorithm.

With this methodological study complete on a well-known test problem, work is now ongoing to test these parametric
ROMs as a part of aerodynamic database generation for application to EDL applications. These ROMs will provide one
data source for the data fusion techniques compiled as a part of the AeroFusion initiative [1].
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