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A highly efficient, edge-based viscous (EBV) discretization method has been recently
implemented in a practical, unstructured-grid, node-centered, finite-volume flow solver and
evaluated for Reynolds-averaged Navier-Stokes formulations. In comparison to a well-
established cell-based viscous (CBV) method, the EBV method has demonstrated multifold
acceleration of all viscous-kernel computations on general unstructured mixed-element grids.
The viscous kernels include evaluation of viscous fluxes, diffusion terms in turbulence models,
and the corresponding Jacobian terms. In this paper, an EBV implementation of a nonlinear
extension of the Spalart-Allmaras turbulence model, SA-neg-QCR2000, is presented and
verified. The SA-neg-QCR2000 model is used for simulating turbulent corner flows.
Previously reported EBV computations have been conducted on traditional computing
architectures based on central processing units (CPU). This paper assesses benefits of the EBV
method on modern high-performance computing architectures based on graphics processing
units (GPU). The GPU implementations of the CBV and EBV methods are verified by
comparing solutions and iterative convergence with those observed in CPU computations on
the same grids. A comprehensive assessment of the EBV speedup on CPU and GPU
architectures is presented for established benchmark corner flows, namely, a supersonic flow
through a long square duct and a subsonic flow around a NASA juncture flow model.

I. Introduction

This paper assesses a recently developed edge-based viscous (EBV) method on modern computing architectures
based on graphics processing units (GPU). The EBV method is used to simulate viscous effects in aerodynamic flows
governed by the Reynolds-averaged Navier-Stokes (RANS) equations. The EBV formulation follows the approach
introduced in Ref. [1] and employs an efficient edge-based data structure. The edge-based data structure minimizes
the operation count and provides efficient memory access, which is beneficial for the GPU implementation. The EBV
method has been developed for node-centered, finite-volume discretizations on unstructured tetrahedral [2, 3] and
mixed-element [4] grids. The second-order accuracy of EBV solutions has been demonstrated in Ref. [5] using a
formal analysis and the method of manufactured solutions. In comparison with a well-established cell-based viscous
(CBV) method, the EBV method demonstrated multifold speedup for all viscous-kernel computations [2-5]. The
viscous kernels of RANS equations include viscous fluxes, diffusion terms in turbulence and chemistry models, and
the corresponding Jacobian terms.

!Associate Principal Research Engineer, Senior Member AIAA

2Senior Research Fellow, Associate Fellow AIAA

3Research Fellow, Associate Fellow AIAA

4Senior Research Scientist, Computational Aerosciences Branch, Associate Fellow AIAA
SResearch Scientist, Computational Aerosciences Branch, Member AIAA

®Research Scientist, Computational Aerosciences Branch, Associate Fellow AIAA

"Research Scientist, Computational Aerosciences Branch

8Research Aerospace Engineer, Computational Aerosciences Branch, Associate Fellow AIAA



The EBV method has been implemented in a large-scale flow solver, FUN3D [6], which is developed and
maintained at the NASA Langley Research Center (LaRC). FUN3D is widely used for high-fidelity analysis of
complex turbulent flows across the speed range from incompressible to hypersonic regimes [7-11]. The core functions
of FUN3D have recently been adapted for GPU architectures [12, 13] and demonstrated breakthrough GPU
performance for large-scale aerodynamic applications [ 14, 15]. Further improvements in GPU performance of FUN3D
solutions have been reported in Ref. [16]. Recently, wall-modeled large-eddy simulation (WMLES) capabilities have
been implemented and assessed for several benchmark flows [17].

The baseline finite-volume discretization scheme of FUN3D balances fluxes at median-dual control volumes that
are centered at grid points. Inviscid fluxes are evaluated at edge midpoints in an efficient edge-based loop. Viscous
fluxes use the Green-Gauss theorem to compute gradients at grid cells. For nontetrahedral cells, the cell gradients at
each edge within the cell are augmented with an edge derivative. Because this approach relies on cell-based gradients,
the viscous fluxes are computed in a separate cell-based loop. In this paper, the baseline viscous-flux implementation
is referred to as the CBV method. The CBV method provides a compact nearest-neighbor stencil and is equivalent to
the P1 continuous Galerkin finite-element method on tetrahedra [1]. The CBV solutions have been extensively verified
and validated through formal analysis and applications [18-24].

The EBV method essentially mimics the CBV method on tetrahedra but uses an efficient edge-based data structure.
The EBV method has been initially implemented on tetrahedra [2, 3] and demonstrated significant reduction of time
to solution on tetrahedral grids. The EBV coefficients are stored at grid edges and represent grid metrics that are
independent of the solution and fixed for stationary and rigidly moving grids. The viscous fluxes are computed in a
loop over edges. The EBV source terms that are required for second-order accuracy are computed in a loop over grid
points [3, 5]. The EBV implementation on mixed-element grids reported in Ref. [4] uses an extended set of EBV
edges. The EBV method requires any two vertices of a cell to be connected by an edge. The primal edges of a
nontetrahedral cell do not connect some vertices of the cell. To satisfy the vertex connectivity requirement,
nontetrahedral cells of a general mixed-element grid are consistently divided into tetrahedra using an algorithm based
on global numbering of grid points [25]. The EBV method is implemented on the derived tetrahedral grid. The EBV
edges are all edges of the derived tetrahedral grid including all primal edges of the mixed-element grid. The EBV
coefficients are stored for all EBV edges. The viscous-kernel computations are conducted in a loop over EBV edges.
Recently, the EBV method has been ported to GPUs using a thin abstraction layer over CUDA C++ [26].

This paper also reports on the EBV implementation of a nonlinear turbulence model that is well suited for
simulation of turbulent corner flows. A linear eddy viscosity model that makes use of the Boussinesq assumption
cannot express anisotropy of normal stresses and fails to represent a secondary flow near a corner. In Ref. [27], Spalart
developed a quadratic constitutive relation (QCR) that accurately models the secondary flow in a corner. The negative
variant [28] of the standard Spalart-Allmaras (SA) model [29] that uses the QCR extension is referred to as the SA-
neg-QCR2000 turbulence model. Recently, the CBV implementation of the SA-neg-QCR2000 model has been
extensively verified for several relevant benchmark test cases [18]. In this paper, the EBV implementation of the SA-
neg-QCR2000 model on CPU and GPU architectures is verified and assessed using two of these cases, namely, a
supersonic flow through a long square duct and a subsonic flow around a NASA juncture-flow model (JFM).

The material in this paper is organized as follows. Section II outlines the baseline discretization scheme and
iterative solver of FUN3D and the GPU implementation. Section III describes the SA-neg-QCR2000 model. Section
IV details the EBV implementation in FUN3D, including the SA-neg-QCR2000 model. Section V compares the CBV
and EBV RANS solutions on CPU and GPU architectures and analyzes the EBV efficiency benefits. Section VI
provides concluding remarks.

II. Baseline Discretization and GPU Implementation

This section provides an overview the baseline discretization scheme and iterative solver of FUN3D. The basic
approach to porting FUN3D kernels on GPU is also outlined.

A. Baseline Discretization Scheme

FUNB3D solves the RANS equations discretized on unstructured mixed-element grids that may contain tetrahedra,
pyramids, prisms, and hexahedra. The residuals are evaluated on a set of median-dual control volumes centered at grid
points. Edge-based inviscid fluxes are computed at primal edge medians using an approximate Riemann solver. In the
current study, Roe’s flux-difference splitting [30] is used. For second-order accuracy, density, pressure, and velocity
are reconstructed by a UMUSCL (Unstructured Monotonic Upstream-centered Scheme for Conservation Laws)
scheme [32]. The spatial discretization of the SA-neg turbulence model uses a first-order accurate convection scheme.
For the discretization of viscous fluxes, the Green-Gauss theorem is used to compute cell-based gradients resulting in
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the CBV formulation. On tetrahedral grids, this CBV approach is equivalent to a Galerkin approximation [1]. For
nontetrahedral grids, cell-based Green-Gauss gradients are combined with edge-based gradients [33, 34] to improve
the stability of viscous operators and prevent odd-even decoupling. In this paper, the edge-normal augmentation [34]
is used. The diffusion term in the turbulence model is handled similarly. In the CBV implementation of the QCR
correction, the antisymmetric normalized rotation tensor is computed using the cell-based gradients. The QCR fluxes
are added in a cell loop. The vorticity-based source term for the turbulence model is computed using velocity gradients
evaluated by the Green-Gauss method on dual control volumes. The boundary conditions involved in the present study
include subsonic pressure-based outflow, farfield Roe-based, symmetry, and viscous-wall boundary conditions [35].

B. Iterative Solvers

FUN3D has two iterative solvers, a baseline solver and a strong nonlinear solver. Currently, only the baseline
iterative solver has been fully ported to GPU and verified. The baseline nonlinear iterations use a defect-correction
method. Nonlinear residuals represent the target operator, and a linear system that is based on an approximate Jacobian
represents the driver operator. The iterations for the meanflow and turbulence-model equations are loosely coupled.
The approximate Jacobian for the meanflow equations is formed using the linearization of the first-order flux-vector
splitting inviscid fluxes [36] and the second-order viscous fluxes. The Jacobian for the SA-neg equation includes
contributions from the advection, diffusion, and source terms. The exact linearization is used for the advection and
diffusion terms. The entire contribution from the linearized source term is added to the diagonal. The pseudotime term
is controlled by a Courant-Friedrichs-Lewy (CFL) number that can be predefined or ramped linearly within a specified
number of nonlinear iterations. At each nonlinear iteration, the linear system is solved using a specified number of
point-implicit Gauss-Seidel (GS) sweeps with multicolor ordering. The solution of the linear system is added to the
nonlinear solution. Nonlinear iterations can reuse the Jacobian computed at a previous iteration; Jacobian updates are
scheduled according to the convergence of the nonlinear residual. Every tenth nonlinear iteration always performs the
Jacobian update; other nonlinear iterations may skip the update if the residual reduction in the previous nonlinear
iteration exceeded a specified target. This option is referred to as a “smart” Jacobian update. The smart Jacobian
update is performed separately for the meanflow and SA-neg Jacobians.

Hierarchical adaptive nonlinear iteration method (HANIM) is a strong nonlinear solver that enhances the baseline
iterative solver with a mechanism to increase convergence rate and overcome instabilities occurring in transient
solutions [37-41]. HANIM has been ported to GPUs for the laminar Navier-Stokes equations. Porting of HANIM
kernels to GPU for RANS models has not been completed yet, thus the results reported in this paper do not include
HANIM computations. Previous CPU-based studies [3, 4] have demonstrated that the EBV speedup of HANIM
solutions is comparable with the EBV speedup of the baseline iterative solver.

C. GPU Implementation

FUNB3D originated approximately 30 years ago as a CPU-based code written in Fortran. Coarse-grained message
passing interface (MPI)" with conventional domain decomposition techniques are used for parallelism. Recently,
FUN3D has been adapted for NVIDIA GPU architectures [12, 13] and has been used to demonstrate breakthrough
performance for perfect gas and thermochemical nonequilibrium flows [14, 15]. FUN3D calls the FUN3D library for
universal device acceleration (FLUDA) to compute on GPU-based architectures. FLUDA was written in CUDA C++
[42] by porting the original FUN3D Fortran compute kernels and has undergone extensive optimization [12, 15, 16,
43, 44]. Kernel performance optimizations include, but are not limited to, memory coalescing, reduction of state,
reduction of thread divergence, and utilization of hierarchical parallelism. Support for AMD and Intel GPUs and
multicore CPUs has been added to FLUDA using a thin abstraction layer above CUDA C++ [26]. Both CBV and EBV
methods are available for perfect- and generic-gas flow simulations in FLUDA.

III. SA-neg-QCR2000 Turbulence Model

Following the formulation presented at the NASA Turbulence Modeling Resource (TMR) website®, the standard
SA model [29] is given by the following nonconservative equation:
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Here, V = (ax, ay, 62) denotes a formal vector of spatial derivatives, ¥ is the turbulence variable, u = (u,v,w) is
the velocity vector, d is the distance to the nearest wall, v = p/p is the kinematic viscosity, p is the density, and u is
the dynamic laminar viscosity computed by Sutherland’s law
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T is the temperature, f1, = 1.716 X 10~%kg/(ms), T, = 491.6 °R, and S = 198.6 °R, S in Eq. 1 is defined as
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and the constants are k = 0.41, o = 2, ¢pr = 0.1355, ¢, = 0.622, ¢,y = C”Z—l + Hgﬂ, w2 = 0.3, cp3 =2,

1 = 7.1, ¢z =1.2, and ¢y = 0.5.

The standard SA model equation is solved for v > 0. For negative ¥, the SA-neg equation [28] is solved
)
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The turbulent eddy viscosity is computed as
te = max(p¥f,q,0). 9)

The tensor of turbulent stresses is defined as follows.
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In the QCR formulation [27], the turbulent stress tensor is corrected using the normalized antisymmetric rotation

tensor that is defined as
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Here, b is the I,-norm of velocity gradient tensor defined as

b= J @w? + (8yu) + (9,0)? + (0,v)? + (3yv)” + (0,1)2 + (Bw)? + (3,w)" + (W) (18)

The rotation tensor is set to be zero when b = 0. The QCR turbulent stress tensor is computed as follows
Txx,QCR = Tuxx — chrl(OxyTxy + Oszxz)' (19)



Tyy,Qcr = Tyy = chrl(oyxfyx + Oyzfyz)' (20)

Tzz,0cR = Tzz — chrl(ozxfzx + Ozysz)' (21
Txy,QcR = Txy — Ccrl(oxy (Tyy - Txx) + Oszxz + Oszyz)' (22)
Txz,QCR = Txz — Ccrl(Oxz (Tzz - Txx) + Oxysz + OzyTxy)' (23)
Tyz,QcR = Tyz — Ccrl(oyz (Tzz - Tyy) + nysz + Oszyx)' (24’)

Cerp = 0.3.

IV. EBV Method
This section provides a brief description of the EBV method and the EBV implementation of the QCR correction.

A. Precomputing EBV coefficients

The EBV preprocessing step is conducted following the standard startup procedure of loading and partitioning a
mixed-element grid and creating all necessary data structures for grid points, edges, faces, and cells. Within each local
partition, nontetrahedral cells are divided into tetrahedra. The division based on the global grid-point numbering [25]
is unique and ensures consistency of the derived tetrahedral grid across the partitions. Note that partitioning of cells
with highly non-planar quadrilateral faces may result in tetrahedra with negative volumes. The EBV edges include all
edges of the derived tetrahedral grid. An EBV edge pointer array with dimensions (2, number of EBV edges) is created.
The set of primal edges of the mixed-element grid is used to compute inviscid fluxes, and the set of EBV edges is
used to compute viscous fluxes.

An auxiliary edge-based array is created for pointers to the compressed-row data structure [45] for the Jacobian
off-diagonal terms. This auxiliary array has dimensions of (2, number of EBV edges) and facilitates access to the off-
diagonal terms of the Jacobian at each edge. Another auxiliary array is created to mark all boundary grid points. This
marking distinguishes the boundary EBV edges from the interior EBV edges. The EBV coefficients are precomputed
in a loop over cells of the derived tetrahedral grid. See Refs. [2, 3] for more details. The EBV data structures include
two two-dimensional 32-bit integer arrays for local cell-to-node and cell-to-edge data structures of the derived
tetrahedral grid; two 32-bit integer edge-pointer (2, number of EBV edges) arrays to point to the edge endpoints and
to the Jacobian off-diagonal terms; a one-dimensional 32-bit integer array for boundary-point indicators; two two-
dimensional 64-bit floating-point edge-based arrays, one array to store the six EBV coefficients per edge for a
symmetric EBV matrix at interior EBV edges and another array to store additional three EBV coefficients per edge
for a non-symmetric EBV matrix at boundary EBV edges. For static and rigidly moving grids, the EBV cell-to-node
and cell-to-edge data structures are needed only for the preprocessing stage and can be deallocated after the EBV
coefficients have been precomputed. All other EBV data structures are used in the solver execution and carried through
the entire simulation.

B. EBYV method implementation and execution

First, the temperature and laminar viscosity are precomputed in a loop over grid points. This preliminary loop is
needed to avoid repetitive computations. For formal second-order accuracy, the EBV method for the meanflow
equations requires correction terms [5] that depend on the gradient of viscosity and the gradients of the velocity
components. The specific formulation of the correction terms for each conservation equation is the following.
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The correction terms use velocity and viscosity gradients evaluated at grid points. The gradients of velocity
components computed by an unweighted least-squares (ULSQ) method are available at grid points. These velocity
gradients are used for inviscid-flux UMUSCL reconstruction. ULSQ gradients of the total viscosity, which combines
the laminar and eddy viscosities, are computed and stored at grid points. A viable alternative to the ULSQ method is
the Green-Gauss method on dual volumes that is used by FUN3D to compute vorticity for the turbulence model source
term. The EBV correction terms are computed as source terms for conservation equations in a separate loop over grid
points. In the current EBV implementation, the meanflow Jacobian does not include linearization of the EBV
correction source terms.

The EBV method for meanflow viscous fluxes is implemented in an edge loop in which each EBV edge provides
contributions to the meanflow residuals at the edge endpoints. The residual contributions are products of the (six or
nine) EBV coefficients at the edge, solution edge differences, and edge averages of viscosity and velocity components
[2-5]. The point values of temperature are used to compute the temperature edge difference that is needed for the
evaluation of the heat flux. The point values of viscosity and velocity are used to compute the corresponding edge
averages.

The residual contributions from the QCR correction fluxes (the terms in Eqs. 19-24 that are multiplied by c.,,) are
computed in a loop over primal edges of the mixed-element grid. First, a point-based loop is performed to compute
the shear-stress tensor (Eqs. 10-16) and the rotation tensor (Eq. 17) and to evaluate and store the correction terms of
the QCR stress tensor at grid points. These terms are computed within the same point-based loop where EBV
correction terms are calculated. Since the 3 X 3 matrix of correction terms is antisymmetric, six 64-bit floating-point
numbers are stored at each grid point. The correction terms use velocity gradients that are readily available at grid
points. The QCR correction stress tensor at a primal edge is averaged from the QCR correction stress tensors stored
at the edge endpoints. The edge-based viscosity and velocity are averaged from the edge endpoints as well. The
resulting QCR correction fluxes are multiplied by the directed area associated with the primal edge and added with an
appropriate sign to the residuals at the edge endpoints. Currently, the meanflow Jacobian does not include linearization
of the QCR correction fluxes.

The EBV method for the SA-neg diffusion term and its Jacobian is implemented in a separate edge loop. Only one
EBV coefficient is needed for evaluation of the SA-neg diffusion term. This EBV coefficient is the trace (sum of
diagonal elements) of the EBV matrix. No additional storage is needed for the EBV implementation of the SA-neg
diffusion term.

The array to store the off-diagonal terms of the Jacobian matrix is implemented to include only terms that
correspond to grid points connected by the EBV edges. For tetrahedral grids, the off-diagonal Jacobian array has the
same size for the CBV and EBV methods. For mixed-element grids, the EBV discretization stencil is smaller than the
CBYV discretization stencil, resulting in significant reduction in the size of the off-diagonal Jacobian array. A smaller
Jacobian implies a smaller memory footprint and faster matrix-vector multiplication within the linear solver.

Some boundary conditions implemented in the baseline solver use cell-based gradient evaluation. In the presence
of such boundary conditions, the rows of the EBV off-diagonal Jacobian matrix corresponding to boundary grid points
are extended to include off-diagonal terms for all vertices of the cells that share the boundary grid point and have a
face at a boundary surface.

V. EBYV Solutions for Benchmark Flows

This section compares the CBV and EBV SA-neg-QCR2000 solutions for benchmark flows described in Ref. [18].
Fully converged RANS solutions are computed on the CPU and GPU architectures. Comprehensive analysis of the
accuracy and efficiency comparisons between CBV and EBV methods are reported.

A. Supersonic Flow through Square Duct

The test case studies a supersonic flow through a long duct with a square cross-section of height and width D =
25.4 mm. This benchmark flow is described at the NASA Turbulence Modeling Resource (TMR) website®. The case
is designated to verify RANS capabilities for simulating corner flows that exhibit secondary recirculation. The
important characteristics to be observed are the resolution of secondary vortices and accurate assessment of the
centerline velocity. The configuration geometry and boundary conditions are illustrated in Fig. 1. The experimental
measurements were conducted at the stations located 40D and 50D downstream of the duct inlet. The origin of the
coordinate system is set at the lower-left corner of the front section of the duct. The positive direction of the x-axis is
the streamwise direction along the duct. The duct dimensions are0 < x <52D;0 <y <0.5D; 0 <z < 0.5D.

§ https://turbmodels.larc.nasa.gov/3dsqduct_mod numerics val.html. Accessed October, 2022
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Adiabatic-wall conditions are set at the duct boundaries corresponding to 0 < x < 52D;y=0; 0 <z <0.5D
and 0 < x < 52D;0 <y < 0.5D; z = 0. The computational domain is extended upstream with a small segment of
symmetry boundaries —1.26829D < x < 0. The flow corresponds to the reference freestream Mach number M, =
3.9, the Reynolds number Rep, = 5.08x10°, the angle of attacka =0° and the reference freestream
temperature T,, = 520 °R. Supersonic inflow conditions are set at x = —1.26829D corresponding to the reference
conditions. Supersonic outflow conditions are set at x = 52D. Symmetry conditions are specified at the boundaries
corresponding to y = 0.5D, and z = 0.5D, thus, only one quarter of the duct is computed. The reference area is unity.
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Figure 1. Supersonic flow through square duct: geometry and boundary conditions.

A family of hexahedral grids has been generated using FORTRAN programs available at the TMR website. Due
to the use of symmetry boundary conditions, only one quarter of the duct is gridded. There are four grids available at
the TMR website and in Ref. [18], named as G1 to G4 from the finest of 1.59 billion nodes to the coarsest of 3.17
million nodes. The reference solutions for the SA-neg-QCR2000 model presented in Ref. [18] and the TMR website
are computed using established NASA RANS solvers, FUN3D and USM3D. Reference FUN3D solutions use the
CBYV method. Figures 2 and 3 compare EBV solutions on grids G2, G3 and G4 with the reference solutions. Figure 2
shows grid convergence of the drag coefficient and the maximum eddy viscosity versus the nominal mesh size
computed as h = N~%/3, where N is the degrees of freedom, i.e., grid nodes for FUN3D. The drag coefficient and the
maximum eddy viscosity coefficient computed by the EBV method are in good agreement with the TMR results,
approaching the coefficients computed by the CBV method in grid refinement. The variation between the coefficients
computed on the finer grids is a small fraction of one percent. Figure 3 shows grid convergence of centerline velocity
normalized by the freestream speed of sound at two locations, x/D = 40 and x/D = 50. The centerline velocity from
the EBV solution is between the corresponding velocity values extracted from the reference solutions on grids G2 and
G3 and approaches the velocity from the CBV solution on finer grids.
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Figure 2. Supersonic flow through square duct: grid convergence of drag and maximum eddy viscosity.
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Figure 3. Supersonic flow through square duct: grid convergence of centerline velocity.
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Figures 4 and 5 show the contours of the crossflow velocity for solutions computed on grid G4 with SA-neg-
QCR2000 and SA-neg models, respectively. The crossflow velocity is normalized by the reference speed of sound
(Vv? + w?/a,,) and computed at x/D = 50. The CBV and EBV solutions computed with the same turbulence model
are nearly identical in this view. The SA-neg-QCR2000 solutions shown in Figure 4 clearly exhibit the secondary
circulation that cannot be captured with linear turbulence models as shown in Figure 5.
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Figure 4. Crossflow velocity at x/D = 50 computed with SA-neg-QCR2000 turbulence model.
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Figure 5. Crossflow velocity at x/D = 50 computed with SA-neg turbulence model.

The simulations on grid G4 are profiled on CPU and GPU architectures. Grid G4 has approximately 3 million grid
points and fits well in one GPU card. The CBV and EBV solutions are computed on the NASA LaRC K4 cluster.
CPU solutions are obtained using one and five Skylake Xeon Gold 6148 nodes, each Skylake node has 40 CPU cores.
GPU solutions are obtained using one NVIDIA V100 card.

Figure 6 shows the residual convergence history of the CBV and EBV solutions. In these CPU computations, one
Skylake node is used to provide node-to-node comparison. Figures 6a and 6b show CPU and GPU residual
convergence versus iterations. Figures 6¢ and 6d show the same convergence history versus wall time. The subscripts
_R2 and _R6 denote the root-mean-square (rms) norms of the x-momentum and SA-neg-QCR2000 residuals,
respectively. The CBV and EBV convergence per iteration is hardly distinguishable on CPU and GPU. The EBV
method takes less time per iteration than the CBV method and significantly reduces the time to convergence.
Comparing Figures 6¢c and 6d, the GPU simulations are five times faster than the CPU simulations. The drag
coefficients computed from the CBV and EBV solutions on grid G4 differ by less than 0.2%. The drag coefficients
computed by the same viscous method on CPU and GPU match for at least 10 digits.

10° 02 10° 02
CBV_R2 : ggz,:: i
6 CBV_R6 N | i
° )] ’ a2
EBV_R2 T | T
EBV_R6 —0.15 " EBV_R6 —0.15
10° EBV_CD ] 10 EBV_CD ]
= | = |
© ] [} ]
3 10" L i :E 107 L 1
‘® 7]
3 Jorge @ Ho1 8
= | = |
@ 1072 @ 10"
= E = i
o | o« |
10™ - 1 10™ 1
0.0 —0.05
107 |- i 10 | i
1078 T - T - T - T - L 1 0 107 T T T 1 I 0
0 2000 4000 6000 8000 10000 0 2000 4000 6000 8000 10000

Iteration Iteration

a. Nonlinear iterations, CPU b. Nonlinear iterations, GPU

Figure 6. Supersonic flow through square duct: residual convergence on grid G4.
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Figure 6. Concluded.

Table 1 shows the wall time of the CBV and EBV solutions computed using CPU and GPU and the speedup
obtained due to the EBV method and the GPU acceleration. The speedup is computed as the ratio of the baseline time
to the reduced time. The GPU speedup is 6.0 and 4.7x for the CBV and EBV methods, respectively. The EBV
speedup is 1.8X on CPU, and 1.4X on GPU.

Table 1. Time-to-solution statistics.

CPU (40 cores) CPU (200 cores) GPU GPU speedup
Iterations Wall time (sec.) Iterations Wall time (sec.) Iterations Wall time (sec.)
CBV 8,805 17,148 8,805 3,561 8,799 2,817 6.09
EBV 8,737 9,375 8,737 1,887 8,739 1,996 4.69
EBYV speedup 1.83 1.89 1.41

The GPU implementation of the CBV SA-neg-QCR2000 model is fully optimized for NVIDIA GPUs [46], while
the corresponding CPU implementation is not optimized. The EBV implementation is optimized for both CPU and
GPU computations. This is the reason for different EBV speedup factors observed on CPU and GPU architectures and
for different GPU speedup factors observed for the CBV and EBV methods. Considering the GPU speedup as
representative, the performance of one NVIDIA V100 card is roughly similar to the performance 188 Skylake CPU
cores. The observed GPU speedup of 4.7 provided for EBV solutions matches well the theoretical speedup reported
in Ref. [26]. Table 1 includes the timing data for solutions computed using five Skylake nodes with 200 CPU cores.
The time to convergence observed in the latter computations is comparable with the time of the solutions computed
using one GPU card.

To illustrate the effect of optimization of the CBV implementation on code performance, Tables 2 and 3 show
timing of viscous-kernel and linear-solver CPU computations conducted with the CBV and EBV methods and the
corresponding EBV speedup. The timing for such computations has been averaged over all iterations for residual
evaluations and linear solvers and over the number of Jacobian updates for Jacobian evaluations. Table 2 shows
computations for an optimized SA-neg model and Table 3 shows similar computations for a non-optimized SA-neg-
QCR2000 model. The first observation is that the EBV speedup factors for viscous fluxes and Jacobian computations
dramatically increase for the SA-neg-QCR2000 model. At the same time, the EBV speedup for all other computations
somewhat decreases. The second observation is that the EBV timing remains approximately the same for all
computations with the exception of the viscous flux. A modest increase in the viscous flux timing is expected because
viscous fluxes in the SA-neg-QCR2000 model include the QCR correction terms. In contrast to the EBV method, the
CBV timing of meanflow viscous fluxes and Jacobian computations dramatically increases for the SA-neg-QCR2000
model; the viscous flux time is more than tripled, the Jacobian time is more than doubled. These increases represent
the evidence of a suboptimal CPU implementation of meanflow viscous fluxes in the SA-neg-QCR2000 model.
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Table 2. SA-neg model: time of viscous-kernel and linear-solver computations in one iteration.

. Meanflow time per iteration (sec.) SA-neg time per iteration (sec.)
Viscous Li
method Viscous flux  Jacobian s(l:llf:: Diffusion  Jacobian Linear solver
CBV 0.0978 0.6519 0.9556 0.0886 0.2817 0.0523
EBV 0.0310 0.1987 0.5945 0.0094 0.0192 0.0385
EBV Speed up 3.15 3.28 1.61 9.42 14.67 1.36
Table 3. SA-neg-QCR2000 model: time of viscous-kernel and linear-solver computations in one iteration.
. Meanflow time per iteration (sec.) SA-neg time per iteration (sec.)
Viscous Li
method Viscous flux  Jacobian s(l:llf:: Diffusion  Jacobian Linear solver
CBV 0.3244 1.4896 0.9404 0.0836 0.2805 0.0513
EBV 0.0411 0.1990 0.5921 0.0099 0.0207 0.0393
EBV Speed up 7.89 7.48 1.58 8.44 13.55 1.31

Another view on the same effect of a suboptimal implementation of the SA-neg-QCR2000 model is presented in
Table 4. Table 4 shows the fraction of time spent by the CBV and EBV methods in the viscous-kernel and linear-
solver computations. The fraction is computed from the wall time that is required to reach the converged solution from
the freestream setup.

Table 4. Fractions of meanflow viscous-kernel and linear-solver computations.

Jacobian

Viscous . Viscous flux Linear solver
Turbulence model Iterations . .
method fraction . fraction
Updates Fraction
CBV 8,805 16.7% 1,046 9.1% 48.3%
SA-neg-QCR2000 ppy 8,737 3.8% 1,042 2.2% 55.09%
SA-n CBV 10,677 5.9% 1,236 4.6% 58.0%
e EBV 10,677 2.9% 1,235 2.2% 56.0%

All EBV fractions are approximately the same for both turbulence models. Only the EBV fraction for meanflow
viscous fluxes has increased from 2.9% for the SA-neg model to 3.8% for the SA-neg-QCR2000 model. Note that
these fractions represent an increase from the meanflow viscous-flux fraction of 1.7% reported in Ref. [4] for SA-neg
solutions on prismatic-hexahedral grids for a hemisphere-cylinder configuration. The reason for this increase is not
clear and may represent a case-to-case variation. The CBV fractions of meanflow viscous fluxes and Jacobian
dramatically increase for the SA-neg-QCR2000 model; the viscous flux fraction increases from 5.9% to 16.7% and
the Jacobian fraction increases from 4.6% to 9.1%. These increases represent the evidence of a suboptimal CPU
implementation of meanflow viscous fluxes in the SA-neg-QCR2000 model. The increase of the fractions associated
with the fluxes and Jacobian is so significant that it actually leads to a noticeable reduction in the fraction associated
with the linear solver and (not shown) fractions associated with the turbulence model equation.

B. Juncture Flow Model (JFM)

Reference [4] reported EBV solutions on a mixed-element grid for a flow around a NASA JFM configuration. The
SA-neg model used in that study is considered lacking for simulating flow separation for juncture flows; the SA-neg-
QCR2000 model is recognized as a more adequate choice. Nevertheless, the SA-neg model was suitable for
assessment of EBV performance on practical mixed-element grids. In this paper, the CBV and EBV solutions with
the SA-neg-QCR2000 model are computed for the same grid and flow conditions using CPU and GPU architectures.

The flow conditions for this test are the following: the freestream Mach number is 0.189, the Reynolds number is
2,400,000 based on the crank chord of 557.17 mm, the reference temperature is 288.84 K, and the angle of attack is
5°. A family of grids have been generated by Pointwise® using the Glyph script package GeomToMesh [47]. The
specific mixed-element grid chosen for the study is Grid I [48] that has 13,036,210 grid points, 16,645,072 tetrahedra,
20,368,758 prisms, and 112,989 pyramids. The volume and surface mesh are shown in Figure 7.
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Figure 7. Volume and surface mesh for Grid I of JFM.

Ten Skylake compute nodes (400 cores) are used for CPU simulations and four NVIDIA V100 cards are used for
GPU simulations to demonstrate the parallel performances of GPUs. All solutions converged the rms norm of residuals
of the meanflow and turbulence-model equations below 10~°. Table 5 shows the aerodynamic coefficients computed
from the converged CBV and EBV solutions. The lift and drag coefficients computed on CPU and GPU with the same
viscous method are matching at least 10 digits. The matching digits of the CBV and EBV aerodynamic coefficients
are highlighted by the bold font; the difference between the CBV and EBV coefficients is less than 0.05%.

Table 5. Aerodynamic coefficients for JFM flow.

Lift Coefficient Drag Coefficient
CBV EBV CBV EBV
CPU 0.8459285 0.8459726 0.0726731 0.0727031
GPU 0.8459285 0.8459726 0.0726731 0.0727031

To further verify the CBV and EBV solutions, variations of surface pressure coefficients (C,) are considered in
four x-z planes corresponding to y = — 254 mm,y = —685.8 mm, y = —1295.4 mm andy = —1663.7 mm. The
locations are selected from the experimental measurement locations shown in Figure 8.

y=-254 mm
y=-290.83 mm
y=4826mm
y=-685.8 mm
y=-994.92 mm
y=-1295.4 mm
y=-1663.7 mm /

Figure 8. Locations of wing pressure measurements.

Figure 9 shows the pressure coefficients computed from the CBV and EBV solutions; the CBV solution is marked
as FUN3D-FV solution in Ref. [18]. The CBV and EBV pressure plots are nearly indistinguishable in global views.
Although not shown, in a zoomed-in view, there is a small difference on the airfoil upper surface at the wing tip region.
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Figure. 9 Pressure coefficients distributions along wing spanwise locations

Figure 10 shows the profile of the x-component of the skin-friction coefficient computed in the plane
corresponding toy = — 254 mm and y = —1663.7 mm. The CBV and EBV skin-friction profiles match well on the
low surface of the airfoil and show a small variation on the upper surface.
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Figure 10. Skin-friction coefficients at two wing spanwise locations

Figure 11 shows residual convergence history of the CBV and EBV solutions. Figures 11a and 11b show residual
convergence versus iterations on CPU and GPU, respectively. Figures 11c and 11d show the same convergence history
versus wall time. The CBV and EBV convergence per iteration is indistinguishable on both CPU and GPU
architectures. Similar to the results reported in Ref. [4], the EBV solutions exhibit faster asymptotic convergence rate
per nonlinear iteration than the CBV solutions. Consequently, the EBV method takes significantly fewer iterations
and less wall time to converged solutions with EBV method than the CBV method. Some differences in iterative
convergence between EBV and CBV solvers are expected, but a significant disparity is not a general phenomenon.
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Figure 11. Iterations on JFM I grid using CPU and GPU.
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Figure 11. Concluded.

Table 6 provides statistics about the nonlinear iterations and time required to reduce the rms norm of the residual
below 107°. EBV speedup of 3.5X is observed for the CPU solutions and speedup of 2.3% is observed for the GPU
solutions. The GPU speedup factor for the CBV and EBV solutions is 2.4x and 1.6X, respectively. A suboptimal CPU
implementation of the CBV SA-neg-QCR2000 turbulence model is the reason for increased speedup for comparisons
that involve this particular solution. Note that the GPU speedup is observed for four NVIDIA V100 cards over 400
Skylake CPU cores. Taking the GPU speedup for the EBV solutions and the EBV speedup for the GPU solutions as
representative, the EBV method implemented on GPU reduces the time to solution by a factor of 3.7. In EBV
computations that involve multiple GPU cards, the performance of a single NVIDIA V100 card is roughly similar to
the performance of four Skylake nodes with 160 CPU cores.

Table 6. Time-to-solution statistics for JFM flow.

CPU GPU GPU speedup
Iterations Wall time (sec) Iterations Wall time (sec.)
CBV 104,626 108,504 104,574 45,773 2.4
EBV 54,893 31,397 54,923 19,713 1.6
EBYV speedup 3.5 2.3

VI. Concluding Remarks

An efficient edge-based viscous (EBV) method has been recently implemented in FUN3D, a practical, node-
centered, unstructured-grid, finite-volume flow solver developed and supported at NASA Langley. The EBV method
has been compared with an established cell-based viscous (CBV) method and demonstrated multifold speedup of all
viscous-kernel computations for Reynolds-averaged Navier-Stokes (RANS) simulations using a negative variant of a
linear one-equation Spalart-Allmaras (SA-neg) turbulence model. In this paper, the EBV method has been applied to
a nonlinear extension of the SA-neg model that uses a quadratic constitutive relation (SA-neg-QCR2000). This RANS
model is essential for accurate resolution of secondary circulation in turbulent corner flows.

The previous EBV demonstrations were performed on traditional central-processing-unit (CPU) computing
systems. Recently, the EBV kernels have been ported to graphics-processing-unit (GPU) computing systems using
CUDA C++ based approach. This paper has reported about verification and assessment of the EBV GPU
implementation by comparing accuracy and efficiency of the GPU solutions with the corresponding CPU solutions.
The solutions have been computed for two benchmark corner flows, namely, a supersonic flow through a long square
duct and a subsonic flow around a NASA juncture-flow model (JFM).

The EBV SA-neg-QCR2000 solutions for the duct flow have been computed on a family of hexahedral grids. All
solutions converged to machine-zero residuals. The EBV solutions compare well with the reference solutions reported
in the literature and at the NASA Turbulence Modeling Resource website. The performance of CBV and EBV solvers
has been assessed on a particular grid with 3.17 million grid points. The CPU solutions have been computed using
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one Skylake compute node with 40 CPU cores. The GPU solutions have been computed using one NVIDIA V100
card. The CPU and GPU solutions computed with the same viscous method are indistinguishable; for example, the
drag coefficients computed on CPU and GPU match up to ten digits. The CBV and EBV solutions are very similar on
both CPU and GPU computing systems, as expected; the difference between CBV and EBV drag coefficients is less
than 0.2%. The EBV speedup factor over the CBV solution on GPU is 1.4X. The EBV speedup factor on CPU is
higher, but it is not representative because the CBV SA-neg-QCR2000 CPU implementation is suboptimal. The EBV
SA-neg-QCR2000 implementation on CPU and GPU and the CBV SA-neg-QCR2000 implementation on GPU are
highly optimized. The GPU speedup for the EBV SA-neg-QCR2000 implementation is 4.7X. In other words, one
NVIDIA V100 card has performance that is similar to the performance of 188 Skylake CPU cores.

The JFM solutions have been computed on a relatively coarse mixed-element grid with 13 million grid points. Ten
Skylake nodes (400 CPU cores) are used for CPU simulations and four NVIDIA V100 cards are used for GPU
simulations. The CPU and GPU solutions computed for the same viscous method are identical. The aerodynamic
coefficients computed from the converged CBV and EBV solutions differ by less than 0.05%, and the pressure
coefficients and skin-friction coefficients at different spanwise locations are in good agreement. Similar to the
computations with the SA-neg model reported in a previous study, the EBV SA-neg-QCR2000 solutions require
significantly fewer nonlinear iterations to reduce the root-mean-square norm of the residuals below the target level
of 107°. Overall, the EBV method has a speedup factor of 2.3X on GPU. The GPU speedup factor for the EBV
solutions is 1.6X. In other words, for the JFM benchmark case, one NVIDIA V100 card performs similarly to 160
Skylake CPU cores; this GPU performance is similar to the GPU performance shown for the duct flow.

In the past two years, the EBV method has been verified and provided significant efficiency benefits for multiple
practical applications. However, there are still developments that are required to improve applicability and robustness
of the EBV method. Robust partitioning of general cells into tetrahedra remains a challenge. Practical mixed-element
grids often include nontetrahedral cells that feature highly non-planar quadrilateral faces. Formal partitioning of cells
with highly non-planar quadrilateral faces may result in tetrahedra with negative volumes and complicate generation
of virtual edges for the EBV method. Hierarchical adaptive nonlinear iteration method (HANIM) is a strong nonlinear
solver in FUN3D that is essential for efficiency and robustness of practical solutions. In previous studies, HANIM has
proved to work well with the EBV method on CPU. Currently, HANIM is being ported to GPU. Demonstration of
combined HANIM-EBV performance on GPU for practical simulations is another important step. Wall-modeled
large-eddy simulation (WMLES) capability has recently been implemented in FUN3D and ported to GPU. Assessment
of the HANIM-EBYV method for WMLES on GPU architectures is another important research topic.
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