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The Unsteady Pressure-Sensitive Paint (uPSP) is widely used to measure the surface pressure of scaled 

models in wind tunnel tests. Compared to the conventional pressure transducers, uPSP has the advantage of 
high spatial resolution. With multiple high-speed Complementary Metal Oxide Superconductor (CMOS) 
cameras, the uPSP data collected with the camera pixels are mapped to the surface grid of the scaled model 
and converted to pressure. The shot noise is the dominant component of the noise in the uPSP measurement. 
The integrated pressure is usually computed on the grid nodes of a user-defined patch. The effect of shot noise 
is reduced in the integrated pressure on the patch; however, the measurement of the aerodynamic pressure 
may also be attenuated by the decorrelation of the flow pressure field being measured. This paper discusses the 
Joint Acceptance Attenuation Factor (JAAF) of the integrated pressure with uPSP measurements. The JAAF, 
a function of frequency, is defined as the ratio of the Power Spectral Density (PSD) of the integrated 
aerodynamic pressure on the patch to the average PSD of the aerodynamic pressure on the grid nodes of the 
patch. In this paper, the JAAF is investigated for the integrated pressure on rectangular patches, whose edges 
are defined in the direction along the streamline or across the streamline. Based on the assumption that the 
surface pressure field can be described by the Corcos model, the closed-form formulas to compute the JAAFs 
of the integrated pressure on the discrete grid nodes of a rectangular patch and over the continuous area of a 
rectangular patch are derived respectively. It is shown that the JAAF of the integrated pressure over the 
continuous area of a rectangular patch is the limit of that on discrete nodes of the rectangular patch when the 
number of nodes in each row or column goes to infinity. The closed-form formulas of the JAAF derived in this 
paper, with estimated parameters of the model, are verified with the measurements of the uPSP and the 
conventional pressure transducer collected in the Space Launch System Ascent Unsteady Aerodynamics Test 
at NASA Ames Research Center in November 2017. The closed-form formulas of the JAAF of the integrated 
pressure on the rectangular patches, based on the Corcos model, provide an efficient method to estimate the 
attenuation of integration by the decorrelation of the flow pressure field and set references for the comparison 
of the spectrum of the integrated uPSP measurements and the conventional pressure transducer measurements. 
The work described in this paper is a part of NASA’s development of a new state-of-the-art uPSP capability in 
production wind tunnels. Funding was provided by the NASA Aerosciences Evaluation and Test Capabilities 
Portfolio Office. 

 
 

Nomenclature 
 
AETC   = NASA Aerosciences Evaluation and Test Capabilities 
AUAT   = Ascent Unsteady Aerodynamics Test 
CMOS  = Complementary Metal Oxide Superconductor 
CPSD   = Cross Power Spectral Density 
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𝑐!, 𝑐"                   = coefficients of the Corcos model to represent the decay of the surface pressure correlation in the 
directions along the streamline and across the streamline respectively 

𝑓    = frequency 
i  = imaginary unit 
JAAF   = Joint Acceptance Attenuation Factor 
𝐽#×%(𝑓)                = JAAF of the integrated pressure over the continuous area of a rectangular patch with length L and 

width W 
𝐽&×'(𝑓)               = JAAF of the integrated pressure on an m ´ n two-dimensional array of discrete grid nodes 
𝐽!,#(𝑓),  𝐽",%(𝑓)  = JAAFs, in the directions along the streamline and across the streamline respectively, of the 

integrated pressure over the continuous area of a rectangular patch with length L and width W 
𝐽!,'(𝑓), 	𝐽",&(𝑓)   = JAAFs, in the directions along the streamline and across the streamline respectively, of the 

integrated pressure on an m ´ n two-dimensional array of discrete grid nodes 
𝑘)       = convection wavenumber 
L   = length of a rectangular patch 
m, n   = number of rows and columns of a two-dimensional array of discrete grid nodes 
PSD   = Power Spectral Density 
𝑅𝑒(𝑧)   = real part of a complex number 𝑧 
SLS   = Space Launch System 
𝑈)            = convection velocity   
uPSP   = Unsteady Pressure-Sensitive Paint 
UPWT   = NASA Unitary Plan Wind Tunnel 
USA   = Universal Stage Adapter 
W   = width of a rectangular patch 
𝑧 ̅       = conjugate of a complex number 𝑧 
𝛼     = angle of attack 
𝛽    = angle of sideslip 
𝛿!, 𝛿"                   = distance between two neighbor grid nodes in the directions along the streamline and across the 

streamline respectively 
∑ Φ*+*&*',    = sum of all elements of a matrix Φ 
Φ-./0,&×'           = CPSD matrix of the pressure measurements on an m ´ n two-dimensional array of discrete grid 

nodes 
𝜙-./0(Δ𝑥, Δ𝑦; 𝑓) = CPSD of the pressure at two points in a homogeneous surface pressure field, where Δ𝑥 and Δ𝑦 

are components of the displacement between the two points along the streamline and across the 
streamline respectively 

𝜙(𝑓) = PSD of the pressure at a point in a homogeneous surface pressure field 
𝜙1!2!,1"2"               = CPSD of the pressure measurements on the nodes  𝑖3𝑗3  and 𝑖4𝑗4 of an m ´ n two-dimensional 

array of discrete grid nodes 
𝜙./0,#×%(𝑓)       = PSD of the integrated pressure over the continuous area of a rectangular patch with length L and 

width W 
𝜙./0,&×'(𝑓)    = PSD of the integrated pressure on an m ´ n two-dimensional array of discrete grid nodes 
 
 
 

I. Introduction 
 

The Unsteady Pressure-Sensitive Paint (uPSP) is widely used to measure the surface pressure of scaled models 
in wind tunnel tests (Refs. [1]-[4]). Compared to the conventional pressure transducers, uPSP has the advantage of 
high spatial resolution. With multiple high-speed Complementary Metal Oxide Superconductor (CMOS) cameras, the 
uPSP data collected with the camera pixels are mapped to the surface grid of the scaled model and converted to 
pressure (Refs. [5]-[10]). The shot noise, which is associated with the quantum processes both in the generation of the 
photons by the luminescent uPSP and in the conversion of the photons into electrons within the camera, is the dominant 
component of the noise in the uPSP measurement. The standard deviation of shot noise of each pixel is proportional 
to the square root of the uPSP intensity measured with the pixel. The integrated pressure is usually computed as an 
area-weighted average of the uPSP measured pressure on the grid nodes of a user-defined patch area of the model. 



 

 3 

Considering the shot noise is uncorrelated with the aerodynamic pressure and the shot noise of the uPSP data collected 
with different pixels is also uncorrelated, the effect of shot noise is reduced in the integrated pressure on the patch; 
however, the measurement of the aerodynamic pressure may also be attenuated by the decorrelation of the flow 
pressure field being measured (Refs. [11]-[14]).  

 
This paper discusses the Joint Acceptance Attenuation Factor (JAAF) of the integrated pressure with uPSP 

measurements. The JAAF, a function of frequency, is defined as the ratio of the Power Spectral Density (PSD) of the 
integrated aerodynamic pressure on the patch to the average PSD of the aerodynamic pressure on the grid nodes of 
the patch (Refs. [15-17]).  

 
In this paper, the JAAF is investigated for the integrated pressure on rectangular patches, whose edges are defined 

in the direction along the streamline or across the streamline. The paper is organized as follows. The model of the 
surface pressure field is described in Section 2. In Section 3, the JAAF of the integrated pressure on the discrete grid 
nodes of a rectangular patch is discussed and the closed-form formulas to compute the JAAF are derived. In Section 
4, the closed-form formulas of the JAAF of the integrated pressure over the continuous area of a rectangular patch are 
derived, and it is shown that the JAAF of the integrated pressure over the continuous area of a rectangular patch is the 
limit of that on discrete nodes of the rectangular patch when the number of nodes in each row or column goes to 
infinity. In Section 5, the closed-form formulas of the JAAF of the integrated pressure on rectangular patches, with 
estimated parameters of the model, are verified with the measurements of the uPSP and the conventional pressure 
transducer collected in the Space Launch System (SLS) Ascent Unsteady Aerodynamics Test (AUAT) at NASA Ames 
Research Center in November 2017. Finally, the conclusions are presented in Section 6.  

 
The closed-form formulas of the JAAF of the integrated pressure on rectangular patches derived in this paper 

provide an efficient method to estimate the attenuation of integration by the decorrelation of the flow pressure field 
and set references for the comparison of the spectrum of the integrated uPSP measurements and the conventional 
pressure transducer measurements. 
 
 

II. Model of the Surface Pressure Field 
 
This section describes the model of the surface pressure field. It is assumed the aerodynamic surface pressure 

field is homogeneous. The PSD of the aerodynamic pressure at a point in the homogeneous surface pressure field, 
denoted as 𝜙(𝑓), is a function of the frequency f only and independent of the location of the point. The Cross Power 
Spectral Density (CPSD) of the pressure at two points in the homogeneous surface pressure field, denoted as 
𝜙-./0(Δ𝑥, Δ𝑦; 𝑓), is described with the Corcos model (Refs. [18]-[20]), as shown below 

 
𝜙-./0(Δ𝑥, Δ𝑦; 𝑓) = 𝜙(𝑓) ∙ 𝑒5)#6$|8!| ∙ 𝑒5)%6$|8"| ∙ 𝑒516$8!                                                                         (1) 

 
 In Eq. (1), Δ𝑥 and Δ𝑦 are components of the displacement between the two points along the streamline and across the 
streamline respectively,  𝑘) is the convection wavenumber determined by the convection velocity  𝑈) 
     

𝑘) = 2𝜋𝑓 𝑈)⁄                                                                                                                                                  (2) 
 

the coefficients 𝑐! and 𝑐" represent the decay of the surface pressure correlation in the directions along the streamline 
and across the streamline respectively, and i is the imaginary unit. It is noted that the CPSD of two points in the 
homogeneous surface pressure field is only related to the displacement of the two points and independent of their 
locations as well. 
 

The Corcos model separates the dependence of the CPSD of the surface pressure in the directions along the 
streamline and across the streamline. As shown in the following sections, this feature simplifies the computation of 
the JAAF of the integrated pressure on rectangular patches, whose edges are defined in the direction along the 
streamline or across the streamline. 
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III. JAAF of Integrated Pressure on the Discrete Grid Nodes of a Rectangular Patch 

 
In this section, it is assumed the measurements of the surface pressure field are only available on the discrete grid 

nodes of a rectangular patch and the JAAF of the integrated pressure on the rectangular patch is discussed. The edges 
of the rectangular patch are defined in the direction along the streamline or across the streamline. We start from the 
JAAF of the integrated pressure on a simple 3 ´ 3 two-dimensional array of discrete grid nodes of a rectangular patch, 
and then extend the results to the general case of the JAAF of the integrated pressure on an 𝑚× 𝑛 two-dimensional 
array of discrete grid nodes of the rectangular patch. 

 
Consider the integrated pressure on a 3 ´ 3 two-dimensional array of discrete grid nodes of a rectangular patch. 

As shown in Fig. 1, the 3 nodes in each of the 3 rows are evenly spaced along the streamline, and 3 nodes in each of 
the 3 columns are evenly spaced across the streamline. The distances between two neighbor nodes in the directions 
along the streamline and across the streamline are denoted as 𝛿! and 𝛿" respectively. The arrow of the streamline 
shows the direction of the flow. 

 
The integrated pressure on the 3 ´ 3 two-dimensional array of discrete grid nodes of the rectangular patch is 

determined as the mean of the pressure measurements on the 3 ∙ 3 nodes. The PSD of the integrated pressure, denoted 
as 𝜙./0,9×9(𝑓), is computed as 
 

𝜙./0,9×9(𝑓) = 1 (3 ∙ 3)4⁄ ∙ ∑ Φ-./0,9×9*+*&*',                                                                                             (3) 
 
where Φ-./0,9×9 is the CPSD matrix of the pressure measurements on the 3 ´ 3 two-dimensional array of discrete 
grid nodes, as shown in the equation below, and  ∑ Φ-./0,9×9*+*&*',   is the sum of all elements of the CPSD matrix 
Φ-./0,9×9. 
 

Φ-./0,9×9 =

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡
𝜙33,33 𝜙33,34 𝜙33,39 | 𝜙33,43 𝜙33,44 𝜙33,49 | 𝜙33,93 𝜙33,94 𝜙33,99
𝜙34,33 𝜙34,34 𝜙34,39 | 𝜙34,43 𝜙34,44 𝜙34,49 | 𝜙34,93 𝜙34,94 𝜙34,99
𝜙39,33 𝜙39,34 𝜙39,39 | 𝜙39,43 𝜙39,44 𝜙39,49 | 𝜙39,93 𝜙39,94 𝜙39,99
− − − | − − − | − − −

𝜙43,33 𝜙43,34 𝜙43,39 | 𝜙43,43 𝜙43,44 𝜙43,49 | 𝜙43,93 𝜙43,94 𝜙43,99
𝜙44,33 𝜙44,34 𝜙44,39 | 𝜙44,43 𝜙44,44 𝜙44,49 | 𝜙44,93 𝜙44,94 𝜙44,99
𝜙49,33 𝜙49,34 𝜙49,39 | 𝜙49,43 𝜙49,44 𝜙49,49 | 𝜙49,93 𝜙49,94 𝜙49,99
− − − | − − − | − − −

𝜙93,33 𝜙93,34 𝜙93,39 | 𝜙93,43 𝜙93,44 𝜙93,49 | 𝜙93,93 𝜙93,94 𝜙93,99
𝜙94,33 𝜙94,34 𝜙94,39 | 𝜙94,43 𝜙94,44 𝜙94,49 | 𝜙94,93 𝜙94,94 𝜙94,99
𝜙99,33 𝜙99,34 𝜙99,39 | 𝜙99,43 𝜙99,44 𝜙99,49 | 𝜙99,93 𝜙99,94 𝜙99,99⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

           (4) 

 
The element of the CPSD Matrix, 𝜙1!2!,1"2", is the CPSD of the pressure measurements on the nodes  𝑖3𝑗3  and 𝑖4𝑗4, 
where the row indices 𝑖3, 𝑖4 = 1, 2, 3, and the column indices 𝑗3, 𝑗4 = 1, 2, 3. Since the components of the displacement 
between the two nodes 𝑖3𝑗3  and 𝑖4𝑗4 along the streamline and across the streamline are (𝑗4 − 𝑗3)𝛿! and (𝑖4 − 𝑖3)𝛿" 
respectively, it is derived from Eq. (1) that 
 

𝜙1!2!,1"2" = 𝜙(𝑓) ∙ 𝑒5)#6$|2"52!|:# ∙ 𝑒5)%6$|1"51!|:% ∙ 𝑒516$(2"52!):#                                                                (5) 
 
Therefore, the CPSD matrix  Φ-./0,9×9  in Eq. (4) can be rewritten in the following format  
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Φ-./0,9×9 = 𝜙(𝑓) ∙

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡
L
1 𝑧!3 𝑧!4

𝑧!̅3 1 𝑧!3

𝑧!̅4 𝑧!̅3 1
M ∙ 		1 L

1 𝑧!3 𝑧!4

𝑧!̅3 1 𝑧!3

𝑧!̅4 𝑧!̅3 1
M ∙ 𝑧"3 L

1 𝑧!3 𝑧!4

𝑧!̅3 1 𝑧!3

𝑧!̅4 𝑧!̅3 1
M ∙ 𝑧"4

L
1 𝑧!3 𝑧!4

𝑧̅!3 1 𝑧!3

𝑧!̅4 𝑧!̅3 1
M ∙ 𝑧"3 L

1 𝑧!3 𝑧!4

𝑧!̅3 1 𝑧!3

𝑧!̅4 𝑧!̅3 1
M ∙ 		1 L

1 𝑧!3 𝑧!4

𝑧!̅3 1 𝑧!3

𝑧!̅4 𝑧!̅3 1
M ∙ 𝑧"3

L
1 𝑧!3 𝑧!4

𝑧!̅3 1 𝑧!3

𝑧!̅4 𝑧!̅3 1
M ∙ 𝑧"4 L

1 𝑧!3 𝑧!4

𝑧!̅3 1 𝑧!3

𝑧!̅4 𝑧!̅3 1
M ∙ 𝑧"3 L

1 𝑧!3 𝑧!4

𝑧!̅3 1 𝑧!3

𝑧!̅4 𝑧!̅3 1
M ∙ 		1

⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

                                   (6) 

 
where 
 

𝑧! = 𝑒5)#6$:#516$:#                                                                                                                                       (7) 
 
𝑧" = 𝑒5)%6$:%                                                                                                                                                (8) 

 
𝑧!̅ is the conjugate of the complex number 𝑧!. 
 

The JAAF of the integrated pressure on the 3 ´ 3 two-dimensional array of discrete grid nodes of the rectangular 
patch, denoted as 𝐽9×9(𝑓), is defined as the ratio of the PSD of the integrated pressure on the 3 ∙ 3 nodes,  𝜙./0,9×9(𝑓), 
to the PSD of the pressure at a point, 𝜙(𝑓) 
 

𝐽9×9(𝑓) = 𝜙./0,9×9(𝑓) 𝜙(𝑓)⁄ 	                                                                                                                       (9)   
 
Since  
 

∑

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡
L
1 𝑧!3 𝑧!4

𝑧!̅3 1 𝑧!3

𝑧!̅4 𝑧!̅3 1
M ∙ 		1 L

1 𝑧!3 𝑧!4

𝑧!̅3 1 𝑧!3

𝑧!̅4 𝑧!̅3 1
M ∙ 𝑧"3 L

1 𝑧!3 𝑧!4

𝑧!̅3 1 𝑧!3

𝑧!̅4 𝑧!̅3 1
M ∙ 𝑧"4

L
1 𝑧!3 𝑧!4

𝑧̅!3 1 𝑧!3

𝑧!̅4 𝑧̅!3 1
M ∙ 𝑧"3 L

1 𝑧!3 𝑧!4

𝑧̅!3 1 𝑧!3

𝑧!̅4 𝑧!̅3 1
M ∙ 		1 L

1 𝑧!3 𝑧!4

𝑧!̅3 1 𝑧!3

𝑧!̅4 𝑧!̅3 1
M ∙ 𝑧"3

L
1 𝑧!3 𝑧!4

𝑧!̅3 1 𝑧!3

𝑧!̅4 𝑧!̅3 1
M ∙ 𝑧"4 L

1 𝑧!3 𝑧!4

𝑧!̅3 1 𝑧!3

𝑧!̅4 𝑧!̅3 1
M ∙ 𝑧"3 L

1 𝑧!3 𝑧!4

𝑧!̅3 1 𝑧!3

𝑧!̅4 𝑧!̅3 1
M ∙ 		1

⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

*+*&*',                                   

 

= ∑ L
1 𝑧!3 𝑧!4

𝑧̅!3 1 𝑧!3

𝑧!̅4 𝑧̅!3 1
M*+*&*', ∙ ∑ L

1 𝑧"3 𝑧"4

𝑧"3 1 𝑧"3

𝑧"4 𝑧"3 1
M*+*&*',                                                                                    (10) 

 
the JAAF of the integrated pressure on the 3 ´ 3 two-dimensional array of discrete grid nodes can be rewritten as 
 

𝐽9×9(𝑓) = 𝐽!,9(𝑓) ∙ 𝐽",9(𝑓)	                                                                                                                          (11) 
 
where 𝐽!,9(𝑓) and 𝐽",9(𝑓) are the JAAFs in the directions along the streamline and across the streamline respectively, 
and 
 

𝐽!,9(𝑓) = 1 34⁄ ∙ ∑ L
1 𝑧!3 𝑧!4

𝑧!̅3 1 𝑧!3

𝑧!̅4 𝑧!̅3 1
M*+*&*',                                                                                                     (12) 
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𝐽",9(𝑓) = 1 34⁄ ∙ ∑ L
1 𝑧"3 𝑧"4

𝑧"3 1 𝑧"3

𝑧"4 𝑧"3 1
M*+*&*',                                                                                                     (13) 

 
Eq. (11) shows the JAAF of the integrated pressure on the rectangular patch is equal to the product of the JAAFs 

in the directions along the streamline and across the streamline, which is based on the Corcos model that separates the 
dependence of the CPSD of the surface pressure in the directions along the streamline and across the streamline. 
 

Eq. (13)	can be simplified as 
 

𝐽",9(𝑓) =
3
9"
∙ ∑ L

1 𝑧"3 𝑧"4

𝑧"3 1 𝑧"3

𝑧"4 𝑧"3 1
M*+*&*',  = 3

9"
∙ N2 ∙ ∑ L

1 𝑧"3 𝑧"4

0 1 𝑧"3

0 0 1
M*+*&*', − 3P   

 
= 3

9"
∙ Q2 ∙ R

35=%&

35=%
+ 35=%"

35=%
+ 35=%!

35=%
T − 3U = 3

9"
∙ Q2 ∙ R 9

35=%
− 𝑧" ∙

35=%&

>35=%?
"T − 3U  

 
= 2 ∙ R 3

9∙(35=%)
− 𝑧" ∙

35=%&

9"∙(35=%)"
T − 3

9
                                                                                                              (14) 

 
Since the sum of a complex number 𝑧	and its conjugate 𝑧̅ is equal to the sum of 𝑅𝑒(𝑧)	and 𝑅𝑒(𝑧̅), where 𝑅𝑒(𝑧) is the 
real part of 𝑧, Eq. (12) can be simplified as following 
 

𝐽!,9(𝑓) =
3
9"
∙ ∑ L

1 𝑧!3 𝑧!4

𝑧!̅3 1 𝑧!3

𝑧!̅4 𝑧!̅3 1
M*+*&*',  = 3

9"
∙ 𝑅𝑒 N∑ L

1 𝑧!3 𝑧!4

𝑧!3 1 𝑧!3

𝑧!4 𝑧!3 1
M*+*&*', P  

 

= 3
9"
∙ 𝑅𝑒 V2 ∙ ∑ W

1 𝑧!3 𝑧!4

0 1 𝑧!3
0 0 1

X*+*&*', − 3Y  

 
= 3

9"
∙ 𝑅𝑒 Z2 ∙ [35=#

&

35=#
+ 35=#"

35=#
+ 35=#!

35=#
\ − 3] = 3

9"
∙ 𝑅𝑒 Z2 ∙ [ 9

35=#
− 𝑧! ∙

35=#&

(35=#)"
\ − 3]  

 
= 2 ∙ 𝑅𝑒 [ 3

9∙(35=#)
− 𝑧! ∙

35=#&

9"∙(35=#)"
\ − 3

9
                                                                                                                (15) 

 
Eqs. (7), (8), (11), (14) and (15) provide the closed-form formulas to compute the JAAF of the integrated pressure on 
the 3 ´ 3 two-dimensional array of discrete grid nodes of a rectangular patch. 
 

The closed-form formulas of the JAAF of the integrated pressure on the 3 ´ 3 two-dimensional array of discrete 
grid nodes of a rectangular patch, as shown in Fig. 1, can be extended to the general case of the JAAF of the integrated 
pressure on an m ´ n two-dimensional array of discrete grid nodes of a rectangular patch. As shown in Fig. 2, the n 
nodes in each of the m rows are evenly spaced along the streamline, and m nodes in each of the n columns are evenly 
spaced across the streamline. The distances between two neighbor nodes in the directions along the streamline and 
across the streamline are also denoted as 𝛿! and 𝛿" respectively.  
 

The integrated pressure on the m ´ n two-dimensional array of discrete grid nodes of the rectangular patch is 
determined as the mean of the pressure measurements on the  𝑚 ∙ 𝑛  nodes. The PSD of the integrated pressure, denoted 
as 𝜙./0,&×'(𝑓), is computed as 
 

𝜙./0,&×'(𝑓) = 1 (𝑚 ∙ 𝑛)4⁄ ∙ ∑ Φ-./0,&×'*+*&*',                                                                                              (16) 
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where Φ-./0,&×'  is the CPSD matrix of the pressure measurements on the m ´ n two-dimensional array of discrete 
grid nodes, and 

 

Φ-./0,&×' = W
𝜙33,33 … 𝜙33,&'
… … …

𝜙&',33 … 𝜙&',&'
X                                                                                                                (17) 

 
The element of the CPSD matrix, 𝜙1!2!,1"2", is the CPSD of the pressure measurements on the nodes  𝑖3𝑗3  and 𝑖4𝑗4, 
where the row indices 𝑖3, 𝑖4 = 1,… ,𝑚, and the column indices 𝑗3, 𝑗4 = 1,… , 𝑛. Eq. (5) is also true for the m ´ n two-
dimensional array of discrete grid nodes. 

 
The JAAF of the integrated pressure on the m ´ n two-dimensional array of discrete grid nodes of the rectangular 

patch, denoted as 𝐽&×'(𝑓), is defined as the ratio of the PSD of integrated pressure on the 𝑚 ∙ 𝑛 nodes,  𝜙./0,&×'(𝑓), 
to the PSD of the pressure at a point, 𝜙(𝑓)   
 

𝐽&×'(𝑓) = 𝜙./0,&×'(𝑓) 𝜙(𝑓)⁄ 	                                                                                                                     (18)   
 

Similar to Eq. (11), we have 
	

𝐽&×'(𝑓) = 𝐽!,'(𝑓) ∙ 𝐽",&(𝑓)                                                                                                                           (19) 
 
where 𝐽!,'(𝑓) and 𝐽",&(𝑓) are JAAFs in the directions along the streamline and across the streamline respectively, 
and 
 

𝐽!,'(𝑓) =
3
'"
∙ ∑

⎣
⎢
⎢
⎢
⎡ 1 𝑧!3 … 𝑧!'54 𝑧!'53

𝑧!̅3 1 … 𝑧!'59 𝑧!'54
… … … … …
𝑧!̅'54 𝑧!̅'59 … 1 𝑧!3

𝑧!̅'53 𝑧!̅'54 … 𝑧!̅3 1 ⎦
⎥
⎥
⎥
⎤

*+*&*', = 2 ∙ 𝑅𝑒 [ 3
'∙(35=#)

− 𝑧! ∙
35=#'

'"∙(35=#)"
\ − 3

'
                 (20)                                                                                               

 

𝐽",&(𝑓) =
3
&" ∙ ∑

⎣
⎢
⎢
⎢
⎢
⎡ 1 𝑧"3 … 𝑧"&54 𝑧"&53

𝑧"3 1 … 𝑧"&59 𝑧"&54
… … … … …

𝑧"&54 𝑧"&59 … 1 𝑧"3

𝑧"&53 𝑧"&54 … 𝑧"3 1 ⎦
⎥
⎥
⎥
⎥
⎤

*+*&*',  = 2 ∙ R 3
&∙(35=%)

− 𝑧" ∙
35=%(

&"∙(35=%)"
T − 3

&
              (21)                                                                                                  

 
Eqs. (7), (8), (19), (20) and (21) provide the closed-form formulas to compute the JAAF of the integrated pressure on 
the m ´ n two-dimensional array of discrete grid nodes of a rectangular patch. 
 

 
IV. JAAF of Integrated Pressure over the Continuous Area of a Rectangular Patch 

 
In this section, we assume the measurements of the surface pressure field are available over the continuous area 

of a rectangular patch and discuss the JAAF of the integrated pressure on the rectangular patch. As shown in Fig. 3, 
the edges of the rectangle patch are in the directions along the streamline and across the streamline, and the length and 
width are labelled as L and W respectively. 

 
The integrated pressure over the continuous area of the rectangular patch is determined as the surface integral of 

the pressure measurements over the rectangular patch, divided by the area of the rectangular patch. The PSD of the 
integrated pressure, denoted as 𝜙./0,#×%(𝑓), is computed as  
 

𝜙./0,#×%(𝑓) =
3

(#∙%)"
∙ ∫ ∫ ∫ ∫ 𝜙-./0(𝑥4 − 𝑥3, 𝑦4 − 𝑦3; 𝑓)𝑑𝑥3𝑑𝑦3𝑑𝑥4𝑑𝑦4

A#/4
5#/4

A%/4
5%/4

A#/4
5#/4

A%/4
5%/4                   (22) 
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The JAAF of the integrated pressure on the rectangular patch, denoted as 𝐽#×%(𝑓), is defined as the ratio of the PSD 
of integrated pressure on the rectangular patch, 𝜙./0,#×%(𝑓), to the PSD of the pressure at a point of the patch, 𝜙(𝑓)  
 

𝐽#×%(𝑓) = 𝜙./0,#×%(𝑓) 𝜙(𝑓)⁄ 	                                                                                                                  (23)   
 
Combining Eqs. (1) and (23) leads to 

 
𝐽#×%(𝑓) = 1 (𝐿 ∙ 𝑊)4⁄ ∙ ∫ ∫ ∫ ∫ 𝑒5)#6$|!"5!!| ∙ 𝑒5)%6$|""5"!| ∙ 𝑒516$(!"5!!)𝑑𝑥3𝑑𝑦3𝑑𝑥4𝑑𝑦4

A#/4
5#/4

A%/4
5%/4

A#/4
5#/4

A%/4
5%/4         (24) 

 
Similar to Eqs. (11) and (19), we have  
 

𝐽#×%(𝑓) = 𝐽!,#(𝑓) ∙ 𝐽",%(𝑓)                                                                                                                         (25) 
 
where 𝐽!,#(𝑓) and 𝐽",%(𝑓) are JAAFs in the directions along the streamline and across the streamline respectively, and  
 

𝐽!,#(𝑓) = 1 𝐿4⁄ ∙ ∫ ∫ 𝑒5)#6$|!"5!!| ∙ 𝑒516$(!"5!!)𝑑𝑥3𝑑𝑥4
A#/4
5#/4

A#/4
5#/4                                                                 (26) 

 
𝐽",%(𝑓) = 1 𝑊4⁄ ∙ ∫ ∫ 𝑒5)%6$|""5"!|𝑑𝑦3𝑑𝑦4

A%/4
5%/4

A%/4
5%/4                                                                                 (27) 

 
By definition, 𝐽#×%(𝑓) is computed with the multiple integral of 4 variables, as shown in Eq. (24). Eq. (25) shows 

that 𝐽#×%(𝑓) is equal to the product of 𝐽!,#(𝑓) and 𝐽",%(𝑓), each of which is computed with a double integral of 2 
variables, as shown in Eqs. (26) and (27). The simplification in the computation of 𝐽#×%(𝑓) is based on the separation 
of variables in the directions along the streamline and across the streamline, which again is based on the separation of 
dependence of the CPSD of the surface pressure in the Corcos model. 
 

Eqs. (26) and (27) can be simplified as following  
 
𝐽!,#(𝑓) = 1 𝐿4⁄ ∙ ∫ ∫ 𝑒5)#6$|!"5!!| ∙ 𝑒516$(!"5!!)𝑑𝑥3𝑑𝑥4

A#/4
5#/4

A#/4
5#/4   

 
= 1 𝐿4⁄ ∙ ∫ 𝑑𝑥3 ∫ 𝑒5)#6$(!!5!") ∙ 𝑒516$(!"5!!)	𝑑𝑥4

!!
5#/4

A#/4
5#/4 + 1 𝐿4⁄ ∙ ∫ 𝑑𝑥3 ∫ 𝑒5)#6$(!"5!!) ∙ 𝑒516$(!"5!!)	𝑑𝑥4

A#/4
!!

A#/4
5#/4   

 
= 1 𝐿4⁄ ∙ ∫ 𝑒5)#6$!!A16$!!𝑑𝑥3 ∫ 𝑒)#6$!"516$!"𝑑𝑥4

!!
5#/4

A#/4
5#/4 + 1 𝐿4⁄ ∙ ∫ 𝑒)#6$!!A16$!!𝑑𝑥3 ∫ 𝑒5)#6$!"516$!"𝑑𝑥4

A#/4
!!

A#/4
5#/4   

 
= 4)#

()#"A3)∙6$#
− 4>)#"53?C35*)$#*$+ DEF(6$#)GAH)#*)$#*$+ FIJ(6$#)

()#"A3)"∙(6$#)"
                                                                                        (28) 

 
 
𝐽",%(𝑓) = 1 𝑊4⁄ ∙ ∫ ∫ 𝑒5)%6$|""5"!|𝑑𝑦3𝑑𝑦4

A%/4
5%/4

A%/4
5%/4   

 
= 1 𝑊4⁄ ∙ ∫ 𝑑𝑦3 ∫ 𝑒5)%6$("!5"")𝑑𝑦4

"!
5%/4

A%/4
5%/4 + 1 𝑊4⁄ ∙ ∫ 𝑑𝑦3 ∫ 𝑒5)%6$(""5"!)𝑑𝑦4

A%/4
"!

A%/4
5%/4   

 
= 1 𝑊4⁄ ∙ ∫ 𝑒5)%6$"!𝑑𝑦3 ∫ 𝑒)%6$""𝑑𝑦4

"!
5%/4

A%/4
5%/4 + 1 𝑊4⁄ ∙ ∫ 𝑒)%6$"!𝑑𝑦3 ∫ 𝑒5)%6$""𝑑𝑦4

A%/4
"!

A%/4
5%/4   

 

= 4
)%∙6$%

− 4(35*)$%*$,)
)%"∙(6$%)"

                                                                                                                                              (29) 

 
Eqs. (25), (28) and (29) provide the closed-form formulas of the JAAF of the integrated pressure on the continuous 
area of a rectangular patch. 
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Next, we will show that Eqs. (28) and (29) can also be derived as the limit cases of Eqs. (20) and (21) when the 
number of discrete grid nodes in each row and column of the two-dimensional array goes to infinity. As shown in   
Fig. 4, it is assumed the rectangular patch with length L and width W is covered with an m ´ n two-dimensional array 
of discrete grid nodes. Therefore, the distances between two neighbor nodes in the directions along the streamline and 
across the streamline, denoted as 𝛿! and 𝛿" respectively, are determined as 

 
 𝛿! = 𝐿 𝑛⁄                                                                                                                                                      (30) 

 
𝛿" = 𝑊 𝑚⁄                                                                                                                                                    (31) 

 
When the integers n and m go to infinity, 𝛿! and 𝛿" will go to zero. Based on the definitions of 𝑧! and 𝑧" given in 
Eqs. (7) and (8), we have 
 

lim
'→L

𝑧! = lim
:#→M

𝑒5()#A1)6$:# 	= 1                                                                                                                  (32) 

 
lim
&→L

𝑧" = lim
:%→M

𝑒5)%6$:% 	= 1                                                                                                                      (33) 

 
lim
'→L

𝑧!' = lim
'→L

𝑒5()#A1)6$∙
+
'∙' 	= 𝑒5()#A1)6$#                                                                                                 (34) 

 
lim
&→L

𝑧"& = lim
&→L

𝑒5)%6$∙
,
(∙& 	= 𝑒5)%6$%                                                                                                      (35) 

 
lim
'→L

𝑛(1 − 𝑧!) = lim
'→L

𝑛[1 − 𝑒5()#A1)6$∙
+
'] 	= (𝑐! + 𝑖)𝑘)𝐿                                                                         (36) 

 
lim
&→L

𝑚(1 − 𝑧") = lim
&→L

𝑚(1 − 𝑒5)%6$∙
,
() 	= 𝑐"𝑘)𝑊                                                                                 (37) 

 
 𝐽!,#(𝑓) and 𝐽",%(𝑓) can be determined as the limits of 𝐽!,'(𝑓) and 𝐽",&(𝑓) given in Eqs. (20) and (21), when the 
integers n and m go to infinity respectively, 
 

𝐽!,#(𝑓) = lim
'→L

𝐽!,'(𝑓) = lim
'→L

Z2 ∙ 𝑅𝑒 [ 3
'∙(35=#)

− 𝑧! ∙
35=#'

'"∙(35=#)"
\ − 3

'
]	  

 
= 2 ∙ 𝑅𝑒 [ 3

()#A1)∙6$#
− 35*)($#./)*$+

()#A1)"∙(6$#)"
\  

 
= 4)#

()#"A3)∙6$#
− 4>)#"53?C35*)$#*$+ DEF(6$#)GAH)#*)$#*$+ FIJ(6$#)

()#"A3)"∙(6$#)"
                                                                          (38) 

 
 

𝐽",%(𝑓) = lim
&→L

𝐽",&(𝑓) = lim
&→L

Q2 ∙ R 3
&∙>35=%?

− 𝑧" ∙
35=%(

&"∙>35=%?
"T −

3
&
U	  

 

= 4
)%∙6$%

− 4(35*)$%*$,)
)%"∙(6$%)"

                                                                                                                               (39) 

 
As expected, Eqs. (38) and (39) are consistent with Eqs. (28) and (29) respectively. Therefore, it is shown that 

the JAAF of the integrated pressure on the continuous area of a rectangular patch is the limit of the JAAF of the 
integrated pressure on the discrete grid nodes of the rectangular patch when the number of nodes in each row and 
column go to infinity. 
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V. Verification of the JAAF with the SLS AUAT Data 

 
In this section, the closed-form formulas of the JAAF of the integrated pressure on rectangular patches derived in 

the previous sections, with estimated parameters of the Corcos model, are verified with the measurements of the uPSP 
and the conventional pressure transducer of the SLS AUAT. Fig. 5 shows the SLS Block 1B crew scale model, with 
the uPSP applied to the model surface, in the 11-by-11-foot transonic test section of the Unitary Plan Wind Tunnel 
(UPWT) at NASA Ames Research Center from a test conducted in November 2017. The uPSP measurements were 
collected with four Phantom v2512 high-speed cameras at 10,000 frames per second and processed with the uPSP 
data processing software (Ref. [21-23]). 

 
Three rectangular patches, labeled as Patches #1, #2 and #3 respectively, are defined on the Universal Stage 

Adapter (USA) component of the scale model. As shown in Fig. 6, Patches #1, #2, and #3 are illustrated as rectangles 
in green, blue, and red respectively, whose edges are in the direction along the streamline or across the streamline. 
The patches are covered with evenly spaced two-dimensional grid nodes. The distances between the two neighbor 
nodes, 𝛿! and 𝛿", are both approximately 0.1 inch. There are 150 grid nodes in Patch #1 and 300 grid nodes in Patches 
#2 and #3. The black dot in Fig. 6 indicates a conventional pressure transducer, a Kulite labeled as KA907. Note that 
the three rectangular patches are defined intentionally not to cover the Kulite, since there are no valid uPSP 
measurements available in the region of the Kulite (Ref. [10]). 

 
Fig. 7 shows the JAAF of the integrated pressure on the three rectangular patches of a SLS AUAT configuration, 

computed with the closed-form formulas. In the SLS AUAT configuration, the freestream Mach number is 0.95 and 
the angle of attack and the angle of sideslip, denoted as 𝛼 and 𝛽 respectively, are both 0.0 degree. The following 
parameters of the Corcos model are estimated with the measurements of uPSP and conventional pressure transducers 
in the defined patch area: the convection velocity  𝑈) = 5,316 inch/second, and the coefficients 𝑐! = 0.1,  𝑐" = 0.7. 
Compared to Patch #1, Patches #2 and #3 extend in the directions along the streamline and across the streamline 
respectively. The corresponding decorrelation of the flow pressure field, both streamwise and spanwise, can be 
observed in the variations of the JAAFs of the integrated pressure on Patches #2 and #3 (in blue and red respectively) 
from the JAAF of the integrated pressure on Patch #1 (in green), as shown in Fig. 7. 

 
Fig. 8 shows the PSD of the integrated pressure of the uPSP measurements and the estimated PSD of the integrated 

pressure on Patches #1, #2 and #3, in the subplots (a), (b) and (c) respectively, of the same SLS AUAT configuration 
as that of Fig. 7. The PSDs of the integrated pressure of the uPSP measurements on Patches #1, #2 and #3 are illustrated 
as thin lines in light green, light blue and magenta respectively. As a reference, the PSD of the measurement of Kulite 
KA907 is also illustrated as the thick line in black. Please note the estimated levels of the shot noise are removed from 
the PSD of the integrated pressure of the uPSP measurements on the patches, and a constant is applied to the PSD of 
the Kulite measurement to compensate the difference in the scale factors of the uPSP and Kuite. The estimated PSDs 
of the integrated pressure on Patches #1, #2, and #3, which are illustrated as thick lines in green, blue, and red 
respectively, are determined as the product of the compensated PSD of the Kulite measurement and the computed 
JAAF of the integrated pressure on the corresponding patch. It is observed the estimated PSD of the integrated pressure 
on the rectangular patch is consistent with the PSD of the integrated pressure of the uPSP measurements on the 
corresponding patch, which verifies the closed-form formulas of the JAAF of the integrated pressure on rectangular 
patches. 

 
 

VI. Conclusions 
 

This paper discusses the JAAF of the integrated pressure with uPSP measurements. The JAAF, a function of 
frequency, is defined as the ratio of the PSD of the integrated aerodynamic pressure on the patch to the average PSD 
of the aerodynamic pressure on the grid nodes of the patch. The JAAF is investigated for the integrated pressure on 
rectangular patches, whose edges are defined in the direction along the streamline or across the streamline. Based on 
the assumption that the surface pressure field can be described by the Corcos model, the closed-form formulas to 
compute the JAAF of the integrated pressure on the discrete grid nodes of a rectangular patch and over the continuous 
area of a rectangular patch are derived respectively. It is shown that the JAAF of the integrated pressure over the 
continuous area of a rectangular patch is the limit of that on discrete nodes of the rectangular patch when the number 
of nodes in each row or column goes to infinity. In the paper, the closed-form formulas of the JAAF of the integrated 
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pressure on rectangular patches, with estimated parameters of the Corcos model, are verified with the measurements 
of the uPSP and the conventional pressure transducer collected in the SLS AUAT at NASA Ames Research Center in 
November 2017.  

 
The closed-form formulas of the JAAF of the integrated pressure on rectangular patches, which are based on the 

Corcos model, provide an efficient method to estimate the attenuation of integration by the decorrelation of the flow 
pressure field.  The methodology of this paper can be extended to derive the closed-form formulas of the JAAF of the 
CPSD of integrated pressures on two non-overlapped or overlapped rectangular patches. The results set references for 
the comparison of the spectrum of the integrated uPSP measurements and the conventional pressure transducer 
measurements.  
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Fig. 1  A 3 ´ 3 two-dimensional array of discrete grid nodes of a rectangular patch 
 
 
 
 
 
 
 
 
 

 
 

Fig. 2  An m ´ n two-dimensional array of discrete grid nodes of a rectangular patch 
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Fig. 3  A rectangular patch with length L and width W 
 
 
 
 
 

 
 

Fig. 4  A rectangular patch with length L and width W, covered with  
an m ´ n two-dimensional array of discrete grid nodes 
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Fig. 5  SLS Block 1B scale model with uPSP in the 11-by-11-foot transonic test section  
of the UPWT at NASA Ames Research Center during the AUAT 
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Fig. 6  Rectangular patches #1, #2 and #3 on the USA component of the model,  

illustrated as rectangles in green, blue and red respectively. The black dot  
indicates a conventional pressure transducer, a Kulite labeled as KA907. 

 
 
 
 

 
 

Fig. 7  JAAF of integrated pressure on Patches #1, #2 and #3 of the SLS AUAT configuration 
with Mach number 0.95, angle of attack 0.0 degree and angle of sideslip 0.0 degree 
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(b) 
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Fig. 8  PSD of integrated pressure of uPSP measurements and estimated PSD of integrated pressure 
on Patches #1, #2 and #3, shown in the subplots (a), (b) and (c) respectively, of the SLS AUAT 

configuration with Mach number 0.95, angle of attack 0.0 degree and angle of sideslip 0.0 degree 
 


