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The current aviation revolution towards electric propulsion aircraft (e.g., electric verti-
cal takeoff-and-landing) brings unique control challenges. These vehicles are typically over-
actuated (more effectors than desired control outcomes), may require control strategies for
the three phases of flight (hover, transition and cruise), and currently have limited electric
power availability. These vehicle challenges bring the need for optimal control allocation to the
forefront of research. A leading control allocation algorithm, used in current flight vehicles, is
the Cascading Generalized Inverse (CGI). Unfortunately, the Cascading Generalized Inverse
algorithm is unable to achieve some desired outcomes, it intermittently provides non-optimal
allocations, and it may fail to preserve moment direction near maximal achievable outcomes. In
this research, the shortcomings of the Cascading Generalized Inverse algorithm are addressed
by augmenting the algorithm with Scalar Difference Quadratic unsaturation identification
and location at each iteration. Rigorous theory is shown that the Modified Cascading Gen-
eralized Inverse performs better at obtaining optimal allocations for all attainable outcomes.
Numerical case studies for over-actuated vehicles demonstrate resolution to the aforementioned

deficiencies.

I. Introduction

HE introduction of electric and hybrid-electric propulsion has brought on a genuine revolution to the entire
Taviation industry. Small electric propulsion vehicles (e.g., quadrotors, octorotors) are common place in the hobby
community and university research, and are making their way into commercial activities (e.g., delivery services). Larger
vehicles (e.g., four to six passengers) are foundational to the business case for advanced air mobility (AAM) and urban
air mobility (UAM) segments of the industry. A wide array of commercial providers are racing towards certification to
gain market share for the UAM market. Still larger vehicles are in the design build process (Airbus, Boeing, Embraer).
Major transport aircraft manufacturers are designing and building short to long haul aircraft using batteries, hybrid
(turbine electric), and even sustainable fuel-electric propulsion (e.g., hydrogen generation, and CO; capture to generate

sustainable jet fuel). What is common to this wide range of electrified vehicles is a need to blend control of classical

*NASA Senior Researcher, Dynamic Systems and Control Branch, NASA Langley Research Center, Michael.J.Acheson@nasa.gov, AIAA
member

TNASA Senior Technologist for Advanced Control Theory and Application, Dynamics Systems and Control Branch, NASA Langley Research
Center, Irene.M.Gregory @nasa.gov, AIAA Fellow



aerodynamic effectors (e.g., rudder, ailerons) with electrical propulsion/control effectors (e.g., lifting rotors, pusher
propeller, ducted fans). These effectors must be blended throughout all flight phases (hover or takeoft/landing, transition,
and cruise). Moreover, whether due to electrical power limitations or due to a desire to substantially improve efficiency,
optimal allocations of the aerodynamic and propulsor effectors is sought. These factors bring the need for research of
control allocation to the forefront.

The rationale for use of control allocation is multi-faceted including: enlarging the set of available control outcomes,
increasing aircraft performance [1]], achieving control objectives while simultaneously optimizing secondary objectives
[2] (e.g., minimal drag or minimal control), incorporating frequency apportioned control allocation [3| 4], incorporating
structural load feedback [3, 5], and enhancing safety for control effector failures.

This research focuses on linear generalized inverse algorithms where initial work used a single generalized inverse
providing optimal (minimal weighted quadratic norm) and feasible (i.e., attainable control) allocations over a strict
subset of the attainable moments (also known as the desired outcomes in literature). Early work [6] and recent research
[7, 18] detail metrics which quantify the moment subset for which a single generalized inverse yields feasible solutions.
This prompted efforts to computationally determine the generalized inverse which maximizes the attainable subset
[6) 18]]. Other early algorithms used multiple generalized inverses to enlarge the attainable moments strict subset.
Daisy-chaining [9] ganged controls together in two groups and used the second group only if the first group saturated.
Redistributed generalized inverse algorithms utilize a sequence of generalized inverse iterations to enlarge the set of
attainable moments. The Cascading Generalized Inverse (CGI) [[10] is a preeminent iterative algorithm which uses a
monotonic decreasing set of unsaturated control effectors to produce a cascade of generalized inverses. Limiting the
CGI algorithm to one saturated effector per iteration ensures continuity of allocations which is essential for real-world
physical systems [[L1]. The CGI algorithm fails to attain all desired outcomes, and does not always obtain the optimal
(weighted quadratic norm) control allocation [3,[10]. In [12]], saturating one effector per iteration yields the exact desired
moment for those iterations where the number of unsaturated effectors is greater than or equal to the number of desired
moments. For nearly maximal attainable moments, the CGI algorithm has fewer unsaturated effectors than moment
components and cannot preserve moment direction for the desired moment [3]].

A variety of algorithms augment the generalized inverse solution, which yields the exact desired moment, with a
null space vector to achieve feasible allocations in the allowable control set (ACS). An early minimal control algorithm
[13]] searched all null space boundary objects (e.g., vertices, lines faces) for the one nearest the unconstrained pseudo
inverse solution, but the large number of objects and numerical issues made implementation impractical. Recently,
the Pseudo Inverse along the Null Space (PAN) algorithm [14,|15] augments the unconstrained minimal allocation by
analytically iterating (until a feasible solution is found) for saturated effectors that minimize the magnitude of the null
space component. This method was extended to the generalized weighted inverse and to allow for one-sided position

limits [[L6]. A drawback is that PAN is unable to find optimal allocation for an infeasible solution case [[16]. Moreover,



[14H16] state that PAN obtains optimal allocations by iterating null space objects until a feasible allocation is found, but
this research shows multiple null space objects might yield feasible allocations and therefore feasibility does not imply
optimal allocation.

Closely related to CGI are the Prediction Method (PM) [[L7], the Affine Generalized Inverse (AGI) [18]], and the
Sequential Null Space Generalized Inverse (SNSGI) algorithms [[19]. The PM uses a single weighted unconstrained
generalized inverse augmented with a sequence of null space components analytically generated from a partition of
the null space basis matrix for saturated effectors [17]] similar to PAN. However, unlike PAN the PM solves for each
piecewise linear and continuous allocation segment for all moments along the moment direction until the desired
moment is obtained or the maximal boundary moment is achieved. The PM algorithm inherently generates the null
space objects using a monotonically increasing set of saturated effectors and it achieves optimal allocation if the null
space object is nearest the unconstrained generalized inverse component [[17]. The AGI algorithm uses a sequence
of generalized inverses formed from unsaturated effectors (equivalent to those in CGI) and a sequence of null space
components generated from the monotonically increasing sequence of saturated effectors to solve for the piecewise linear
and continuous allocations for all moments along the desired moment direction. The AGI was shown to yield equivalent
solutions to the PM for identical sequences of effector sets for iterations when the number of unsaturated effectors is at
least the number of moment components [18]. Similarly, the PM was proven to yield identical allocations to CGI for the
same equivalent sets and limits on number of saturated effectors [20]]. Therefore by transitivity, PM, AGI and CGI
solutions yield equivalent allocations. Effector unsaturation or allowing a previously saturated effector to unsaturate in
the current iteration, was identified as the cause of the PM’s inability to obtain weighted optimal allocation solutions for
some attainable moments [19]]. The SNSGI algorithm incorporates the Scalar Difference Quadratic (SDQ) into the PM
enabling effector unsaturation which aids SNSGI to achieve optimal allocations for all attainable moments [[19} 20].

The focus of this research proposes the Modified Cascading Generalized Inverse (MCGI) which incorporates SDQ
into the CGI algorithm to achieve optimal allocation solutions for all attainable moments. In this work, the use of affine
generalized inverse subsets provides graphical insight into the three known issues of CGI and how MCGI resolves them.
Moreover, the Appendix of this paper rigorously proves that MCGI achieves optimal allocations for all moments along

the moment direction, up to and including the desired moment or maximal boundary moment.

I1. Background
For systems with redundant controls (i.e., more effectors than outcomes), control allocation seeks the optimal control
u to the under-determined system Bii = 4. for a given control effectiveness matrix B € R™™ and desired outcome

Mges (€.g., accelerations, forces or moments) subject to position (i}, and i, ,) and rate limitations (7, and 7).



The position limits define the Allowable Control Set (ACS or ) and thus the Attainable Moment Set (AMS or ®):

Q= {ii € R" |iipyr, < il < lypr,, Yi €{1,...,m}} (1)

®={meR"|Bii =m,u € Q} 2)
The optimal (minimal weighted quadratic norm) allocation problem for a given 7 4 is:

Uopr = argmin {L'ZT Wyiil | Mges = Bil, Ui € Q} 3)
i

for a positive (semi) definite weighting matrix Wy; > 0 (Wy; > 0). Use of W,; = I is the minimal control problem and

the solutions to Eq. for Wy; > 0 and the minimal control problem are:

-1
Py =W, B" (BW;!B") @)

Poin = BT (BBT)A (5)

Given a linearized control effectiveness matrix B € R, then from linear algebra R™ can be divided into
two orthogonal subspaces such that R = R + R+ where Rl is the subspace spanned by the columns of the
Moore-Penrose generalized inverse P, and R = N (B). The allocation il = P, 405 € R™I is the smallest that
yields #iges, but il ¢ Q, Viiges € ®. As the subspaces are orthogonal, we have ||L70p,||§ = ||L7”H§ + ||17*||§ and therefore
to minimize ii,, such that Bii,p; = Mges, it is necessary and sufficient to minimize & such that i, ,, = (ii I it) € Q.

For iterative generalized inverse algorithms, we define the i/ iteration set notation of unsaturated effector indices

S li, saturated effector indices Sé and the saturated effector position limit vector Elz as:

St={jeL2,....mliiner () <iiopr () < lupr ()} (6)

Sh={jeL2....mliop (j) € {iitwr (j) s ihupr (j)}} (7)
. T .

§‘z=[...,ﬁ,,,,,(j),...] Vj €S, (8)

where S‘i v S; ={1,2,...,m} and S’i N Sé = (). These sets reorder B and the null space of B or B = N (B) as:

T
|8
} BT = ©)
B,

As the goal is to incorporate effector unsaturation into CGI, an overview of the PM and SDQ is warranted [17} [19],



[20]. Given a desired moment 714, and effector position limits, the PM starts at the origin (0 € ®), proceeds along the
moment direction M ges = Myes/||Maes ||, iteratively saturating one effector at a time resulting in piece-wise linear and
continuous allocation segments until 774 or the maximal moment along 74,5 on the AMS boundary (i.e., § (®@)) is

obtained. The unit vector gain a; at the corner of the first piecewise linear and continuous segment is:

ﬁupr(j)/ﬁdes (]) B ﬁdes(j) >0
a) = argmin{k;|j € {1,2,...,m}} where k; = (10)
g iiper () /fides () flaes(j) <0

where dges = Pminfdes/||Pminfdes| (1T)
Generalized inverse allocations are optimal if in the ACS, so the first segment’s optimal allocation is:
iy = aillges = Ppinmaq € Q, fora € [0,aq] (12)

The effector index j, which minimized Eq. (10), determines the effector sets S} = {j}, S} ={1,2,...,m} \ {j} and

-1 ﬁupr (])v ﬁdes (]) >0
5, = (13)

’/_ilwr(j)’ ﬁdes(j) <0

The baseline Prediction Method iterates for 1 < i < (m — n). Fori > 1 we define the null space vectors (dropping the i

superscript for B»):

i _ppT (poaT)
&= BB (B.BY) 3 e N (B) (14)

21§§) i e N (B) (15)

2,
[
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S
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=

where the vector 12’2 consists of only the components of fiz.s = Ppinfiges corresponding with the saturated effector

indices in S;. The control unit vector gain a;,1, which saturates the next effector at the subsequent segment corner is:
ﬁu r(])_zl<]) A . N

(-ﬁdim_@?(j) ) (faes (/) = €,(7) > 0

e DD\ (2 o i
(Gestrer) (Haes(h) = () <0

ai1 = argmin{k;| j € S’} where k; = (16)
k

The resulting Prediction Method allocation solution [17] for any point on the i* h linear segment for a € [a;, ag+1] is:

g =1, +id), = (¢, —al) +aiiges € Q (17)



The PM was modified in [19] incorporating effector unsaturation defined as allowing an effector saturated in a previous
iteration to unsaturate in the current one. Since i, in Eq. is necessary and sufficient for 171, identifying effector
unsaturation in the i’" iteration requires determining if a strict subset Sy C Sé yields a smaller i, , with the allocation
feasible for some a € [a;,a;;1]. For a given saturated indices set, the magnitude of the null space component is

a) = ||¢o + €15, so we compare null space components for S5 and S¢ with the Scalar Difference Quadratic (SDQ):
2 p P p 2 2

F (a) = ||EQ+ El”i —|Ico + ¢1 ||% =cqa’+cpa+ce € R (18)
ca = (ﬁ; (B282) - it (Ba7) uz) (19)
cp=-2 (§{ (é;gg)-l iy - 57 (ézgg)-l ,22) (20)
co =5 (B:BY) 5~ (BaB]) 1)

where the underbar denotes a strict subset where one or more effectors is removed from the set S ’2 For the removal of one
effector, the zero a, of the SDQ coincides with the quadratic maximum where 0F (a) /0a =0 = a; = —cp/2c¢q.-
In [19]], the PM algorithm incorporating effector unsaturation was denoted the Sequential Null Space Generalized
Inverse (SNSGI) algorithm. In this algorithm, for each iteration where less than or equal to (m — n) effectors were
saturated, all combinations of strict subsets S (with one effector removed from Sé) evaluated the SDQ. Effector
unsaturation was identified and located if a, € (a;, a;+1]. Identified effector unsaturation required shortening the
existing linear segment from [a;, a;4+1] to [a;, a,] for Sé and starting the next iteration of the baseline PM at a, using
the strict subset S5 that identified unsaturation. Multiple instances of single effector unsaturation within the segment
[ai, ai+1] required use of the unsaturation occurring with the lowest a,. Multiple effector unsaturation cases were
performed as sequential single effector unsaturations over very small changes in moment magnitude. Since the first
iteration with (m — n) effectors saturated does not always yield maximal moments on the boundary of the AMS,
unsaturation processing continued with (m — n) effectors seeking unsaturation that increased the attainable moment.
This was repeated until no increasing moment unsaturation was identified, thereby attaining the maximal moment on the

AMS boundary.

ITI. Modified Cascading Generalized Inverse Algorithm

A. Legacy Cascading Generalized Inverse Algorithm
In this section, the Cascading Generalized Inverse Algorithm outlined in [3} [10] is presented. The following

equations delineate the total moment, total control, delta control, and delta moment vectors respectively for the i’ h



iteration for a given sequence of unsaturated and saturated effector indices sets [3].

m; = Bi; (22)
i
iy = ) Al (23)
p=1
Aiiy = (kiPr) A (24)
An_:li = ”71des - ”71i—1 (25)

The vector i; is the control allocation solution at the i corner of each piecewise allocation linear segment and 7, is
the corresponding corner moment. Pz; contains the generalized inverse P,, using the unsaturated effectors for the i*"
iteration. The number of unsaturated effectors is m — g for B € R™ " where ¢ is the number of saturated effectors.
If m — g > n the P, is the weighted generalized inverse computed using B;. If m — g = n, then P;, = B]‘1 and for

m — q < n, then P,, is the weighted least squares:

-1 -1
R (m—q)xn (WT) BlT (Bl (WITJ)_] B‘T) for (m = ¢) >n
P, € .
P, = , P = BII for(m—q)=n (26)
0 € R
(BTWTB,)” BTW! for (m - q) < n

The nominal version of the CGI algorithm applied to the minimal control problem starts using P,,;,, to obtain Aii.
If any effectors in Aii; exceed a effector position limit then the first scaling factor k; is determined, which brings the
worst effector position to within limits. If no limits are exceeded, then k1 = 1. In [3]], the authors utilize the scaling
on P,,, however the scaling could equally be considered as scaling A as Aii; = (k;Pr;) Am; = Pr, (k;Am;). In this
fashion, the first scaling factor k; yields the moment along 14,5 associated with the end (or corner) of the first piecewise
linear segment. Subsequent corners are obtained in a similar fashion with 7; yielding the moment at the i*" segment

corner. Expressed in terms of Egs. , the minimal scaling factor k; for the /" iteration is found using:

ki = argmin{k;| j € S1} where 27
k

i = (fupr (/) = i1 () [ At (7) (-1 () + A (7)) > dupr ()) 8)

(tipwr () = -1 () [ N () (i1 () + Aidi (7)) < ddiwr ()

After each iteration, S‘i and Sé are updated and iterations continue until the moment is achieved or S ’1 =0.



B. Modified Cascading Generalized Inverse
Incorporating effector unsaturation in the CGI algorithm is similar to that of the PM but uses a CGI specific SDQ.
Specifically, identifying effector unsaturation in the i*" iteration requires determining if a strict subset Sy C Sé yields a
smaller ii, , such the allocation is feasible for some a € [a;, a;+1]. From Lemma 0.1 of [20], the CGI form of i, is:
i-1

iy, =G+ & = (I = Pr,B) ). Al + (Pr; = Puin) iiges
p=1

= (1 - PTLB) ﬁi—l + (PT, - Pmin) n_’)ldex (29)

Evaluating the null space component magnitudes for the sets S» and S; using Eq. and simplifying we obtain:

F (a) = ||59+ cl“i —|Ico + 51||§ =cqa® +cpa+ce € R, where a, = —cp/2cq (30)
cq =05, B (Pi Py, - P, P’n—) Bilges @D
cp =2a" BT (P£ (1= P B) ~ P (1= PrB) ) ii-y (32)
co=iil | ((PT,.B)T (I-PpB) - (PEB)T (1= PyB) + (Pr; - Pr) B) iy (33)

For each corner (starting at the i = 2), the MCGI algorithm creates all combinations of saturation subsets S which
differ by one effector from Sé and performs each SDQ evaluation. Effector unsaturation is identified if a, € (a;, a;+1]
and requires shortening the existing linear segment from [a;, a;41] to [a;, a;] for S; and then starting the next iteration
of the baseline CGI at a, using the strict subset S5 that identified unsaturation. Multiple instances of single effector
unsaturation and multiple effector unsaturation cases are processed the same as with PM. Additionally, iterations after
the first instance of (m — n) saturated effectors continue with unsaturation processing until the desired moment or

boundary moment are achieved.

C. Graphic Understanding of the Unsaturation Modification Impact

In this section, affine generalized inverse subsets are used to provide insight into CGI and the MCGI. For the
non-affine generalized inverse Pg; (with U= Pg,-n?), then the non-affine set ®; (which denotes feasible allocations), is
bounded by the intersection of the ACS with the subspace spanned by the columns of Pg; [7]. This boundary is obtained
by checking the allocation feasibility for each combination of 7 saturated effectors for all position limit combinations.

Defining the set A with n saturated effectors for one particular combination and the unsaturated indices set B, we write:

iip=[Pgi] ,m (34)

iip = [Pgi] zm 35)



where 4 is one of the prescribed combinations of saturated effector positions. Since Pg; is invertible, then
- -1~ Lo . oo . o . TN

iip = [Pgi| g [Pgi|, tia- We know iiy is feasible, so if iip is feasible then we retain this particular combination’s
solution. The convex hull (in moment space) of all retained feasible solutions is the boundary of the feasible subset @;.

The CGI (and AGI) specific generalized inverse for the i’" iteration is P%_ =

pT 0} with P, = B (BlBlT)_1
prescribed by the unsaturated effectors in .S ’1 and the zero rows of Pr, corresponding with the saturated effectors of Sé.

Thus for the saturated effector position limits 312 we divide the affine solution into unsaturated and saturated components:

iy = [&h], + Pyt (36)

i =3 (37)

Applying the feasible subset process of [7] to the affine generalized inverse of Eqs. (36][37), we examine combinations

of n saturated effectors from the unsaturated indices set S ’1 and obtain:

i p = [0+ [Pul g (38)
ﬁﬁB = [36]13 + [Pti]Brﬁ (39)
ity = 5, (40)

Now since i} , and i} are feasible, we require the feasibility of il , = [})], , + [Py ] [Pti];‘l (ﬁ‘iA -] lA)' The
convex hull of combinations yielding feasible allocations for ﬁ’l g bounds the affine generalized inverse subset. For
notation, we denote the non-affine feasible set using the saturated effectors in Sé. For example, @, 5y C @ consists of
moments for which Py, 5, yields feasible allocations. We distinguish the affine subsets by signing the saturated effectors.
For example the affine subset ® ., _s), C ® is generated by P> 5} where the null space vector E”(') has the second effector
saturated at its upper limit and the fifth effector saturated at the lower limit.

Figure [Ta] shows an example of a non-affine subset @{; sy and corresponding affine attainable moment subsets
@, 1,45y In this figure, moments within the interior of an affine subset yield allocation solutions with only the effectors
{1,5} saturated at their corresponding position limits using Eq. (37). Conversely, an affine subset boundary edge
moment saturates an additional effector and a corner moment saturates two additional effectors from Eq. (36) shown
in this 2-D case. Figures [Ib]{I¢]show an example of the nominal CGI solutions of Egs. (22]{25) and the non-affine
subsets generated from the saturated effectors at each iteration. While an additional effector saturates during each CGI
iteration, only in the first iteration does the current iteration moment contribution BAii; (shown in green) reach the
non-affine subset boundary as might be expected. Figure [Tf]shows the same CGI solution but now shows the affine

subsets generated by the saturated effectors at each iteration. This figure shows that the total moment for each iteration

terminates on the affine subset boundary. For example, the first iteration reaches the boundary of ®p,,;,, saturating the



fifth effector at the lower position limit. The second iteration starts within the interior of ®_sy (where only the fifth
effector is saturated at the lower limit) and terminates at an edge of ®(_sy which saturates the third effector at its lower
position limit. This process continues for all iterations. The use of affine subsets in Figure[Tf] provides graphical insight
into the effector saturation allocation process during legacy CGI iterations.

We will use affine subsets to aid understanding of the known issues with CGI and the improvements provided by
MCGI. Figures [2a and [2b] show the CGI and MCGI iterations using affine subsets for an example moment on the
AMS boundary. Figure 2a)clearly shows a failure to preserve moment direction after iteration 4, and an inability to
obtain some moments (between iteration 4 and the AMS boundary). These CGI failures occur after iteration four as
the algorithm only has one available non-saturated effector to yield two desired moment components. Examining the
MCGI iterations in Figure[2b] the algorithm preserves moment direction and attains moments which were previously
unobtainable. Moreover, after the moment at 3m, the MCGI algorithm yields allocation in the interior of ®(; 5 _s) for
a short distance before switching to ®(; _s, by unsaturating effector 2. The point of effector unsaturation occurs at
iteration 4m on the boundary of ®; _s) ensuring continuity of allocations (i.e., effectors {1,2, -5} are saturated at
iteration 4m moment on the boundary of ®; _s.) However, after the iteration 4m moment, effector two unsaturates in
the interior of ®(; _s) until the iteration terminates at moment Sm. Comparing this to Figure @ shows how MCGI

utilizes effector unsaturation to attain smaller allocations for identical moments after the moment at 4m.
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Fig.2 CGI and MCGI Comparison

IV. Results

Four numerical cases studies evaluated the performance of the MCGI against the PM, the SNSGI, and the nominal
CGI for the minimal control allocation problem. These studies examined algorithm performance for three different
constant control effectiveness matrices to evaluate computational speed, and each algorithm’s ability to produce the
desired moments and associated minimal allocation. The control effectiveness matrices are denoted By € R3*10,
Bp € R0 and B € R3O, Equation (41)) is the linearized control effectiveness matrix B 4 for the NASA F-18 High
Alpha Research Vehicle (HARV) [21]] at an altitude of 10,000 feet, Mach = 0.3 and AoA = 12.5 degrees. Bg and B¢
were randomly generated matrices and effector position limit vectors with Bp representative of a modern aircraft with
six desired outcomes (e.g., three moments and three forces) for 20 effectors. The increased dimensions of B¢ challenged
the algorithms as increasing m generally increases the number of iterations required for a given 74,5 and increasing n
increases the matrix inversion cost at each iteration. Case studies one and two utilized B4 with one thousand interior
and boundary moments respectively, which were generated by random combinations of all effectors saturated at some
effector position limit from Eq. {#2)) separated into boundary and interior cases. Similarly cases three and four consisted

of a mixture of one thousand random interior and boundary moments generated from random combinations of saturated

11



effectors for Bp and B¢ respectively.

- .
Uypr =

- [
Ulwr =

-4.382 +4.382 -5.841 +5.841 +1.674 -6.280 +6.280 +2.920 +1.000 +1.000
—-0.5330 -0.5330 -6.486 -6.486 +0.000 +6.234 +6.234 +0.001 +33.53 +0.001| X 107
+1.100 -1.100 +3.911 -3911 -7.428 +0.000 +0.000 +.030 +0.001 +14.85

(41)

+0.183 +0.183 +0.524 +0.524 +0.524 +0.785 +0.785 +0.524 +0.524 +0.524]

-0.183 -0.183 -0.524 -0.524 -0.524 -0.785 -0.785 -0.524 -0.524 —0.524] 42)

Figure [3a] compares computational performance for the non-unsaturation capable algorithms (PM and CGI) and the

effector unsaturation capable algorithms (SNSGI and MCGI) using MATLAB m-files auto-coded mex files on a

standard PC with an Intel I7 processor. Both PM and SNSGI utilized partitioned inverses to improve algorithm efficiency

[19] . The additional computational burden of unsaturation identification and location is evident when comparing PM to

SNSGI and similarly when comparing CGI to MCGI. All algorithms have good speed for B4 but the partitioned inverse

algorithms outperform their counterparts by approximately a factor of two in case four using the largest matrix Bc¢.
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Case 2: Boundary Moments (B4 3x10)
— | Case 3: Interior and Boundary Moments (Bp 6x20)
;; 800 Case 4: Interior and Boundary Moments (B¢ 9x30)
<
~ c
< 700 [¢]
£ 600
g -+-PM (PI)
£ 500
= - ®-SNSGI (PI, CI)
S 400
e CaGl
© 300t .
= 200r £26f
________ =]
————— g g4t
100 =3
= s
NI
0 . £ 50 n . . . . .
1 2 3 4 SEoer o068 069 07 071 072 073 074 075
Cuset el
(a) Algorithm Mean Computation Time (b) Single Unsaturation Case MCGI to CGI Comparison

Fig.3 Algorithm Comparisons

Next the algorithms were evaluated for moment and optimal allocation capability for cases 1-4. The results for case

two are shown in Table [T|where one thousand boundary moments were validated against the unique Direct Allocation

(DA) solution using the online supplement [7]. Results for cases one, three and four are omitted for brevity as they

*The use of trademarks or names of manufacturers in this report is for accurate reporting and does not constitute an official endorsement either
expressed or implied, of such products or manufacturers by the National Aeronautics and Space Administration.
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yielded similar performance shown in Table[I] A moment error metric E,,, in Eq. (#3), compares an algorithm’s
moment output nﬁalgl. to desired moment /74,5, for each momenti € [1,2,...,1000] of case two. Similarly, a signed
control error metric E, of Eq. (44), compares each algorithm’s ii,;g, to the DA algorithm’s unique boundary allocation

reference i,z [6].

Em,— = ||n_’)ldesi - n_’)lalg,- “2 /”n_;ldesinz 43)

Ee, = (atgl, = lirell,) Mlires]. “4

The mean and standard deviation for both the moment (u,, and 0,) and control (u, and o,,) error metrics are also
provided using all one thousand moments of case two. Additionally, a binary (i.e., success or fail) moment validation
metric V,,, determined if all components of an algorithm’s moment solution 77,;,, was within a component-wise
tolerance of 1 x 10710 to Mges;- Similarly, a control validation metric V,,, compared ﬁulg,— to Uye # with the same
component-wise tolerance. The values of V,,, and V,, (in red) denote the percentage of failed validation cases whereas V,,,
and V,, (in black) are successful cases for algorithms. Table[I|shows that MCGI always achieves the correct boundary

moment and unique allocation exhibiting an improvement over CGI which fails in 34% of cases.

Table 1 Boundary Validation Statistics, B4 € R¥>*!, 1000 Cases

Vin (%) Hm (%) Tm (%) Vi (%) Hu (%) u (%)
PM (PI) 35.5 +0.447 0.749 39.8 377 5.16
SNSGI (P1, IC) 100 +1.83x 1071 375%x 107! 4.0 -592x107%7  1.32x107%
CGI 34.3 +0.319 0.633 34.3 -8.07 7.21
MCGI 100 +1.31x10712 8.32x 1072 | 100 -131x107'%  5.62x 10710
DA 100  REF SOURCE * - 100  REF SOURCE * -

1) Vi, Vi % validation cases. Failure (red) and success (black)
2) Mean () and Std Dev (07,,) of moment error metric E,,,
~ 3) Mean (uy,) and Std Dev (o7,) of control error metric E,,
* Unique DA solution used as reference control
Finally, an unsaturation example using B4 is shown in Fig. [3b] for a series of desired non-dimensionalized
aerodynamic moment coefficients from the origin to n_/)lZl:es =10.053 0.761 0.1]| on the boundary of the AMS. The
red portion of this line delineates those moments after unsaturation of effector six occurs. The lower subplot shows the
control magnitude (%) reduction (||iccrlly — lldamcarlly) /liEmcacr ||, achieved for post-unsaturation moments only.

In this example, MCGI is seen to have achieved an = 6% maximum control magnitude reduction over CGI analyzed at

identical moments after unsaturation occurs.
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V. Conclusions
Analysis of the legacy CGI algorithm has demonstrated that it intermittently yields non-optimal control allocation
solutions, fails to preserve moment direction, and/or is unable to obtain desired moments. In this research, a proposed
Modified Cascading Generalized Inverse algorithm incorporated an effector unsaturation capability and was shown to
resolve these deficiencies. The use of affine generalized inverse subsets provides graphical insight into the CGI algorithm
and physical meaning to effector unsaturation. Moreover, rigorous proofs are included that show the theoretical basis for
effector unsaturation ensuring optimal allocations, which addresses a substantial gap in the existing body of generalized

inverse literature.

Appendix

This appendix documents Scalar Difference Quadratic (SDQ) proofs discussed in [19] and [20]. These proofs show
that use of the SDQ in the PM enables it to achieve minimal control allocations for all desired moments in the AMS.
Similarly, incorporation of SDQ into CGI achieves optimal control allocations for all moments due to the equivalence of
PM and CGI allocations at each iteration [20] and the equivalence of the PM and CGI SDQ formulations [19]. The SDQ
is a scalar function used to compare magnitudes of the null space components of control solutions using two different
sets of saturated effector indices S, S> where S, C S».

The aggregated proofs in this appendix show that if the discriminant of the SDQ function ¥ (a) is identically zero,
then the real repeated root @, where F (a,) = 0 coincides with the maximum value of the negative semi-definite SDQ.
Additionally, it is shown that the respective optimal allocation solutions i opt and iiop yield equivalent moments as a

function of the scalar gain a. Moreover, all components of the optimal allocation solutions u

U oo and 1, are identical at

the root a,. When taken together, these proofs show that if the SDQ root is within the current linear segment, then
unsaturating the effectors S \ S, ensures continuity of allocations at a, and yields smaller total allocation magnitudes
for moments after a,. Thus remarkably, in any arbitrary linear solution segment, if the SDQ discriminant is zero
(which is always true when unsaturating one effector) then simply determining if a, € (a;, a;+1] identifies that effector
unsaturation must occur at a, to achieve smaller subsequent allocations.

To facilitate other proofs comparing the saturation indices subsets S;, and S, with S5 C S» where the saturation

indices sets differ by one or more effectors, we establish the following reordered partition notation for B and N (B) = B:
B= [Bl Br 32}, E’Tz[glr BT ng] (45)

where the quantities Bg and R are the portions of B and B corresponding to the effectors which are removed from S5 to
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create the strict subset S». The following (reordered) partitioned inverse from [19] is used in subsequent proofs:

-1

R A ~A"'RBT (B,BT)™!
[RT ég] - (46)
By — (BaBY) ™ (BoRT) AT (BaBY) '+ (BaBY) T (BoRT) ATV (BoRT)' (BaBT)
A A A A A A _l A A
where A = RRT — RBT (Bng) B, RT (47)

Additionally, it is useful to note that (Ezég) is symmetric and positive semidefinite where B € R, Moreover,
(321?5) is invertible for B, € R¥(m=") where d < (m — n) is the number of saturated effectors, and therefore (Ezég)

A AT\ —1 .. . . . . - -
and (BszT) are positive definite for d < (m — n). Now we establish the total allocation solutions i 4 and iig as:

B, BT
~ P | -1
iian=|R|B) (3235) S2+|BL (BIBIT + BRBﬁ) m (48)
éz 0
A .
B, R -1 BT (B,BT)
. R SR _
up=|R||RT B! RT BT + 0 m (49)
éZ §2
B, 0

which correspond with S; and S5 respectively. Equations (48] f9) are Affine Generalized Inverse total allocation
solutions, which were shown in [18]] to be equivalent to those of the Prediction Method. Using iig from Eq. and

the partitioned inverse from Eqs. (6] [#7), then after simplification we obtain:

B BT
A A A -1 - -1 —
in=|R|BL (B2BY) 5o+ |pr|(BiBT +BRBL) (50)
By 0

IZB = §R + 0 m
5 0
(5D

Lemma 0.1. Given the control effectiveness matrix B € R"™™, and the optimal allocation solutions of Egs. (@] ,

then Biis = Biig = m.
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Proof. First expanding Biis and using BB+ BrR = -B,B, (.e., BB = 0), then:

B, BT
a7 (p T\ T !~
B“A—[Bl Br Bz] R|B; (Bsz) S$24|B; Br B» B£ (BlB1 +BRBR) m (52)
B, 0

AT

-1 A R | -1
= (B1B1 + BrR) B ( B) S+ BaBoBY (BoBY) 5+ (BiBT + BrBY) (BiB] + BrBY)
T

B
( 3232 BT (BQB ) SQ + B2S2 +Im= —st2 + st2 +m=m

Similarly, expanding Biip and using BiB; = (~-BrR — B2B;), and A = RRT - I?l?g (ézég)

R N P B R R S | A P |
Biig =B, B, (1 - BT (8,57 Bz) (RTA‘IER - (RTA—IRBg (8257) )52) +B1BIBY (BoBL) 5+ B
-1
+Bo% + BiB] (B1B]) i

R R R R N NP |
32) RTA'5g - (BrR +BoBo) BY (BoBL) 5>+ Bl + Boss + I

N N

FUVED R U . . o
=~ BgSk + BRRET (B2B§) 5, — BRREY (Bng) %) — BaSy + BrSg + BaSs + it = i (53)

Therefore Biis = Biig = m as claimed. O

Lemma 0.2. Given the control effectiveness matrix B € R"", the partitioned inverse of Eq. (@ and saturated effector

SDQ defined in Egs. , then the curvature of the SDQ c, < 0 and similarly the discriminant ci —4cq4ce <0.
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Proof. Expanding the partitioned inverse term from Eq. (31)) we obtain:

B, 175
al ik B! IéT] =
R iR
Aoary—1 A oar -] A oA 1A AT 1A AT\—1 A ary—1 A 11| A
(B2BY) " + (B2BY) " (BoRT) A" (BoRT) (B2BY) ™ —(B2BY)  (BoRT) AT |
al ok (54)
1ppT (H. pT\ -] -1 N
—-A'RBY (B2BY) A iR
T (. aT\  a L oT (5T (ppT ) a-l (5. oT\ (p.aT) " A
=af (BBY) ax+af (B2BY)  (BoRT) A7 (BoRT) (B2BD) (55)
P B A PN |
— il (BBY)  (BaRT) A7k — AT REY (BoBY) o+ afA g

-1

B 115) a1 -l -l
2 a|“{li ]| || ) o i) ) o (e
R iR
PN BN N U |
~ 1 (B2BT)  (BoRT) A Vig - SRATRBL (BoBY) o+ ShA g (56)

-1

[ T T

A A 71 A A A A A A -
~ 5 (B2BT)  (BoR) A5k - ShAT RBY (B2BT) %+ SRAIR (57)

PR B PPV AN | a e \N—L A
ca=—il (Bng) (BzRT) A~ (BzRT) (Bng) iy + it (Bng) (szT) A ik (58)
R R |
+ﬁ£A_1RB§ ( ng) Mz—uRA 1MR
PN BN PRV A | o\l
cp =55 (B2BT)  (BoRT) A7 (BoRT) (BoBT) 24T (BoBY)  (BoRT)A™'ig (59)
N a1
+5RATIRBY (B2BY) o - ShA g
o\l PR A | o\l
ce==31 (BBY)  (BRT) A7 (BoRT ) (BaBY) 52+5% (BaBY)  (B2RT) A7k (60)
-1
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, f oAl e . . . .
The inverse (B,BY)" > 0 for k < (m — n) where (B,BY)" € Rk Since every submatrix of a positive definite
matrix is positive definite, then the submatrix A~ is positive definite and thus we can factor such that A™! = A=1/2A~1/2,

Now let d be the number of saturated effectors to remove (i.e., 5g, iig € R9), then we define the following terms:

£= A RBY (BT % e R 61)
r=A2RET (ézég)_l i, € RY (62)
n=A""25g e RY (63)
=AY e RY (64)

Using these definitions, we can rewrite Eq.(58]|{60) as:

cq=-1 (TTT—ZTT§+§’T§’) = —(TT (r-0)-¢T (‘r—g’)) = —((T—g)T (T—{)) <0, wherec, € R (65)
h=2( =€ ¢—n"reng)=2(@E-n"T-E-n"¢)=2(€-n" (t-0) R (66)

ce=-1(¢"e=26Tn+n"n) == ((€-m" -m) <0, where . € R (67)

From Eq. (65), we have ¢, < 0. We can express the discriminant as:

¢ —4cace =4(E-n)" (-0 (€-n" -0) -4 (-0 @-0) (€ -n" ¢ -n)

=4|1&-nli3llr = I3 cos® 6 — 41 = nli3 I - I3 (68)

where 6 is the angle between the vectors (¢ — 77) and (7 — ¢) and thus ci —cqcce <0 as claimed. O

In the sequel, we utilize the roots a, of the SDQ to locate unsaturation. If the discriminant of the scalar quadratic
SDQ is negative, then the two roots are imaginary and not of interest. For case where the discriminant is identically zero,
then the quadratic roots are real and repeated. However, if ¢, = 0 and ¢ # 0, then ¢, = 0 and the quadratic degenerates
to the linear constant case ¥ (a) = ¢, < 0. Similarly, if c. = 0 and ¢, # 0, then again c¢; = 0 and the quadratic form is
F (a) = cqa® < 0 whose roots are a, = 0. Also, from Eq. , we see that the discriminant is always zero in the scalar
case where (¢ — 1), (t — ) € R. However, when more than one effector is unsaturated help only select combinations

of 5> and Sg with i1, and g yield parallel vectors that produce a zero discriminant and thus real solutions.

Lemma 0.3. Given the control effectiveness matrix B € R"™", then the total control allocations of Egs. (50} using

Sy and S5 respectively are identical if m is scaled such that the components [iis] g saturate identically to [iig]g = Sg.

Proof. By inspection, we can see that the saturated components [ii4], of Eqs. (50) are identical to the saturated
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components of Eq. where [iig], = 52. The components of [ii4]z are assumed to scale with 2 to be identically
equivalent to 5g, so specifically 5z = RB, (l?zf?g)_l 52+ BY (BBl + BRB£)7l m. Therefore, it remains to show that

the unsaturated components of [ii4]; and [iig]; are identical. Expanding these components of ii4 and iip yields:

s (s s\ .
lial, = B1BY (BoBY) 5+ B (BiB] +BrBY) (69)

-1

N N P B “ R R o\l A A -1
lis], = By (1-35 (8287) Bg) (RTA—liR—RTA—lRBg (8:57) 32)+BIB§ (B:281) 52487 (BiBY) i

(70)
Now substituting 5z = RB, (Ezég)_l 52+ Bf (BBl + BRBITQ)q m into Eq. yields:
lis), = By (1 - BT (BaBY) 32) RT 6B (B8] + BeBY) i+ BiBY (B26T) 5+ BT (BiBT) i )
Now comparison of Eq.(69) to Eq. shows that we only need show that:
BT (BIB{ + BRB{Q)_l - B (1 ~ BT (ézég)_l 32) ATABE (BlBlT + BRB§)_1 + BT (BIBIT)_1 (72)
Multiplying both sides by (B; Bl + BrB%) yields:
0= (él (1 _ 87 (B.87) gz) R BT (Bi8T) BR) BT 3)
It is sufficient that 0 = B, (I - B! (3235)_1 32) RTA' 4+ BT (BIBIT)_1 Bg so multiplying by A > 0 of Eq. yields:

B

—_
——

n P N ~ -1 ~ n P N N
1- B (8,57) Bz) R7BL+B] (BiBT)  BxR (I—Bg (8:87) Bz) RT BT, (74)

- (é, + BT (313{)_1 BRzé) (1 - B (Bzég)_l 32) RT BT (75)
Since BB = 0, then B| B + BrR + B, B> = 0 and thus substituting for BgR in Eq. yields:
(I—BlT (BlBlT)_lBl)ﬁl (I—BQT (ézég)_léz) AT B (76)
Now recalling from linear algebra that (R (A))* = N (AT), then from Egq. we have

-1 N P B
Pty = (I—BIT (B157) Bl) = Pisy = N1 (W] ¥1) N7 (77)
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so Eq. is identically:
R B R N W
Ny (N7 89) N By (I—Bg (8257) Bz) T b7 (78)
= Ny (NT %) N7 B, (RTBﬁ—Bg (8:57) BZRTB,ﬁ) (79)

Also from linear algebra we can decompose B using Singular Value Decomposition (SVD) such that B = UAVT where

where V,, is an orthonormal basis of the rowspace of B, with VV? = I. Let N; = N (B;) then:

V=[Va B

wi || = =(VaVZ +B1§T) ) (80)

Ny
Now from the SVD we know that VI ¥ = 0,VX € N (B) and as € N (B), then Eq. (80) simplifies to:

Ny BT BRT BBT||M

> 5 AT Nl -

0|=B8"| |=|RBT RRT RBL||D (81)
0

0 B.BT BRT BoBT|| 0

Examination of Eq. shows that IéélTN ; = 0 and thus NlTﬁlléT =0. Similarly NlTé 1l§g = 0 which show that Eq.

(79) is identically zero, so [iia]; = [ip], and thus iis = iig as claimed. |

Lemma 0.4. Given the control effectiveness matrix B € R™" | the total allocation solutions for the strict subset in Eq.
(50) and the nominal set in Eq. (51), and the Scalar Difference Quadratic Egs. (18{21), then 3k € R (scaling factor)

such that scaling m results in sl g = [ig]g is equivalent with the discriminant clz) —4cquce =0withey, e # 0.

Proof. First to show that if 3k € R (scaling factor) such that scaling 77 results in [ii4] g = [iig] g, then the discriminant
ci —4cqce =0 with ¢q, c. # 0. Given the strict subset S and the current saturated effector set Sé where S, C Sé with
the saturated limits identical such that 5, (j) = 55 (j), Vj € S; then Egs. show that [iis], = [Ug],. Now by
assumption we have a scaling factor k on 7 such that [iia]g = [ip]g Which by Lemma shows equality for all
total allocation solution components such that ii4 = iig. Since we have a strict subset that yields identical moments at
one point, then these solutions have identical null-space components and therefore there exists a real zero to the SDQ.
However, Lemma [0.2] shows that the discriminant of the SDQ is negative definite. Since a negative discriminate yields

two imaginary solutions, then the real solution implies that ci —4cyce =0 as claimed.
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Now to show that ci —4cqce = 0 with ¢y, ¢ # 0 implies Ik € R (scaling factor) such that scaling 7 results in
[ialg = [Up]g. Assume that ci —4cyc. = 0, then for the scalar quadratic function we have two repeated roots at
a, = —cp/2c,. We now show that a; is the scalar factor we seek and moreover it is identically the scaling factor found
during the Prediction Method iteration from Eq. (28). In order to determine the PM scaling factor for the saturated
effector indices in Sé but not in S, then in Eq. we replace the upper and lower position limits with the limits sought

Sr for those components and assembling them as a vector:

—R),stg\sg (82)
R

1/2

Then we use A™"/< so we obtain:

A2 A2 lE] - AT 25, .
( (%] ,R=5\\5, (83)

R A-1/2 R A-1/2 [éll]R —A_l/ZﬁR
Now noting from Egs. that [E’B]R = RBY (3235)71 5, and [éil]R = RBY (Bzég)q i, then from Eqs.:
—),R:S;\sz (84)
- 2

Now for the discriminant identically zero then from Lemma we know that the vectors (¢ —n) and (7 — () are

parallel. Therefore we can utilize vector inner product to obtain the scalar gain kg:

P VAt S G S Gl )
(t=0" A2 (=T (=) 26

(85)

As the scaling we seek is non-zero, then we require (¢ — 1), (7 — ¢) # 0 which by Egs. implies ¢4, ¢ # 0.
Equation shows that kg = a, = —cp/(2c,), but the PM scaling factor kg saturates the R effectors at their position
limits and therefore from Egs. we have that krilges = Pyninit, Which implies that /i = kg Bilges such that
[iialg = [up]g. Thus ci —4cqce = 0 with ¢y, c. # 0 implies Ik € R (scaling factor) such that scaling m results
in [ialg = [ép]g. Therefore ci —4cq4ce = 0 with ¢y, ¢ # 01is equivalent to 3k € R where scaling 7 results in

-

[iialg = [up]g as claimed. O

Theorem 1. Given a control effectiveness matrix B € R™™ the Moore-Penrose generalized inverse P;, =
-1 . o . .
BT (BBT) , a desired moment my.s € ®, and the Scalar Difference Quadratic of Egs. , then the moment

direction preserving optimal (2-norm minimal) allocation solution:

Uop: = argmin {ﬁrﬁ | Miges = Bii, U € Q}
i
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is achieved for all moments continuously along Riges = Maes | ||Mdes||, up to and including my.s using the Prediction
Method augmented with unsaturation identification and location for all iterations where greater than one but less than
or equal to (m — n) effectors are saturated. Unsaturation is identified in the current linear segment [rﬁai , '7la,-+1] along

Myes given the current set of saturated effector indices Sé if

a’ = argmin {az =—cp/2¢cq € (a;,air1] |c%7 —dcqce=0,¢cp #0, 8 C 512} (86)

az

is a non-empty set and the unsaturation occurs at a’. Unsaturation detection requires updating the current iteration’s

linear segment from [ai,ais1] to [a;, a’] where afiges = Pminn_ia With flges = (Pminr?ldes) ”Pmin"ﬁdes”Z

Proof. From linear algebra, R” can be divided into two orthogonal subspaces such that R™ = R™ll + R™+ where
Rl is the span of the columns of the Moore-Penrose generalized inverse P,,;, = BT (BBT)f1 and R = N (B).
The control allocation il = P,iniitges € R minimally yields 7., but iill ¢ Q, Viiges € ®. As the subspaces are
orthogonal, we have ||ﬁ0p,||§ = Hﬁ””; + ||IZJ‘||% and therefore to minimize ii,,; such that Bii,,; = iges., it is necessary
and sufficient to minimize ii* such that ii,,, = (il +it) € Q

In [[17], the PM finds piecewise linear and continuous control allocation segments (not necessarily optimal) for
moments 77, along M ges up to an including At g.s. For rectilinear effector position constraints, the PM yields optimal
solutions i, for the linear segment a € [a;, a;;1] if the boundary object Sé gives the minimal &} that returns ﬁﬂ
to the boundary of Q [17]. An inductive proof is utilized for the PM augmented with the SDQ to ensure that this
correct boundary object is used. We show that given the known minimal set Sé at the start of the i*" segment
a € [a;,a;11], then use of the SDQ on a small subset of possible boundary transition objects ensures optimal allocation
i, =1 l‘z + i € Q for the entire segment, and thus the next iteration starts with the known minimal set Sé“ at a;.1. The
inductive proof is completed as the first iteration gives the minimal boundary set at a from the minimal total allocation
ii, = il and UL = 0, Ya € [0,a;]. For the inductive proof, we seek the transition set (if it exists) that maintains the
minimal total allocation magnitude in the current segment a € (a;, a;+1]. This necessitates two requirements that all
candidate minimal transition sets must satisfy. First for continuity, the current set Sé and the transition set S> must have
identical allocation solutions at some point a’ € (a;,a;+1] . Second, it requires the total allocation solution for S, is
smaller than that obtained with S; after transition (i.e., a > a’).

We note that the saturated components of the total allocation [17 si ] , = 3’2 as seen from Eqgs. , where [],

denotes the saturated effector vector components:

N

. , . IV R L
[555]2 = (@], +alel],) + alidess = (Bng (B287) 5% - aoBY (B,57) uz) vain =5, (87)
Equation also holds for transition sets, which implies either S C S; or Sé C S5 (underbar and overbar denote strict
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subsets and supersets respectively), as transition subsets and supersets satisfy a necessary continuity condition that:

52(j) =55(j), Vj € Spand S, € S5 or (88)

5(j) =53(j), Vj € S and S5 C S5 (89)

We can eliminate supersets as viable transition sets by restating the SDQ ¥ (a) = ||co + ¢1 ||§ - Hc} + c}”; Lemma
shows quadratic curvature ¢, < 0 and thus the superset null space components ||55 + c}”i are identical or larger than the
baseline components ||Co + ¢} ||§ from Sg, which fails to obtain smaller total allocations within the segment.
Restricting our candidate transition set search to strict subsets S,, we define the total control allocation solution ii o for
the strict subset S; in Eq. and ii g for the current set S ‘2 in Eq. . We claim that for the current iteration with S’ then
the transition set S, C Sé satisfies both unsaturation requirements if the zero of the SDQ a, = —cp,/(2¢c,) € (ai, ai+1]
and ci —acyce = 0with ¢4, c. #0. By Lemma the strict subset allocation #4 achieves the identical desired
moment m,, Ya € [a;,a;4+1] as ii g and therefore both sets have identical i lcl, allocations. Now comparing null-space
allocation components, then by Lemma we have a scaling factor such that [iia] g = [ip]g, R = S; \ S2. Now by
Lemma|0.3] we also have [ii4]; = [i#p], and therefore we have continuity of allocations at a, € (a;, a;+1]. Moreover,

since Lemma[0.2] shows that ¢, < 0, which together with ¢, # 0 implies that ¢, < 0. As the quadratic curvature is

negative, then ﬁf&a ‘2 < ﬁJéa ) VYa > (ag,a;+1] and thus the transition set achieves a smaller total magnitude for
a > (az, aiy1], so indeed both transition requirements are met. We seek the strict subset that yields the smallest null
space allocation component or equivalently unsaturates first corresponding with the subset that satisfies Eq. (86). If
a’ from Eq. does not exist, then the set Sé yields minimal total allocation solutions for a € [a;, a;+1] and the
PM resumes iterating with the known minimal set Sé“ at a = a;41 using the nominal PM method. If the subset is
found satisfying Eq. , then we shorten the current linear segment to [a;, a’] for S;. This ensures optimal allocation
solutions for a € [a;, a’] and restarts the PM iteration using the known minimal set S/, C Sé, which minimized Eq.
at a’. We know the first PM iteration obtains optimal allocation solutions for a € [0, a;] and the minimal set Sé
from Eq. (I0) with a null space component identically zero at @ = a;. Thus the inductive proof holds for iterations
i < (m — n). Therefore we are guaranteed optimal allocation solutions for all moments along 7 4., from the origin to
the moment generated by the largest unit vector gain a obtained. Iterations are performed until the desired moment
Myes is obtained in one of the resulting optimal allocation segments.

However, 4.s might be near or identically the maximal moment on the boundary of the AMS. While it is known
that all facets on the boundary of the AMS consist of objects with (m — n) saturated effectors, that does not imply
that the final object found using the SDQ augmented PM yielded the object on the boundary of the AMS. Therefore,

after the final iteration and unsaturation detection was performed for (m — n) saturated effectors, we continue to run

SDQ unsaturation detection in accordance with Eq. which checks other boundary objects with (m — n) effectors

23



saturated that preserve moment direction. If unsaturation is detected where a’ € (a;, a;41], then we compute the new

segment a € [a’,a™*'| where a™*! is obtained using the PM method but we retain the new segment only if it yields a

larger moment magnitude or equivalently a;,; < ¢ *'. This unsaturation check (which also provides for increasing

moment magnitude) is performed until moment magnitude cannot be increased which ensures this object yields optimal

allocation up to the maximum moment 4.5 € 6 (Q). ]
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