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Motivation

Classical design separates into roll/pitch/yaw axes
• Control effectors designed to effect one axis (minimize cross axis coupling)

• Controllers designed to primarily use effector groups per one axis (exception ARI)

• Provided no redundancy & greatly reduced use of available control authority

Modern aircraft/controller utilize Control Allocation across axes
• Modern aircraft over-actuated (more controls than controlled variables)

• Simplifies controller design (virtual controls)

• Enhances usage of available control authority

• Inherent redundancy and safety
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Urban Air Mobility (UAM) vehicles require Control Allocation:
over-actuated, simplify design, energy limited,…



Problem Formulation

• Consider the general aircraft dynamics problem:

ሶ𝒙 = 𝒇 𝒙, 𝒖, 𝒕 𝐱 ∈ ℝ𝒏, 𝒖 ∈ ℝ𝒎, 𝒕 ∈ ℝ

𝒚 = 𝒉 𝒙 , 𝒚 ∈ ℝ𝒏

• Simplifying to the linearized system (around trim condition):

ሶ𝒙 = 𝒇 𝒙, 𝒖𝟎, 𝒕𝟎 + 𝑩𝒖

𝒚 = 𝒉 𝒙 where

• Given desired virtual control (moment) 𝒎 = 𝑩𝒖, we solve the constrained 
optimization:

min
𝒖

𝑱 𝒖 = 𝒖𝑻𝑾𝒖, subject to: 𝒎 = 𝑩𝒖, 𝒖𝒊 ≤ 𝒖𝒊≤ 𝒖𝒊 ∀ 𝒊 ∈ {𝟏, 𝟐, …𝒎}
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𝑩 =

𝝏𝒇𝟏
𝝏𝒖𝟏

⋯
𝝏𝒇𝟏
𝝏𝒖𝒎

⋮ ⋱ ⋮
𝝏𝒇𝒏
𝝏𝒖𝟏

⋯
𝝏𝒇𝒏
𝝏𝒖𝒎



Control Allocation History

• Seminal work by Durham on weighted least squares (single generalized 
inverse methods), boundary object searching

• Durham: single generalized inverse always strict subset of Attainable 
Moment Set (i.e., set of possible moments given set of allowable controls)

• Many, many allocation algorithms:

– Generalized inverses (pseudo inverse): Moore-Penrose, weighted

– Linear programming: (non)-direction preserving, Bodson’s, Simplex

– Quadratic programming:  various

– Iterative: daisy chaining, redistributed pseudo-inverse, null-space augmentation, PAN, 
Cascading Generalized Inverse (CGI) <=> Focus of this research
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Cascading Generalized Inverse (Legacy) (1 of 2)

• Cascading Generalized Inverse (CGI) is an iterative weighted least squares
𝑃 = 𝑊−1𝐵𝑇(𝐵𝑊−1𝐵𝑇) −1

𝑃 = 𝐵𝑇(𝐵𝐵𝑇)−1

• Series of single matrix (weighted) generalized inverses

– Utilize current generalized inverse until effector saturates

– If saturated, remove effector and its moment contribution, then generate 
next generalized inverse

– Continue until desired moment achieved, or no unsaturated effectors 
remain
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CGI Limitations:
1) Unable to achieve some desired outcomes
2) Intermittently fails to provide optimal allocation
3) Can fail to preserve moment direction near boundary 



Cascading Generalized Inverse (Legacy) (2 of 2)
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CGI Recenters

Affine Iterations



Modified Cascading Generalized Inverse (New) (1 of 2) 
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• Modified Cascading Generalized Inverse (MCGI) is a version of CGI (has 
same basic core algorithm)

• Incorporates effector unsaturation: add back an effector removed in a 
previous iteration to allow it to come off an effector limit

Scalar Difference Quadratic 
(Compares Null space components)



Modified Cascading Generalized Inverse (New) (2 of 2) 
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MCGI Unsaturation: 
• Preserves moment 

direction
• Obtains maximal 

moment 
• Obtains optimal 

allocation



Results and Impact
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MCGI drawback

MCGI allocation 
improvement

MCGI obtains 
entire AMS
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Questions?

Contact:

Michael Acheson

Dynamics Systems and Control Branch (D-316)

NASA Langley Research Center

Michael.j.Acheson@nasa.gov
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