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Outline

1. Present a new application of forecasting (evolving) estimation

error covariances during data assimilation,

2. Introduce a new correlation function that generalizes the

Gaspari-Cohn compactly-supported approximation to a

Gaussian,

3. Apply this generalized correlation function for evolving

covariances.
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Motivation: Covariance Evolution in Data Assimilation

At the heart of modern data assimilation is covariance

evolution, e.g.,

Pk+1 = Mk+1,kPkMT
k+1,k + Qk .

Common Issues with Covariance Evolution:

• Computational Expense

• Variance Loss

Alternative: evolve the variance and correlation length at

full rank and reconstruct P using parametric correlation func-

tions.
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Covariance Evolution in Data Assimilation

At the heart of modern data assimilation is covariance

evolution, e.g.,

Pk+1 = Mk+1,kPkMT
k+1,k .

Common Issues with Covariance Evolution:

• Computational Expense → Computationally efficient

• Variance Loss → Evolves variance directly

Alternative: evolve the variance and correlation length, then

reconstruct P using a parametric correlation function.
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Local Covariance Evolution

Consider covariances P = P(x1, x2, t) associated with states q = q(x , t)

on the unit circle (S1
1 ),

qt + vqx + vxq = 0,

q(x , t0) = q0(x)

Pt + v1Px1 + v2Px2 + (vx1 + vx2 )P = 0,

P(x1, x2, t0) = P0(x1, x2)

Variance Equation:

σ2
t + vσ2

x + 2vxσ
2 = 0,

σ2(x , t0) = σ2
0(x)

Correlation Length Equation:

Lt + vLx − vxL = 0,

L(x , t0) = L0(x)

1. Evolve σ2 and L from initial condition

P0(x1, x2) = σ0(x1)C0(x1, x2)σ0(x2),

2. Approximate P(x1, x2, t) = σ(x1, t)C (x1, x2, t)σ(x , t) with evolved

σ2 and L using a parametric correlation function.
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The Gaspari and Cohn (1999) Correlation Function

Figure 1: Figure 7 from Gaspari and Cohn (1999). The function C0(z , a, c) is

the general form of the compactly-supported, fifth-order, piecewise rational

correlation function derived in Sec. 4(c). Typically, a = 1/2 (solid black). 5



The Generalized Gaspari-Cohn (GenGC) Correlation Function

Correlation length for the compactly-supported, piecewise rational:

L = c

(
3(22a2 + 3a + 1)

40(8a2 − 2a + 1)

)1/2

, a = 1/2⇒ L =
√

0.3c (1)

Need to generalize this correlation function to allow for variable L.

Generalized Gaspari-Cohn

Allow a = ak and c = ck to vary over the spatial index k.

Now L = Lk can vary!
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The GenGC Correlation Function, cont.

⌦1

a1, c1
<latexit sha1_base64="wvUk7myHkYrTC540JgZ5+RiCl1M=">AAACHHicbVDLSgMxFM3UV62vUZdugq3gQspMXeiy6MadFWwtdIaSSW+noZnMkGSEMvRD3Pgrblwo4saF4N+YtiNo64WQk3PP4eaeIOFMacf5sgpLyyura8X10sbm1vaOvbvXUnEqKTRpzGPZDogCzgQ0NdMc2okEEgUc7oLh5aR/dw9SsVjc6lECfkRCwfqMEm2orn3qBRAykVEQGuQYV7zrCELSdSuehyvmPsHUPLAHovcj6tplp+pMCy8CNwdllFeja394vZimkbFTTpTquE6i/YxIzSiHcclLFSSEDkkIHQMFiUD52XS5MT4yTA/3Y2mO0HjK/nZkJFJqFAVGGRE9UPO9Cflfr5Pq/rmfMZGkGgSdDeqnHOsYT5LCPSaBaj4ygFDJzF8xHRBJqMlAlUwI7vzKi6BVq7pO1b2plesXeRxFdIAO0TFy0RmqoyvUQE1E0QN6Qi/o1Xq0nq03630mLVi5Zx/9KevzG0xroDo=</latexit><latexit sha1_base64="wvUk7myHkYrTC540JgZ5+RiCl1M=">AAACHHicbVDLSgMxFM3UV62vUZdugq3gQspMXeiy6MadFWwtdIaSSW+noZnMkGSEMvRD3Pgrblwo4saF4N+YtiNo64WQk3PP4eaeIOFMacf5sgpLyyura8X10sbm1vaOvbvXUnEqKTRpzGPZDogCzgQ0NdMc2okEEgUc7oLh5aR/dw9SsVjc6lECfkRCwfqMEm2orn3qBRAykVEQGuQYV7zrCELSdSuehyvmPsHUPLAHovcj6tplp+pMCy8CNwdllFeja394vZimkbFTTpTquE6i/YxIzSiHcclLFSSEDkkIHQMFiUD52XS5MT4yTA/3Y2mO0HjK/nZkJFJqFAVGGRE9UPO9Cflfr5Pq/rmfMZGkGgSdDeqnHOsYT5LCPSaBaj4ygFDJzF8xHRBJqMlAlUwI7vzKi6BVq7pO1b2plesXeRxFdIAO0TFy0RmqoyvUQE1E0QN6Qi/o1Xq0nq03630mLVi5Zx/9KevzG0xroDo=</latexit><latexit sha1_base64="wvUk7myHkYrTC540JgZ5+RiCl1M=">AAACHHicbVDLSgMxFM3UV62vUZdugq3gQspMXeiy6MadFWwtdIaSSW+noZnMkGSEMvRD3Pgrblwo4saF4N+YtiNo64WQk3PP4eaeIOFMacf5sgpLyyura8X10sbm1vaOvbvXUnEqKTRpzGPZDogCzgQ0NdMc2okEEgUc7oLh5aR/dw9SsVjc6lECfkRCwfqMEm2orn3qBRAykVEQGuQYV7zrCELSdSuehyvmPsHUPLAHovcj6tplp+pMCy8CNwdllFeja394vZimkbFTTpTquE6i/YxIzSiHcclLFSSEDkkIHQMFiUD52XS5MT4yTA/3Y2mO0HjK/nZkJFJqFAVGGRE9UPO9Cflfr5Pq/rmfMZGkGgSdDeqnHOsYT5LCPSaBaj4ygFDJzF8xHRBJqMlAlUwI7vzKi6BVq7pO1b2plesXeRxFdIAO0TFy0RmqoyvUQE1E0QN6Qi/o1Xq0nq03630mLVi5Zx/9KevzG0xroDo=</latexit><latexit sha1_base64="wvUk7myHkYrTC540JgZ5+RiCl1M=">AAACHHicbVDLSgMxFM3UV62vUZdugq3gQspMXeiy6MadFWwtdIaSSW+noZnMkGSEMvRD3Pgrblwo4saF4N+YtiNo64WQk3PP4eaeIOFMacf5sgpLyyura8X10sbm1vaOvbvXUnEqKTRpzGPZDogCzgQ0NdMc2okEEgUc7oLh5aR/dw9SsVjc6lECfkRCwfqMEm2orn3qBRAykVEQGuQYV7zrCELSdSuehyvmPsHUPLAHovcj6tplp+pMCy8CNwdllFeja394vZimkbFTTpTquE6i/YxIzSiHcclLFSSEDkkIHQMFiUD52XS5MT4yTA/3Y2mO0HjK/nZkJFJqFAVGGRE9UPO9Cflfr5Pq/rmfMZGkGgSdDeqnHOsYT5LCPSaBaj4ygFDJzF8xHRBJqMlAlUwI7vzKi6BVq7pO1b2plesXeRxFdIAO0TFy0RmqoyvUQE1E0QN6Qi/o1Xq0nq03630mLVi5Zx/9KevzG0xroDo=</latexit>

⌦2

a2, c2
<latexit sha1_base64="mo/TUG5uTolrvzdHmy62orsHNdw=">AAACHHicbVDLSgMxFM3UV62vUZdugq3gQspMXeiy6MadFWwtdIYhk962oZnMkGSEMvRD3Pgrblwo4saF4N+YtiNo64WQk3PP4eaeMOFMacf5sgpLyyura8X10sbm1vaOvbvXUnEqKTRpzGPZDokCzgQ0NdMc2okEEoUc7sLh5aR/dw9SsVjc6lECfkT6gvUYJdpQgX3qhdBnIqMgNMgxrnjXEfRJUKt4Hq6Y+wRT88AeiO6PKLDLTtWZFl4Ebg7KKK9GYH943ZimkbFTTpTquE6i/YxIzSiHcclLFSSEDkkfOgYKEoHys+lyY3xkmC7uxdIcofGU/e3ISKTUKAqNMiJ6oOZ7E/K/XifVvXM/YyJJNQg6G9RLOdYxniSFu0wC1XxkAKGSmb9iOiCSUJOBKpkQ3PmVF0GrVnWdqntTK9cv8jiK6AAdomPkojNUR1eogZqIogf0hF7Qq/VoPVtv1vtMWrByzz76U9bnN1EzoD0=</latexit><latexit sha1_base64="mo/TUG5uTolrvzdHmy62orsHNdw=">AAACHHicbVDLSgMxFM3UV62vUZdugq3gQspMXeiy6MadFWwtdIYhk962oZnMkGSEMvRD3Pgrblwo4saF4N+YtiNo64WQk3PP4eaeMOFMacf5sgpLyyura8X10sbm1vaOvbvXUnEqKTRpzGPZDokCzgQ0NdMc2okEEoUc7sLh5aR/dw9SsVjc6lECfkT6gvUYJdpQgX3qhdBnIqMgNMgxrnjXEfRJUKt4Hq6Y+wRT88AeiO6PKLDLTtWZFl4Ebg7KKK9GYH943ZimkbFTTpTquE6i/YxIzSiHcclLFSSEDkkfOgYKEoHys+lyY3xkmC7uxdIcofGU/e3ISKTUKAqNMiJ6oOZ7E/K/XifVvXM/YyJJNQg6G9RLOdYxniSFu0wC1XxkAKGSmb9iOiCSUJOBKpkQ3PmVF0GrVnWdqntTK9cv8jiK6AAdomPkojNUR1eogZqIogf0hF7Qq/VoPVtv1vtMWrByzz76U9bnN1EzoD0=</latexit><latexit sha1_base64="mo/TUG5uTolrvzdHmy62orsHNdw=">AAACHHicbVDLSgMxFM3UV62vUZdugq3gQspMXeiy6MadFWwtdIYhk962oZnMkGSEMvRD3Pgrblwo4saF4N+YtiNo64WQk3PP4eaeMOFMacf5sgpLyyura8X10sbm1vaOvbvXUnEqKTRpzGPZDokCzgQ0NdMc2okEEoUc7sLh5aR/dw9SsVjc6lECfkT6gvUYJdpQgX3qhdBnIqMgNMgxrnjXEfRJUKt4Hq6Y+wRT88AeiO6PKLDLTtWZFl4Ebg7KKK9GYH943ZimkbFTTpTquE6i/YxIzSiHcclLFSSEDkkfOgYKEoHys+lyY3xkmC7uxdIcofGU/e3ISKTUKAqNMiJ6oOZ7E/K/XifVvXM/YyJJNQg6G9RLOdYxniSFu0wC1XxkAKGSmb9iOiCSUJOBKpkQ3PmVF0GrVnWdqntTK9cv8jiK6AAdomPkojNUR1eogZqIogf0hF7Qq/VoPVtv1vtMWrByzz76U9bnN1EzoD0=</latexit><latexit sha1_base64="mo/TUG5uTolrvzdHmy62orsHNdw=">AAACHHicbVDLSgMxFM3UV62vUZdugq3gQspMXeiy6MadFWwtdIYhk962oZnMkGSEMvRD3Pgrblwo4saF4N+YtiNo64WQk3PP4eaeMOFMacf5sgpLyyura8X10sbm1vaOvbvXUnEqKTRpzGPZDokCzgQ0NdMc2okEEoUc7sLh5aR/dw9SsVjc6lECfkT6gvUYJdpQgX3qhdBnIqMgNMgxrnjXEfRJUKt4Hq6Y+wRT88AeiO6PKLDLTtWZFl4Ebg7KKK9GYH943ZimkbFTTpTquE6i/YxIzSiHcclLFSSEDkkfOgYKEoHys+lyY3xkmC7uxdIcofGU/e3ISKTUKAqNMiJ6oOZ7E/K/XifVvXM/YyJJNQg6G9RLOdYxniSFu0wC1XxkAKGSmb9iOiCSUJOBKpkQ3PmVF0GrVnWdqntTK9cv8jiK6AAdomPkojNUR1eogZqIogf0hF7Qq/VoPVtv1vtMWrByzz76U9bnN1EzoD0=</latexit>

⌦m

am, cm
<latexit sha1_base64="XffwF7uUM+wQ0uAB501oendTFCk=">AAACHHicbVDLSgMxFM3UV62vqks3wVZwIWWmLnRZdOPOCrYWOkPJpLfT0CQzJBmhDP0QN/6KGxeKuHEh+DemD0FbL4ScnHsON/eECWfauO6Xk1taXlldy68XNja3tneKu3tNHaeKQoPGPFatkGjgTELDMMOhlSggIuRwFw4ux/27e1CaxfLWDBMIBIkk6zFKjKU6xVM/hIjJjII0oEa47F8LiEhHlH0fl+19gql9YB9k90fUKZbcijspvAi8GSihWdU7xQ+/G9NUWDvlROu25yYmyIgyjHIYFfxUQ0LogETQtlASATrIJsuN8JFlurgXK3ukwRP2tyMjQuuhCK1SENPX870x+V+vnZreeZAxmaQGJJ0O6qUcmxiPk8JdpoAaPrSAUMXsXzHtE0WozUAXbAje/MqLoFmteG7Fu6mWahezOPLoAB2iY+ShM1RDV6iOGoiiB/SEXtCr8+g8O2/O+1Sac2aeffSnnM9va1qg7g==</latexit><latexit sha1_base64="XffwF7uUM+wQ0uAB501oendTFCk=">AAACHHicbVDLSgMxFM3UV62vqks3wVZwIWWmLnRZdOPOCrYWOkPJpLfT0CQzJBmhDP0QN/6KGxeKuHEh+DemD0FbL4ScnHsON/eECWfauO6Xk1taXlldy68XNja3tneKu3tNHaeKQoPGPFatkGjgTELDMMOhlSggIuRwFw4ux/27e1CaxfLWDBMIBIkk6zFKjKU6xVM/hIjJjII0oEa47F8LiEhHlH0fl+19gql9YB9k90fUKZbcijspvAi8GSihWdU7xQ+/G9NUWDvlROu25yYmyIgyjHIYFfxUQ0LogETQtlASATrIJsuN8JFlurgXK3ukwRP2tyMjQuuhCK1SENPX870x+V+vnZreeZAxmaQGJJ0O6qUcmxiPk8JdpoAaPrSAUMXsXzHtE0WozUAXbAje/MqLoFmteG7Fu6mWahezOPLoAB2iY+ShM1RDV6iOGoiiB/SEXtCr8+g8O2/O+1Sac2aeffSnnM9va1qg7g==</latexit><latexit sha1_base64="XffwF7uUM+wQ0uAB501oendTFCk=">AAACHHicbVDLSgMxFM3UV62vqks3wVZwIWWmLnRZdOPOCrYWOkPJpLfT0CQzJBmhDP0QN/6KGxeKuHEh+DemD0FbL4ScnHsON/eECWfauO6Xk1taXlldy68XNja3tneKu3tNHaeKQoPGPFatkGjgTELDMMOhlSggIuRwFw4ux/27e1CaxfLWDBMIBIkk6zFKjKU6xVM/hIjJjII0oEa47F8LiEhHlH0fl+19gql9YB9k90fUKZbcijspvAi8GSihWdU7xQ+/G9NUWDvlROu25yYmyIgyjHIYFfxUQ0LogETQtlASATrIJsuN8JFlurgXK3ukwRP2tyMjQuuhCK1SENPX870x+V+vnZreeZAxmaQGJJ0O6qUcmxiPk8JdpoAaPrSAUMXsXzHtE0WozUAXbAje/MqLoFmteG7Fu6mWahezOPLoAB2iY+ShM1RDV6iOGoiiB/SEXtCr8+g8O2/O+1Sac2aeffSnnM9va1qg7g==</latexit><latexit sha1_base64="XffwF7uUM+wQ0uAB501oendTFCk=">AAACHHicbVDLSgMxFM3UV62vqks3wVZwIWWmLnRZdOPOCrYWOkPJpLfT0CQzJBmhDP0QN/6KGxeKuHEh+DemD0FbL4ScnHsON/eECWfauO6Xk1taXlldy68XNja3tneKu3tNHaeKQoPGPFatkGjgTELDMMOhlSggIuRwFw4ux/27e1CaxfLWDBMIBIkk6zFKjKU6xVM/hIjJjII0oEa47F8LiEhHlH0fl+19gql9YB9k90fUKZbcijspvAi8GSihWdU7xQ+/G9NUWDvlROu25yYmyIgyjHIYFfxUQ0LogETQtlASATrIJsuN8JFlurgXK3ukwRP2tyMjQuuhCK1SENPX870x+V+vnZreeZAxmaQGJJ0O6qUcmxiPk8JdpoAaPrSAUMXsXzHtE0WozUAXbAje/MqLoFmteG7Fu6mWahezOPLoAB2iY+ShM1RDV6iOGoiiB/SEXtCr8+g8O2/O+1Sac2aeffSnnM9va1qg7g==</latexit>

⌦k

ak, ck
<latexit sha1_base64="K1qQt6GjX0yY1DWbLeHBoPKKKhw=">AAACHHicbVDLSgMxFM3UV62vqks3wVZwIWWmLnRZdOPOCrYWOsOQydxpQzOZIckIZeiHuPFX3LhQxI0Lwb8xfQjaeiHk5NxzuLknSDlT2ra/rMLS8srqWnG9tLG5tb1T3t1rqySTFFo04YnsBEQBZwJammkOnVQCiQMOd8Hgcty/uwepWCJu9TAFLyY9wSJGiTaUXz51A+gxkVMQGuQIV93rGHrEH1RdF1fNfYKpeWAXRPgj8ssVu2ZPCi8CZwYqaFZNv/zhhgnNYmOnnCjVdexUezmRmlEOo5KbKUgJHZAedA0UJAbl5ZPlRvjIMCGOEmmO0HjC/nbkJFZqGAdGGRPdV/O9Mflfr5vp6NzLmUgzDYJOB0UZxzrB46RwyCRQzYcGECqZ+SumfSIJNRmokgnBmV95EbTrNceuOTf1SuNiFkcRHaBDdIwcdIYa6Ao1UQtR9ICe0At6tR6tZ+vNep9KC9bMs4/+lPX5DWHKoOg=</latexit><latexit sha1_base64="K1qQt6GjX0yY1DWbLeHBoPKKKhw=">AAACHHicbVDLSgMxFM3UV62vqks3wVZwIWWmLnRZdOPOCrYWOsOQydxpQzOZIckIZeiHuPFX3LhQxI0Lwb8xfQjaeiHk5NxzuLknSDlT2ra/rMLS8srqWnG9tLG5tb1T3t1rqySTFFo04YnsBEQBZwJammkOnVQCiQMOd8Hgcty/uwepWCJu9TAFLyY9wSJGiTaUXz51A+gxkVMQGuQIV93rGHrEH1RdF1fNfYKpeWAXRPgj8ssVu2ZPCi8CZwYqaFZNv/zhhgnNYmOnnCjVdexUezmRmlEOo5KbKUgJHZAedA0UJAbl5ZPlRvjIMCGOEmmO0HjC/nbkJFZqGAdGGRPdV/O9Mflfr5vp6NzLmUgzDYJOB0UZxzrB46RwyCRQzYcGECqZ+SumfSIJNRmokgnBmV95EbTrNceuOTf1SuNiFkcRHaBDdIwcdIYa6Ao1UQtR9ICe0At6tR6tZ+vNep9KC9bMs4/+lPX5DWHKoOg=</latexit><latexit sha1_base64="K1qQt6GjX0yY1DWbLeHBoPKKKhw=">AAACHHicbVDLSgMxFM3UV62vqks3wVZwIWWmLnRZdOPOCrYWOsOQydxpQzOZIckIZeiHuPFX3LhQxI0Lwb8xfQjaeiHk5NxzuLknSDlT2ra/rMLS8srqWnG9tLG5tb1T3t1rqySTFFo04YnsBEQBZwJammkOnVQCiQMOd8Hgcty/uwepWCJu9TAFLyY9wSJGiTaUXz51A+gxkVMQGuQIV93rGHrEH1RdF1fNfYKpeWAXRPgj8ssVu2ZPCi8CZwYqaFZNv/zhhgnNYmOnnCjVdexUezmRmlEOo5KbKUgJHZAedA0UJAbl5ZPlRvjIMCGOEmmO0HjC/nbkJFZqGAdGGRPdV/O9Mflfr5vp6NzLmUgzDYJOB0UZxzrB46RwyCRQzYcGECqZ+SumfSIJNRmokgnBmV95EbTrNceuOTf1SuNiFkcRHaBDdIwcdIYa6Ao1UQtR9ICe0At6tR6tZ+vNep9KC9bMs4/+lPX5DWHKoOg=</latexit><latexit sha1_base64="K1qQt6GjX0yY1DWbLeHBoPKKKhw=">AAACHHicbVDLSgMxFM3UV62vqks3wVZwIWWmLnRZdOPOCrYWOsOQydxpQzOZIckIZeiHuPFX3LhQxI0Lwb8xfQjaeiHk5NxzuLknSDlT2ra/rMLS8srqWnG9tLG5tb1T3t1rqySTFFo04YnsBEQBZwJammkOnVQCiQMOd8Hgcty/uwepWCJu9TAFLyY9wSJGiTaUXz51A+gxkVMQGuQIV93rGHrEH1RdF1fNfYKpeWAXRPgj8ssVu2ZPCi8CZwYqaFZNv/zhhgnNYmOnnCjVdexUezmRmlEOo5KbKUgJHZAedA0UJAbl5ZPlRvjIMCGOEmmO0HjC/nbkJFZqGAdGGRPdV/O9Mflfr5vp6NzLmUgzDYJOB0UZxzrB46RwyCRQzYcGECqZ+SumfSIJNRmokgnBmV95EbTrNceuOTf1SuNiFkcRHaBDdIwcdIYa6Ao1UQtR9ICe0At6tR6tZ+vNep9KC9bMs4/+lPX5DWHKoOg=</latexit>

⌦`

a`, c`
<latexit sha1_base64="xxz9qMidRbpGBIVJVCylGUSmRpc=">AAACJXicbVDLSsNAFJ34rPUVdelmsBVcSEm60YWLoht3VrAPaEKZTG/SoZNJmJkIJfRn3PgrblxYRHDlrzh9CNp6YOBwzrncuSdIOVPacT6tldW19Y3NwlZxe2d3b98+OGyqJJMUGjThiWwHRAFnAhqaaQ7tVAKJAw6tYHAz8VuPIBVLxIMepuDHJBIsZJRoI3XtKy+AiImcgtAgR7js3cUQka4HnJc9D5dn9BzTmYQ9EL2fdNcuORVnCrxM3DkpoTnqXXvs9RKaxWaccqJUx3VS7edEakY5jIpepiAldEAi6BgqSAzKz6dXjvCpUXo4TKR5QuOp+nsiJ7FSwzgwyZjovlr0JuJ/XifT4aWfM5FmGgSdLQozjnWCJ5XhHpNANR8aQqhk5q+Y9okk1HSgiqYEd/HkZdKsVlyn4t5XS7XreR0FdIxO0Bly0QWqoVtURw1E0RN6QW9obD1br9a79TGLrljzmSP0B9bXN8mFpMw=</latexit><latexit sha1_base64="xxz9qMidRbpGBIVJVCylGUSmRpc=">AAACJXicbVDLSsNAFJ34rPUVdelmsBVcSEm60YWLoht3VrAPaEKZTG/SoZNJmJkIJfRn3PgrblxYRHDlrzh9CNp6YOBwzrncuSdIOVPacT6tldW19Y3NwlZxe2d3b98+OGyqJJMUGjThiWwHRAFnAhqaaQ7tVAKJAw6tYHAz8VuPIBVLxIMepuDHJBIsZJRoI3XtKy+AiImcgtAgR7js3cUQka4HnJc9D5dn9BzTmYQ9EL2fdNcuORVnCrxM3DkpoTnqXXvs9RKaxWaccqJUx3VS7edEakY5jIpepiAldEAi6BgqSAzKz6dXjvCpUXo4TKR5QuOp+nsiJ7FSwzgwyZjovlr0JuJ/XifT4aWfM5FmGgSdLQozjnWCJ5XhHpNANR8aQqhk5q+Y9okk1HSgiqYEd/HkZdKsVlyn4t5XS7XreR0FdIxO0Bly0QWqoVtURw1E0RN6QW9obD1br9a79TGLrljzmSP0B9bXN8mFpMw=</latexit><latexit sha1_base64="xxz9qMidRbpGBIVJVCylGUSmRpc=">AAACJXicbVDLSsNAFJ34rPUVdelmsBVcSEm60YWLoht3VrAPaEKZTG/SoZNJmJkIJfRn3PgrblxYRHDlrzh9CNp6YOBwzrncuSdIOVPacT6tldW19Y3NwlZxe2d3b98+OGyqJJMUGjThiWwHRAFnAhqaaQ7tVAKJAw6tYHAz8VuPIBVLxIMepuDHJBIsZJRoI3XtKy+AiImcgtAgR7js3cUQka4HnJc9D5dn9BzTmYQ9EL2fdNcuORVnCrxM3DkpoTnqXXvs9RKaxWaccqJUx3VS7edEakY5jIpepiAldEAi6BgqSAzKz6dXjvCpUXo4TKR5QuOp+nsiJ7FSwzgwyZjovlr0JuJ/XifT4aWfM5FmGgSdLQozjnWCJ5XhHpNANR8aQqhk5q+Y9okk1HSgiqYEd/HkZdKsVlyn4t5XS7XreR0FdIxO0Bly0QWqoVtURw1E0RN6QW9obD1br9a79TGLrljzmSP0B9bXN8mFpMw=</latexit><latexit sha1_base64="xxz9qMidRbpGBIVJVCylGUSmRpc=">AAACJXicbVDLSsNAFJ34rPUVdelmsBVcSEm60YWLoht3VrAPaEKZTG/SoZNJmJkIJfRn3PgrblxYRHDlrzh9CNp6YOBwzrncuSdIOVPacT6tldW19Y3NwlZxe2d3b98+OGyqJJMUGjThiWwHRAFnAhqaaQ7tVAKJAw6tYHAz8VuPIBVLxIMepuDHJBIsZJRoI3XtKy+AiImcgtAgR7js3cUQka4HnJc9D5dn9BzTmYQ9EL2fdNcuORVnCrxM3DkpoTnqXXvs9RKaxWaccqJUx3VS7edEakY5jIpepiAldEAi6BgqSAzKz6dXjvCpUXo4TKR5QuOp+nsiJ7FSwzgwyZjovlr0JuJ/XifT4aWfM5FmGgSdLQozjnWCJ5XhHpNANR8aQqhk5q+Y9okk1HSgiqYEd/HkZdKsVlyn4t5XS7XreR0FdIxO0Bly0QWqoVtURw1E0RN6QW9obD1br9a79TGLrljzmSP0B9bXN8mFpMw=</latexit>

k, ` = 1, 2, ..., m
<latexit sha1_base64="iIw3rvAJsmBGSTgiSCU6+g50DDc=">AAAB/3icbVC7SgNBFL3rM8bXqmCjxWBWsAjLbhpthKCNZQLmAckSZiezyZDZBzOzQlhT+Cs2FopY6m/Y2fkpTh6FJh64cDjnXu69x084k8pxvoyl5ZXVtfXcRn5za3tn19zbr8s4FYTWSMxj0fSxpJxFtKaY4rSZCIpDn9OGP7ge+407KiSLo1s1TKgX4l7EAkaw0lLHPLSsQbFNOUeXyC2WirZtF0PL6pgFx3YmQIvEnZFC+fi9+g0AlY752e7GJA1ppAjHUrZcJ1FehoVihNNRvp1KmmAywD3a0jTCIZVeNrl/hE610kVBLHRFCk3U3xMZDqUchr7uDLHqy3lvLP7ntVIVXHgZi5JU0YhMFwUpRypG4zBQlwlKFB9qgolg+lZE+lhgonRkeR2CO//yIqmXbNex3apO4wqmyMERnMAZuHAOZbiBCtSAwD08wjO8GA/Gk/FqvE1bl4zZzAH8gfHxA7dJlOM=</latexit><latexit sha1_base64="UkbIHKe/nkq7jYuuoScSQMBZbN0=">AAAB/3icbVDLSsNAFJ3UV62vqOBGkcFGcFFC0o1uhKIbly3YB7ShTKaTduhMEmYmQolduPBH3LhQxGX9DXd+gz/h9LHQ1gMXDufcy733+DGjUjnOl5FZWl5ZXcuu5zY2t7Z3zN29mowSgUkVRywSDR9JwmhIqooqRhqxIIj7jNT9/vXYr98RIWkU3qpBTDyOuiENKEZKS23zwLL6hRZhDF5Ct1As2LZd4JbVNvOO7UwAF4k7I/nS0ajy/Xg8KrfNz1YnwgknocIMSdl0nVh5KRKKYkaGuVYiSYxwH3VJU9MQcSK9dHL/EJ5qpQODSOgKFZyovydSxKUccF93cqR6ct4bi/95zUQFF15KwzhRJMTTRUHCoIrgOAzYoYJgxQaaICyovhXiHhIIKx1ZTofgzr+8SGpF23Vst6LTuAJTZMEhOAFnwAXnoARuQBlUAQb34Am8gFfjwXg23oz3aWvGmM3sgz8wPn4AlY6WSQ==</latexit><latexit sha1_base64="UkbIHKe/nkq7jYuuoScSQMBZbN0=">AAAB/3icbVDLSsNAFJ3UV62vqOBGkcFGcFFC0o1uhKIbly3YB7ShTKaTduhMEmYmQolduPBH3LhQxGX9DXd+gz/h9LHQ1gMXDufcy733+DGjUjnOl5FZWl5ZXcuu5zY2t7Z3zN29mowSgUkVRywSDR9JwmhIqooqRhqxIIj7jNT9/vXYr98RIWkU3qpBTDyOuiENKEZKS23zwLL6hRZhDF5Ct1As2LZd4JbVNvOO7UwAF4k7I/nS0ajy/Xg8KrfNz1YnwgknocIMSdl0nVh5KRKKYkaGuVYiSYxwH3VJU9MQcSK9dHL/EJ5qpQODSOgKFZyovydSxKUccF93cqR6ct4bi/95zUQFF15KwzhRJMTTRUHCoIrgOAzYoYJgxQaaICyovhXiHhIIKx1ZTofgzr+8SGpF23Vst6LTuAJTZMEhOAFnwAXnoARuQBlUAQb34Am8gFfjwXg23oz3aWvGmM3sgz8wPn4AlY6WSQ==</latexit><latexit sha1_base64="2y8D7l7ERw24y+K2NlYxQY4MB8E=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GWwEFyEk3ehGKLpxWcE+oA1lMp20Q2cmYWYilNiFv+LGhSJu/Q13/o3TNgttPXDhcM693HtPlDKqtO9/Wyura+sbm6Wt8vbO7t6+fXDYVEkmMWnghCWyHSFFGBWkoalmpJ1KgnjESCsa3Uz91gORiibiXo9TEnI0EDSmGGkj9exjxxm5XcIYvIKBW3U9z3O54/Tsiu/5M8BlEhSkAgrUe/ZXt5/gjBOhMUNKdQI/1WGOpKaYkUm5mymSIjxCA9IxVCBOVJjP7p/AM6P0YZxIU0LDmfp7IkdcqTGPTCdHeqgWvan4n9fJdHwZ5lSkmSYCzxfFGYM6gdMwYJ9KgjUbG4KwpOZWiIdIIqxNZGUTQrD48jJpVr3A94I7v1K7LuIogRNwCs5BAC5ADdyCOmgADB7BM3gFb9aT9WK9Wx/z1hWrmDkCf2B9/gCnT5Ke</latexit>

k = 1, 2, ..., m
<latexit sha1_base64="sI88Dmqh/gm8HmxaUB5EZmeEyto=">AAAB+nicbVC7SgNBFL3rM8bXRkstBrOCRVh202gjBG0sEzAPSJYwO5lNhsw+mJlVwppPsbFQxNbC77Cz81OcPApNPHDhcM693HuPn3AmleN8GSura+sbm7mt/PbO7t6+WThoyDgVhNZJzGPR8rGknEW0rpjitJUIikOf06Y/vJ74zTsqJIujWzVKqBfifsQCRrDSUtcsWNYQXSK3VC7Ztl0KLatrFh3bmQItE3dOipXjj9o3AFS75menF5M0pJEiHEvZdp1EeRkWihFOx/lOKmmCyRD3aVvTCIdUetn09DE61UoPBbHQFSk0VX9PZDiUchT6ujPEaiAXvYn4n9dOVXDhZSxKUkUjMlsUpBypGE1yQD0mKFF8pAkmgulbERlggYnSaeV1CO7iy8ukUbZdx3ZrOo0rmCEHR3ACZ+DCOVTgBqpQBwL38AjP8GI8GE/Gq/E2a10x5jOH8AfG+w8vhpLs</latexit><latexit sha1_base64="8TOWMwfgGeSuBBF211TXO3KzO+U=">AAAB+nicbVDLSsNAFJ3UV62vVJeKDDaCixKSbnQjFN24bME+oA1lMp20QyeTMDNRSuzSz3DjQhG3Lvod7vwGf8LpY6GtBy4czrmXe+/xY0alcpwvI7Oyura+kd3MbW3v7O6Z+f26jBKBSQ1HLBJNH0nCKCc1RRUjzVgQFPqMNPzB9cRv3BEhacRv1TAmXoh6nAYUI6Wljpm3rAG8hG6xVLRtuxhaVscsOLYzBVwm7pwUykfj6vfj8bjSMT/b3QgnIeEKMyRly3Vi5aVIKIoZGeXaiSQxwgPUIy1NOQqJ9NLp6SN4qpUuDCKhiys4VX9PpCiUchj6ujNEqi8XvYn4n9dKVHDhpZTHiSIczxYFCYMqgpMcYJcKghUbaoKwoPpWiPtIIKx0Wjkdgrv48jKpl2zXsd2qTuMKzJAFh+AEnAEXnIMyuAEVUAMY3IMn8AJejQfj2Xgz3metGWM+cwD+wPj4AQ3LlFI=</latexit><latexit sha1_base64="8TOWMwfgGeSuBBF211TXO3KzO+U=">AAAB+nicbVDLSsNAFJ3UV62vVJeKDDaCixKSbnQjFN24bME+oA1lMp20QyeTMDNRSuzSz3DjQhG3Lvod7vwGf8LpY6GtBy4czrmXe+/xY0alcpwvI7Oyura+kd3MbW3v7O6Z+f26jBKBSQ1HLBJNH0nCKCc1RRUjzVgQFPqMNPzB9cRv3BEhacRv1TAmXoh6nAYUI6Wljpm3rAG8hG6xVLRtuxhaVscsOLYzBVwm7pwUykfj6vfj8bjSMT/b3QgnIeEKMyRly3Vi5aVIKIoZGeXaiSQxwgPUIy1NOQqJ9NLp6SN4qpUuDCKhiys4VX9PpCiUchj6ujNEqi8XvYn4n9dKVHDhpZTHiSIczxYFCYMqgpMcYJcKghUbaoKwoPpWiPtIIKx0Wjkdgrv48jKpl2zXsd2qTuMKzJAFh+AEnAEXnIMyuAEVUAMY3IMn8AJejQfj2Xgz3metGWM+cwD+wPj4AQ3LlFI=</latexit><latexit sha1_base64="raKF9nILXzp2SLXbqLfbvZz3xzs=">AAAB+nicbVBNT8JAEJ3iF+JX0aOXjdTEA2laLnoxIXrxiImACTRkuyywYbdtdrcaUvkpXjxojFd/iTf/jQv0oOBLJnl5byYz88KEM6U979sqrK1vbG4Vt0s7u3v7B3b5sKXiVBLaJDGP5X2IFeUsok3NNKf3iaRYhJy2w/H1zG8/UKlYHN3pSUIDgYcRGzCCtZF6dtlxxugS+dVa1XXdqnCcnl3xXG8OtEr8nFQgR6Nnf3X7MUkFjTThWKmO7yU6yLDUjHA6LXVTRRNMxnhIO4ZGWFAVZPPTp+jUKH00iKWpSKO5+nsiw0KpiQhNp8B6pJa9mfif10n14CLIWJSkmkZksWiQcqRjNMsB9ZmkRPOJIZhIZm5FZIQlJtqkVTIh+Msvr5JWzfU917/1KvWrPI4iHMMJnIEP51CHG2hAEwg8wjO8wpv1ZL1Y79bHorVg5TNH8AfW5w8fjJCn</latexit>

` = 1, 2, ..., m
<latexit sha1_base64="QbJSD9rnPvkSrrfpTL6l/IzaL0U=">AAAB/XicbVDJSgNBEK1xjXEbl5seGjOChzDM5KIXIejFYwJmgWQIPZ2epEnPQnePEIfgr3jxoIhX/Q5v3vwUO8tBEx8UPN6roqqen3AmleN8GUvLK6tr67mN/ObW9s6uubdfl3EqCK2RmMei6WNJOYtoTTHFaTMRFIc+pw1/cD32G3dUSBZHt2qYUC/EvYgFjGClpY55aFltyjm6RG6xVLRtuxhaVscsOLYzAVok7owUyscf1W8AqHTMz3Y3JmlII0U4lrLlOonyMiwUI5yO8u1U0gSTAe7RlqYRDqn0ssn1I3SqlS4KYqErUmii/p7IcCjlMPR1Z4hVX857Y/E/r5Wq4MLLWJSkikZkuihIOVIxGkeBukxQovhQE0wE07ci0scCE6UDy+sQ3PmXF0m9ZLuO7VZ1GlcwRQ6O4ATOwIVzKMMNVKAGBO7hEZ7hxXgwnoxX423aumTMZg7gD4z3H3xxlDg=</latexit><latexit sha1_base64="i3vacI7BJsd0oajeqiFwYwHSkzQ=">AAAB/XicbVDLSsNAFJ3UV62v+NgpMtgILkpIutGNUHTjsgX7gDaUyXTSDp1MwsxEqKG48j/cuFDErf0Od36DP+H0sdDWAxcO59zLvff4MaNSOc6XkVlaXlldy67nNja3tnfM3b2ajBKBSRVHLBINH0nCKCdVRRUjjVgQFPqM1P3+9div3xEhacRv1SAmXoi6nAYUI6WltnlgWS3CGLyEbqFYsG27EFpW28w7tjMBXCTujORLR6PK9+PxqNw2P1udCCch4QozJGXTdWLlpUgoihkZ5lqJJDHCfdQlTU05Con00sn1Q3iqlQ4MIqGLKzhRf0+kKJRyEPq6M0SqJ+e9sfif10xUcOGllMeJIhxPFwUJgyqC4yhghwqCFRtogrCg+laIe0ggrHRgOR2CO//yIqkVbdex3YpO4wpMkQWH4AScARecgxK4AWVQBRjcgyfwAl6NB+PZeDPep60ZYzazD/7A+PgBWraVng==</latexit><latexit sha1_base64="i3vacI7BJsd0oajeqiFwYwHSkzQ=">AAAB/XicbVDLSsNAFJ3UV62v+NgpMtgILkpIutGNUHTjsgX7gDaUyXTSDp1MwsxEqKG48j/cuFDErf0Od36DP+H0sdDWAxcO59zLvff4MaNSOc6XkVlaXlldy67nNja3tnfM3b2ajBKBSRVHLBINH0nCKCdVRRUjjVgQFPqM1P3+9div3xEhacRv1SAmXoi6nAYUI6WltnlgWS3CGLyEbqFYsG27EFpW28w7tjMBXCTujORLR6PK9+PxqNw2P1udCCch4QozJGXTdWLlpUgoihkZ5lqJJDHCfdQlTU05Con00sn1Q3iqlQ4MIqGLKzhRf0+kKJRyEPq6M0SqJ+e9sfif10xUcOGllMeJIhxPFwUJgyqC4yhghwqCFRtogrCg+laIe0ggrHRgOR2CO//yIqkVbdex3YpO4wpMkQWH4AScARecgxK4AWVQBRjcgyfwAl6NB+PZeDPep60ZYzazD/7A+PgBWraVng==</latexit><latexit sha1_base64="hueDftJuq/yeH2gAdYcrZODHEPc=">AAAB/XicbVDLSsNAFL3xWesrPnZuBhvBRQlJN7oRim5cVrAPaEOZTCft0MkkzEyEWoq/4saFIm79D3f+jdM2C209cOFwzr3ce0+Ycqa0531bK6tr6xubha3i9s7u3r59cNhQSSYJrZOEJ7IVYkU5E7Sumea0lUqK45DTZji8mfrNByoVS8S9HqU0iHFfsIgRrI3UtY8dp0M5R1fIL1fKruuWY8fp2iXP9WZAy8TPSQly1Lr2V6eXkCymQhOOlWr7XqqDMZaaEU4nxU6maIrJEPdp21CBY6qC8ez6CTozSg9FiTQlNJqpvyfGOFZqFIemM8Z6oBa9qfif1850dBmMmUgzTQWZL4oyjnSCplGgHpOUaD4yBBPJzK2IDLDERJvAiiYEf/HlZdKouL7n+ndeqXqdx1GAEziFc/DhAqpwCzWoA4FHeIZXeLOerBfr3fqYt65Y+cwR/IH1+QNsd5Hz</latexit>

k, ` = 1, 2, ..., m
<latexit sha1_base64="iIw3rvAJsmBGSTgiSCU6+g50DDc=">AAAB/3icbVC7SgNBFL3rM8bXqmCjxWBWsAjLbhpthKCNZQLmAckSZiezyZDZBzOzQlhT+Cs2FopY6m/Y2fkpTh6FJh64cDjnXu69x084k8pxvoyl5ZXVtfXcRn5za3tn19zbr8s4FYTWSMxj0fSxpJxFtKaY4rSZCIpDn9OGP7ge+407KiSLo1s1TKgX4l7EAkaw0lLHPLSsQbFNOUeXyC2WirZtF0PL6pgFx3YmQIvEnZFC+fi9+g0AlY752e7GJA1ppAjHUrZcJ1FehoVihNNRvp1KmmAywD3a0jTCIZVeNrl/hE610kVBLHRFCk3U3xMZDqUchr7uDLHqy3lvLP7ntVIVXHgZi5JU0YhMFwUpRypG4zBQlwlKFB9qgolg+lZE+lhgonRkeR2CO//yIqmXbNex3apO4wqmyMERnMAZuHAOZbiBCtSAwD08wjO8GA/Gk/FqvE1bl4zZzAH8gfHxA7dJlOM=</latexit><latexit sha1_base64="UkbIHKe/nkq7jYuuoScSQMBZbN0=">AAAB/3icbVDLSsNAFJ3UV62vqOBGkcFGcFFC0o1uhKIbly3YB7ShTKaTduhMEmYmQolduPBH3LhQxGX9DXd+gz/h9LHQ1gMXDufcy733+DGjUjnOl5FZWl5ZXcuu5zY2t7Z3zN29mowSgUkVRywSDR9JwmhIqooqRhqxIIj7jNT9/vXYr98RIWkU3qpBTDyOuiENKEZKS23zwLL6hRZhDF5Ct1As2LZd4JbVNvOO7UwAF4k7I/nS0ajy/Xg8KrfNz1YnwgknocIMSdl0nVh5KRKKYkaGuVYiSYxwH3VJU9MQcSK9dHL/EJ5qpQODSOgKFZyovydSxKUccF93cqR6ct4bi/95zUQFF15KwzhRJMTTRUHCoIrgOAzYoYJgxQaaICyovhXiHhIIKx1ZTofgzr+8SGpF23Vst6LTuAJTZMEhOAFnwAXnoARuQBlUAQb34Am8gFfjwXg23oz3aWvGmM3sgz8wPn4AlY6WSQ==</latexit><latexit sha1_base64="UkbIHKe/nkq7jYuuoScSQMBZbN0=">AAAB/3icbVDLSsNAFJ3UV62vqOBGkcFGcFFC0o1uhKIbly3YB7ShTKaTduhMEmYmQolduPBH3LhQxGX9DXd+gz/h9LHQ1gMXDufcy733+DGjUjnOl5FZWl5ZXcuu5zY2t7Z3zN29mowSgUkVRywSDR9JwmhIqooqRhqxIIj7jNT9/vXYr98RIWkU3qpBTDyOuiENKEZKS23zwLL6hRZhDF5Ct1As2LZd4JbVNvOO7UwAF4k7I/nS0ajy/Xg8KrfNz1YnwgknocIMSdl0nVh5KRKKYkaGuVYiSYxwH3VJU9MQcSK9dHL/EJ5qpQODSOgKFZyovydSxKUccF93cqR6ct4bi/95zUQFF15KwzhRJMTTRUHCoIrgOAzYoYJgxQaaICyovhXiHhIIKx1ZTofgzr+8SGpF23Vst6LTuAJTZMEhOAFnwAXnoARuQBlUAQb34Am8gFfjwXg23oz3aWvGmM3sgz8wPn4AlY6WSQ==</latexit><latexit sha1_base64="2y8D7l7ERw24y+K2NlYxQY4MB8E=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GWwEFyEk3ehGKLpxWcE+oA1lMp20Q2cmYWYilNiFv+LGhSJu/Q13/o3TNgttPXDhcM693HtPlDKqtO9/Wyura+sbm6Wt8vbO7t6+fXDYVEkmMWnghCWyHSFFGBWkoalmpJ1KgnjESCsa3Uz91gORiibiXo9TEnI0EDSmGGkj9exjxxm5XcIYvIKBW3U9z3O54/Tsiu/5M8BlEhSkAgrUe/ZXt5/gjBOhMUNKdQI/1WGOpKaYkUm5mymSIjxCA9IxVCBOVJjP7p/AM6P0YZxIU0LDmfp7IkdcqTGPTCdHeqgWvan4n9fJdHwZ5lSkmSYCzxfFGYM6gdMwYJ9KgjUbG4KwpOZWiIdIIqxNZGUTQrD48jJpVr3A94I7v1K7LuIogRNwCs5BAC5ADdyCOmgADB7BM3gFb9aT9WK9Wx/z1hWrmDkCf2B9/gCnT5Ke</latexit>

k, ` = 1, 2, ..., m
<latexit sha1_base64="iIw3rvAJsmBGSTgiSCU6+g50DDc=">AAAB/3icbVC7SgNBFL3rM8bXqmCjxWBWsAjLbhpthKCNZQLmAckSZiezyZDZBzOzQlhT+Cs2FopY6m/Y2fkpTh6FJh64cDjnXu69x084k8pxvoyl5ZXVtfXcRn5za3tn19zbr8s4FYTWSMxj0fSxpJxFtKaY4rSZCIpDn9OGP7ge+407KiSLo1s1TKgX4l7EAkaw0lLHPLSsQbFNOUeXyC2WirZtF0PL6pgFx3YmQIvEnZFC+fi9+g0AlY752e7GJA1ppAjHUrZcJ1FehoVihNNRvp1KmmAywD3a0jTCIZVeNrl/hE610kVBLHRFCk3U3xMZDqUchr7uDLHqy3lvLP7ntVIVXHgZi5JU0YhMFwUpRypG4zBQlwlKFB9qgolg+lZE+lhgonRkeR2CO//yIqmXbNex3apO4wqmyMERnMAZuHAOZbiBCtSAwD08wjO8GA/Gk/FqvE1bl4zZzAH8gfHxA7dJlOM=</latexit><latexit sha1_base64="UkbIHKe/nkq7jYuuoScSQMBZbN0=">AAAB/3icbVDLSsNAFJ3UV62vqOBGkcFGcFFC0o1uhKIbly3YB7ShTKaTduhMEmYmQolduPBH3LhQxGX9DXd+gz/h9LHQ1gMXDufcy733+DGjUjnOl5FZWl5ZXcuu5zY2t7Z3zN29mowSgUkVRywSDR9JwmhIqooqRhqxIIj7jNT9/vXYr98RIWkU3qpBTDyOuiENKEZKS23zwLL6hRZhDF5Ct1As2LZd4JbVNvOO7UwAF4k7I/nS0ajy/Xg8KrfNz1YnwgknocIMSdl0nVh5KRKKYkaGuVYiSYxwH3VJU9MQcSK9dHL/EJ5qpQODSOgKFZyovydSxKUccF93cqR6ct4bi/95zUQFF15KwzhRJMTTRUHCoIrgOAzYoYJgxQaaICyovhXiHhIIKx1ZTofgzr+8SGpF23Vst6LTuAJTZMEhOAFnwAXnoARuQBlUAQb34Am8gFfjwXg23oz3aWvGmM3sgz8wPn4AlY6WSQ==</latexit><latexit sha1_base64="UkbIHKe/nkq7jYuuoScSQMBZbN0=">AAAB/3icbVDLSsNAFJ3UV62vqOBGkcFGcFFC0o1uhKIbly3YB7ShTKaTduhMEmYmQolduPBH3LhQxGX9DXd+gz/h9LHQ1gMXDufcy733+DGjUjnOl5FZWl5ZXcuu5zY2t7Z3zN29mowSgUkVRywSDR9JwmhIqooqRhqxIIj7jNT9/vXYr98RIWkU3qpBTDyOuiENKEZKS23zwLL6hRZhDF5Ct1As2LZd4JbVNvOO7UwAF4k7I/nS0ajy/Xg8KrfNz1YnwgknocIMSdl0nVh5KRKKYkaGuVYiSYxwH3VJU9MQcSK9dHL/EJ5qpQODSOgKFZyovydSxKUccF93cqR6ct4bi/95zUQFF15KwzhRJMTTRUHCoIrgOAzYoYJgxQaaICyovhXiHhIIKx1ZTofgzr+8SGpF23Vst6LTuAJTZMEhOAFnwAXnoARuQBlUAQb34Am8gFfjwXg23oz3aWvGmM3sgz8wPn4AlY6WSQ==</latexit><latexit sha1_base64="2y8D7l7ERw24y+K2NlYxQY4MB8E=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GWwEFyEk3ehGKLpxWcE+oA1lMp20Q2cmYWYilNiFv+LGhSJu/Q13/o3TNgttPXDhcM693HtPlDKqtO9/Wyura+sbm6Wt8vbO7t6+fXDYVEkmMWnghCWyHSFFGBWkoalmpJ1KgnjESCsa3Uz91gORiibiXo9TEnI0EDSmGGkj9exjxxm5XcIYvIKBW3U9z3O54/Tsiu/5M8BlEhSkAgrUe/ZXt5/gjBOhMUNKdQI/1WGOpKaYkUm5mymSIjxCA9IxVCBOVJjP7p/AM6P0YZxIU0LDmfp7IkdcqTGPTCdHeqgWvan4n9fJdHwZ5lSkmSYCzxfFGYM6gdMwYJ9KgjUbG4KwpOZWiIdIIqxNZGUTQrD48jJpVr3A94I7v1K7LuIogRNwCs5BAC5ADdyCOmgADB7BM3gFb9aT9WK9Wx/z1hWrmDkCf2B9/gCnT5Ke</latexit>

k, ` = 1, 2, ..., m
<latexit sha1_base64="iIw3rvAJsmBGSTgiSCU6+g50DDc=">AAAB/3icbVC7SgNBFL3rM8bXqmCjxWBWsAjLbhpthKCNZQLmAckSZiezyZDZBzOzQlhT+Cs2FopY6m/Y2fkpTh6FJh64cDjnXu69x084k8pxvoyl5ZXVtfXcRn5za3tn19zbr8s4FYTWSMxj0fSxpJxFtKaY4rSZCIpDn9OGP7ge+407KiSLo1s1TKgX4l7EAkaw0lLHPLSsQbFNOUeXyC2WirZtF0PL6pgFx3YmQIvEnZFC+fi9+g0AlY752e7GJA1ppAjHUrZcJ1FehoVihNNRvp1KmmAywD3a0jTCIZVeNrl/hE610kVBLHRFCk3U3xMZDqUchr7uDLHqy3lvLP7ntVIVXHgZi5JU0YhMFwUpRypG4zBQlwlKFB9qgolg+lZE+lhgonRkeR2CO//yIqmXbNex3apO4wqmyMERnMAZuHAOZbiBCtSAwD08wjO8GA/Gk/FqvE1bl4zZzAH8gfHxA7dJlOM=</latexit><latexit sha1_base64="UkbIHKe/nkq7jYuuoScSQMBZbN0=">AAAB/3icbVDLSsNAFJ3UV62vqOBGkcFGcFFC0o1uhKIbly3YB7ShTKaTduhMEmYmQolduPBH3LhQxGX9DXd+gz/h9LHQ1gMXDufcy733+DGjUjnOl5FZWl5ZXcuu5zY2t7Z3zN29mowSgUkVRywSDR9JwmhIqooqRhqxIIj7jNT9/vXYr98RIWkU3qpBTDyOuiENKEZKS23zwLL6hRZhDF5Ct1As2LZd4JbVNvOO7UwAF4k7I/nS0ajy/Xg8KrfNz1YnwgknocIMSdl0nVh5KRKKYkaGuVYiSYxwH3VJU9MQcSK9dHL/EJ5qpQODSOgKFZyovydSxKUccF93cqR6ct4bi/95zUQFF15KwzhRJMTTRUHCoIrgOAzYoYJgxQaaICyovhXiHhIIKx1ZTofgzr+8SGpF23Vst6LTuAJTZMEhOAFnwAXnoARuQBlUAQb34Am8gFfjwXg23oz3aWvGmM3sgz8wPn4AlY6WSQ==</latexit><latexit sha1_base64="UkbIHKe/nkq7jYuuoScSQMBZbN0=">AAAB/3icbVDLSsNAFJ3UV62vqOBGkcFGcFFC0o1uhKIbly3YB7ShTKaTduhMEmYmQolduPBH3LhQxGX9DXd+gz/h9LHQ1gMXDufcy733+DGjUjnOl5FZWl5ZXcuu5zY2t7Z3zN29mowSgUkVRywSDR9JwmhIqooqRhqxIIj7jNT9/vXYr98RIWkU3qpBTDyOuiENKEZKS23zwLL6hRZhDF5Ct1As2LZd4JbVNvOO7UwAF4k7I/nS0ajy/Xg8KrfNz1YnwgknocIMSdl0nVh5KRKKYkaGuVYiSYxwH3VJU9MQcSK9dHL/EJ5qpQODSOgKFZyovydSxKUccF93cqR6ct4bi/95zUQFF15KwzhRJMTTRUHCoIrgOAzYoYJgxQaaICyovhXiHhIIKx1ZTofgzr+8SGpF23Vst6LTuAJTZMEhOAFnwAXnoARuQBlUAQb34Am8gFfjwXg23oz3aWvGmM3sgz8wPn4AlY6WSQ==</latexit><latexit sha1_base64="2y8D7l7ERw24y+K2NlYxQY4MB8E=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GWwEFyEk3ehGKLpxWcE+oA1lMp20Q2cmYWYilNiFv+LGhSJu/Q13/o3TNgttPXDhcM693HtPlDKqtO9/Wyura+sbm6Wt8vbO7t6+fXDYVEkmMWnghCWyHSFFGBWkoalmpJ1KgnjESCsa3Uz91gORiibiXo9TEnI0EDSmGGkj9exjxxm5XcIYvIKBW3U9z3O54/Tsiu/5M8BlEhSkAgrUe/ZXt5/gjBOhMUNKdQI/1WGOpKaYkUm5mymSIjxCA9IxVCBOVJjP7p/AM6P0YZxIU0LDmfp7IkdcqTGPTCdHeqgWvan4n9fJdHwZ5lSkmSYCzxfFGYM6gdMwYJ9KgjUbG4KwpOZWiIdIIqxNZGUTQrD48jJpVr3A94I7v1K7LuIogRNwCs5BAC5ADdyCOmgADB7BM3gFb9aT9WK9Wx/z1hWrmDkCf2B9/gCnT5Ke</latexit>

For r ∈ Ωk , s ∈ Ω`, and each fixed k, ` = 1, 2, ...,m,

GenGC: Ck`(r , s; ak , a`, ck , c`)

Figure 2: GenGC on the unit circle (S1
1 ) for continuous a and c (left), correlation

matrix (middle), and selected correlations (right). White regions in the correlation

matrix correspond to correlations between −0.003 and 0.003.
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The GenGC Correlation Function, cont.

⌦1

a1, c1
<latexit sha1_base64="wvUk7myHkYrTC540JgZ5+RiCl1M=">AAACHHicbVDLSgMxFM3UV62vUZdugq3gQspMXeiy6MadFWwtdIaSSW+noZnMkGSEMvRD3Pgrblwo4saF4N+YtiNo64WQk3PP4eaeIOFMacf5sgpLyyura8X10sbm1vaOvbvXUnEqKTRpzGPZDogCzgQ0NdMc2okEEgUc7oLh5aR/dw9SsVjc6lECfkRCwfqMEm2orn3qBRAykVEQGuQYV7zrCELSdSuehyvmPsHUPLAHovcj6tplp+pMCy8CNwdllFeja394vZimkbFTTpTquE6i/YxIzSiHcclLFSSEDkkIHQMFiUD52XS5MT4yTA/3Y2mO0HjK/nZkJFJqFAVGGRE9UPO9Cflfr5Pq/rmfMZGkGgSdDeqnHOsYT5LCPSaBaj4ygFDJzF8xHRBJqMlAlUwI7vzKi6BVq7pO1b2plesXeRxFdIAO0TFy0RmqoyvUQE1E0QN6Qi/o1Xq0nq03630mLVi5Zx/9KevzG0xroDo=</latexit><latexit sha1_base64="wvUk7myHkYrTC540JgZ5+RiCl1M=">AAACHHicbVDLSgMxFM3UV62vUZdugq3gQspMXeiy6MadFWwtdIaSSW+noZnMkGSEMvRD3Pgrblwo4saF4N+YtiNo64WQk3PP4eaeIOFMacf5sgpLyyura8X10sbm1vaOvbvXUnEqKTRpzGPZDogCzgQ0NdMc2okEEgUc7oLh5aR/dw9SsVjc6lECfkRCwfqMEm2orn3qBRAykVEQGuQYV7zrCELSdSuehyvmPsHUPLAHovcj6tplp+pMCy8CNwdllFeja394vZimkbFTTpTquE6i/YxIzSiHcclLFSSEDkkIHQMFiUD52XS5MT4yTA/3Y2mO0HjK/nZkJFJqFAVGGRE9UPO9Cflfr5Pq/rmfMZGkGgSdDeqnHOsYT5LCPSaBaj4ygFDJzF8xHRBJqMlAlUwI7vzKi6BVq7pO1b2plesXeRxFdIAO0TFy0RmqoyvUQE1E0QN6Qi/o1Xq0nq03630mLVi5Zx/9KevzG0xroDo=</latexit><latexit sha1_base64="wvUk7myHkYrTC540JgZ5+RiCl1M=">AAACHHicbVDLSgMxFM3UV62vUZdugq3gQspMXeiy6MadFWwtdIaSSW+noZnMkGSEMvRD3Pgrblwo4saF4N+YtiNo64WQk3PP4eaeIOFMacf5sgpLyyura8X10sbm1vaOvbvXUnEqKTRpzGPZDogCzgQ0NdMc2okEEgUc7oLh5aR/dw9SsVjc6lECfkRCwfqMEm2orn3qBRAykVEQGuQYV7zrCELSdSuehyvmPsHUPLAHovcj6tplp+pMCy8CNwdllFeja394vZimkbFTTpTquE6i/YxIzSiHcclLFSSEDkkIHQMFiUD52XS5MT4yTA/3Y2mO0HjK/nZkJFJqFAVGGRE9UPO9Cflfr5Pq/rmfMZGkGgSdDeqnHOsYT5LCPSaBaj4ygFDJzF8xHRBJqMlAlUwI7vzKi6BVq7pO1b2plesXeRxFdIAO0TFy0RmqoyvUQE1E0QN6Qi/o1Xq0nq03630mLVi5Zx/9KevzG0xroDo=</latexit><latexit sha1_base64="wvUk7myHkYrTC540JgZ5+RiCl1M=">AAACHHicbVDLSgMxFM3UV62vUZdugq3gQspMXeiy6MadFWwtdIaSSW+noZnMkGSEMvRD3Pgrblwo4saF4N+YtiNo64WQk3PP4eaeIOFMacf5sgpLyyura8X10sbm1vaOvbvXUnEqKTRpzGPZDogCzgQ0NdMc2okEEgUc7oLh5aR/dw9SsVjc6lECfkRCwfqMEm2orn3qBRAykVEQGuQYV7zrCELSdSuehyvmPsHUPLAHovcj6tplp+pMCy8CNwdllFeja394vZimkbFTTpTquE6i/YxIzSiHcclLFSSEDkkIHQMFiUD52XS5MT4yTA/3Y2mO0HjK/nZkJFJqFAVGGRE9UPO9Cflfr5Pq/rmfMZGkGgSdDeqnHOsYT5LCPSaBaj4ygFDJzF8xHRBJqMlAlUwI7vzKi6BVq7pO1b2plesXeRxFdIAO0TFy0RmqoyvUQE1E0QN6Qi/o1Xq0nq03630mLVi5Zx/9KevzG0xroDo=</latexit>

⌦2

a2, c2
<latexit sha1_base64="mo/TUG5uTolrvzdHmy62orsHNdw=">AAACHHicbVDLSgMxFM3UV62vUZdugq3gQspMXeiy6MadFWwtdIYhk962oZnMkGSEMvRD3Pgrblwo4saF4N+YtiNo64WQk3PP4eaeMOFMacf5sgpLyyura8X10sbm1vaOvbvXUnEqKTRpzGPZDokCzgQ0NdMc2okEEoUc7sLh5aR/dw9SsVjc6lECfkT6gvUYJdpQgX3qhdBnIqMgNMgxrnjXEfRJUKt4Hq6Y+wRT88AeiO6PKLDLTtWZFl4Ebg7KKK9GYH943ZimkbFTTpTquE6i/YxIzSiHcclLFSSEDkkfOgYKEoHys+lyY3xkmC7uxdIcofGU/e3ISKTUKAqNMiJ6oOZ7E/K/XifVvXM/YyJJNQg6G9RLOdYxniSFu0wC1XxkAKGSmb9iOiCSUJOBKpkQ3PmVF0GrVnWdqntTK9cv8jiK6AAdomPkojNUR1eogZqIogf0hF7Qq/VoPVtv1vtMWrByzz76U9bnN1EzoD0=</latexit><latexit sha1_base64="mo/TUG5uTolrvzdHmy62orsHNdw=">AAACHHicbVDLSgMxFM3UV62vUZdugq3gQspMXeiy6MadFWwtdIYhk962oZnMkGSEMvRD3Pgrblwo4saF4N+YtiNo64WQk3PP4eaeMOFMacf5sgpLyyura8X10sbm1vaOvbvXUnEqKTRpzGPZDokCzgQ0NdMc2okEEoUc7sLh5aR/dw9SsVjc6lECfkT6gvUYJdpQgX3qhdBnIqMgNMgxrnjXEfRJUKt4Hq6Y+wRT88AeiO6PKLDLTtWZFl4Ebg7KKK9GYH943ZimkbFTTpTquE6i/YxIzSiHcclLFSSEDkkfOgYKEoHys+lyY3xkmC7uxdIcofGU/e3ISKTUKAqNMiJ6oOZ7E/K/XifVvXM/YyJJNQg6G9RLOdYxniSFu0wC1XxkAKGSmb9iOiCSUJOBKpkQ3PmVF0GrVnWdqntTK9cv8jiK6AAdomPkojNUR1eogZqIogf0hF7Qq/VoPVtv1vtMWrByzz76U9bnN1EzoD0=</latexit><latexit sha1_base64="mo/TUG5uTolrvzdHmy62orsHNdw=">AAACHHicbVDLSgMxFM3UV62vUZdugq3gQspMXeiy6MadFWwtdIYhk962oZnMkGSEMvRD3Pgrblwo4saF4N+YtiNo64WQk3PP4eaeMOFMacf5sgpLyyura8X10sbm1vaOvbvXUnEqKTRpzGPZDokCzgQ0NdMc2okEEoUc7sLh5aR/dw9SsVjc6lECfkT6gvUYJdpQgX3qhdBnIqMgNMgxrnjXEfRJUKt4Hq6Y+wRT88AeiO6PKLDLTtWZFl4Ebg7KKK9GYH943ZimkbFTTpTquE6i/YxIzSiHcclLFSSEDkkfOgYKEoHys+lyY3xkmC7uxdIcofGU/e3ISKTUKAqNMiJ6oOZ7E/K/XifVvXM/YyJJNQg6G9RLOdYxniSFu0wC1XxkAKGSmb9iOiCSUJOBKpkQ3PmVF0GrVnWdqntTK9cv8jiK6AAdomPkojNUR1eogZqIogf0hF7Qq/VoPVtv1vtMWrByzz76U9bnN1EzoD0=</latexit><latexit sha1_base64="mo/TUG5uTolrvzdHmy62orsHNdw=">AAACHHicbVDLSgMxFM3UV62vUZdugq3gQspMXeiy6MadFWwtdIYhk962oZnMkGSEMvRD3Pgrblwo4saF4N+YtiNo64WQk3PP4eaeMOFMacf5sgpLyyura8X10sbm1vaOvbvXUnEqKTRpzGPZDokCzgQ0NdMc2okEEoUc7sLh5aR/dw9SsVjc6lECfkT6gvUYJdpQgX3qhdBnIqMgNMgxrnjXEfRJUKt4Hq6Y+wRT88AeiO6PKLDLTtWZFl4Ebg7KKK9GYH943ZimkbFTTpTquE6i/YxIzSiHcclLFSSEDkkfOgYKEoHys+lyY3xkmC7uxdIcofGU/e3ISKTUKAqNMiJ6oOZ7E/K/XifVvXM/YyJJNQg6G9RLOdYxniSFu0wC1XxkAKGSmb9iOiCSUJOBKpkQ3PmVF0GrVnWdqntTK9cv8jiK6AAdomPkojNUR1eogZqIogf0hF7Qq/VoPVtv1vtMWrByzz76U9bnN1EzoD0=</latexit>

⌦m

am, cm
<latexit sha1_base64="XffwF7uUM+wQ0uAB501oendTFCk=">AAACHHicbVDLSgMxFM3UV62vqks3wVZwIWWmLnRZdOPOCrYWOkPJpLfT0CQzJBmhDP0QN/6KGxeKuHEh+DemD0FbL4ScnHsON/eECWfauO6Xk1taXlldy68XNja3tneKu3tNHaeKQoPGPFatkGjgTELDMMOhlSggIuRwFw4ux/27e1CaxfLWDBMIBIkk6zFKjKU6xVM/hIjJjII0oEa47F8LiEhHlH0fl+19gql9YB9k90fUKZbcijspvAi8GSihWdU7xQ+/G9NUWDvlROu25yYmyIgyjHIYFfxUQ0LogETQtlASATrIJsuN8JFlurgXK3ukwRP2tyMjQuuhCK1SENPX870x+V+vnZreeZAxmaQGJJ0O6qUcmxiPk8JdpoAaPrSAUMXsXzHtE0WozUAXbAje/MqLoFmteG7Fu6mWahezOPLoAB2iY+ShM1RDV6iOGoiiB/SEXtCr8+g8O2/O+1Sac2aeffSnnM9va1qg7g==</latexit><latexit sha1_base64="XffwF7uUM+wQ0uAB501oendTFCk=">AAACHHicbVDLSgMxFM3UV62vqks3wVZwIWWmLnRZdOPOCrYWOkPJpLfT0CQzJBmhDP0QN/6KGxeKuHEh+DemD0FbL4ScnHsON/eECWfauO6Xk1taXlldy68XNja3tneKu3tNHaeKQoPGPFatkGjgTELDMMOhlSggIuRwFw4ux/27e1CaxfLWDBMIBIkk6zFKjKU6xVM/hIjJjII0oEa47F8LiEhHlH0fl+19gql9YB9k90fUKZbcijspvAi8GSihWdU7xQ+/G9NUWDvlROu25yYmyIgyjHIYFfxUQ0LogETQtlASATrIJsuN8JFlurgXK3ukwRP2tyMjQuuhCK1SENPX870x+V+vnZreeZAxmaQGJJ0O6qUcmxiPk8JdpoAaPrSAUMXsXzHtE0WozUAXbAje/MqLoFmteG7Fu6mWahezOPLoAB2iY+ShM1RDV6iOGoiiB/SEXtCr8+g8O2/O+1Sac2aeffSnnM9va1qg7g==</latexit><latexit sha1_base64="XffwF7uUM+wQ0uAB501oendTFCk=">AAACHHicbVDLSgMxFM3UV62vqks3wVZwIWWmLnRZdOPOCrYWOkPJpLfT0CQzJBmhDP0QN/6KGxeKuHEh+DemD0FbL4ScnHsON/eECWfauO6Xk1taXlldy68XNja3tneKu3tNHaeKQoPGPFatkGjgTELDMMOhlSggIuRwFw4ux/27e1CaxfLWDBMIBIkk6zFKjKU6xVM/hIjJjII0oEa47F8LiEhHlH0fl+19gql9YB9k90fUKZbcijspvAi8GSihWdU7xQ+/G9NUWDvlROu25yYmyIgyjHIYFfxUQ0LogETQtlASATrIJsuN8JFlurgXK3ukwRP2tyMjQuuhCK1SENPX870x+V+vnZreeZAxmaQGJJ0O6qUcmxiPk8JdpoAaPrSAUMXsXzHtE0WozUAXbAje/MqLoFmteG7Fu6mWahezOPLoAB2iY+ShM1RDV6iOGoiiB/SEXtCr8+g8O2/O+1Sac2aeffSnnM9va1qg7g==</latexit><latexit sha1_base64="XffwF7uUM+wQ0uAB501oendTFCk=">AAACHHicbVDLSgMxFM3UV62vqks3wVZwIWWmLnRZdOPOCrYWOkPJpLfT0CQzJBmhDP0QN/6KGxeKuHEh+DemD0FbL4ScnHsON/eECWfauO6Xk1taXlldy68XNja3tneKu3tNHaeKQoPGPFatkGjgTELDMMOhlSggIuRwFw4ux/27e1CaxfLWDBMIBIkk6zFKjKU6xVM/hIjJjII0oEa47F8LiEhHlH0fl+19gql9YB9k90fUKZbcijspvAi8GSihWdU7xQ+/G9NUWDvlROu25yYmyIgyjHIYFfxUQ0LogETQtlASATrIJsuN8JFlurgXK3ukwRP2tyMjQuuhCK1SENPX870x+V+vnZreeZAxmaQGJJ0O6qUcmxiPk8JdpoAaPrSAUMXsXzHtE0WozUAXbAje/MqLoFmteG7Fu6mWahezOPLoAB2iY+ShM1RDV6iOGoiiB/SEXtCr8+g8O2/O+1Sac2aeffSnnM9va1qg7g==</latexit>

⌦k

ak, ck
<latexit sha1_base64="K1qQt6GjX0yY1DWbLeHBoPKKKhw=">AAACHHicbVDLSgMxFM3UV62vqks3wVZwIWWmLnRZdOPOCrYWOsOQydxpQzOZIckIZeiHuPFX3LhQxI0Lwb8xfQjaeiHk5NxzuLknSDlT2ra/rMLS8srqWnG9tLG5tb1T3t1rqySTFFo04YnsBEQBZwJammkOnVQCiQMOd8Hgcty/uwepWCJu9TAFLyY9wSJGiTaUXz51A+gxkVMQGuQIV93rGHrEH1RdF1fNfYKpeWAXRPgj8ssVu2ZPCi8CZwYqaFZNv/zhhgnNYmOnnCjVdexUezmRmlEOo5KbKUgJHZAedA0UJAbl5ZPlRvjIMCGOEmmO0HjC/nbkJFZqGAdGGRPdV/O9Mflfr5vp6NzLmUgzDYJOB0UZxzrB46RwyCRQzYcGECqZ+SumfSIJNRmokgnBmV95EbTrNceuOTf1SuNiFkcRHaBDdIwcdIYa6Ao1UQtR9ICe0At6tR6tZ+vNep9KC9bMs4/+lPX5DWHKoOg=</latexit><latexit sha1_base64="K1qQt6GjX0yY1DWbLeHBoPKKKhw=">AAACHHicbVDLSgMxFM3UV62vqks3wVZwIWWmLnRZdOPOCrYWOsOQydxpQzOZIckIZeiHuPFX3LhQxI0Lwb8xfQjaeiHk5NxzuLknSDlT2ra/rMLS8srqWnG9tLG5tb1T3t1rqySTFFo04YnsBEQBZwJammkOnVQCiQMOd8Hgcty/uwepWCJu9TAFLyY9wSJGiTaUXz51A+gxkVMQGuQIV93rGHrEH1RdF1fNfYKpeWAXRPgj8ssVu2ZPCi8CZwYqaFZNv/zhhgnNYmOnnCjVdexUezmRmlEOo5KbKUgJHZAedA0UJAbl5ZPlRvjIMCGOEmmO0HjC/nbkJFZqGAdGGRPdV/O9Mflfr5vp6NzLmUgzDYJOB0UZxzrB46RwyCRQzYcGECqZ+SumfSIJNRmokgnBmV95EbTrNceuOTf1SuNiFkcRHaBDdIwcdIYa6Ao1UQtR9ICe0At6tR6tZ+vNep9KC9bMs4/+lPX5DWHKoOg=</latexit><latexit sha1_base64="K1qQt6GjX0yY1DWbLeHBoPKKKhw=">AAACHHicbVDLSgMxFM3UV62vqks3wVZwIWWmLnRZdOPOCrYWOsOQydxpQzOZIckIZeiHuPFX3LhQxI0Lwb8xfQjaeiHk5NxzuLknSDlT2ra/rMLS8srqWnG9tLG5tb1T3t1rqySTFFo04YnsBEQBZwJammkOnVQCiQMOd8Hgcty/uwepWCJu9TAFLyY9wSJGiTaUXz51A+gxkVMQGuQIV93rGHrEH1RdF1fNfYKpeWAXRPgj8ssVu2ZPCi8CZwYqaFZNv/zhhgnNYmOnnCjVdexUezmRmlEOo5KbKUgJHZAedA0UJAbl5ZPlRvjIMCGOEmmO0HjC/nbkJFZqGAdGGRPdV/O9Mflfr5vp6NzLmUgzDYJOB0UZxzrB46RwyCRQzYcGECqZ+SumfSIJNRmokgnBmV95EbTrNceuOTf1SuNiFkcRHaBDdIwcdIYa6Ao1UQtR9ICe0At6tR6tZ+vNep9KC9bMs4/+lPX5DWHKoOg=</latexit><latexit sha1_base64="K1qQt6GjX0yY1DWbLeHBoPKKKhw=">AAACHHicbVDLSgMxFM3UV62vqks3wVZwIWWmLnRZdOPOCrYWOsOQydxpQzOZIckIZeiHuPFX3LhQxI0Lwb8xfQjaeiHk5NxzuLknSDlT2ra/rMLS8srqWnG9tLG5tb1T3t1rqySTFFo04YnsBEQBZwJammkOnVQCiQMOd8Hgcty/uwepWCJu9TAFLyY9wSJGiTaUXz51A+gxkVMQGuQIV93rGHrEH1RdF1fNfYKpeWAXRPgj8ssVu2ZPCi8CZwYqaFZNv/zhhgnNYmOnnCjVdexUezmRmlEOo5KbKUgJHZAedA0UJAbl5ZPlRvjIMCGOEmmO0HjC/nbkJFZqGAdGGRPdV/O9Mflfr5vp6NzLmUgzDYJOB0UZxzrB46RwyCRQzYcGECqZ+SumfSIJNRmokgnBmV95EbTrNceuOTf1SuNiFkcRHaBDdIwcdIYa6Ao1UQtR9ICe0At6tR6tZ+vNep9KC9bMs4/+lPX5DWHKoOg=</latexit>

⌦`

a`, c`
<latexit sha1_base64="xxz9qMidRbpGBIVJVCylGUSmRpc=">AAACJXicbVDLSsNAFJ34rPUVdelmsBVcSEm60YWLoht3VrAPaEKZTG/SoZNJmJkIJfRn3PgrblxYRHDlrzh9CNp6YOBwzrncuSdIOVPacT6tldW19Y3NwlZxe2d3b98+OGyqJJMUGjThiWwHRAFnAhqaaQ7tVAKJAw6tYHAz8VuPIBVLxIMepuDHJBIsZJRoI3XtKy+AiImcgtAgR7js3cUQka4HnJc9D5dn9BzTmYQ9EL2fdNcuORVnCrxM3DkpoTnqXXvs9RKaxWaccqJUx3VS7edEakY5jIpepiAldEAi6BgqSAzKz6dXjvCpUXo4TKR5QuOp+nsiJ7FSwzgwyZjovlr0JuJ/XifT4aWfM5FmGgSdLQozjnWCJ5XhHpNANR8aQqhk5q+Y9okk1HSgiqYEd/HkZdKsVlyn4t5XS7XreR0FdIxO0Bly0QWqoVtURw1E0RN6QW9obD1br9a79TGLrljzmSP0B9bXN8mFpMw=</latexit><latexit sha1_base64="xxz9qMidRbpGBIVJVCylGUSmRpc=">AAACJXicbVDLSsNAFJ34rPUVdelmsBVcSEm60YWLoht3VrAPaEKZTG/SoZNJmJkIJfRn3PgrblxYRHDlrzh9CNp6YOBwzrncuSdIOVPacT6tldW19Y3NwlZxe2d3b98+OGyqJJMUGjThiWwHRAFnAhqaaQ7tVAKJAw6tYHAz8VuPIBVLxIMepuDHJBIsZJRoI3XtKy+AiImcgtAgR7js3cUQka4HnJc9D5dn9BzTmYQ9EL2fdNcuORVnCrxM3DkpoTnqXXvs9RKaxWaccqJUx3VS7edEakY5jIpepiAldEAi6BgqSAzKz6dXjvCpUXo4TKR5QuOp+nsiJ7FSwzgwyZjovlr0JuJ/XifT4aWfM5FmGgSdLQozjnWCJ5XhHpNANR8aQqhk5q+Y9okk1HSgiqYEd/HkZdKsVlyn4t5XS7XreR0FdIxO0Bly0QWqoVtURw1E0RN6QW9obD1br9a79TGLrljzmSP0B9bXN8mFpMw=</latexit><latexit sha1_base64="xxz9qMidRbpGBIVJVCylGUSmRpc=">AAACJXicbVDLSsNAFJ34rPUVdelmsBVcSEm60YWLoht3VrAPaEKZTG/SoZNJmJkIJfRn3PgrblxYRHDlrzh9CNp6YOBwzrncuSdIOVPacT6tldW19Y3NwlZxe2d3b98+OGyqJJMUGjThiWwHRAFnAhqaaQ7tVAKJAw6tYHAz8VuPIBVLxIMepuDHJBIsZJRoI3XtKy+AiImcgtAgR7js3cUQka4HnJc9D5dn9BzTmYQ9EL2fdNcuORVnCrxM3DkpoTnqXXvs9RKaxWaccqJUx3VS7edEakY5jIpepiAldEAi6BgqSAzKz6dXjvCpUXo4TKR5QuOp+nsiJ7FSwzgwyZjovlr0JuJ/XifT4aWfM5FmGgSdLQozjnWCJ5XhHpNANR8aQqhk5q+Y9okk1HSgiqYEd/HkZdKsVlyn4t5XS7XreR0FdIxO0Bly0QWqoVtURw1E0RN6QW9obD1br9a79TGLrljzmSP0B9bXN8mFpMw=</latexit><latexit sha1_base64="xxz9qMidRbpGBIVJVCylGUSmRpc=">AAACJXicbVDLSsNAFJ34rPUVdelmsBVcSEm60YWLoht3VrAPaEKZTG/SoZNJmJkIJfRn3PgrblxYRHDlrzh9CNp6YOBwzrncuSdIOVPacT6tldW19Y3NwlZxe2d3b98+OGyqJJMUGjThiWwHRAFnAhqaaQ7tVAKJAw6tYHAz8VuPIBVLxIMepuDHJBIsZJRoI3XtKy+AiImcgtAgR7js3cUQka4HnJc9D5dn9BzTmYQ9EL2fdNcuORVnCrxM3DkpoTnqXXvs9RKaxWaccqJUx3VS7edEakY5jIpepiAldEAi6BgqSAzKz6dXjvCpUXo4TKR5QuOp+nsiJ7FSwzgwyZjovlr0JuJ/XifT4aWfM5FmGgSdLQozjnWCJ5XhHpNANR8aQqhk5q+Y9okk1HSgiqYEd/HkZdKsVlyn4t5XS7XreR0FdIxO0Bly0QWqoVtURw1E0RN6QW9obD1br9a79TGLrljzmSP0B9bXN8mFpMw=</latexit>

k, ` = 1, 2, ..., m
<latexit sha1_base64="iIw3rvAJsmBGSTgiSCU6+g50DDc=">AAAB/3icbVC7SgNBFL3rM8bXqmCjxWBWsAjLbhpthKCNZQLmAckSZiezyZDZBzOzQlhT+Cs2FopY6m/Y2fkpTh6FJh64cDjnXu69x084k8pxvoyl5ZXVtfXcRn5za3tn19zbr8s4FYTWSMxj0fSxpJxFtKaY4rSZCIpDn9OGP7ge+407KiSLo1s1TKgX4l7EAkaw0lLHPLSsQbFNOUeXyC2WirZtF0PL6pgFx3YmQIvEnZFC+fi9+g0AlY752e7GJA1ppAjHUrZcJ1FehoVihNNRvp1KmmAywD3a0jTCIZVeNrl/hE610kVBLHRFCk3U3xMZDqUchr7uDLHqy3lvLP7ntVIVXHgZi5JU0YhMFwUpRypG4zBQlwlKFB9qgolg+lZE+lhgonRkeR2CO//yIqmXbNex3apO4wqmyMERnMAZuHAOZbiBCtSAwD08wjO8GA/Gk/FqvE1bl4zZzAH8gfHxA7dJlOM=</latexit><latexit sha1_base64="UkbIHKe/nkq7jYuuoScSQMBZbN0=">AAAB/3icbVDLSsNAFJ3UV62vqOBGkcFGcFFC0o1uhKIbly3YB7ShTKaTduhMEmYmQolduPBH3LhQxGX9DXd+gz/h9LHQ1gMXDufcy733+DGjUjnOl5FZWl5ZXcuu5zY2t7Z3zN29mowSgUkVRywSDR9JwmhIqooqRhqxIIj7jNT9/vXYr98RIWkU3qpBTDyOuiENKEZKS23zwLL6hRZhDF5Ct1As2LZd4JbVNvOO7UwAF4k7I/nS0ajy/Xg8KrfNz1YnwgknocIMSdl0nVh5KRKKYkaGuVYiSYxwH3VJU9MQcSK9dHL/EJ5qpQODSOgKFZyovydSxKUccF93cqR6ct4bi/95zUQFF15KwzhRJMTTRUHCoIrgOAzYoYJgxQaaICyovhXiHhIIKx1ZTofgzr+8SGpF23Vst6LTuAJTZMEhOAFnwAXnoARuQBlUAQb34Am8gFfjwXg23oz3aWvGmM3sgz8wPn4AlY6WSQ==</latexit><latexit sha1_base64="UkbIHKe/nkq7jYuuoScSQMBZbN0=">AAAB/3icbVDLSsNAFJ3UV62vqOBGkcFGcFFC0o1uhKIbly3YB7ShTKaTduhMEmYmQolduPBH3LhQxGX9DXd+gz/h9LHQ1gMXDufcy733+DGjUjnOl5FZWl5ZXcuu5zY2t7Z3zN29mowSgUkVRywSDR9JwmhIqooqRhqxIIj7jNT9/vXYr98RIWkU3qpBTDyOuiENKEZKS23zwLL6hRZhDF5Ct1As2LZd4JbVNvOO7UwAF4k7I/nS0ajy/Xg8KrfNz1YnwgknocIMSdl0nVh5KRKKYkaGuVYiSYxwH3VJU9MQcSK9dHL/EJ5qpQODSOgKFZyovydSxKUccF93cqR6ct4bi/95zUQFF15KwzhRJMTTRUHCoIrgOAzYoYJgxQaaICyovhXiHhIIKx1ZTofgzr+8SGpF23Vst6LTuAJTZMEhOAFnwAXnoARuQBlUAQb34Am8gFfjwXg23oz3aWvGmM3sgz8wPn4AlY6WSQ==</latexit><latexit sha1_base64="2y8D7l7ERw24y+K2NlYxQY4MB8E=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GWwEFyEk3ehGKLpxWcE+oA1lMp20Q2cmYWYilNiFv+LGhSJu/Q13/o3TNgttPXDhcM693HtPlDKqtO9/Wyura+sbm6Wt8vbO7t6+fXDYVEkmMWnghCWyHSFFGBWkoalmpJ1KgnjESCsa3Uz91gORiibiXo9TEnI0EDSmGGkj9exjxxm5XcIYvIKBW3U9z3O54/Tsiu/5M8BlEhSkAgrUe/ZXt5/gjBOhMUNKdQI/1WGOpKaYkUm5mymSIjxCA9IxVCBOVJjP7p/AM6P0YZxIU0LDmfp7IkdcqTGPTCdHeqgWvan4n9fJdHwZ5lSkmSYCzxfFGYM6gdMwYJ9KgjUbG4KwpOZWiIdIIqxNZGUTQrD48jJpVr3A94I7v1K7LuIogRNwCs5BAC5ADdyCOmgADB7BM3gFb9aT9WK9Wx/z1hWrmDkCf2B9/gCnT5Ke</latexit>

k = 1, 2, ..., m
<latexit sha1_base64="sI88Dmqh/gm8HmxaUB5EZmeEyto=">AAAB+nicbVC7SgNBFL3rM8bXRkstBrOCRVh202gjBG0sEzAPSJYwO5lNhsw+mJlVwppPsbFQxNbC77Cz81OcPApNPHDhcM693HuPn3AmleN8GSura+sbm7mt/PbO7t6+WThoyDgVhNZJzGPR8rGknEW0rpjitJUIikOf06Y/vJ74zTsqJIujWzVKqBfifsQCRrDSUtcsWNYQXSK3VC7Ztl0KLatrFh3bmQItE3dOipXjj9o3AFS75menF5M0pJEiHEvZdp1EeRkWihFOx/lOKmmCyRD3aVvTCIdUetn09DE61UoPBbHQFSk0VX9PZDiUchT6ujPEaiAXvYn4n9dOVXDhZSxKUkUjMlsUpBypGE1yQD0mKFF8pAkmgulbERlggYnSaeV1CO7iy8ukUbZdx3ZrOo0rmCEHR3ACZ+DCOVTgBqpQBwL38AjP8GI8GE/Gq/E2a10x5jOH8AfG+w8vhpLs</latexit><latexit sha1_base64="8TOWMwfgGeSuBBF211TXO3KzO+U=">AAAB+nicbVDLSsNAFJ3UV62vVJeKDDaCixKSbnQjFN24bME+oA1lMp20QyeTMDNRSuzSz3DjQhG3Lvod7vwGf8LpY6GtBy4czrmXe+/xY0alcpwvI7Oyura+kd3MbW3v7O6Z+f26jBKBSQ1HLBJNH0nCKCc1RRUjzVgQFPqMNPzB9cRv3BEhacRv1TAmXoh6nAYUI6Wljpm3rAG8hG6xVLRtuxhaVscsOLYzBVwm7pwUykfj6vfj8bjSMT/b3QgnIeEKMyRly3Vi5aVIKIoZGeXaiSQxwgPUIy1NOQqJ9NLp6SN4qpUuDCKhiys4VX9PpCiUchj6ujNEqi8XvYn4n9dKVHDhpZTHiSIczxYFCYMqgpMcYJcKghUbaoKwoPpWiPtIIKx0Wjkdgrv48jKpl2zXsd2qTuMKzJAFh+AEnAEXnIMyuAEVUAMY3IMn8AJejQfj2Xgz3metGWM+cwD+wPj4AQ3LlFI=</latexit><latexit sha1_base64="8TOWMwfgGeSuBBF211TXO3KzO+U=">AAAB+nicbVDLSsNAFJ3UV62vVJeKDDaCixKSbnQjFN24bME+oA1lMp20QyeTMDNRSuzSz3DjQhG3Lvod7vwGf8LpY6GtBy4czrmXe+/xY0alcpwvI7Oyura+kd3MbW3v7O6Z+f26jBKBSQ1HLBJNH0nCKCc1RRUjzVgQFPqMNPzB9cRv3BEhacRv1TAmXoh6nAYUI6Wljpm3rAG8hG6xVLRtuxhaVscsOLYzBVwm7pwUykfj6vfj8bjSMT/b3QgnIeEKMyRly3Vi5aVIKIoZGeXaiSQxwgPUIy1NOQqJ9NLp6SN4qpUuDCKhiys4VX9PpCiUchj6ujNEqi8XvYn4n9dKVHDhpZTHiSIczxYFCYMqgpMcYJcKghUbaoKwoPpWiPtIIKx0Wjkdgrv48jKpl2zXsd2qTuMKzJAFh+AEnAEXnIMyuAEVUAMY3IMn8AJejQfj2Xgz3metGWM+cwD+wPj4AQ3LlFI=</latexit><latexit sha1_base64="raKF9nILXzp2SLXbqLfbvZz3xzs=">AAAB+nicbVBNT8JAEJ3iF+JX0aOXjdTEA2laLnoxIXrxiImACTRkuyywYbdtdrcaUvkpXjxojFd/iTf/jQv0oOBLJnl5byYz88KEM6U979sqrK1vbG4Vt0s7u3v7B3b5sKXiVBLaJDGP5X2IFeUsok3NNKf3iaRYhJy2w/H1zG8/UKlYHN3pSUIDgYcRGzCCtZF6dtlxxugS+dVa1XXdqnCcnl3xXG8OtEr8nFQgR6Nnf3X7MUkFjTThWKmO7yU6yLDUjHA6LXVTRRNMxnhIO4ZGWFAVZPPTp+jUKH00iKWpSKO5+nsiw0KpiQhNp8B6pJa9mfif10n14CLIWJSkmkZksWiQcqRjNMsB9ZmkRPOJIZhIZm5FZIQlJtqkVTIh+Msvr5JWzfU917/1KvWrPI4iHMMJnIEP51CHG2hAEwg8wjO8wpv1ZL1Y79bHorVg5TNH8AfW5w8fjJCn</latexit>

` = 1, 2, ..., m
<latexit sha1_base64="QbJSD9rnPvkSrrfpTL6l/IzaL0U=">AAAB/XicbVDJSgNBEK1xjXEbl5seGjOChzDM5KIXIejFYwJmgWQIPZ2epEnPQnePEIfgr3jxoIhX/Q5v3vwUO8tBEx8UPN6roqqen3AmleN8GUvLK6tr67mN/ObW9s6uubdfl3EqCK2RmMei6WNJOYtoTTHFaTMRFIc+pw1/cD32G3dUSBZHt2qYUC/EvYgFjGClpY55aFltyjm6RG6xVLRtuxhaVscsOLYzAVok7owUyscf1W8AqHTMz3Y3JmlII0U4lrLlOonyMiwUI5yO8u1U0gSTAe7RlqYRDqn0ssn1I3SqlS4KYqErUmii/p7IcCjlMPR1Z4hVX857Y/E/r5Wq4MLLWJSkikZkuihIOVIxGkeBukxQovhQE0wE07ci0scCE6UDy+sQ3PmXF0m9ZLuO7VZ1GlcwRQ6O4ATOwIVzKMMNVKAGBO7hEZ7hxXgwnoxX423aumTMZg7gD4z3H3xxlDg=</latexit><latexit sha1_base64="i3vacI7BJsd0oajeqiFwYwHSkzQ=">AAAB/XicbVDLSsNAFJ3UV62v+NgpMtgILkpIutGNUHTjsgX7gDaUyXTSDp1MwsxEqKG48j/cuFDErf0Od36DP+H0sdDWAxcO59zLvff4MaNSOc6XkVlaXlldy67nNja3tnfM3b2ajBKBSRVHLBINH0nCKCdVRRUjjVgQFPqM1P3+9div3xEhacRv1SAmXoi6nAYUI6WltnlgWS3CGLyEbqFYsG27EFpW28w7tjMBXCTujORLR6PK9+PxqNw2P1udCCch4QozJGXTdWLlpUgoihkZ5lqJJDHCfdQlTU05Con00sn1Q3iqlQ4MIqGLKzhRf0+kKJRyEPq6M0SqJ+e9sfif10xUcOGllMeJIhxPFwUJgyqC4yhghwqCFRtogrCg+laIe0ggrHRgOR2CO//yIqkVbdex3YpO4wpMkQWH4AScARecgxK4AWVQBRjcgyfwAl6NB+PZeDPep60ZYzazD/7A+PgBWraVng==</latexit><latexit sha1_base64="i3vacI7BJsd0oajeqiFwYwHSkzQ=">AAAB/XicbVDLSsNAFJ3UV62v+NgpMtgILkpIutGNUHTjsgX7gDaUyXTSDp1MwsxEqKG48j/cuFDErf0Od36DP+H0sdDWAxcO59zLvff4MaNSOc6XkVlaXlldy67nNja3tnfM3b2ajBKBSRVHLBINH0nCKCdVRRUjjVgQFPqM1P3+9div3xEhacRv1SAmXoi6nAYUI6WltnlgWS3CGLyEbqFYsG27EFpW28w7tjMBXCTujORLR6PK9+PxqNw2P1udCCch4QozJGXTdWLlpUgoihkZ5lqJJDHCfdQlTU05Con00sn1Q3iqlQ4MIqGLKzhRf0+kKJRyEPq6M0SqJ+e9sfif10xUcOGllMeJIhxPFwUJgyqC4yhghwqCFRtogrCg+laIe0ggrHRgOR2CO//yIqkVbdex3YpO4wpMkQWH4AScARecgxK4AWVQBRjcgyfwAl6NB+PZeDPep60ZYzazD/7A+PgBWraVng==</latexit><latexit sha1_base64="hueDftJuq/yeH2gAdYcrZODHEPc=">AAAB/XicbVDLSsNAFL3xWesrPnZuBhvBRQlJN7oRim5cVrAPaEOZTCft0MkkzEyEWoq/4saFIm79D3f+jdM2C209cOFwzr3ce0+Ycqa0531bK6tr6xubha3i9s7u3r59cNhQSSYJrZOEJ7IVYkU5E7Sumea0lUqK45DTZji8mfrNByoVS8S9HqU0iHFfsIgRrI3UtY8dp0M5R1fIL1fKruuWY8fp2iXP9WZAy8TPSQly1Lr2V6eXkCymQhOOlWr7XqqDMZaaEU4nxU6maIrJEPdp21CBY6qC8ez6CTozSg9FiTQlNJqpvyfGOFZqFIemM8Z6oBa9qfif1850dBmMmUgzTQWZL4oyjnSCplGgHpOUaD4yBBPJzK2IDLDERJvAiiYEf/HlZdKouL7n+ndeqXqdx1GAEziFc/DhAqpwCzWoA4FHeIZXeLOerBfr3fqYt65Y+cwR/IH1+QNsd5Hz</latexit>

k, ` = 1, 2, ..., m
<latexit sha1_base64="iIw3rvAJsmBGSTgiSCU6+g50DDc=">AAAB/3icbVC7SgNBFL3rM8bXqmCjxWBWsAjLbhpthKCNZQLmAckSZiezyZDZBzOzQlhT+Cs2FopY6m/Y2fkpTh6FJh64cDjnXu69x084k8pxvoyl5ZXVtfXcRn5za3tn19zbr8s4FYTWSMxj0fSxpJxFtKaY4rSZCIpDn9OGP7ge+407KiSLo1s1TKgX4l7EAkaw0lLHPLSsQbFNOUeXyC2WirZtF0PL6pgFx3YmQIvEnZFC+fi9+g0AlY752e7GJA1ppAjHUrZcJ1FehoVihNNRvp1KmmAywD3a0jTCIZVeNrl/hE610kVBLHRFCk3U3xMZDqUchr7uDLHqy3lvLP7ntVIVXHgZi5JU0YhMFwUpRypG4zBQlwlKFB9qgolg+lZE+lhgonRkeR2CO//yIqmXbNex3apO4wqmyMERnMAZuHAOZbiBCtSAwD08wjO8GA/Gk/FqvE1bl4zZzAH8gfHxA7dJlOM=</latexit><latexit sha1_base64="UkbIHKe/nkq7jYuuoScSQMBZbN0=">AAAB/3icbVDLSsNAFJ3UV62vqOBGkcFGcFFC0o1uhKIbly3YB7ShTKaTduhMEmYmQolduPBH3LhQxGX9DXd+gz/h9LHQ1gMXDufcy733+DGjUjnOl5FZWl5ZXcuu5zY2t7Z3zN29mowSgUkVRywSDR9JwmhIqooqRhqxIIj7jNT9/vXYr98RIWkU3qpBTDyOuiENKEZKS23zwLL6hRZhDF5Ct1As2LZd4JbVNvOO7UwAF4k7I/nS0ajy/Xg8KrfNz1YnwgknocIMSdl0nVh5KRKKYkaGuVYiSYxwH3VJU9MQcSK9dHL/EJ5qpQODSOgKFZyovydSxKUccF93cqR6ct4bi/95zUQFF15KwzhRJMTTRUHCoIrgOAzYoYJgxQaaICyovhXiHhIIKx1ZTofgzr+8SGpF23Vst6LTuAJTZMEhOAFnwAXnoARuQBlUAQb34Am8gFfjwXg23oz3aWvGmM3sgz8wPn4AlY6WSQ==</latexit><latexit sha1_base64="UkbIHKe/nkq7jYuuoScSQMBZbN0=">AAAB/3icbVDLSsNAFJ3UV62vqOBGkcFGcFFC0o1uhKIbly3YB7ShTKaTduhMEmYmQolduPBH3LhQxGX9DXd+gz/h9LHQ1gMXDufcy733+DGjUjnOl5FZWl5ZXcuu5zY2t7Z3zN29mowSgUkVRywSDR9JwmhIqooqRhqxIIj7jNT9/vXYr98RIWkU3qpBTDyOuiENKEZKS23zwLL6hRZhDF5Ct1As2LZd4JbVNvOO7UwAF4k7I/nS0ajy/Xg8KrfNz1YnwgknocIMSdl0nVh5KRKKYkaGuVYiSYxwH3VJU9MQcSK9dHL/EJ5qpQODSOgKFZyovydSxKUccF93cqR6ct4bi/95zUQFF15KwzhRJMTTRUHCoIrgOAzYoYJgxQaaICyovhXiHhIIKx1ZTofgzr+8SGpF23Vst6LTuAJTZMEhOAFnwAXnoARuQBlUAQb34Am8gFfjwXg23oz3aWvGmM3sgz8wPn4AlY6WSQ==</latexit><latexit sha1_base64="2y8D7l7ERw24y+K2NlYxQY4MB8E=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GWwEFyEk3ehGKLpxWcE+oA1lMp20Q2cmYWYilNiFv+LGhSJu/Q13/o3TNgttPXDhcM693HtPlDKqtO9/Wyura+sbm6Wt8vbO7t6+fXDYVEkmMWnghCWyHSFFGBWkoalmpJ1KgnjESCsa3Uz91gORiibiXo9TEnI0EDSmGGkj9exjxxm5XcIYvIKBW3U9z3O54/Tsiu/5M8BlEhSkAgrUe/ZXt5/gjBOhMUNKdQI/1WGOpKaYkUm5mymSIjxCA9IxVCBOVJjP7p/AM6P0YZxIU0LDmfp7IkdcqTGPTCdHeqgWvan4n9fJdHwZ5lSkmSYCzxfFGYM6gdMwYJ9KgjUbG4KwpOZWiIdIIqxNZGUTQrD48jJpVr3A94I7v1K7LuIogRNwCs5BAC5ADdyCOmgADB7BM3gFb9aT9WK9Wx/z1hWrmDkCf2B9/gCnT5Ke</latexit>

k, ` = 1, 2, ..., m
<latexit sha1_base64="iIw3rvAJsmBGSTgiSCU6+g50DDc=">AAAB/3icbVC7SgNBFL3rM8bXqmCjxWBWsAjLbhpthKCNZQLmAckSZiezyZDZBzOzQlhT+Cs2FopY6m/Y2fkpTh6FJh64cDjnXu69x084k8pxvoyl5ZXVtfXcRn5za3tn19zbr8s4FYTWSMxj0fSxpJxFtKaY4rSZCIpDn9OGP7ge+407KiSLo1s1TKgX4l7EAkaw0lLHPLSsQbFNOUeXyC2WirZtF0PL6pgFx3YmQIvEnZFC+fi9+g0AlY752e7GJA1ppAjHUrZcJ1FehoVihNNRvp1KmmAywD3a0jTCIZVeNrl/hE610kVBLHRFCk3U3xMZDqUchr7uDLHqy3lvLP7ntVIVXHgZi5JU0YhMFwUpRypG4zBQlwlKFB9qgolg+lZE+lhgonRkeR2CO//yIqmXbNex3apO4wqmyMERnMAZuHAOZbiBCtSAwD08wjO8GA/Gk/FqvE1bl4zZzAH8gfHxA7dJlOM=</latexit><latexit sha1_base64="UkbIHKe/nkq7jYuuoScSQMBZbN0=">AAAB/3icbVDLSsNAFJ3UV62vqOBGkcFGcFFC0o1uhKIbly3YB7ShTKaTduhMEmYmQolduPBH3LhQxGX9DXd+gz/h9LHQ1gMXDufcy733+DGjUjnOl5FZWl5ZXcuu5zY2t7Z3zN29mowSgUkVRywSDR9JwmhIqooqRhqxIIj7jNT9/vXYr98RIWkU3qpBTDyOuiENKEZKS23zwLL6hRZhDF5Ct1As2LZd4JbVNvOO7UwAF4k7I/nS0ajy/Xg8KrfNz1YnwgknocIMSdl0nVh5KRKKYkaGuVYiSYxwH3VJU9MQcSK9dHL/EJ5qpQODSOgKFZyovydSxKUccF93cqR6ct4bi/95zUQFF15KwzhRJMTTRUHCoIrgOAzYoYJgxQaaICyovhXiHhIIKx1ZTofgzr+8SGpF23Vst6LTuAJTZMEhOAFnwAXnoARuQBlUAQb34Am8gFfjwXg23oz3aWvGmM3sgz8wPn4AlY6WSQ==</latexit><latexit sha1_base64="UkbIHKe/nkq7jYuuoScSQMBZbN0=">AAAB/3icbVDLSsNAFJ3UV62vqOBGkcFGcFFC0o1uhKIbly3YB7ShTKaTduhMEmYmQolduPBH3LhQxGX9DXd+gz/h9LHQ1gMXDufcy733+DGjUjnOl5FZWl5ZXcuu5zY2t7Z3zN29mowSgUkVRywSDR9JwmhIqooqRhqxIIj7jNT9/vXYr98RIWkU3qpBTDyOuiENKEZKS23zwLL6hRZhDF5Ct1As2LZd4JbVNvOO7UwAF4k7I/nS0ajy/Xg8KrfNz1YnwgknocIMSdl0nVh5KRKKYkaGuVYiSYxwH3VJU9MQcSK9dHL/EJ5qpQODSOgKFZyovydSxKUccF93cqR6ct4bi/95zUQFF15KwzhRJMTTRUHCoIrgOAzYoYJgxQaaICyovhXiHhIIKx1ZTofgzr+8SGpF23Vst6LTuAJTZMEhOAFnwAXnoARuQBlUAQb34Am8gFfjwXg23oz3aWvGmM3sgz8wPn4AlY6WSQ==</latexit><latexit sha1_base64="2y8D7l7ERw24y+K2NlYxQY4MB8E=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GWwEFyEk3ehGKLpxWcE+oA1lMp20Q2cmYWYilNiFv+LGhSJu/Q13/o3TNgttPXDhcM693HtPlDKqtO9/Wyura+sbm6Wt8vbO7t6+fXDYVEkmMWnghCWyHSFFGBWkoalmpJ1KgnjESCsa3Uz91gORiibiXo9TEnI0EDSmGGkj9exjxxm5XcIYvIKBW3U9z3O54/Tsiu/5M8BlEhSkAgrUe/ZXt5/gjBOhMUNKdQI/1WGOpKaYkUm5mymSIjxCA9IxVCBOVJjP7p/AM6P0YZxIU0LDmfp7IkdcqTGPTCdHeqgWvan4n9fJdHwZ5lSkmSYCzxfFGYM6gdMwYJ9KgjUbG4KwpOZWiIdIIqxNZGUTQrD48jJpVr3A94I7v1K7LuIogRNwCs5BAC5ADdyCOmgADB7BM3gFb9aT9WK9Wx/z1hWrmDkCf2B9/gCnT5Ke</latexit>

k, ` = 1, 2, ..., m
<latexit sha1_base64="iIw3rvAJsmBGSTgiSCU6+g50DDc=">AAAB/3icbVC7SgNBFL3rM8bXqmCjxWBWsAjLbhpthKCNZQLmAckSZiezyZDZBzOzQlhT+Cs2FopY6m/Y2fkpTh6FJh64cDjnXu69x084k8pxvoyl5ZXVtfXcRn5za3tn19zbr8s4FYTWSMxj0fSxpJxFtKaY4rSZCIpDn9OGP7ge+407KiSLo1s1TKgX4l7EAkaw0lLHPLSsQbFNOUeXyC2WirZtF0PL6pgFx3YmQIvEnZFC+fi9+g0AlY752e7GJA1ppAjHUrZcJ1FehoVihNNRvp1KmmAywD3a0jTCIZVeNrl/hE610kVBLHRFCk3U3xMZDqUchr7uDLHqy3lvLP7ntVIVXHgZi5JU0YhMFwUpRypG4zBQlwlKFB9qgolg+lZE+lhgonRkeR2CO//yIqmXbNex3apO4wqmyMERnMAZuHAOZbiBCtSAwD08wjO8GA/Gk/FqvE1bl4zZzAH8gfHxA7dJlOM=</latexit><latexit sha1_base64="UkbIHKe/nkq7jYuuoScSQMBZbN0=">AAAB/3icbVDLSsNAFJ3UV62vqOBGkcFGcFFC0o1uhKIbly3YB7ShTKaTduhMEmYmQolduPBH3LhQxGX9DXd+gz/h9LHQ1gMXDufcy733+DGjUjnOl5FZWl5ZXcuu5zY2t7Z3zN29mowSgUkVRywSDR9JwmhIqooqRhqxIIj7jNT9/vXYr98RIWkU3qpBTDyOuiENKEZKS23zwLL6hRZhDF5Ct1As2LZd4JbVNvOO7UwAF4k7I/nS0ajy/Xg8KrfNz1YnwgknocIMSdl0nVh5KRKKYkaGuVYiSYxwH3VJU9MQcSK9dHL/EJ5qpQODSOgKFZyovydSxKUccF93cqR6ct4bi/95zUQFF15KwzhRJMTTRUHCoIrgOAzYoYJgxQaaICyovhXiHhIIKx1ZTofgzr+8SGpF23Vst6LTuAJTZMEhOAFnwAXnoARuQBlUAQb34Am8gFfjwXg23oz3aWvGmM3sgz8wPn4AlY6WSQ==</latexit><latexit sha1_base64="UkbIHKe/nkq7jYuuoScSQMBZbN0=">AAAB/3icbVDLSsNAFJ3UV62vqOBGkcFGcFFC0o1uhKIbly3YB7ShTKaTduhMEmYmQolduPBH3LhQxGX9DXd+gz/h9LHQ1gMXDufcy733+DGjUjnOl5FZWl5ZXcuu5zY2t7Z3zN29mowSgUkVRywSDR9JwmhIqooqRhqxIIj7jNT9/vXYr98RIWkU3qpBTDyOuiENKEZKS23zwLL6hRZhDF5Ct1As2LZd4JbVNvOO7UwAF4k7I/nS0ajy/Xg8KrfNz1YnwgknocIMSdl0nVh5KRKKYkaGuVYiSYxwH3VJU9MQcSK9dHL/EJ5qpQODSOgKFZyovydSxKUccF93cqR6ct4bi/95zUQFF15KwzhRJMTTRUHCoIrgOAzYoYJgxQaaICyovhXiHhIIKx1ZTofgzr+8SGpF23Vst6LTuAJTZMEhOAFnwAXnoARuQBlUAQb34Am8gFfjwXg23oz3aWvGmM3sgz8wPn4AlY6WSQ==</latexit><latexit sha1_base64="2y8D7l7ERw24y+K2NlYxQY4MB8E=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GWwEFyEk3ehGKLpxWcE+oA1lMp20Q2cmYWYilNiFv+LGhSJu/Q13/o3TNgttPXDhcM693HtPlDKqtO9/Wyura+sbm6Wt8vbO7t6+fXDYVEkmMWnghCWyHSFFGBWkoalmpJ1KgnjESCsa3Uz91gORiibiXo9TEnI0EDSmGGkj9exjxxm5XcIYvIKBW3U9z3O54/Tsiu/5M8BlEhSkAgrUe/ZXt5/gjBOhMUNKdQI/1WGOpKaYkUm5mymSIjxCA9IxVCBOVJjP7p/AM6P0YZxIU0LDmfp7IkdcqTGPTCdHeqgWvan4n9fJdHwZ5lSkmSYCzxfFGYM6gdMwYJ9KgjUbG4KwpOZWiIdIIqxNZGUTQrD48jJpVr3A94I7v1K7LuIogRNwCs5BAC5ADdyCOmgADB7BM3gFb9aT9WK9Wx/z1hWrmDkCf2B9/gCnT5Ke</latexit>

For r ∈ Ωk , s ∈ Ω`, and each fixed k, ` = 1, 2, ...,m,

GenGC: Ck`(r , s; ak , a`, ck , c`)

Figure 2: GenGC on the unit circle (S1
1 ) for continuous a and c (left), correlation

matrix (middle), and selected correlations (right). White regions in the correlation

matrix correspond to correlations between −0.003 and 0.003.
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The GenGC Correlation Function, cont.

⌦1

a1, c1
<latexit sha1_base64="wvUk7myHkYrTC540JgZ5+RiCl1M=">AAACHHicbVDLSgMxFM3UV62vUZdugq3gQspMXeiy6MadFWwtdIaSSW+noZnMkGSEMvRD3Pgrblwo4saF4N+YtiNo64WQk3PP4eaeIOFMacf5sgpLyyura8X10sbm1vaOvbvXUnEqKTRpzGPZDogCzgQ0NdMc2okEEgUc7oLh5aR/dw9SsVjc6lECfkRCwfqMEm2orn3qBRAykVEQGuQYV7zrCELSdSuehyvmPsHUPLAHovcj6tplp+pMCy8CNwdllFeja394vZimkbFTTpTquE6i/YxIzSiHcclLFSSEDkkIHQMFiUD52XS5MT4yTA/3Y2mO0HjK/nZkJFJqFAVGGRE9UPO9Cflfr5Pq/rmfMZGkGgSdDeqnHOsYT5LCPSaBaj4ygFDJzF8xHRBJqMlAlUwI7vzKi6BVq7pO1b2plesXeRxFdIAO0TFy0RmqoyvUQE1E0QN6Qi/o1Xq0nq03630mLVi5Zx/9KevzG0xroDo=</latexit><latexit sha1_base64="wvUk7myHkYrTC540JgZ5+RiCl1M=">AAACHHicbVDLSgMxFM3UV62vUZdugq3gQspMXeiy6MadFWwtdIaSSW+noZnMkGSEMvRD3Pgrblwo4saF4N+YtiNo64WQk3PP4eaeIOFMacf5sgpLyyura8X10sbm1vaOvbvXUnEqKTRpzGPZDogCzgQ0NdMc2okEEgUc7oLh5aR/dw9SsVjc6lECfkRCwfqMEm2orn3qBRAykVEQGuQYV7zrCELSdSuehyvmPsHUPLAHovcj6tplp+pMCy8CNwdllFeja394vZimkbFTTpTquE6i/YxIzSiHcclLFSSEDkkIHQMFiUD52XS5MT4yTA/3Y2mO0HjK/nZkJFJqFAVGGRE9UPO9Cflfr5Pq/rmfMZGkGgSdDeqnHOsYT5LCPSaBaj4ygFDJzF8xHRBJqMlAlUwI7vzKi6BVq7pO1b2plesXeRxFdIAO0TFy0RmqoyvUQE1E0QN6Qi/o1Xq0nq03630mLVi5Zx/9KevzG0xroDo=</latexit><latexit sha1_base64="wvUk7myHkYrTC540JgZ5+RiCl1M=">AAACHHicbVDLSgMxFM3UV62vUZdugq3gQspMXeiy6MadFWwtdIaSSW+noZnMkGSEMvRD3Pgrblwo4saF4N+YtiNo64WQk3PP4eaeIOFMacf5sgpLyyura8X10sbm1vaOvbvXUnEqKTRpzGPZDogCzgQ0NdMc2okEEgUc7oLh5aR/dw9SsVjc6lECfkRCwfqMEm2orn3qBRAykVEQGuQYV7zrCELSdSuehyvmPsHUPLAHovcj6tplp+pMCy8CNwdllFeja394vZimkbFTTpTquE6i/YxIzSiHcclLFSSEDkkIHQMFiUD52XS5MT4yTA/3Y2mO0HjK/nZkJFJqFAVGGRE9UPO9Cflfr5Pq/rmfMZGkGgSdDeqnHOsYT5LCPSaBaj4ygFDJzF8xHRBJqMlAlUwI7vzKi6BVq7pO1b2plesXeRxFdIAO0TFy0RmqoyvUQE1E0QN6Qi/o1Xq0nq03630mLVi5Zx/9KevzG0xroDo=</latexit><latexit sha1_base64="wvUk7myHkYrTC540JgZ5+RiCl1M=">AAACHHicbVDLSgMxFM3UV62vUZdugq3gQspMXeiy6MadFWwtdIaSSW+noZnMkGSEMvRD3Pgrblwo4saF4N+YtiNo64WQk3PP4eaeIOFMacf5sgpLyyura8X10sbm1vaOvbvXUnEqKTRpzGPZDogCzgQ0NdMc2okEEgUc7oLh5aR/dw9SsVjc6lECfkRCwfqMEm2orn3qBRAykVEQGuQYV7zrCELSdSuehyvmPsHUPLAHovcj6tplp+pMCy8CNwdllFeja394vZimkbFTTpTquE6i/YxIzSiHcclLFSSEDkkIHQMFiUD52XS5MT4yTA/3Y2mO0HjK/nZkJFJqFAVGGRE9UPO9Cflfr5Pq/rmfMZGkGgSdDeqnHOsYT5LCPSaBaj4ygFDJzF8xHRBJqMlAlUwI7vzKi6BVq7pO1b2plesXeRxFdIAO0TFy0RmqoyvUQE1E0QN6Qi/o1Xq0nq03630mLVi5Zx/9KevzG0xroDo=</latexit>

⌦2

a2, c2
<latexit sha1_base64="mo/TUG5uTolrvzdHmy62orsHNdw=">AAACHHicbVDLSgMxFM3UV62vUZdugq3gQspMXeiy6MadFWwtdIYhk962oZnMkGSEMvRD3Pgrblwo4saF4N+YtiNo64WQk3PP4eaeMOFMacf5sgpLyyura8X10sbm1vaOvbvXUnEqKTRpzGPZDokCzgQ0NdMc2okEEoUc7sLh5aR/dw9SsVjc6lECfkT6gvUYJdpQgX3qhdBnIqMgNMgxrnjXEfRJUKt4Hq6Y+wRT88AeiO6PKLDLTtWZFl4Ebg7KKK9GYH943ZimkbFTTpTquE6i/YxIzSiHcclLFSSEDkkfOgYKEoHys+lyY3xkmC7uxdIcofGU/e3ISKTUKAqNMiJ6oOZ7E/K/XifVvXM/YyJJNQg6G9RLOdYxniSFu0wC1XxkAKGSmb9iOiCSUJOBKpkQ3PmVF0GrVnWdqntTK9cv8jiK6AAdomPkojNUR1eogZqIogf0hF7Qq/VoPVtv1vtMWrByzz76U9bnN1EzoD0=</latexit><latexit sha1_base64="mo/TUG5uTolrvzdHmy62orsHNdw=">AAACHHicbVDLSgMxFM3UV62vUZdugq3gQspMXeiy6MadFWwtdIYhk962oZnMkGSEMvRD3Pgrblwo4saF4N+YtiNo64WQk3PP4eaeMOFMacf5sgpLyyura8X10sbm1vaOvbvXUnEqKTRpzGPZDokCzgQ0NdMc2okEEoUc7sLh5aR/dw9SsVjc6lECfkT6gvUYJdpQgX3qhdBnIqMgNMgxrnjXEfRJUKt4Hq6Y+wRT88AeiO6PKLDLTtWZFl4Ebg7KKK9GYH943ZimkbFTTpTquE6i/YxIzSiHcclLFSSEDkkfOgYKEoHys+lyY3xkmC7uxdIcofGU/e3ISKTUKAqNMiJ6oOZ7E/K/XifVvXM/YyJJNQg6G9RLOdYxniSFu0wC1XxkAKGSmb9iOiCSUJOBKpkQ3PmVF0GrVnWdqntTK9cv8jiK6AAdomPkojNUR1eogZqIogf0hF7Qq/VoPVtv1vtMWrByzz76U9bnN1EzoD0=</latexit><latexit sha1_base64="mo/TUG5uTolrvzdHmy62orsHNdw=">AAACHHicbVDLSgMxFM3UV62vUZdugq3gQspMXeiy6MadFWwtdIYhk962oZnMkGSEMvRD3Pgrblwo4saF4N+YtiNo64WQk3PP4eaeMOFMacf5sgpLyyura8X10sbm1vaOvbvXUnEqKTRpzGPZDokCzgQ0NdMc2okEEoUc7sLh5aR/dw9SsVjc6lECfkT6gvUYJdpQgX3qhdBnIqMgNMgxrnjXEfRJUKt4Hq6Y+wRT88AeiO6PKLDLTtWZFl4Ebg7KKK9GYH943ZimkbFTTpTquE6i/YxIzSiHcclLFSSEDkkfOgYKEoHys+lyY3xkmC7uxdIcofGU/e3ISKTUKAqNMiJ6oOZ7E/K/XifVvXM/YyJJNQg6G9RLOdYxniSFu0wC1XxkAKGSmb9iOiCSUJOBKpkQ3PmVF0GrVnWdqntTK9cv8jiK6AAdomPkojNUR1eogZqIogf0hF7Qq/VoPVtv1vtMWrByzz76U9bnN1EzoD0=</latexit><latexit sha1_base64="mo/TUG5uTolrvzdHmy62orsHNdw=">AAACHHicbVDLSgMxFM3UV62vUZdugq3gQspMXeiy6MadFWwtdIYhk962oZnMkGSEMvRD3Pgrblwo4saF4N+YtiNo64WQk3PP4eaeMOFMacf5sgpLyyura8X10sbm1vaOvbvXUnEqKTRpzGPZDokCzgQ0NdMc2okEEoUc7sLh5aR/dw9SsVjc6lECfkT6gvUYJdpQgX3qhdBnIqMgNMgxrnjXEfRJUKt4Hq6Y+wRT88AeiO6PKLDLTtWZFl4Ebg7KKK9GYH943ZimkbFTTpTquE6i/YxIzSiHcclLFSSEDkkfOgYKEoHys+lyY3xkmC7uxdIcofGU/e3ISKTUKAqNMiJ6oOZ7E/K/XifVvXM/YyJJNQg6G9RLOdYxniSFu0wC1XxkAKGSmb9iOiCSUJOBKpkQ3PmVF0GrVnWdqntTK9cv8jiK6AAdomPkojNUR1eogZqIogf0hF7Qq/VoPVtv1vtMWrByzz76U9bnN1EzoD0=</latexit>

⌦m

am, cm
<latexit sha1_base64="XffwF7uUM+wQ0uAB501oendTFCk=">AAACHHicbVDLSgMxFM3UV62vqks3wVZwIWWmLnRZdOPOCrYWOkPJpLfT0CQzJBmhDP0QN/6KGxeKuHEh+DemD0FbL4ScnHsON/eECWfauO6Xk1taXlldy68XNja3tneKu3tNHaeKQoPGPFatkGjgTELDMMOhlSggIuRwFw4ux/27e1CaxfLWDBMIBIkk6zFKjKU6xVM/hIjJjII0oEa47F8LiEhHlH0fl+19gql9YB9k90fUKZbcijspvAi8GSihWdU7xQ+/G9NUWDvlROu25yYmyIgyjHIYFfxUQ0LogETQtlASATrIJsuN8JFlurgXK3ukwRP2tyMjQuuhCK1SENPX870x+V+vnZreeZAxmaQGJJ0O6qUcmxiPk8JdpoAaPrSAUMXsXzHtE0WozUAXbAje/MqLoFmteG7Fu6mWahezOPLoAB2iY+ShM1RDV6iOGoiiB/SEXtCr8+g8O2/O+1Sac2aeffSnnM9va1qg7g==</latexit><latexit sha1_base64="XffwF7uUM+wQ0uAB501oendTFCk=">AAACHHicbVDLSgMxFM3UV62vqks3wVZwIWWmLnRZdOPOCrYWOkPJpLfT0CQzJBmhDP0QN/6KGxeKuHEh+DemD0FbL4ScnHsON/eECWfauO6Xk1taXlldy68XNja3tneKu3tNHaeKQoPGPFatkGjgTELDMMOhlSggIuRwFw4ux/27e1CaxfLWDBMIBIkk6zFKjKU6xVM/hIjJjII0oEa47F8LiEhHlH0fl+19gql9YB9k90fUKZbcijspvAi8GSihWdU7xQ+/G9NUWDvlROu25yYmyIgyjHIYFfxUQ0LogETQtlASATrIJsuN8JFlurgXK3ukwRP2tyMjQuuhCK1SENPX870x+V+vnZreeZAxmaQGJJ0O6qUcmxiPk8JdpoAaPrSAUMXsXzHtE0WozUAXbAje/MqLoFmteG7Fu6mWahezOPLoAB2iY+ShM1RDV6iOGoiiB/SEXtCr8+g8O2/O+1Sac2aeffSnnM9va1qg7g==</latexit><latexit sha1_base64="XffwF7uUM+wQ0uAB501oendTFCk=">AAACHHicbVDLSgMxFM3UV62vqks3wVZwIWWmLnRZdOPOCrYWOkPJpLfT0CQzJBmhDP0QN/6KGxeKuHEh+DemD0FbL4ScnHsON/eECWfauO6Xk1taXlldy68XNja3tneKu3tNHaeKQoPGPFatkGjgTELDMMOhlSggIuRwFw4ux/27e1CaxfLWDBMIBIkk6zFKjKU6xVM/hIjJjII0oEa47F8LiEhHlH0fl+19gql9YB9k90fUKZbcijspvAi8GSihWdU7xQ+/G9NUWDvlROu25yYmyIgyjHIYFfxUQ0LogETQtlASATrIJsuN8JFlurgXK3ukwRP2tyMjQuuhCK1SENPX870x+V+vnZreeZAxmaQGJJ0O6qUcmxiPk8JdpoAaPrSAUMXsXzHtE0WozUAXbAje/MqLoFmteG7Fu6mWahezOPLoAB2iY+ShM1RDV6iOGoiiB/SEXtCr8+g8O2/O+1Sac2aeffSnnM9va1qg7g==</latexit><latexit sha1_base64="XffwF7uUM+wQ0uAB501oendTFCk=">AAACHHicbVDLSgMxFM3UV62vqks3wVZwIWWmLnRZdOPOCrYWOkPJpLfT0CQzJBmhDP0QN/6KGxeKuHEh+DemD0FbL4ScnHsON/eECWfauO6Xk1taXlldy68XNja3tneKu3tNHaeKQoPGPFatkGjgTELDMMOhlSggIuRwFw4ux/27e1CaxfLWDBMIBIkk6zFKjKU6xVM/hIjJjII0oEa47F8LiEhHlH0fl+19gql9YB9k90fUKZbcijspvAi8GSihWdU7xQ+/G9NUWDvlROu25yYmyIgyjHIYFfxUQ0LogETQtlASATrIJsuN8JFlurgXK3ukwRP2tyMjQuuhCK1SENPX870x+V+vnZreeZAxmaQGJJ0O6qUcmxiPk8JdpoAaPrSAUMXsXzHtE0WozUAXbAje/MqLoFmteG7Fu6mWahezOPLoAB2iY+ShM1RDV6iOGoiiB/SEXtCr8+g8O2/O+1Sac2aeffSnnM9va1qg7g==</latexit>

⌦k

ak, ck
<latexit sha1_base64="K1qQt6GjX0yY1DWbLeHBoPKKKhw=">AAACHHicbVDLSgMxFM3UV62vqks3wVZwIWWmLnRZdOPOCrYWOsOQydxpQzOZIckIZeiHuPFX3LhQxI0Lwb8xfQjaeiHk5NxzuLknSDlT2ra/rMLS8srqWnG9tLG5tb1T3t1rqySTFFo04YnsBEQBZwJammkOnVQCiQMOd8Hgcty/uwepWCJu9TAFLyY9wSJGiTaUXz51A+gxkVMQGuQIV93rGHrEH1RdF1fNfYKpeWAXRPgj8ssVu2ZPCi8CZwYqaFZNv/zhhgnNYmOnnCjVdexUezmRmlEOo5KbKUgJHZAedA0UJAbl5ZPlRvjIMCGOEmmO0HjC/nbkJFZqGAdGGRPdV/O9Mflfr5vp6NzLmUgzDYJOB0UZxzrB46RwyCRQzYcGECqZ+SumfSIJNRmokgnBmV95EbTrNceuOTf1SuNiFkcRHaBDdIwcdIYa6Ao1UQtR9ICe0At6tR6tZ+vNep9KC9bMs4/+lPX5DWHKoOg=</latexit><latexit sha1_base64="K1qQt6GjX0yY1DWbLeHBoPKKKhw=">AAACHHicbVDLSgMxFM3UV62vqks3wVZwIWWmLnRZdOPOCrYWOsOQydxpQzOZIckIZeiHuPFX3LhQxI0Lwb8xfQjaeiHk5NxzuLknSDlT2ra/rMLS8srqWnG9tLG5tb1T3t1rqySTFFo04YnsBEQBZwJammkOnVQCiQMOd8Hgcty/uwepWCJu9TAFLyY9wSJGiTaUXz51A+gxkVMQGuQIV93rGHrEH1RdF1fNfYKpeWAXRPgj8ssVu2ZPCi8CZwYqaFZNv/zhhgnNYmOnnCjVdexUezmRmlEOo5KbKUgJHZAedA0UJAbl5ZPlRvjIMCGOEmmO0HjC/nbkJFZqGAdGGRPdV/O9Mflfr5vp6NzLmUgzDYJOB0UZxzrB46RwyCRQzYcGECqZ+SumfSIJNRmokgnBmV95EbTrNceuOTf1SuNiFkcRHaBDdIwcdIYa6Ao1UQtR9ICe0At6tR6tZ+vNep9KC9bMs4/+lPX5DWHKoOg=</latexit><latexit sha1_base64="K1qQt6GjX0yY1DWbLeHBoPKKKhw=">AAACHHicbVDLSgMxFM3UV62vqks3wVZwIWWmLnRZdOPOCrYWOsOQydxpQzOZIckIZeiHuPFX3LhQxI0Lwb8xfQjaeiHk5NxzuLknSDlT2ra/rMLS8srqWnG9tLG5tb1T3t1rqySTFFo04YnsBEQBZwJammkOnVQCiQMOd8Hgcty/uwepWCJu9TAFLyY9wSJGiTaUXz51A+gxkVMQGuQIV93rGHrEH1RdF1fNfYKpeWAXRPgj8ssVu2ZPCi8CZwYqaFZNv/zhhgnNYmOnnCjVdexUezmRmlEOo5KbKUgJHZAedA0UJAbl5ZPlRvjIMCGOEmmO0HjC/nbkJFZqGAdGGRPdV/O9Mflfr5vp6NzLmUgzDYJOB0UZxzrB46RwyCRQzYcGECqZ+SumfSIJNRmokgnBmV95EbTrNceuOTf1SuNiFkcRHaBDdIwcdIYa6Ao1UQtR9ICe0At6tR6tZ+vNep9KC9bMs4/+lPX5DWHKoOg=</latexit><latexit sha1_base64="K1qQt6GjX0yY1DWbLeHBoPKKKhw=">AAACHHicbVDLSgMxFM3UV62vqks3wVZwIWWmLnRZdOPOCrYWOsOQydxpQzOZIckIZeiHuPFX3LhQxI0Lwb8xfQjaeiHk5NxzuLknSDlT2ra/rMLS8srqWnG9tLG5tb1T3t1rqySTFFo04YnsBEQBZwJammkOnVQCiQMOd8Hgcty/uwepWCJu9TAFLyY9wSJGiTaUXz51A+gxkVMQGuQIV93rGHrEH1RdF1fNfYKpeWAXRPgj8ssVu2ZPCi8CZwYqaFZNv/zhhgnNYmOnnCjVdexUezmRmlEOo5KbKUgJHZAedA0UJAbl5ZPlRvjIMCGOEmmO0HjC/nbkJFZqGAdGGRPdV/O9Mflfr5vp6NzLmUgzDYJOB0UZxzrB46RwyCRQzYcGECqZ+SumfSIJNRmokgnBmV95EbTrNceuOTf1SuNiFkcRHaBDdIwcdIYa6Ao1UQtR9ICe0At6tR6tZ+vNep9KC9bMs4/+lPX5DWHKoOg=</latexit>

⌦`

a`, c`
<latexit sha1_base64="xxz9qMidRbpGBIVJVCylGUSmRpc=">AAACJXicbVDLSsNAFJ34rPUVdelmsBVcSEm60YWLoht3VrAPaEKZTG/SoZNJmJkIJfRn3PgrblxYRHDlrzh9CNp6YOBwzrncuSdIOVPacT6tldW19Y3NwlZxe2d3b98+OGyqJJMUGjThiWwHRAFnAhqaaQ7tVAKJAw6tYHAz8VuPIBVLxIMepuDHJBIsZJRoI3XtKy+AiImcgtAgR7js3cUQka4HnJc9D5dn9BzTmYQ9EL2fdNcuORVnCrxM3DkpoTnqXXvs9RKaxWaccqJUx3VS7edEakY5jIpepiAldEAi6BgqSAzKz6dXjvCpUXo4TKR5QuOp+nsiJ7FSwzgwyZjovlr0JuJ/XifT4aWfM5FmGgSdLQozjnWCJ5XhHpNANR8aQqhk5q+Y9okk1HSgiqYEd/HkZdKsVlyn4t5XS7XreR0FdIxO0Bly0QWqoVtURw1E0RN6QW9obD1br9a79TGLrljzmSP0B9bXN8mFpMw=</latexit><latexit sha1_base64="xxz9qMidRbpGBIVJVCylGUSmRpc=">AAACJXicbVDLSsNAFJ34rPUVdelmsBVcSEm60YWLoht3VrAPaEKZTG/SoZNJmJkIJfRn3PgrblxYRHDlrzh9CNp6YOBwzrncuSdIOVPacT6tldW19Y3NwlZxe2d3b98+OGyqJJMUGjThiWwHRAFnAhqaaQ7tVAKJAw6tYHAz8VuPIBVLxIMepuDHJBIsZJRoI3XtKy+AiImcgtAgR7js3cUQka4HnJc9D5dn9BzTmYQ9EL2fdNcuORVnCrxM3DkpoTnqXXvs9RKaxWaccqJUx3VS7edEakY5jIpepiAldEAi6BgqSAzKz6dXjvCpUXo4TKR5QuOp+nsiJ7FSwzgwyZjovlr0JuJ/XifT4aWfM5FmGgSdLQozjnWCJ5XhHpNANR8aQqhk5q+Y9okk1HSgiqYEd/HkZdKsVlyn4t5XS7XreR0FdIxO0Bly0QWqoVtURw1E0RN6QW9obD1br9a79TGLrljzmSP0B9bXN8mFpMw=</latexit><latexit sha1_base64="xxz9qMidRbpGBIVJVCylGUSmRpc=">AAACJXicbVDLSsNAFJ34rPUVdelmsBVcSEm60YWLoht3VrAPaEKZTG/SoZNJmJkIJfRn3PgrblxYRHDlrzh9CNp6YOBwzrncuSdIOVPacT6tldW19Y3NwlZxe2d3b98+OGyqJJMUGjThiWwHRAFnAhqaaQ7tVAKJAw6tYHAz8VuPIBVLxIMepuDHJBIsZJRoI3XtKy+AiImcgtAgR7js3cUQka4HnJc9D5dn9BzTmYQ9EL2fdNcuORVnCrxM3DkpoTnqXXvs9RKaxWaccqJUx3VS7edEakY5jIpepiAldEAi6BgqSAzKz6dXjvCpUXo4TKR5QuOp+nsiJ7FSwzgwyZjovlr0JuJ/XifT4aWfM5FmGgSdLQozjnWCJ5XhHpNANR8aQqhk5q+Y9okk1HSgiqYEd/HkZdKsVlyn4t5XS7XreR0FdIxO0Bly0QWqoVtURw1E0RN6QW9obD1br9a79TGLrljzmSP0B9bXN8mFpMw=</latexit><latexit sha1_base64="xxz9qMidRbpGBIVJVCylGUSmRpc=">AAACJXicbVDLSsNAFJ34rPUVdelmsBVcSEm60YWLoht3VrAPaEKZTG/SoZNJmJkIJfRn3PgrblxYRHDlrzh9CNp6YOBwzrncuSdIOVPacT6tldW19Y3NwlZxe2d3b98+OGyqJJMUGjThiWwHRAFnAhqaaQ7tVAKJAw6tYHAz8VuPIBVLxIMepuDHJBIsZJRoI3XtKy+AiImcgtAgR7js3cUQka4HnJc9D5dn9BzTmYQ9EL2fdNcuORVnCrxM3DkpoTnqXXvs9RKaxWaccqJUx3VS7edEakY5jIpepiAldEAi6BgqSAzKz6dXjvCpUXo4TKR5QuOp+nsiJ7FSwzgwyZjovlr0JuJ/XifT4aWfM5FmGgSdLQozjnWCJ5XhHpNANR8aQqhk5q+Y9okk1HSgiqYEd/HkZdKsVlyn4t5XS7XreR0FdIxO0Bly0QWqoVtURw1E0RN6QW9obD1br9a79TGLrljzmSP0B9bXN8mFpMw=</latexit>

k, ` = 1, 2, ..., m
<latexit sha1_base64="iIw3rvAJsmBGSTgiSCU6+g50DDc=">AAAB/3icbVC7SgNBFL3rM8bXqmCjxWBWsAjLbhpthKCNZQLmAckSZiezyZDZBzOzQlhT+Cs2FopY6m/Y2fkpTh6FJh64cDjnXu69x084k8pxvoyl5ZXVtfXcRn5za3tn19zbr8s4FYTWSMxj0fSxpJxFtKaY4rSZCIpDn9OGP7ge+407KiSLo1s1TKgX4l7EAkaw0lLHPLSsQbFNOUeXyC2WirZtF0PL6pgFx3YmQIvEnZFC+fi9+g0AlY752e7GJA1ppAjHUrZcJ1FehoVihNNRvp1KmmAywD3a0jTCIZVeNrl/hE610kVBLHRFCk3U3xMZDqUchr7uDLHqy3lvLP7ntVIVXHgZi5JU0YhMFwUpRypG4zBQlwlKFB9qgolg+lZE+lhgonRkeR2CO//yIqmXbNex3apO4wqmyMERnMAZuHAOZbiBCtSAwD08wjO8GA/Gk/FqvE1bl4zZzAH8gfHxA7dJlOM=</latexit><latexit sha1_base64="UkbIHKe/nkq7jYuuoScSQMBZbN0=">AAAB/3icbVDLSsNAFJ3UV62vqOBGkcFGcFFC0o1uhKIbly3YB7ShTKaTduhMEmYmQolduPBH3LhQxGX9DXd+gz/h9LHQ1gMXDufcy733+DGjUjnOl5FZWl5ZXcuu5zY2t7Z3zN29mowSgUkVRywSDR9JwmhIqooqRhqxIIj7jNT9/vXYr98RIWkU3qpBTDyOuiENKEZKS23zwLL6hRZhDF5Ct1As2LZd4JbVNvOO7UwAF4k7I/nS0ajy/Xg8KrfNz1YnwgknocIMSdl0nVh5KRKKYkaGuVYiSYxwH3VJU9MQcSK9dHL/EJ5qpQODSOgKFZyovydSxKUccF93cqR6ct4bi/95zUQFF15KwzhRJMTTRUHCoIrgOAzYoYJgxQaaICyovhXiHhIIKx1ZTofgzr+8SGpF23Vst6LTuAJTZMEhOAFnwAXnoARuQBlUAQb34Am8gFfjwXg23oz3aWvGmM3sgz8wPn4AlY6WSQ==</latexit><latexit sha1_base64="UkbIHKe/nkq7jYuuoScSQMBZbN0=">AAAB/3icbVDLSsNAFJ3UV62vqOBGkcFGcFFC0o1uhKIbly3YB7ShTKaTduhMEmYmQolduPBH3LhQxGX9DXd+gz/h9LHQ1gMXDufcy733+DGjUjnOl5FZWl5ZXcuu5zY2t7Z3zN29mowSgUkVRywSDR9JwmhIqooqRhqxIIj7jNT9/vXYr98RIWkU3qpBTDyOuiENKEZKS23zwLL6hRZhDF5Ct1As2LZd4JbVNvOO7UwAF4k7I/nS0ajy/Xg8KrfNz1YnwgknocIMSdl0nVh5KRKKYkaGuVYiSYxwH3VJU9MQcSK9dHL/EJ5qpQODSOgKFZyovydSxKUccF93cqR6ct4bi/95zUQFF15KwzhRJMTTRUHCoIrgOAzYoYJgxQaaICyovhXiHhIIKx1ZTofgzr+8SGpF23Vst6LTuAJTZMEhOAFnwAXnoARuQBlUAQb34Am8gFfjwXg23oz3aWvGmM3sgz8wPn4AlY6WSQ==</latexit><latexit sha1_base64="2y8D7l7ERw24y+K2NlYxQY4MB8E=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GWwEFyEk3ehGKLpxWcE+oA1lMp20Q2cmYWYilNiFv+LGhSJu/Q13/o3TNgttPXDhcM693HtPlDKqtO9/Wyura+sbm6Wt8vbO7t6+fXDYVEkmMWnghCWyHSFFGBWkoalmpJ1KgnjESCsa3Uz91gORiibiXo9TEnI0EDSmGGkj9exjxxm5XcIYvIKBW3U9z3O54/Tsiu/5M8BlEhSkAgrUe/ZXt5/gjBOhMUNKdQI/1WGOpKaYkUm5mymSIjxCA9IxVCBOVJjP7p/AM6P0YZxIU0LDmfp7IkdcqTGPTCdHeqgWvan4n9fJdHwZ5lSkmSYCzxfFGYM6gdMwYJ9KgjUbG4KwpOZWiIdIIqxNZGUTQrD48jJpVr3A94I7v1K7LuIogRNwCs5BAC5ADdyCOmgADB7BM3gFb9aT9WK9Wx/z1hWrmDkCf2B9/gCnT5Ke</latexit>

k = 1, 2, ..., m
<latexit sha1_base64="sI88Dmqh/gm8HmxaUB5EZmeEyto=">AAAB+nicbVC7SgNBFL3rM8bXRkstBrOCRVh202gjBG0sEzAPSJYwO5lNhsw+mJlVwppPsbFQxNbC77Cz81OcPApNPHDhcM693HuPn3AmleN8GSura+sbm7mt/PbO7t6+WThoyDgVhNZJzGPR8rGknEW0rpjitJUIikOf06Y/vJ74zTsqJIujWzVKqBfifsQCRrDSUtcsWNYQXSK3VC7Ztl0KLatrFh3bmQItE3dOipXjj9o3AFS75menF5M0pJEiHEvZdp1EeRkWihFOx/lOKmmCyRD3aVvTCIdUetn09DE61UoPBbHQFSk0VX9PZDiUchT6ujPEaiAXvYn4n9dOVXDhZSxKUkUjMlsUpBypGE1yQD0mKFF8pAkmgulbERlggYnSaeV1CO7iy8ukUbZdx3ZrOo0rmCEHR3ACZ+DCOVTgBqpQBwL38AjP8GI8GE/Gq/E2a10x5jOH8AfG+w8vhpLs</latexit><latexit sha1_base64="8TOWMwfgGeSuBBF211TXO3KzO+U=">AAAB+nicbVDLSsNAFJ3UV62vVJeKDDaCixKSbnQjFN24bME+oA1lMp20QyeTMDNRSuzSz3DjQhG3Lvod7vwGf8LpY6GtBy4czrmXe+/xY0alcpwvI7Oyura+kd3MbW3v7O6Z+f26jBKBSQ1HLBJNH0nCKCc1RRUjzVgQFPqMNPzB9cRv3BEhacRv1TAmXoh6nAYUI6Wljpm3rAG8hG6xVLRtuxhaVscsOLYzBVwm7pwUykfj6vfj8bjSMT/b3QgnIeEKMyRly3Vi5aVIKIoZGeXaiSQxwgPUIy1NOQqJ9NLp6SN4qpUuDCKhiys4VX9PpCiUchj6ujNEqi8XvYn4n9dKVHDhpZTHiSIczxYFCYMqgpMcYJcKghUbaoKwoPpWiPtIIKx0Wjkdgrv48jKpl2zXsd2qTuMKzJAFh+AEnAEXnIMyuAEVUAMY3IMn8AJejQfj2Xgz3metGWM+cwD+wPj4AQ3LlFI=</latexit><latexit sha1_base64="8TOWMwfgGeSuBBF211TXO3KzO+U=">AAAB+nicbVDLSsNAFJ3UV62vVJeKDDaCixKSbnQjFN24bME+oA1lMp20QyeTMDNRSuzSz3DjQhG3Lvod7vwGf8LpY6GtBy4czrmXe+/xY0alcpwvI7Oyura+kd3MbW3v7O6Z+f26jBKBSQ1HLBJNH0nCKCc1RRUjzVgQFPqMNPzB9cRv3BEhacRv1TAmXoh6nAYUI6Wljpm3rAG8hG6xVLRtuxhaVscsOLYzBVwm7pwUykfj6vfj8bjSMT/b3QgnIeEKMyRly3Vi5aVIKIoZGeXaiSQxwgPUIy1NOQqJ9NLp6SN4qpUuDCKhiys4VX9PpCiUchj6ujNEqi8XvYn4n9dKVHDhpZTHiSIczxYFCYMqgpMcYJcKghUbaoKwoPpWiPtIIKx0Wjkdgrv48jKpl2zXsd2qTuMKzJAFh+AEnAEXnIMyuAEVUAMY3IMn8AJejQfj2Xgz3metGWM+cwD+wPj4AQ3LlFI=</latexit><latexit sha1_base64="raKF9nILXzp2SLXbqLfbvZz3xzs=">AAAB+nicbVBNT8JAEJ3iF+JX0aOXjdTEA2laLnoxIXrxiImACTRkuyywYbdtdrcaUvkpXjxojFd/iTf/jQv0oOBLJnl5byYz88KEM6U979sqrK1vbG4Vt0s7u3v7B3b5sKXiVBLaJDGP5X2IFeUsok3NNKf3iaRYhJy2w/H1zG8/UKlYHN3pSUIDgYcRGzCCtZF6dtlxxugS+dVa1XXdqnCcnl3xXG8OtEr8nFQgR6Nnf3X7MUkFjTThWKmO7yU6yLDUjHA6LXVTRRNMxnhIO4ZGWFAVZPPTp+jUKH00iKWpSKO5+nsiw0KpiQhNp8B6pJa9mfif10n14CLIWJSkmkZksWiQcqRjNMsB9ZmkRPOJIZhIZm5FZIQlJtqkVTIh+Msvr5JWzfU917/1KvWrPI4iHMMJnIEP51CHG2hAEwg8wjO8wpv1ZL1Y79bHorVg5TNH8AfW5w8fjJCn</latexit>
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For r ∈ Ωk , s ∈ Ω`, and each fixed k, ` = 1, 2, ...,m,

GenGC: Ck`(r , s; ak , a`, ck , c`)

Figure 2: GenGC on the unit circle (S1
1 ) for continuous a and c (left), correlation

matrix (middle), and selected correlations (right). White regions in the correlation

matrix correspond to correlations between −0.003 and 0.003. 7



GenGC in 2D

Figure 3: Top:

Background a and c

fields as functions of

longitude and lati-

tude over Colorado.

Bottom: 2D corre-

lations with respect

to ? for the given

a and c fields, plot-

ted using a Merca-

tor projection.
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Local Covariance Evolution: Correlation Reconstruction with

GenGC

Methodology:

1. Define the initial correlation length from standard

Gaspari-Cohn correlation (a0 = 1/2, c = c0), L0(x) =
√

0.3c0

2. Evolve L(x , t) forward in time by solving its PDE

3. At fixed time t, use L(x , t) and a = a0 fixed to compute

c(x , t), then reconstruct the correlations with GenGC:

for x1 ∈ Ωk , x2 ∈ Ω`

C (x1, x2, t) = Ck`

(
x1, x2; a0, a0, c(x1, t), c(x2, t)

)

9
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Correlation Reconstruction with GenGC: Preliminary Results

Figure 3: Comparisons of the correlation matrix approximated with GenGC using evolved

correlation lengths L and a = 1/2 constant (left) with the exact correlation matrix (right). 1D

experiments on S1
1 with v(x) = sin(x) + 2 and c0 = 0.25. Errors in the GenGC approximation are

between -0.0125 and 0.0125. 10



In Summary

The added flexibility of GenGC while remaining compactly

supported can be a useful tool for the data assimilation

community.

Applications of GenGC in Data Assimilation:

• Local covariance evolution, an alternative means of mitigating

problems associated with covariance evolution,

• Covariance modeling and tapering (localization) in current

data assimilation schemes.
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Extra slides
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1D Example

Figure 4: GenGC on the unit circle for continuous a and c (left), correlation

matrix (middle), and selected correlations (right). White regions in the

correlation matrix correspond to correlations between −0.003 and 0.003.
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Correlation Reconstruction with GenGC: Preliminary Results 2

Figure 5: Comparisons of the correlation matrix approximated with GenGC using evolved

correlation lengths L and a = 1/2 constant (left) with the exact correlation matrix (right). 1D

experiments on S1
1 with v(x) = sin(x) + 2 and c0 = 0.5. Errors in the GenGC approximation are

between -0.05 and 0.05. 15



Continuity

Figure 6: Example of GenGC on (0, 1) comparing when each grid cell is its own

subregion vs. the case where (0, 1) is split into two subregions (0, 1/2), (1/2, 1)

(bottom row) 16


