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ABSTRACT11

We investigate the properties of nonlinear fast magnetosonic (NFM) waves in a solar prominence, mo-12

tivated by recent high-resolution and high-cadence Hinode/SOT observations of small-scale oscillations13

in a prominence pillar. As an example, we analyze the details of the 2012 February 14 Hinode/SOT14

observations of quasi-periodic propagating features consistent with NFM waves, imaged in emission in15

Ca II and in the far blue wing of Hα. We perform wavelet analysis and find oscillations in the 1-3 min16

period range. Guided by these observations, we model the NFM waves with a three-dimensional mag-17

netohydrodynamics (3D MHD) model, extending previous 2.5D MHD studies. The new model includes18

the structure of the high-density, low-temperature material of the prominence pillar embedded in the19

hot corona, in both potential and non-force-free sheared magnetic field configurations. The nonlinear20

model demonstrates the effects of mode coupling and the propagating density compressions associated21

with linear and NFM waves. The guided fast magnetosonic waves, together with density compressions22

and currents, are reproduced in the 3D pillar structure. We demonstrate or the first time the dynamic23

effects of the Lorentz force due to the magnetic shear in the non-force-free field on the pillar structure24

and on the propagation of the waves. The insights gained from the 3D MHD modeling are useful for25

improving coronal seismology of prominence structures that exhibit fast MHD wave activity.26

1. INTRODUCTION27

Solar prominences (also called filaments; e.g. Tandberg-Hanssen 1995) are highly complex magnetic structures that28

extend from the photosphere up into the corona, where they support material that is much denser (n ∼ 1010−12
29

cm−3) and cooler (T ∼ 1×104 K) than the surrounding plasma (n ∼ 108−9 cm−3, T ∼ 1-2×106 K). High-resolution30

observations of prominences have been available in H I Balmer (Hα) and Ca II emission for decades from ground-based31

telescopes and, more recently, in various ion emission bands from satellite-borne instruments. These observations show32

that the prominence material is highly dynamic, exhibiting persistent flows, waves, and other oscillations, as well as33

MHD instabilities that can lead to its violent eruption (for reviews, see Labrosse et al. 2010; Parenti 2014; Arregui34

et al. 2018). Idealized models of quiescent prominences often assume an equilibrium magnetic structure that supports35

the cool material statically within the hot corona. The observations indicate that both the magnetic and thermal36

structures of prominences are often out of equilibrium, highly dynamic at small scales and gradually evolving at large37

scales.38

Small-scale propagating and oscillating features in cool prominence threads and low-lying coronal loops have been39

studied from space for many years using high-resolution and high-cadence spectral observations. Hinode’s Solar Optical40
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Telescope (Hinode/SOT; Kosugi et al. 2007) has observed such phenomena in Hα and Ca II emission (Okamoto et al.41

2007; Ofman & Wang 2008; Schmieder et al. 2013; Ofman et al. 2015; Kucera et al. 2018), as has the Interface Region42

Imaging Spectrograph (IRIS; De Pontieu et al. 2014) in chromospheric Mg II emission as spectral lines and slit jaw43

images (Kucera et al. 2018). High-resolution prominence observations by Hinode/SOT show that the prominences44

material exhibits constant down-flows, lateral flows, upflows, and dynamic evolution with the observed velocities in45

the range 1 − 100 km s−1 consistent with the effects of magneto-fluid instabilities (e.g., Berger et al. 2017). Recent46

ground-based high-resolution observations using the New Vacuum Solar Telescope (NVST; Liu et al. 2014) report47

evidence of small-scale oscillations and waves detected in Hα in quiescent prominences (e.g., Li et al. 2018, 2022).48

Advanced high-resolution resistive 3D MHD modeling of prominence structure evolution shows that49

the nonlinear development of the magnetic Rayleigh–Taylor instability produces small scale structures50

in the prominence material (Jenkins & Keppens 2022), and possibly can provide an alternative (to51

waves) interpretation of some of the observed small-scale oscillating structures.52

The (quasi-) periodic, small-scale, oscillating features, with typical time scales of minutes in prominence threads53

and pillars, have been identified and modeled previously as linear fast magnetosonic waves (e.g., Schmieder et al.54

2013). Because the nonlinearity of these waves is evident in the observations in the form of steepening and asymmetric55

density compressions, the models were later extended to nonlinear fast magnetosonic (NFM) waves using an MHD56

model with two-dimensional spatial variations and three-dimensional vector fields (2.5D MHD; see Ofman et al. 2015;57

Ofman & Kucera 2020). The observed waves can be used to deduce the magnetic structure of prominences by applying58

techniques of coronal seismology (e.g., Nakariakov & Verwichte 2005; Anfinogentov et al. 2022). These indirect methods59

are invaluable, as the coronal magnetic field is very difficult to measure directly using spectroscopic or other methods,60

while force-free extrapolation methods have limited applicability in realistic coronal structures. Coronal seismology61

remains based primarily on linear MHD wave theory. However, nonlinearity may significantly affect the wave structure,62

phase speed, wave dissipation, and couplings. Thus, interpreting observations of nonlinear waves requires the use of63

nonlinear wave theory or nonlinear MHD modeling for improved accuracy of the analysis.64

Plasma flows, in addition to waves, are often observed in cool prominence threads in emission lines such as Hα65

and Ca II (Okamoto et al. 2007; Alexander et al. 2013; Kucera et al. 2014; Parenti 2014; Diercke et al. 2018). These66

flows may affect the oscillations through, for example, changes in the density that affect the phase speed of the waves67

and Doppler shifts of the oscillation frequencies. Recently, Kucera et al. (2018) and Ofman & Kucera (2020) used68

Hinode/SOT Ca II spectral lines to study small-scale motions in prominences. The observed propagating fluctuations69

were identified as NFM waves using a combination of data analysis and modeling. The observed NFM waves had70

typical periods ∼ 5-11 minutes and wavelengths ∼ 2000 km, while the flows had typical speeds ∼ 15-50 km s−1. The71

main properties of the observed NFM waves, combined with the effects of mass flows in prominence threads, were72

replicated by the model (Ofman & Kucera 2020). The magnetic field strengths in the prominence were estimated to73

lie in the range 5-17 G.74

In the present study, we extend the previous studies of propagating waves in prominences with data analysis and75

modeling of a prominence pillar observed on 2012 February 14 from Hinode/SOT. We employ a new, fully three76

dimensional (3D) MHD model of small-scale NFM waves in an idealized prominence pillar with more realistic structure77

than in the previous studies. The new model allows us to investigate more complex fast magnetosonic wave generation,78

propagation, and interaction than in the previous 2.5D configurations, for example, by including the effects of magnetic79

shear, and for the first time study the effects of non-force free shear magnetic field. The results are useful80

for interpreting high-resolution Hinode/SOT observations of prominence small-scale oscillations and for making further81

advancements in the coronal seismology of solar prominences using MHD waves.82

Our paper is organized as follows. In §2 we present new observations of propagating features in a prominence pillar.83

In §3 we describe the new 3D MHD model, along with the initial and boundary conditions used in the calculations. In84

§4, we present the numerical results and compare them with observations. Finally, the discussion and our conclusions85

are given in §5.86

2. OBSERVATIONS AND DATA ANALYSIS87

The studied prominence was observed by Hinode/SOT on 2014 February 14 from 10:48 - 13:15 UT as part of Hinode88

Operation Plan (HOP) 114. The data consisted of measurements from both the Broadband Filter Instrument (BFI)89

and the Narrowband Filter Instrument (NFI) (Kosugi et al. 2007; Tsuneta et al. 2008). The BFI was used to observe90

the Ca II H line at 3969 Å and the NFI was used to observe the Hα line at 6563.2 Å, both with cadences of 22.4 s.91
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(b) Hinode SOT Ca II
 14−Feb−2012 12:46:49 UT
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(c) Hinode SOT Hα far blue wing
14−Feb−2012 12:46:58 UT
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Figure 1. (a) GONG Hα image showing the prominence on 11 Feb 2012, three days before the prominence was observed on
the limb. The box shows the approximate field of view of the images in (b) and (c). (b) Hinode Ca II image showing the
prominence on the limb; the box is the field of view shown in Figure 2. An animation that corresponds to this panel is available
online. The video shows the Hinode Ca II emission observed on 14-Feb-2012 in the time interval 10:51:06-13:13:45 UT in an
accelerated time of 16 s. (c) Hα far blue-wing image; the box is the field of view shown in Figure 3.

The Hα line positions for this data set were not well calibrated, but appear to be from near line center and in the92

blue wing of the line (about 416 mÅ from line center), making them not useful for Doppler measurements. The image93

field of view is about 112′′ square, and the spatial resolution is 0.2-0.3′′. Maps were processed with the fg prep.pro94

routine provided by to the Solar Soft library (https://www.lmsal.com/solarsoft/, Freeland & Handy (1998)) by the95

Hinode team, including dark-current subtraction and flat-field removal. Drift and jitter were corrected using an image96

cross-correlation (fg rigidalign.pro) routine.97

For context, we inspected observations from the Global Oscillation Network Group to image the on-disk structure98

of the prominence in the days preceding its appearance at the limb. GONG Hα images are provided by a network of99

six stations around the globe (Harvey et al. 1996) with a pixel size of about 1′′.100

The features observed on the limb were part of a long prominence that extended more or less East-West above the101

northern active-region belt and curved equator-ward on the western end. A portion of that prominence seen against the102

solar disk three days before the observations we analyzed is shown in Figure 1a. The most evident prominence features103

seen in Hα are a series of barbs connected by fainter spine flows. These barbs evolve over time, and it is difficult104

to identify individual barbs near the limb. However, the appearance of the region at the limb from Hinode/SOT,105

Figures 1b (Ca II) and 1c (Hα), is consistent with associating the pillars with barbs that are oriented mostly along106

the line of sight.107

Figure 2 shows time-distance diagrams for the small-scale propagating features (i.e., ‘pulses’) observed in the Ca II108

images in two locations. The pulses were measured along a 5-pixel-wide area centered on the solid red and green lines109

shown in panels (a) and (d), respectively. Panel (b) shows a series of pulses with plane-of-sky velocities 12-16 km s−1
110

determined from the slopes of the dashed red lines, which were visually fit to the intensity peaks. The peaks are about111

1 min apart, and the distances between pulses are in the range 1330-2030 km. Panel (e) shows another set of pulses112

corresponding to the location shown in panel (d). These pulses have peaks 1.5-2.3 min apart, velocities 8-11 km s−1
113

obtained from the slopes of the dashed green lines, and distance between pulses in the range 800-1600 km. Panels (c)114

and (f) show the intensities along the horizontal lines shown in panels (b) and (e) respectively. The variations between115

the maximum and minimum intensities of the individual features are about 10% of the total intensity.116

Figure 3 shows time-distance diagrams for moving features seen in the Hα blue wing. Shown are a series of pulses117

with plane-of-sky velocities 12-16 km s−1, peaks 1-5 min apart with sharp non-sinusoidal peaks indicative of nonlinear118

steepening, and distances between pulses of 1000-3000 km. The plane-of-the-sky propagation speed is likely reduced119

compared to the ‘true’ phase speed due to projection effects, and the value is in qualitative agreement with possible120

fast magnetosonic speeds in cool prominence material of the order ∼ 20 km s−1 (see, e.g., Schmieder et al. 2013). The121

variations between the maximum and minimum intensities of the individual features are about 30-60% of the total122

intensity.123

We have performed a wavelet analysis (Torrence & Compo 1998) of the oscillations in Ca II and the far blue wing of124

Hα cuts shown in Figures 2 and 3 using the Morlet wavelet. In Figure 4 we show the results of the analysis with evident125

https://www.lmsal.com/solarsoft/
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(b) Hinode SOT Ca II
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(c) Ca II at D=5 arcsec
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(d) Hinode SOT Ca II 14−Feb−2012 12:46:49 UT
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(e) Hinode SOT Ca II
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(f) Ca II at D=5 arcsec
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Figure 2. (a) Image of the Ca II emission obtained with Hinode/SOT on 14-Feb-2012 12:28:56UT. The solid red line indicates
the data location for the time-distance diagram. (b) Time-distance diagram showing the propagation of the features along the
solid red line in (a). (c) Plots of intensity as a function of time at the locations shown with the blue horizontal line in (b).
(d)-(f) The same for a different set of pulses obtained along the solid green line in (d). The slopes of the dashed red (b) and
green (e) lines indicate the propagation speed of the pulses in the plane of the sky. A video showing the field of view in panels
(a) and (d) is included online. The video shows the Hinode SOT Ca II intensity observed on 14-Feb-2012 in the time interval
12:18:06 UT to 15:56:59 UT in an accelerated time of 4 s.

highest confidence level for the wavelet magnitude greater than 85%. The cones of influence indicate the regions that126

may be affected by the boundaries. The results show the global wavelet power integrated inside the cone of influence,127

indicating significant power in ∼ 1− 3 min period oscillations, consistent with the temporal evolution at the indicated128

temporal cuts, and in the animations of the observed oscillations included online. The wavelet analysis and the global129

wavelets provide unbiased quantification of the observed oscillations and their statistical significance.130131

Thus, we observe multiple cases of a short series of oscillatory features propagating in a direction roughly away from132

the limb in the plane of the sky, separated by ∼ 1 min. Each individual feature is slightly elongated perpendicular133

to the direction of motion, hence is similar to features described previously by others (Schmieder et al. 2013; Ofman134

et al. 2015; Kucera et al. 2018). Because the pillars are likely to be elongated structures along the line of sight, these135

moving features may be related to motions observed in different (perpendicular) line of sight in extended prominence136

structures as transverse oscillations combined with flows of cool material (Ofman & Wang 2008; Okamoto et al. 2016;137

Ofman & Kucera 2020).138

3. NUMERICAL 3D MHD MODEL, BOUNDARY CONDITIONS, AND PARAMETERS139

In order to model the NFM waves in a prominence pillar we solve the resistive 3D MHD equations using our code140

NLRAT described in detail in previous papers (Ofman & Thompson 2002; Provornikova et al. 2018; Ofman & Liu141

2018; Ofman & Wang 2022). The normalized resistive MHD equations with gravity, using standard notation for the142

variables, are143
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(a) Hinode SOT Hα far blue wing
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(b) Hinode SOT H-alpha far blue wing
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(c) Hα at D=3.5 arcsec
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(d) Hα at D=2.5 arcsec
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(e) Hα at D=2 arcsec
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Figure 3. (a) Image in the far blue wing of Hα obtained with Hinode/SOT on 14-Feb-2012 at 11:33:52 UT. The solid purple
line shows the location of the data for the time-distance diagram. (b) Time-distance diagram showing the propagation of the
pulses along the solid purple line indicated in (a). (c)-(d) plots of intensity as a function of time at the locations shown with
the blue horizontal lines in (b). The slopes of the dashed purple lines in (b) indicate the propagation speed of the pulses in the
plane of the sky. A video that corresponds to the field of view in panel (a) is included online. The observed Hinode SOT Hα
far blue wing field of view on 14-Feb-2021 in the time interval 11:25:17-11:42:26UT is shown in an accelerated time of 2 s.

∂ρ

∂t
+∇ · (ρV) = 0, (1)144

∂(ρV)

∂t
+∇ ·

[
ρVV+

(
Eup+

B ·B
2

)
I−BB

]
= − 1

Fr
ρFg, (2)145

∂B

∂t
−∇× (V×B) =

1

S
∇2B, (3)146

∂(ρE)

∂t
+∇ ·

[
V

(
ρE + Eup+

B ·B
2

)
−B(B ·V) +

1

S
(∇×B)×B

]
= − 1

Fr
ρFg ·V. (4)147

With our normalization Eu = β/2 is the magnetic Euler number (ratio of thermal pressure to Alfvén-wave pressure),148

Fr = V 2
ARs/(GMs) is the magnetic Froude number (ratio of magnetic force to gravitational force), where G is the149

gravitational constant, Ms is the solar mass, Rs is the solar radius, and S is the Lundquist number (ratio of150

resistive diffusion time to Alfvén time). The details of the normalization of the variables can be found in Ofman &151

Liu (2018). The gravitational force,152

Fg =
a20

(Rs + z − zmin)2
ẑ, (5)153

is modeled with the assumption of small height of the prominence compared to the solar radius Rs, where a0 = 0.1Rs154

about 70Mm is the normalization length scale of the coordinates, and zmin is the height of the lower boundary in the155

model. We note that in the present model we have excluded radiative losses and thermal conduction, and156

the prominence pillar structure is provided as an initial state, rather than produced self-consistently157

by the model. The total energy density is given by158

ρE =
Eup

(γ − 1)
+

ρV 2

2
+

B2

2
. (6)159

In the present model, we neglect radiative cooling and thermal conduction because these losses are small on the typical160

time scales of the NFM waves. For coronal temperature T = 1× 106 K, density n = 1× 109 cm−3, and magnetic field161

magnitude B = 10 G we obtain the Alfvén speed VA = 690 km s−1, the Alfvén time τA = 101 s, the plasma β ≈ 0.07,162

the Froude number Fr = 0.25, and the Euler number Eu = 3.47 × 10−2 (for the case with B0 = 20 G, Eu is reduced163

by a factor of four, to Eu = 8.67 × 10−3). Note that, for uniform magnetic field, the value of β is identical to the164
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(c)

(d)

(a)

(b)

Figure 4. The results of the wavelet analysis of the oscillations shown in Figures (a) 2c; (b) 2f (c) 3d; (d) 3e; respectively. The
Morlet wavelet was used, and the 85% confidence level contour is indicated on the wavelet power. The cones of influence where
boundary effects may affect the results are indicated with the red curve on each wavelet panel. The global wavelets in the cone
of influence for each case are shown in the corresponding right panels.
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coronal value all across the prominence pillar, due to the uniform thermal pressure along the magnetic field lines that165

cross the pillar. For computational stability purposes, the effect of gravity in the model is reduced by a factor of 10 by166

correspondingly increasing Fr, in order to slow the gravitational settling of the cool material in the prominence pillar.167

The reduced gravity does not affect the results significantly, since the dominant restoring force of the oscillations is the168

Lorentz force (i.e., magnetic field-line ‘tension’). In the above equations we have neglected viscosity, radiative losses,169

and thermal conduction. The resistive terms are used with the Lundquist number set to S = 1 × 105, which does170

not affect the results significantly on the NFM time scales. An empirical value of the nearly isothermal polytropic171

index, γ = 1.05, is used that accounts for coronal heating. These modeling parameters improve the stability of the172

background prominence pillar structure on the time scale of MHD wave propagation, without affecting significantly173

the NFM wave dynamics.174
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Figure 5. The x dependence (across the prominence pillar) of normalized initial temperature, T0 (red), density, n0 (blue), and
thermal pressure p0 (green) in the model prominence and surrounding corona. The magnitudes of the variables are shown on
Log scale.

The initial x-dependent temperature T0 and density n0 structures are given by175

T0(x) = Tmax − (Tmax − Tmin)e
−[(x−x0)/w]2q , (7)176

n0(x) = p0/T (x), (8)177

where the coronal temperature is Tmax, the prominence temperature is Tmin, the exponent q = 2 defines the sharpness178

of the temperature transition between the corona and the prominence pillar, w = 0.05 is the half-width of the179

prominence pillar, and x0 = 0 is the center position of the pillar. The initial temperature and density dependencies180

on the x coordinate across the model prominence pillar are shown in Figure 5. The normalized thermal pressure,181

p0 = n0T0 = 1, is uniform. In the present model we use Tmin/Tmax = 0.01, consistent with the typical ratios of the182

prominence to corona temperatures. It is evident in Figure 5 that T0 decreases from its coronal value by two orders183

of magnitude, while n0 increases correspondingly by the two orders of magnitude in the prominence pillar. Note,184

that the fine-scale structuring of the background density in the direction of wave propagation, i.e.,185

with height, may introduce dispersion and enhanced damping of the fast magnetosonic waves (e.g.,186

Murawski et al. 2001). The prominence-corona transition region (PCTR) (see the review, Parenti187

2014) along the magnetic is evident in the model, with the length computed as the difference between188

the half width of the prominence pillar w and the half width at 10% of peak density as ∼ 0.8Mm in189

physical units. This value is consistent with previous studies (e.g., Gunár et al. 2011). In normalized units190

the mass density is equal to the number density ρ0 = n0. The initial state is in equilibrium when the magnetic field is191

uniform in the x direction without gravity, which was first used to study prominence oscillations by Joarder & Roberts192

(1992) and later in 2.5D MHD models of NFM waves in prominences (Ofman et al. 2015; Ofman & Kucera 2020). Here193

we adopt this initial state in the 3D MHD model, as well as study additional magnetic configuration that depart from194

equilibrium. Since we consider the effects of reduced solar gravity the initial state is not strictly in equilibrium. The195

initial nonequilibrium leads to formation of gradients in the initially uniform magnetic field that produce a Lorentz196

force balancing gravity. However, the departure from equilibrium is small in the low-β prominence model, as shown197

below (see, Case 0 in Section 4). While the initial state of the density is uniform in the y and z directions, transverse198
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variability is introduced by the effects of the source of the waves (i.e., boundary conditions), in addition to the effects199

of gravity. Since the source of the waves at the lower boundary of the prominence pillar depends on x and y and on200

time (see, Equation 12 below), the compressional fast magnetosonic wave pressure introduces structure primarily in201

the density and magnetic field in x, y, and z directions inside the pillar.202

Realistic three-dimensional force-free extrapolations show that magnetic field of dips in quiescent203

prominences is mostly horizontal (e.g., Dud́ık et al. 2012). Observed prominence structure shows evidence204

of magnetic shear and flows (see, e.g., Antiochos et al. (1994) and the recent review by Gibson (2018)). Our aim is to205

investigate the effects of uniform as well as sheared magnetic field on the propagation of nonlinear fast magnetosonic206

waves in the prominence pillar. There are many past observations of flows in prominence pillars (e.g., Ofman & Kucera207

2020, and references within). While there could be several possible sources for the observed flows in prominences of208

jet-like or large-scale flows, here, we model the effects of an unbalanced Lorentz force (i.e., non-force free magnetic209

configuration) with small shear as the driver of the large-scale flows in the prominence foot, Cases 4-8. While in some210

observations of Polarity Inversion Lines (PIL) in prominences the magnetic shear could be large and the magnetic field211

possibly force-free, modeled with linear force-free field magnetic field (e.g., Aulanier & Demoulin 1998), or nonlinear212

force-free field (e.g., Jiang et al. 2014), our model investigates for the first time the effect of non-force-free field on213

the formation of large-scale flows and on the propagation of fast magnetosonic waves in the prominence pillar self-214

consistently. Our model reproduces the main properties of such sheared magnetic configurations by introducing the215

x-dependent By component that changes sign in the center of the prominence pillar at x=0, as modeled by Equation 9,216

B0 = Bx0x̂+By0tanh(x/w)ŷ, (9)217

where Bx0 and By0 are given in Table 1 for the eight cases studied, and w = 0.05 is the fixed half-width of the218

prominence pillar. When By0 = 0, the magnetic field is potential, and the initial state given by Equations 7 and 8 is219

in equilibrium. In order to study initial states that depart from equilibrium and contain currents (non-force-free), we220

use small values of By0 ≪ Bx0 in the initial state. The corresponding current density j0 and Lorentz force L0 in the221

x-y plane are given by222

j0 = ∇×B0 =
By0

w
sech2(x/w)ẑ, (10)223

L0 = j0 ×B0 = jz0(−By0 tanh(x/w)x̂+Bx0ŷ). (11)224

The x dependence of j0 and L0 along with the corresponding magnetic field in the x-y plane are shown in Figure 6.225

The present model produced the desired Lorentz force that points toward the center of the pillar. Note, that we have226

also experimented with other forms of By, such as a centrally peaked profiles, and found similar results for the fast227

magnetosonic waves, but with different forms of the Lorentz force and directions of the large-scale flows. The location228

of the prominence pillar is depicted by the yellow-shaded area.229

The adopted form of By is justified by the dynamics of the observed flows and allows exploring the fast magnetosonic230

wave propagation effects in non-pontential and non-force-free magnetic field in a prominence. Moreover, this magnetic231

configuration may correspond qualitatively to a section of a sigmoidal filament structure that is often unstable, leading232

to eruption (e.g., Yan et al. 2012; Dai et al. 2021).233

The vertical extent of the prominence pillar is evident in the observations in Figure 1 of about234

∼ 40′′in the plane of the sky (i.e., the lower limit). In the model we used ∆z = 0.4 for the height of the235

pillar, with the coordinates normalization of 0.1Rs the vertical extent of the model prominence pillar is236

0.04Rs = 28 Mm in agreement with observations. Clearly, the extent of the observed low temperature237

prominence pillar material of ∼ 28 Mm is much longer than the scale height for the 104 K prominence238

material of ∼ 0.6 Mm. Thus, one does not expect to see the cool material in gravitational equilibrium239

at these heights in a field-free or in purely vertically directed magnetic field region, and the prominence240

material must supported by a horizontal magnetic field component.241

The boundary conditions at x = xmin and x = xmax are line tied, and the other boundary conditions are open242

except for the lower boundary of the prominence pillar (z = zmin = 1). In order to launch the NFM waves at the243

lower pillar boundary, the following time-dependent boundary conditions are applied on the Vz velocity component:244

Vz(t, x, y, z = zmin) =
Vd

2
[1 + cos(ωt)] e−[(x−x0)/sx]

4−[(y−y0)/sy ]
2

. (12)245
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Figure 6. The initial magnetic field with By0 = 0.2 (see Case 7, below). (a) The x dependencies of the y component of the
magnetic field B0 (black), the corresponding z component of the current density j0 (blue), and the resultant x component of
the Lorentz force L0 (red). (b) The initial magnetic field vectors in the x-y plane. The shaded area indicates schematically the
location of the prominence pillar.

Table 1. Parameters of the numerical 3D MHD models of prominence pillars with waves and flows. The velocity amplitude is
given in units of VA, the frequencies in τ−1

A , and the magnetic field strength in Gauss.

Case # Vd [VA] ω [τ−1
A ] Bx,0 [G] By,0/B0

0 0 - 10 0

1 0.01 5.28 10 0

2 0.01 12.56 10 0

3 0.02 12.56 10 0

4 0.01 5.28 10 0.1

5 0.01 12.56 10 0.1

6 0.02 12.56 10 0.1

7 0.02 12.56 10 0.2

8 0.01 6.28 20 0.1

Motivated by the observed wave propagation primarily inside the pillar as evident in Figure 2 and the246

related animations, the source of the wave flux is set to be maximal in the center of the prominence pillar by using247

the parameters x0 = y0 = 0.0, sx = 0.10, and sy = 0.15; the amplitude Vd controls the nonlinearity. The density and248

magnetic field perturbations are computed by zero-order interpolation from the interior of the computational domain,249

whereas the transverse velocity components are set to zero at the boundary. This results in periodic perturbations of250

the magnetic field, density, and velocity Vz that inject NFM waves into the prominence pillar structure. In Table 1,251

we provide the values of Vd, ω, Bx,0, and By,0 for the nine modeled cases in the present study. The results of Case 0252

without waves are provided for reference.253

4. NUMERICAL RESULTS254

Here we present the results of the 3D MHD modeling of the NFM waves in the prominence pillar for the parameters255

given in Table 1. In order to explore the details of the waves, we first show in Figure 7 the results in the x-z plane cut256

at y = 0 for Case 3 at t = 3.14τA. This prominence pillar is embedded in a uniform horizontal (potential) magnetic257

field modeled as described in Equation 9 with By0. The NFM waves are launched by the time-dependent velocity258
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source (Vz, Eq. 12) at the lower boundary with amplitude Vd = 0.1VA and frequency ω = 12.56 localized at the center259

of the prominence pillar. The waves propagate inside the pillar with nonlinear effects evident in non-modal structure260

of the oscillations, i.e., asymmetric and sharp peaks in the variables. The nonlinear wave pressure displaces the261

magnetic field lines upwards, as is evident in this figure, affecting the temperature, magnetosonic speed, and plasma β262

structure. The details of the perturbations due to the waves are particularly clear in the density contrast, ∆ρ/ρ0. The263

prominence pillar acts as a leaky waveguide (Cally 1986) for the NFM waves, as the magnetosonic speed Vf is smaller264

by an order of magnitude inside the prominence pillar compared to the outside (coronal) region. The small leakage265

of the wave is most apparent in Figure 7e as the periodic density perturbations outside of the prominence pillar. The266

squared magnitude of the current density, j2, shows the regions of enhanced currents that lead to Ohmic dissipation267

(j2/S in normalized units) associated with the NFM waves. The velocity components in the x-z plane are shown268

Figure 7f, where the arrows indicate the local direction (not magnitude) of the velocity vectors and the magnitude V269

is color-shaded as indicated by the color bar. The corresponding magnetic field in the x-z plane is shown in Figure 7h.270

The dominant Bx component is evident, along with the perturbations in the magnetic field magnitude B due to the271

fast magnetosonic waves and the nonlinear wave pressure effects within the base of the prominence pillar.272

(a) (b)

(c) (d)

(e) (f )

(g) (h)

Figure 7. The variables in the x-z plane at y = 0, t = 3.14 with Vd = 0.02, ω = 12.56 for Case 3. (a) ρ with overlaid magnetic
field lines. (b) The normalized fast magnetosonic speed Vf magnitude with several isocontours, (c) T , (d) β, (e) ∆ρ/ρ0, (f) V
magnitude with arrows indicating the local direction of the velocity vectors, (g) j2, (h) B magnitude with arrows indicating the
local magnetic field direction. An animation of panels (a) and (f) is available online. The video shows the density structure in
the x-z plane (left) with over-plotted field lines, and the corresponding velocity maps. The duration of the animation is 3.21 in
normalized time units in the 5 s video.

273

274

In Figure 8 we show the variables in a cut along the prominence pillar axis, i.e., in the y-z plane at x = 0 in the275

high-density, low-temperature (relative to coronal values) region at time t = 3.14τA. The effects of the NFM waves276

generated by the time-dependent boundary conditions in Vz are evident. In particular, the density perturbations are277

in phase with the magnetic field perturbations, as seen by comparing the panels in Figure 8e and h, as expected for278

the fast magnetosonic waves. The magnitude of the waves is largest in the center of the pillar due to the form of the279

wave source in Equation 12, as well as to the waveguide trapping of the wave flux. The squared current magnitude j2280

is shown in Figure 8g, where the larger currents are associated with the wave fronts and are regions of higher Ohmic281

dissipation (therefore also affecting the temperature). The directions of the perturbations in V and B in the y-z plane282

are shown in Figure 8f and h. The waves propagate in the z direction since Vf is nearly uniform in the y-z plane, with283

very small perturbations due to the waves (note the intensity range in the color bar of Figure 8b).284285

The temporal evolution of the variables at a point in the center of the prominence pillar at x=0, y=0, z=1.2 for286

Cases 0-3 is shown in Figure 9. The three components of the velocity and magnetic field perturbations (with respect287

to B0) and the change in density and temperature are displayed. The difference between Case 1 and Case 2 is the288
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(a) (b)

(c) (d)

(e) (f )

(g) (h)

Figure 8. The variables in the y − z plane at x = 0, t = 3.14 for Case 3. (a) ρ, (b) Vf , (c) T , (d) β, (e) ∆ρ/ρ0, (f) V with
arrows showing the direction of the velocity, (g) j2, (h) B with arrows showing the direction of the magnetic field.

increase of wave frequency by a factor of 2.4, while in Case 3 the amplitude of the velocity at the boundary is increased289

by a factor of 2 with respect to Cases 1 and 2. The nonlinearity of the fast magnetosonic waves is evident primarily in290

their non-sinusoidal temporal structure, which shows evidence of steepening. This nonlinear effect is more evident in291

the low-frequency waves and in the large-amplitude waves, where the wave peaks are sharper than the troughs due to292

steepening. The magnetic field perturbations show secular growth of the amplitude, an indication of nonlinear wave293

pressure effects on the background magnetic structure. The density perturbations show an oscillatory increasing trend,294

whereas the temperature perturbations are small.295

The case without without waves (Case 0) shows the evolution of the background state in the center of the pillar due296

to the gravitational settling of the initial state. One can estimate the magnetic field change expected for the given297

density increase of ∼5% due to the gravitational settling. This corresponds to a magnetic pressure change that is298

5% of β, or about 0.4%, which equals to the value of ∆B/(2B0). Therefore, the estimated ∆B/B0 =0.8% = 0.008299

is consistent with the magnitude of the changes shown in Figure 9 in the field component plotted there for Case 0300

(green curve). It is evident that the small velocity Vz readjustment exhibits an initial oscillatory evolution due to the301

effect of gravity, followed by a nearly constant downward velocity Vz ≈ −0.003VA corresponding in physical units to302

about −2 km s−1. We investigated the effects of diffusion by repeating Case 0 with higher (S = 104) and303

lower (S = 106) resistivity. In the latter case the spatial resolution was doubled in each direction (5143)304

compared to other runs. We find that in the case with S = 104 the small down flow velocity increases by305

30%. However, in the reduced resistivity, high resolution run with S = 106, the asymptotic down flow306

speed remains nearly the same as in the case with S = 105, where the density structure shows slight307

compression and broadening of the lower part of the pillar. The diffusion of cold prominence material through308

the supporting magnetic field is expected in real prominences in qualitative agreement with the present model for309

higher resistivity case, since the material is partially ionized (for example, see Gilbert et al. 2002; Khomenko et al.310

2014), and where the frozen in condition breaks down due to finite resistivity (Low et al. 2012; Low & Egan 2014;311

Jenkins & Keppens 2021), see the review by Gibson (2018). While in the MHD model the down flow velocity at312

lower resistivity is due to compressive effects, we find that this velocity is small compared to the phase speed of the313

fast magnetosonic waves and therefore has no significant effect on the wave propagation.314315

The structure of the magnetic field and density perturbations due to the NFM waves for Case 2 is shown in Figure 10.316

In the present model the initial state was the result of Case 0 without waves, where slight dips form in the magnetic317

configuration of the pillar due to the effects of reduced gravity. The figure and the animation show the magnetic field318
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Figure 9. Temporal evolution of the variables in the center of the prominence pillar for Case 1 (blue) with Vd = 0.01, ω = 5.26,
Case 2 (red) with Vd = 0.01, ω = 12.56, and Case 3 (black) with Vd = 0.02, ω = 12.56. (a) Velocity components Vz (solid),
Vy (short dashes), Vx (long dashes). (b) Magnetic field component perturbations ∆Bx (solid), ∆By (short dashes), ∆Bz (long
dashes). (c) Changes in density ∆ρ/ρ0 (solid) and temperature ∆T/T0 (long dashes) normalized by the respective initial values
ρ0 and T0. The case without waves (Case 0) is shown (green) for reference. Times are in units of τA.

lines and the density isocontours in the domain at t = 5.8τA. A small lifting of the magnetic field lines by the wave319

pressure is evident mostly in the lower region of the pillar, while the small gravitational dipping of the field lines is320

most evident in the upper part of the domain in the initial state, reduced at later times due to the effects of wave321

pressure. Isocontours of density indicate the locations of the propagating compressions due to the guided NFM waves,322

while further details of the wave propagation are exhibited in the animations provided.323324

The effects of non-potential, non-force-free magnetic fields on the propagation of the fast magnetosonic waves in the325

prominence pillar are explored in Cases 4-8. The form of the background magnetic field is given by Equation 9. The326

parameters of Cases 4-6 are the same as in Cases 1-3 except that By,0 = 0.1. In Case 7 we consider By = 0.2, with327

the other parameters as in Case 3, and in Case 8 we consider B0 = 20 G, with the rest of the parameters the same as328

in Case 6. These results are discussed below.329

In Figure 11 we show the variables in the x-z plane at y = 0 for Case 6 with By0 = 0.1 at t = 3.03τA. The NFM wave330

structure is most evident inside the prominence pillar in the relative density compressions, ∆ρ/ρ0, but also is seen in331

the variability in ρ, β, j2, and the velocity and magnetic field magnitudes. Comparing ∆ρ/ρ0 to Case 3 (Fig. 7e), we332

find that the relative magnitude of the leakage in the x direction is reduced. The effects of the x component of the333

Lorentz force in compressing the prominence pillar density are seen by comparing the structure of ρ to the initial state334

in Figure 6 and to ρ in Case 3 shown in Figure 7a. The apparent half-width is reduced by about 30% in the present335

case.336337

Figure 12 shows the variables in the y-z plane at x = 0 for the case with By0 = 0.1 (Case 6) at t = 3.03τA. The338

refraction of the wave fronts of the NFM waves due to the effect of the By0 magnetic field component is apparent339

by comparison with Figure 8. The wave structure is evident in the density and magnetic field perturbations, as well340

as in the corresponding current perturbations. In this magnetic configuration, the waves leak significantly out of the341

prominence pillar through the side boundary at y = ymax, decreasing the wave energy flux in the center of the pillar,342

whereas in the uniform magnetic field case, the main leakage takes place through the top of the prominence pillar343

(z = zmax) with open boundary condition.344345

The cut in the x-y plane (i.e., the solar ‘disk’ view) of the model shows the structure of the prominence pillar density,346

temperature, fast magnetosonic speed, β, j2, B, and V at height z = 1.2 at t = 3.03τA for Case 6. The effects of347
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Figure 10. The results of the 3D MHD model in Case 2. (a) Magnetic field lines and (b) density isocontours due to the
propagating NFM waves in the domain at t = 5.8τA. An animation of this figure is available online. The duration of the
animation is 3.6 in normalized time units that shown in 2 s video.

(a) (b)

(c) (d)

(a) (b)

(c) (d)

Figure 11. The variables in the x-z plane cut at y = 0, t = 3.03τA for Vd = 0.02, ω = 12.56 (Case 6). (a) ρ with field lines
indicated with white lines. (b) Vf magnitude with several isocontours. (c) T . (d) β. (e) ∆ρ/ρ0. (f) V magnitude with arrows
showing the local direction of the velocity vectors. (g) j2. (h) B magnitude with arrows showing the local direction of the
magnetic field vectors (dominated by Bx).

the upward propagating NFM waves are evident. In the x-y plane, the waves are most clear in ∆ρ/ρ0, j
2, β, and the348

magnitudes B and V . The y dependence of the wave structure is affected by both the driving source and the wave349

refraction due to the By0 component of the background magnetic field. It is evident from ∆ρ/ρ0 that the leakage of the350

wave is significant in the density compressions outside the prominence pillar region (i.e., |x| > 0.05). The Lorentz force351

generates a compression of the density primarily in the x direction, with small magnetic field and density compression352

in the y direction, as can be seen from the density and velocity structures in the x-y plane.353354
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Figure 12. Variables in the y-z plane at x = 0, t = 3.03 for Case 6. (a) ρ. (b) Vf . (c) T . (d) β. (e) ∆ρ/ρ0. (f) V . (g) j2. (h)
B.

(a) (b)

(c) (d)

(e) (f )

(g) (h)

Figure 13. Variables in the x-y plane at z = 1.2, t = 3.03 for Case 6. (a) ρ. (b) Vf with several isocontours. (c) T . (d) β. (e)
∆ρ/ρ0. (f) V magnitude with direction arrows. (g) j2. (h) B magnitude with direction arrows.

The temporal evolution of the variables for Cases 4-6 in the center of the prominence pillar at x=0, y=0, z=1.2 are355

shown in Figure 14. Evidently, the non-force-free magnetic field introduces flows due to the Lorentz force that lead to356

compression in the prominence pillar, and corresponding increases of magnetic field strength and density that disrupt357

the initial gravitational equilibrium. In particular, it is evident that the Vy component has similar accelerated evolution358

in Cases 4-6, with weak dependence on the properties of the fast magnetosonic waves. Thus, the effects of the Lorentz359

force in the non-force-free field in introducing mass flows self-consistently becomes evident. The flow accelerates during360

the simulated time, exceeding 10% of the Alfvén speed (about 70 km s−1 with the present normalization) by the final361

modeled time.362363

The effect of increased Lorentz force on the structure of the prominence pillar and on the NFM waves is demonstrated364

in Case 7 with By0 = 0.2. As expected, the increased Lorentz force leads to more rapid and powerful compression of365
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Figure 14. The temporal evolution of the variables in the center of the prominence pillar for Case 4 (red) with Vd = 0.01,
ω = 5.28, Case 5 (blue) with Vd = 0.01, ω = 12.58, and Case 6 (black) with Vd = 0.02, ω = 12.58. (a) Velocity components
Vz (solid), Vy (short dashes), Vx (long dashes). (b) Magnetic field component perturbations ∆Bx (solid), ∆By (short dashes),
∆Bz (long dashes). (c) Changes in density ∆ρ/ρ0 (solid) and temperature ∆T/T0 (long dashes) normalized by the respective
initial values ρ0 and T0. Times are in units of τA.

the prominence pillar than in Cases 4-6. This affects the properties of the background density structure of the pillar366

and also the NFM waves. In particular, the wave frequency has decreased due to the increased compression, mainly367

due to the increase in density and corresponding decrease in Vf inside the prominence pillar. This also leads to the368

decrease of the velocity amplitude associated with the NFM waves inside the pillar for the fixed wave source at the369

boundary.370

In Case 8 we investigate the effects of increased magnetic field strength on the NFM waves by doubling the assumed371

magnitude of the magnetic field, B0 = 20 G. This change with respect to previous cases results in a doubling of VA372

and a decrease of plasma β by a factor of four. Since the velocity amplitude Vd is in units VA, the magnitude of the373

nonlinearity of the fast magnetosonic wave in Case 8 is essentially the same as in Case 4. Also, we note that τA is half374

the value in Case 8 compared to other cases, and that the value of ω in Case 8 is equal to the value in Case 7 when375

converted to rad s−1. The main difference with respect to previous cases is the effect of the wave pressure, which is376

now four times larger in Case 8 and leads to correspondingly stronger density compressions.377

5. DISCUSSION AND CONCLUSIONS378

Recent high spatial and temporal resolution observations of a prominence pillar from Hinode/SOT in Hα and Ca II379

and IRIS in Mg II show evidence of small-scale oscillations and propagating features associated with flows (Kucera380

et al. 2018). Analysis of Doppler shifts from Hinode/SOT Hα and IRIS show red-wing/blue-wing contrasts that are381

consistent with propagating waves and flows on extended magnetic field lines (e.g., Ofman & Kucera 2020). Here,382

we analyze additional observations of propagating small-scale oscillations in the Hinode/SOT Ca II line and the blue383

wing of Hα in a prominence on 2012 February 14. Using space-time plots and wavelet analysis, we find oscillations384

with typical periods of order minutes and wavelengths of order 1000-2000 km with sharp peaks indicative of nonlinear385

steepening, and we identify the propagating features as signatures of nonlinear fast magnetosonic (NFM) waves.386

Motivated by past and recent observations of the small-scale oscillations, we developed an idealized 3D MHD model387

of a prominence pillar that focuses on the generation and propagation of NFM waves guided by observed properties.388

The advantage of the simplified 3D model is tractability of the wave features when the line-of-sight projection effects389

inherent to single-point plane-of-the-sky observations are removed. The 3D model reproduces the main physical390
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properties of the prominence cool material embedded in background magnetic field and of the observed propagating391

small-scale features.392

The present model extends previous 2.5D MHD studies of the propagating NFM waves into more complex and393

realistic prominence structures by allowing 3D wave propagation and couplings. There is evidence of nonlinear394

coupling of the NFM waves to other wave modes in the animation of the density structure, which shows395

secondary density compressions due to slow magnetosonic mode that appear to follow the compressions396

associated with NFM waves. There is also evidence of small amplitude Alfvénic oscillation in the397

temporal signatures of the variables. However, we find that the main effects of nonlinearity of the398

waves are the steepening and the coupling between the NFM waves and the background pillar structure399

in the low-β plasma.400

We modeled eight cases and varied the main parameters of the waves in two types of magnetic field configurations401

(uniform potential and for the first time non-force-free) to provide insights on the effects of the various parameters402

on the generation and propagation of NFM waves. Evidence of velocity and magnetic shear is often observed in403

pre-eruptive prominences configurations (Gibson 2018). Therefore, we modeled non-force-free field with magnetic404

shear that introduces large-scale flows, corresponding (aperiodic) compressions of the prominence pillar, and dynamic405

changes in wave propagation properties, all self-consistently. We find that the effects of the non-force-free sheared406

magnetic field on the pillar structure and on the wave propagation are significant, even for relatively small magnitude407

of the shear-produced Lorentz force, due to the low-β state of the prominence material. Thus, the effects of magnetic408

field shear on the NFM waves may affect the application of coronal seismology in prominence pillars.409

The modeling results show qualitative agreement with the observed propagating oscillations with nonlinear steep-410

ening in the prominence pillar, as demonstrated in previous studies (Ofman et al. 2015; Ofman & Kucera 2020) and411

the present observational analysis. The 3D MHD results confirm further the interpretations of the observed propa-412

gating small-scale features in terms of NFM waves that are wave-guided in the cool material (low fast magnetosonic413

speed) of the prominence pillar region. From the model we find that the wave nonlinearity leads to secular changes414

in background magnetic field structure, density, and temperature due to the wave pressure, in addition to the wave415

steeping effects that affect the small-scale compressive structures. The low-frequency wave source leads to higher416

amplitude guided NFM waves than the high-frequency waves, due to lower leakage and dissipation compared to the417

high-frequency waves.418

Our study demonstrates the potential applications to the observed small-scale waves together with modeling for419

magnetic seismology of the prominence structure. One can apply coronal seismology by using the properties420

of the observed waves, such as wavelengths and periods to determine the phase speed of the waves.421

The relation between the phase speed and the magnetic field can be obtained from linear theory for422

linear waves. For nonlinear waves in more complex geometry, such as the NFM waves in the pillar, the423

phase speed can be obtained from the 3D MHD model. Finally, by comparing the theoretical/modeled424

phase speed with the observed phase speed and with the density and temperature information, one425

can determine the magnetic field in the pillar. The details of magnetic geometry structure could426

be deduced from the direction of wave propagation. The present model considers the nonlinearity427

in various idealized magnetic field geometry scenarios, and in the future 3D MHD wave models will428

include more detailed magnetic and density structure based on specific observations such as reported429

here, thus improving the accuracy of coronal seismology. We plan to extend further the 3D MHD modeling430

by considering more realistic, observationally guided 3D magnetic field and prominence structures as well as a range431

of nonlinear MHD wave modes and interactions of the waves with flows of cool prominence material.432
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