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ABSTRACT

We use a newly developed cascade model of turbulent concentration of particles in protoplanetary

nebulae to calculate several properties of interest to the formation of primitive planetesimals and to

the meteorite record. The model follows, and corrects, calculations of the primary planetesimal Initial

Mass Function (IMF) by Cuzzi et al. (2010), in which an incorrect cascade model was used. Here we

use the model of Hartlep et al. (2017), which has been validated against several published numerical

simulations of particle concentration in turbulence. We find that, for a range of nebula and particle

properties, planetesimals may be “born big”, formed as sandpiles with diameters in the 10 − 100 km

range, directly from freely floating particles. The IMFs have a modal nature, with a well-defined peak

rather than a powerlaw size dependence. Predictions for the inner and outer nebula behave similarly in

these regards, and observations of inner and outer nebula primitive bodies support such modal IMFs.

Also, we present predictions of local particle concentrations on several lengthscales in which particles

“commonly” find themselves, which have significance for meteoritical observations of the redox state

and isotopic fractionation in regions of chondrule formation. An important difference between these

results, and those of Cuzzi et al. (2010), is that particle growth-by-sticking must proceed to at least the

1−few cm radius range for the IMF and meteoritical properties to be most plausibly satisfied. That

is, as far as the inner nebula goes, the predominant “particles” must be aggregates of chondrules (or

chondrule-size precursors) rather than individual chondrules themselves.
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1. INTRODUCTION

The formation of the first 100 km size planetesimals

– primitive asteroids in the inner solar system, and

Kuiper Belt Objects (KBOs, or Trans-Neptunian Ob-

jects – TNOs) in the outer solar system – remains one

of the major unsolved problems in the standard planet

formation scenario (Johansen et al. 2015).

Incremental growth of planetesimals: For decades,

planetesimal formation was modeled as “incremental

growth” – slow growth by sticking all the way from mm-

size particles like those commonly seen in meteorites, up

to 100 km size where gravitational effects become im-

portant (most recently Weidenschilling 2011, 2019, and
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references therein). However, this process is success-
ful only in the context of a protoplanetary nebula that

is essentially nonturbulent, because it has been shown

that if the nebula gas is turbulent, several sequential

barriers to growth arise, due to bouncing, fragmenta-

tion, and rapid radial drift of mm-to-m size particles

(Brauer et al. 2008; Zsom et al. 2010; Birnstiel et al.

2011; Estrada et al. 2016). The most recent incremen-

tal growth models (Weidenschilling 2019) merely assume

15 m radius objects as an initial condition and focus on

growth to larger objects. However, collisions between

even 1− 10 km size bodies due to gravitational scatter-

ing by density fluctuations in the turbulent gas, much

like giant molecular clouds scatter stars in the galaxy,

provide yet another erosion/fragmentation barrier for in-

cremental accretion (Ida et al. 2008; Gressel et al. 2012;

Ormel & Okuzumi 2013). This final barrier to growth

has not been included in the incremental (nonturbulent)
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models of Weidenschilling (2011, 2019); Schlichting &

Sari (2011) and Kenyon & Bromley (2012).

Turbulence: After a long-lasting consensus in the

1970s and 80s that nebula turbulence was common, a

perspective arose in the 1990s and 2000s that it could

only be triggered by “magnetorotational” instabilities

(MRI), and then only in the low-density upper reaches

of protoplanetary disk atmospheres (e.g., Gammie 1996,

and references therein), leaving most of the nebula dy-

namically “dead”. More recently, in rapid succession,

complications seemed to render the MRI inoperative

even in upper regions of disks (Bai 2013, et seq.), just

as other studies showed that turbulence can be triggered

and maintained in most or all regions of the disk by one

or more purely hydrodynamical processes (Nelson et al.

2013; Lyra 2014; Turner et al. 2014; Stoll & Kley 2014;

Marcus et al. 2015). These hydrodynamical processes

depend primarily on the thermal opacity that controls

local temperature variations (mostly provided by parti-

cles); some operate in rapidly cooled (nearly isothermal)

regions and some operate in slowly cooled (nearly adia-

batic) regions, so in principle all nebula regions could be

susceptible to one or more turbulent instabilities of this

kind (Lyra & Umurhan 2019). While our understand-

ing of protoplanetary nebula turbulence will continue to

evolve, a reasonable expectation seems to be that most

of the nebula was mildly turbulent for extended periods.

The properties of turbulence can be captured by the

turbulent Reynolds number Re = νT /νm = ULL/νm,

where the turbulent viscosity νT = ULL, UL and L are

the scales containing most of the energy and with

the highest velocities, and νm is the gas molecular

viscosity. For most numerical simulations, Re ∼ 104 at

most, while in the nebula, Re ∼ 107−109. More familiar

to astrophysicists is the α notation, in which the turbu-

lent viscosity νT = αcH, with c the sound speed and H

the gas vertical scale height; thus Re = αcH/νm. Typi-

cal values of α associated with the new hydrodynamical

instabilities are 10−4 − 10−3. The uncomfortable cur-

rent paradox is that these moderate values, which char-

acterize most of the disk gas within a scale height or

two of the midplane and are the most relevant for the

evolution of particles and planetesimals, seem to be too

small to actually produce observed disk accretion rates

and evolve disks away on the observed disk lifetimes of

a few million years, there may be other processes

that contribute, such as magnetically driven disk

winds (see, e.g., Turner et al. 2014, for more discussion).

Shortcuts to big planetesimals: To avoid the barri-

ers to incremental growth posed by turbulence, the idea

that planetesimals can be “born big” due to collective

processes that transform dense clumps of small particles

directly into 100 km size objects became popular about

a decade ago (Johansen et al. 2007; Cuzzi et al. 2008;

Morbidelli et al. 2009a; Johansen et al. 2015). To some

extent, these scenarios can be grouped into two differ-

ent pathways (see below), but they may, in the end, be

two aspects of the same process. The relative impor-

tance of the two pathways is strongly dependent on how

turbulent the nebula was.

Streaming Instability: One pathway is represented by

the popular “streaming instability” or SI (Goodman &

Pindor 2000; Youdin & Goodman 2005; Jacquet et al.

2011; Squire & Hopkins 2018), in which (to simplify the

effect drastically) regions that are overdense in solids can

drive the local gas towards Keplerian velocity. This di-

minishes the headwind drag felt by the particles, which

drift inwards more slowly. These dense regions then con-

tinue to accrete more rapidly drifting particles from less

dense, surrounding regions in a sort of peloton effect, un-

til the denser region becomes gravitationally bound or

even unstable to collapse. A number of numerical sim-

ulations illustrate this effect in action (Johansen et al.

2007; Balsara et al. 2009; Carrera et al. 2015; Yang et al.

2017; Simon et al. 2017).

The main challenge facing SI is the precondition of

a sizeable local region where the ratio of particle vol-

ume mass density ρp to gas volume mass density ρg ex-

ceeds unity (enhancement of about 100 times over cos-

mic abundance). Sometimes the requirement is obscured

by emphasizing the vertically integrated surface mass

density, but the key parameter is really the local vol-

ume mass density (Youdin & Goodman 2005; Johansen

et al. 2015). Sometimes one hears that SI can occur in

so-called “stratified turbulence”, which means the thin

layer of extremely weak turbulence (α ∼ 10−6) gener-

ated around a settled midplane solids layer in a globally

laminar nebula (Weidenschilling 1980; Cuzzi et al. 1993;

Bai & Stone 2010); however, a globally turbulent nebula

with α = 10−4 − 10−3 is a clearly distinguishable and

much more challenging situation.

For example, Estrada et al. (2016) showed that, for the

above values of α and using the most realistic lab-based

prescriptions for incremental growth by sticking in plau-

sible weak global turbulence, particles – even the rare

“lucky particles” (Windmark et al. 2012; Garaud et al.

2013) or sticky icy particles – can’t grow large enough to

settle into a midplane layer where ρp/ρg is large enough

for SI to occur as formulated, at least until well after

2× 105 years after the first solids formed. By this time

however, there is good evidence that sizeable planetesi-

mals and perhaps even a proto-jovian core had formed

(Kruijer et al. 2017). More recent work (Umurhan et al.

2019) derives the necessary conditions and growth times
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for SI in detail, and shows why all numerical simula-

tions to date in which SI occurs had to assume either

much lower levels of global turbulence than suggested

by recent theoretical work (above), or much larger par-

ticles than self-consistently allowed by recent incremen-

tal growth models. There is nothing wrong with the

SI physics – the issue is one of using appropriate, self-

consistent initial conditions.

Preferential concentration or turbulent clustering of

particles: The work discussed here follows a second

pathway. It has been known since the 1990s, from

laboratory experiments and numerical simulations, that

particles of certain sizes are locally concentrated by

homogeneous, isotropic turbulence to different degrees

(Squires & Eaton 1991; Wang & Maxey 1993; Hogan

et al. 1999; Hogan & Cuzzi 2001, 2007; Bec et al. 2007,

2010; Calzavarini et al. 2008; Toschi et al. 2009; Pan

et al. 2011; Bragg & Collins 2014; Ireland et al. 2015;

Gustavsson & Mehlig 2016); for a brief review see Jo-

hansen et al. (2015). The exact mechanisms leading to

this effect are still under debate (Bragg & Collins 2014;

Ireland et al. 2015). Also, until recently, even how the

concentration varies with spatial scale and particle stop-

ping time has been unresolved (Hogan & Cuzzi 2007; Bec

et al. 2007; Pan et al. 2011, see below).

The so-called inertial range of turbulence is key to the

process under discussion. The inertial range extends

from the smallest lengthscales comparable to the dissi-

pation or Kolmogorov scale η where molecular viscos-

ity becomes effective, to the largest, energy-containing

scale L where the eddy velocity is UL. This range of

scales is related to the Reynolds number as L/η ∼ Re3/4.

Within the inertial range, scale-invariant effects are seen

as energy cascades losslessly from the largest scales to

the smallest scales, where it is dissipated by molecular

viscosity. The energy spectrum of high-Re turbulence

is usually taken as the Kolmogorov scaling, in which

the turbulent kinetic energy at scale ` per unit scale

length E` = (U2
L/2L)(L/`)1/3, and from this the char-

acteristic eddy velocity U` = (2`E`)
1/2 and frequency

ω` = U`/` = Ω(L/`)2/3 easily follow (Tennekes & Lum-

ley 1972; Cuzzi et al. 2001, 2010). A good example of

an inertial range is shown in Bec et al. (2010, their Fig-

ure 2), from which dataset the cascades used here were

derived; see also Tennekes & Lumley (1972, chapter 8)

for more discussion.

The original work on “turbulent concentration” or

“turbulent clustering” (in the astrophysics context)

made the assumption that a certain kind of scale invari-

ance observed in atmospheric observations and numer-

ical simulations of dissipation of turbulent kinetic en-

ergy could be used on particle concentrations through-

out the inertial range (Hogan et al. 1999; Cuzzi et al.

2001; Hogan & Cuzzi 2007; Cuzzi et al. 2008, 2010;

Chambers 2010). This assumption was used to derive

a cascade model to describe the statistical properties of

particle concentration in turbulence, along the lines of

established cascade models for the statistical properties

of kinetic energy dissipation in turbulence (Meneveau &

Sreenivasan 1987; Sreenivasan & Stolovitzky 1995, see

Section 2 below).

The primary accretion scenario of Cuzzi et al. (2008,

2010), also semi-independently derived by Chambers

(2010), applied a combination of the Hogan & Cuzzi

(2007) cascade model, and certain thresholds (Sec-

tion 2.3.3) to predict the Initial Mass Function (IMF) of

planetesimals in the inner and outer solar nebula, find-

ing IMFs with distinct modes at planetesimal diameters

between tens and hundreds of km for a range of plau-

sible parameter values. An additional feature of these

primary accretion scenarios was the prediction of the

total planetesimal mass produced in both the inner and

outer solar system over the likely planetesimal forma-

tion period, taken to be about 2 Myr. For a range of

plausible parameters, the agreement was not bad but

the results were parameter dependent and consequently

not highly predictive. In this paper we repeat that gen-

eral approach (Section 2), but correct what turns out to

have been an incorrect cascade model.

One of the conclusions of this early work was that the

most effectively concentrated particles have a gas drag

stopping time ts comparable to the Kolmogorov (small-

est) eddy overturn time τη. The aerodynamic properties

of particles are captured by their Stokes number St`,

which can be referenced to any general lengthscale ` us-

ing the eddy time τ` at the scale `: St` = ts/τ`. Thus,

it was believed that the optimum Stokes number was

Stη = 1, and it was especially intriguing that such parti-

cles seemed to have the typical size (roughly 0.1−1 mm

diameter) of meteoritic “chondrules”, a ubiquitous but

poorly understood constituent of primitive chondrites

(Cuzzi et al. 2001). Several studies since then have

found that particles of different sizes become optimally

concentrated at different lengthscales (Bec et al. 2007;

Zaichik & Alipchenkov 2003, 2009; Hartlep et al. 2017).

In this work we find that nebula particles significantly

larger than individual chondrules are needed to lead to

the formation of planetesimals with roughly 100 km di-

ameter.

The planetesimal IMF itself is not perfectly known, of

course (see below for more discussion). Observa-

tions of the number N of objects in the current popula-

tion at diameter D are usually presented as cumulative

distributions N(> D), which are often approximated
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by powerlaws of different slopes. Flat slopes at small

sizes are separated from steep slopes at large sizes by a

so-called “knee” in the cumulative distribution. While

some studies focus on the specific values of these slopes,

they can include confusing effects such as fragmentation

debris on the small-size end and small-number statis-

tics on the large-size end both for the asteroids and the

KBOs. Fortunately however, because the flat cumula-

tive powerlaw slope at small sizes has most of the mass

at its large end, and the steep powerlaw at large sizes

has most of its mass at the small end, most of the mass

lies in objects with diameters at the knee. So while the

details of all of these powerlaws are uncertain, the loca-

tion and meaning of the knees remain robust: they point

to modal values of diameter containing most of the mass

(with a slightly larger modal value if weighted by mass).

This is discussed for the asteroids by Cuzzi et al. (2010),

who showed an incremental (not cumulative) distribu-

tion that has a well-defined mass mode (the diameter

where most of the mass lies, somewhat larger than the

straight modal diameter) at slightly more than 100 km

diameter.

For the asteroids, Bottke et al (2005) claim the knee

(or the mass mode) represents the primary or “fossil” as-

teroids, with nearly all smaller objects being fragments

from subsequent collisions. The more recent WISE data

for asteroids (Masiero et al. 2011), and recent removal of

background objects to refine the distribution of primor-

dial objects (Delbo’ et al. 2017), also give results consis-

tent with a mass mode around 80-100 km diameter (un-

weighted by mass, as we report here). For the KBOs, the

data are mostly given in brightness (visual magnitudes),

and also usually shown as cumulative powerlaw distri-

butions (Bernstein et al. 2004; Morbidelli et al. 2009b).

Like the asteroids, most of the mass is found at a “knee”

at between 20 − 100 km diameter. In the end, it seems

the data are most clearly telling us to seek a primary

accretion process that creates “most of the mass” with

a fairly well-defined modal diameter - not a powerlaw.

Indeed it was one of the intriguing results of Cuzzi et al.

(2010) that both in the inner and outer solar system,

turbulent concentration/clustering led naturally to dis-

tributions with such modal shapes, not powerlaws, and

the modal diameter was in the range observed.

However, a major problem arose with this line of study

when subsequent direct numerical simulations of par-

ticle concentration at higher Re (Pan et al. 2011) dis-

agreed with the initial cascade model predictions (Hogan

& Cuzzi 2007; Cuzzi et al. 2008) that underlay the IMF

calculations of Cuzzi et al. (2010), casting the validity

of their results into question. Therefore, applying and

extending the current state of the art to the protoplan-

etary nebula has been frustrating. This paper and its

companion Hartlep et al. (2017) attempt to place at least

the latter question on firmer ground.

New and improved Turbulent Concentration model: To

explore this issue, Hartlep et al. (2017) revisited the

statistics of particle concentration in turbulence, using

careful statistical analyses of 3D numerical simulations

of particles with a range of ts, in homogeneous, isotropic

turbulence. These simulations had been run at the high-

est values of Re available to date, and posted online by

Bec et al. (2010). Hartlep et al. (2017) found that the

scale invariance inferred and extended to the nebula by

Cuzzi et al. (2008, 2010) was an artifact of the dissi-

pation range covering most of the spectral range in the

(lower-Re) direct numerical simulations used by Hogan

& Cuzzi (2007) to derive the cascade, and was not appli-

cable to the inertial range. Those results may ultimately

be useful for studies directed to the dissipation range of

scales. Most importantly though, Hartlep et al. (2017)

found another kind of scale invariance that is valid in

the inertial range. Specifically, they found a concentra-

tion function that is scale-invariant when expressed in

terms of the particle Stokes number at each eddy scale

`: St` = ts/τ`.

In this paper, we apply the scale-invariant “universal

curve” of Hartlep et al. (2017) to recalculate planetes-

imal IMFs, generalizing the approach of Cuzzi et al.

(2010) (see next section). The new results produce

similar-looking (ie modal, not powerlaw) planetesimal

IMFs with much the same range of diameters and plan-

etesimal mass production rates, but critically, only if

starting with larger particles than before. In the inner

nebula, this means particles with at least the mass of

more than ∼ 104 chondrules – cm-size aggregates of

chondrules with Stη of roughly 10 to few 100. In

Sections 3.4 and 4 we discuss recent evidence for such

aggregates.

As we will see, the planetesimal IMFs depend on

the low-probability, high-concentration parts of the par-

ticle concentration Probability Distribution Functions

(PDFs). In this paper we will also show the PDFs

in more probable ranges of concentration (conditions in

which particles spend most of their time) as functions of

lengthscale, turbulent intensity, and particle size. These

“typical” local particle densities are important for un-

derstanding the mineralogical properties of the once-

molten chondrules that dominate primitive meteorites

– properties that are influenced by the local solids den-

sities in the regions where the chondrules were melted

and cooled.

Finally, we note that something like one of these

processes, or perhaps a combination of them (Cuzzi
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et al. 2017), must produce the sizeable “seeds” that

are required to trigger the second-stage sweepup pro-

cess called pebble accretion (Ormel & Klahr 2010; Lam-

brechts & Johansen 2012); that is, pebble accretion is

unimportant in even very weak turbulence, until plan-

etesimals form that are larger (200 km diameter) than

the current “fossil” asteroids we see today (Visser &

Ormel 2016). It is intriguing that one, or maybe both,

of the two pathways mentioned above may provide an

almost ideal environment in which pebble accretion can

extend growth rapidly to embryo or planetary core mass

- a small number of large seeds embedded in a sea of

pebbles, with no intermediate size objects to complicate

the accretion. For this reason we call the first formation

of 100 km diameter objects directly from small, freely

floating nebula particles primary accretion, and some-

times refer to these collective pathways that jump over

the various barriers as leapfrog processes. A number of

properties of primitive chondrite parent bodies argue in

favor of this kind of primary accretion (Johansen et al.

2015).

2. MODEL

Our model of planetesimal formation is based on the

observation that turbulent clustering produces spatial

and temporal fluctuations in the volume density of solids

carried by the gas, as well as in the gas vorticity (enstro-

phy). Under the right conditions in the protoplanetary

nebula, particle densities can reach values high enough

for such clusters to become gravitationally bound, and

then to sediment under their own self-gravity into actual

planetesimals, while resisting disruption by ram pressure

or local vorticity.

The model works in the following way: A statistical

model of turbulent clustering is used to predict the joint

PDF of particle density and enstrophy in the protoplane-
tary disk at all relevant spatial scales. Simple thresholds

derived on physical grounds then describe the various

disruptive effects, and are used to identify the part of the

joint PDF where planetesimal formation is possible. In-

tegration of the PDF above the thresholds (both

are scale dependent) yields a size distribution of

planetesimals formed (Initial Mass Function, or

IMF), assuming each sedimenting clump forms a

single planetesimal1, and the rates at which they are

produced. The present work improves on Cuzzi et al.

1 However, a clump might fragment into some num-
ber of smaller sub-clumps and ultimately smaller objects.
This might happen due to strong density substructure
within the overall clump, or due to fission by a rotating
clump, in which case the assumption of “one object per
clump” would fail. The degree to which this might hap-

Table 1. Frequently used symbols and parameters.

Symbol Description

A/Ao . Solids enhancement factor (Section 2.3.1)

Fβ̃ . . . Pressure gradient factor (Section 2.3.1)

Fρ . . . . Gas density enhancement factor (Section 2.3.1)

H . . . . Vertical density scale height (Section 2.3.1)

L, τL . Largest turbulent length and time scales (Section 1)

Re . . . Reynolds number (Section 1)

S . . . . . Normalized gas enstrophy (Section 2.1.2)

StL . . Stokes number based on τL (Section 2.2)

Stη . . . Stokes number based on τη (Section 1)

ts . . . . Particle stopping time (Section 1)

α . . . . . Turbulence intensity (Section 1)

β̃ . . . . . Pressure gradient (Section 2.3.1)

η, τη . . Kolmogorov length and time scales (Section 1)

Φ . . . . Mass loading factor = ρp/ρg (Section 2.1.1)

ρg . . . . Gas density (Section 2.3.1)

ρp . . . . Mass density in particles (Section 1)

ρs . . . . Mass density of collapsed planetesimals (Section 2.4)

σ . . . . . Surface gas density (Section 2.3.1)

(2010) and similar work (Chambers 2010), from which

we carry over the threshold description but use a new,

more sophisticated and more realistic cascade model for

the turbulent clustering statistics. Hopkins (2016a,b)

has presented a similar approach, which is more ana-

lytical and provides useful insight into the process, but

makes simplifying assumptions that limit its application.

2.1. Statistical Model of Turbulent Clustering

Hartlep et al. (2017) have developed a new cascade

model to describe the statistics of particle concentra-

tions and enstrophy in particle-laden flows. In a cascade

model, a partition function or multiplier 0 ≤ m ≤ 1

describes how a quantity P in some volume is parti-

tioned into subvolumes. Cascade models are widely

used in studying the statistical properties of turbulent

dissipation, and can take several forms (Meneveau &

Sreenivasan 1987; Meneveau et al. 1990; Sreenivasan &

Stolovitzky 1994). In particular, Hartlep et al. (2017)

considered a binary cascade where P is partitioned into

two equal sized subvolumes2, and the process is contin-

ued to increasingly smaller subvolumes. In turbulence,

the multipliers are stochastic quantities with PDFs that

can be approximately described by β-distribution func-

pen will depend on StL and local conditions, and is hard
to foresee, but is well worth future study.

2 Cascades with different subdivisions were studied by
Sreenivasan & Stolovitzky (1994) who found two- and
three-subvolume cascades to yield nearly identical re-
sults. Higher numbers of sub-partitions however led to
mathematical problems.
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tions

fP(m;βP) =
(
m−m2

)βP−1 Γ(2βP)

2Γ(βP)
(1)

where Γ denotes the Gamma function. The parameter

βP describes the width of the distribution, with small

βP corresponding to wide distributions causing strong

spatial intermittency3 in property P, and vice versa.

2.1.1. Particle Concentration Model

Analyzing direct numerical simulations (DNS) of

particle-laden, homogeneous, isotropic turbulence,

Hartlep et al. (2017) found that the distribution func-

tions fΦ giving the partition fractions or multipliers for

the particle number densities, and correspondingly the

mass loading factor Φ = ρp/ρg, have scale-invariant

properties within the inertial range of turbulence. In

particular, the width parameter βΦ is solely a function

of St` = ts/τ`, the Stokes number based on the eddy

time τ` at scale `. βΦ(St`) forms a “universal curve”

that can be approximately described by a sum of two

power laws:

βΦ(St`) ≈
((

St`
a1

)b1
+

(
St`
a2

)b2)
βΦ,min, (2)

with parameters a1, a2, b1, b2 determining the slopes and

positions of the power laws, respectively, and βΦ,min set-

ting the minimum value. The curve reaches large values

of βΦ at low and high St` (narrow PDF, little cluster-

ing) and a minimum (widest PDF, strong clustering) at

intermediate values of St`.

This result opens the possibility of extending the

model derived from numerical simulations at moderately

low Re to the conditions in the protoplanetary nebula,

assuming the scale-invariant properties continue to hold

for the much higher nebula Re. This is not an un-
reasonable assumption. The observed scale-invariance

(in the fashion described above) extends through the

not-insignificant inertial range of the 3D simulations

it is based on (Bec et al. 2010). Multiplier distribu-

tions for turbulent dissipation have been found scale-

invariant over far wider ranges of scales in the inertial

range (Meneveau et al. 1990; Sreenivasan & Stolovitzky

1994); specifically, see Figure 1 of Hartlep et al. (2017).

In addition, Hartlep et al. (2017) show remarkably good

agreement between their cascade model results and inde-

pendent, analytical model predictions for particle con-

centration in an infinitely wide inertial range (Zaichik

3 A property such as particle density or turbulent dissipation
is intermittent when its spatial distribution becomes increasingly
variable, rather than increasingly well-defined, going to smaller
scales.

& Alipchenkov 2003, 2009), and give a discussion of the

implications. That is, application of the universal func-

tion described above is not an extrapolation to larger Re;

it is a property that is thought to be valid throughout

the inertial range at arbitrary Re.

For our present model, we use Equation 2 with the

asymptotic parameter values at small scales based on

Hartlep et al. (2017):

a1 = 0.15, a2 = 0.45, b1 = −1.2, b2 = 1.55. (3)

The functional form we adopt here is slightly differ-

ent from that used by Hartlep et al. (2017) to best fit

their DNS results. As they discuss, the largest spatial

scales are not yet in the inertial range and some scale

dependence is found even when using the St` scaling.

In Hartlep et al. (2017), this dependence appeared in

a2 and b2 but we have captured it here in the pref-

actor βΦ,min, which itself varies slowly with scale un-

til some small scale ` = L/16, below which we assume

full scale independence with a constant value. This is

in fair agreement with the scale at which even possibly

anisotropic turbulent structures at the forcing scale “re-

turn to isotropy” (Kato & Yoshizawa 1997). For βΦ,min

we use the expression

βΦ,min =




β1

(
`

`1

) log β2/β1
log `2/`1

∀ ` ≥ L/16

β2 ∀ ` < L/16

(4)

with parameters

β1 = 11, β2 = 3, `1 = L/2, `2 = L/16. (5)

The parameter β1, which represents the value of βΦ,min

at the upper scale `1, comes from a fit to the DNS data

in Hartlep et al. (2017).

It should be noted that the DNS simulations used for

developing this model did not take into account poten-

tial backreactions of the particles onto the gas. How-

ever, at large mass loading (large values of Φ)

such backreactions do become important; they

effectively shut down the turbulent concentra-

tion effect and limit how high Φ can grow through

the turbulent concentration mechanism. Hogan

& Cuzzi (2007) found this limit to be approximately

Φ = 100 or so but more work needs to be done to refine

this. We account for this limit separately when comput-

ing planetesimal Initial Mass Functions (Section 2.4).

2.1.2. Enstrophy Model

Fluid enstrophy (the volume integral of the squared

vorticity |∇ × ~u|2 = (∂iuj)(∂iuj) − (∂iuj)(∂jui), with
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~u being the fluid velocity vector) crucially affects the

stability of particle clusters through the threshold de-

scription (Section 2.3.3), and needs to be modeled to

determine whether or not a particle cluster can collapse

to form a planetesimal. In particular, the thresholds

are written in terms of a quantity S which is the en-

strophy normalized by the mean enstrophy at any given

scale. Hartlep et al. (2017) analyzed enstrophy mul-

tipliers in DNS data and found their width parameter

βS to decrease with decreasing spatial scale, reaching an

asymptotic value βS ≈ 4 below `/L ≈ 50.

Extensive atmospheric studies at much higher

Reynolds numbers (Meneveau & Sreenivasan 1987; Men-

eveau et al. 1990; Sreenivasan & Stolovitzky 1994) have

shown that multipliers for dissipation ε are fit by βε ≈ 3

from `/L ≈ 1/16 all the way through the entire inertial

range. While these studies did not address enstrophy

per se, Hartlep et al. (2017) note that since enstrophy

is at least as intermittent, if not more, as dissipation

(see e.g., Chen et al. 1997), βε should be at least as

small as that for dissipation. For the current model, we

adopt the speculation by Hartlep et al. (2017) for high

Reynolds numbers, but make the conservative assuption

that the asymptotic value for enstrophy is the same as

for dissipation in the high-Re limit. Specifically, we use

the dependence

βS =




β1

(
`

`1

) log β2/β1
log `2/`1

∀ ` ≥ L/16

β2 ∀ ` < L/16

(6)

with parameters

β1 = 22.65, β2 = 3, `1 = L/2, `2 = L/16. (7)

We call the combination of Equations (2-7) our “conser-

vative, speculative model” to distinguish it from the only

slightly different form of the functional fit of Hartlep

et al. (2017) to their specific DNS data, which are at

much lower Re than the actual nebula.

There is reason to expect some variation of even this

“universal” inertial range function in going to the much

larger Re of the solar nebula. The logic is given in

Hartlep et al. (2017, Section V.B), and is based on prop-

erties derived from observations from the Earth’s atmo-

sphere at much higher Re than the DNS simulations

modeled by Hartlep et al. (2017). These expectations

support the slightly smaller asymptotic values of β2 used

in our “conservative, speculative model”. Briefly sum-

marized, the DNS asymptotic value found by Hartlep

et al. (2017) for dissipation of turbulent kinetic energy

(βε,min) is slightly larger than the value found from at-

mospheric studies at much higher Re. Moreover, the

DNS asymptotic value of βΦ,min is comparable to the

DNS βε,min. Also, as noted above, we expect the asymp-

totic value of βS,min for enstrophy to be even smaller

than βε,min at high Re, and we expect βΦ,min to be more

likely to track enstrophy than dissipation by the nature

of the physics involved. To be “conservative”, we merely

set β2 = 3, setting the minimum value for both parti-

cle concentration and enstrophy equal to the asymptotic

Earth atmosphere value (even though it could arguably

be even smaller). These small numerical tweaks to the

cascade parameters are intended only as a nod to plau-

sible Re-dependence; a better understanding of this Re-

dependence would be welcome, to put cascade modeling

of particle concentration on more quantitatively solid

ground.

2.1.3. Multiplier anticorrelation

In turbulence, particle concentration is statistically

anticorrelated with enstrophy, that is, particles tend to

cluster in regions of low vorticity. Consequently, the

multipliers for particle concentration and enstrophy also

show this property. Hogan & Cuzzi (2007) defined

a correlation parameter Γ as the average fraction

of subvolumes for which particle and enstrophy

multipliers are both larger or equal to 0.5, or

both smaller than 0.5. That is, multipliers m are

determined separately for Φ and S from their

respective PDFs, but when it comes to the as-

sociation of m or (1 − m) for both Φ and S to

specific subvolumes (say, left and right), Φ and S

are statistically partitioned in an anticorrelated

way with a probability of 1 − Γ. Using several

DNS simulations, Hogan & Cuzzi (2007) found

a value of Γ ≈ 0.3 which we adopt here. Unfor-

tunately, Hartlep et al. (2017) were not able to

independently determine this correlation param-

eter from the simulation they used to constrain

their cascades4.

2.2. Cascade Simulation

We use a Monte-Carlo-type simulation to compute the

joint probability distribution functions for normalized

enstrophy and concentration factor at all relevant spa-

tial scales. The code is based on Hogan & Cuzzi (2007)

4 Due to the finite number of particles in the simu-
lation, multipliers computed from particle tracking data
were affected by small particle number statistics. Hartlep
et al. (2017) were able to develop a procedure to correct
the concentration multipliers for these effects, but not
the enstrophy multipliers. Instead they could only use a
limited number of flow snaphots to determine enstrophy
multipliers, and therefore could not accurately compute
the concentration and enstrophy correlation statistics
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adopt the speculation by Hartlep et al. (2017) for high

Reynolds numbers, but make the conservative assuption

that the asymptotic value for enstrophy is the same as

for dissipation in the high-Re limit. Specifically, we use

the dependence

�S =

8
><
>:
�1

✓
`

`1

◆ log �2/�1
log `2/`1

8 ` � L/16

�2 8 ` < L/16

(6)

with parameters

�1 = 22.65, �2 = 3, `1 = L/2, `2 = L/16. (7)

We call the combination of Equations (2-7) our “conser-

vative, speculative model” to distinguish it from the only

slightly di↵erent form of the functional fit of Hartlep

et al. (2017) to their specific DNS data, which are at

much lower Re than the actual nebula.

There is reason to expect some variation of even this

“universal” inertial range function in going to the much

larger Re of the solar nebula. The logic is given in

Hartlep et al. (2017, Section V.B), and is based on prop-

erties derived from observations from the Earth’s atmo-

sphere at much higher Re than the DNS simulations

modeled by Hartlep et al. (2017). These expectations

support the slightly smaller asymptotic values of �2 used

in our “conservative, speculative model”. Briefly sum-

marized, the DNS asymptotic value found by Hartlep

et al. (2017) for dissipation of turbulent kinetic energy

(�✏,min) is slightly larger than the value found from at-

mospheric studies at much higher Re. Moreover, the

DNS asymptotic value of ��,min is comparable to the

DNS �✏,min. Also, as noted above, we expect the asymp-

totic value of �S,min for enstrophy to be even smaller

than �✏,min at high Re, and we expect ��,min to be more

likely to track enstrophy than dissipation by the nature

of the physics involved. To be “conservative”, we merely

set �2 = 3, setting the minimum value for both parti-

cle concentration and enstrophy equal to the asymptotic

Earth atmosphere value (even though it could arguably

be even smaller). These small numerical tweaks to the

cascade parameters are intended only as a nod to plau-

sible Re-dependence; a better understanding of this Re-

dependence would be welcome, to put cascade modeling

of particle concentration on more quantitatively solid

ground.

2.1.3. Multiplier anticorrelation

In turbulence, particle concentration is statistically

anticorrelated with enstrophy, that is, particles tend

to cluster in regions of low vorticity. Consequently,

the multipliers for particle concentration and enstrophy
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Figure 1. Diagram depicting the partion of normalized en-
strophy S and mass loading factor � from one cascade level
to the next. The multipliers mS and m� are assumed to be
greater than or equal to 0.5. With a probability of � = 0.3,
the subvolume with the larger fraction of S also has a larger
fraction of � (upper figure), while the reverse is true with a
probability of 1 � � = 0.7 (lower figure).

also show this property. From several DNS simulations,

Hogan & Cuzzi (2007) calculated an anticorrelation pa-

rameter � defined as the average fraction of subvolumes

for which particle and enstrophy multipliers are both

larger or equal to 0.5 or both smaller than 0.5. They

found a value of � ⇡ 0.3 which we adopt here. That is,

multipliers m are chosen separately for � and S from

their respective PDFs, but when it comes to the associ-

ation of m or (1 � m) for both � and S to specific sub-

volumes (say, left and right), � and S are statistically

partitioned in an anticorrelated way with probability of

0.7.

2.2. Cascade Simulation

We use a Monte-Carlo-type simulation to compute the

joint probability distribution functions for normalized

enstrophy and concentration factor at all relevant spa-

tial scales. The code is based on Hogan & Cuzzi (2007)

but has been greatly expanded and parallelized. As in

previous work, the code starts at the largest turbulent

scale, L, where the density of solid particles and enstro-

phy assume their nominal average values, and works step

by step down the cascade until some lower cut-o↵ scale

is reached. At each cascade level N corresponding to a

Figure 1. Diagram depicting the partion of normalized en-
strophy S and mass loading factor Φ from one cascade level
to the next. The multipliers mS and mΦ are assumed to be
greater than or equal to 0.5. With a probability of Γ = 0.3,
the subvolume with the larger fraction of S also has a larger
fraction of Φ (upper figure), while the reverse is true with a
probability of 1− Γ = 0.7 (lower figure).

but has been greatly expanded and parallelized. As in

previous work, the code starts at the largest turbulent

scale, L, where the density of solid particles and enstro-

phy assume their nominal average values, and works step

by step down the cascade until some lower cut-off scale

is reached. At each cascade level N corresponding to a

spatial scale of ` = 2−N/3L, random samples mΦ and

mS are drawn from the corresponding multiplier distri-

butions for concentration and enstrophy (Sections 2.1.1

and 2.1.2), and are used to divide up the concentration

and enstrophy values from the previous, larger, scale

into subscales. This process is illustrated in Figure 1.

Following the anticorrelation rule (Section 2.1.3), the

subvolume with the larger concentration value gets the

larger enstrophy value with a probability of Γ = 0.3,

while the reverse is true with a probability of 1−Γ = 0.7.

Each step in the cascade represents a halving of spatial

scale along a different orthogonal direction. The effec-

tive reduction of scale is therefore 21/3.

One such cascade calculation produces a tree of con-

centration factor and enstrophy values for all the spatial

scales considered with the number of concentration and

enstrophy values increasing by a factor of 2 at every step.

In the end, we have 2N values each for concentration
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Figure 2. (a) Contours of joint PDF P (Φ, S, `) for mass
loading factor Φ and normalized enstrophy S for Stokes num-
ber StL = 0.04 at cascade level N = 18 and nebula gas
parameters as indicated above the plot (see Table 1 for a
description of the symbols). The thresholds Φ1, Φ2 and Smin

(Section 2.3.3) are shown by dashed lines. The planetesimal-
forming region of the parameter space is shaded in gray. (b)
The Initial Mass Function (IMF) for this case, computed
by integrating the probabilities above the thresholds – each
dot is the result at a single value of N . The peak in this
particular case (marked with a circle) is reached at cascade
level N = 18, and corresponds to a planetesimal diameter of
29.5 km. Black symbols indicate that Φ is below the mass
loading limit while red symbols show where the results are
questionable because the mass loading limit of Φlimit = 100
has been surpassed.

factor and enstrophy at each level N . By repeating the

procedure over and over with newly chosen randomly se-

lected multiplier values, we can accumulate enough sam-

ples to compute highly resolved, statistically converegd

joint probability distribution functions P (Φ, S, `) at all

scales `.

Since the number of samples grows exponentially with

cascade level, it is easy to generate many samples for

the smallest spatial scales but good statistics for the

largest scales requires running many such cascades. In

practice, in order to balance the amount of computa-

tional work going towards large and small scales, we
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Table 2. List of cascade simulation runs used in the present
work. Cases were run to different maximum cascade levels
Nmax, and pruned at different levels Np as explained in the
text.

Number of individual cascade calculations

StL Nmax = 30 Nmax = 30 Nmax = 60

Np = 10 Np = 20 Np = 20

0.16 256 × 106 – 50 × 103

0.08 256 × 106 – 50 × 103

0.04 256 × 106 – 50 × 103

0.02 256 × 106 – 50 × 103

0.01 256 × 106 – 50 × 103

0.005 256 × 106 160 × 103 50 × 103

0.0025 256 × 106 160 × 103 50 × 103

0.0001 – – 50 × 103

“prune” the cascade tree at some level. That is, start-

ing at some cascade level Np we keep the number of

samples constant by randomly selecting only half of the

just generated values to be followed further to the next

cascade level. Pruning at a small (shallow) level will,

using the same amount of computational time, produce

more samples at large scales (small cascade level num-

bers) vs. pruning at a larger (deeper) level or not prun-

ing at all. Storing all samples until the end of the run is

usually not feasible since we need a very large number

of samples for computing a joint-probability distribution

P (Φ, S, `) with good statistics. Instead, after each new

cascade tree has been generated, we bin the samples

into 2000 × 2000 logarithmically-spaced concentration

and enstrophy bins spanning 20 orders of magnitude in

Φ and S to ensure capturing the entire probability dis-

tribution. An example of such a distribution is shown

in Figure 2a.

Table 2 lists the simulation runs performed for and

used in this study. We consider seven different Stokes

numbers StL defined using the large eddy lifetime in

the nebula. These correspond to the different particle

sizes depending on the specific nebula conditions5, and

range from millimeters to decimeters in the inner neb-

ula, and from sub-millimeters to centimeters in the outer

nebula. Since the cascade model is formulated in a non-

dimensional fashion, no separate simulations are needed

5 Stokes number relates to the particle size through the aerody-
namic stopping time ts for which we use an Epstein-to-Stokes tran-
sition formula (Podolak et al. 1988; Estrada et al. 2016). Specif-
ically, we use Equations 70 and 80 of Estrada et al. (2016) but
with the transition between Epstein and Stokes regimes at the
more typical value of rp/λg = 9/4, where rp is the particle radius
and λg the gas mean free path for which we use the value for an
H2 gas. The gas dynamic viscosity appears in these equations for
which we use a temperature dependent, generalized Sutherland
formula (Cloutman 2000), again for an H2 gas.

for the different nebula parameters which enter into the

analysis through the thresholds (Section 2.3) except for

the mean mass loading factor which is varied by rescal-

ing the Φ values.

One final note is that the current cascade model does

not directly take into account the back effects of high

mass loading (Φ & 100) onto the flow which causes the

turbulent clustering process to stall. We account for this

separately (see Section 2.4).

2.3. Nebula Model and Thresholds

Here we outline the description in Cuzzi et al. (2010),

to which we refer the reader for details. In a more fa-

miliar “gravitational collapse”, like a Jeans instability,

dense clumps can collapse on the dynamical timescale

tdyn = (4GΦρg)
−1/2, which for Φ ∼ 10 − 100, is less

than an orbit time and swamps other local environmen-

tal factors. This sort of collapse is what would occur if

the particle stopping times ts were all longer than tdyn.

However, for the small particle sizes in question here, it

has been shown that gas pressure gradient effects pre-

vent prompt dynamical collapse, and allow only slow

sedimentation of particles toward their mutual center

on much longer timescales of 100 − 1000 orbits (Sekiya

1983; Cuzzi et al. 2008; Shariff & Cuzzi 2015) Thus,

in order for a clump of small particles to survive long

enough to sediment slowly and gently into a “sandpile”

planetesimal, it has to have the right properties to resist

various disruptive mechanisms for many orbits.

Cuzzi et al. (2010) proposed three simple, physics-

based thresholds to constrain the part of the density-

enstrophy phase space that contains such planetesimal-

forming clumps, and we adopt them here. The thresh-

olds are applied to the cascade PDFs as shown in Fig-

ure 2, and filter out nearly all clumps except for the

densest ones at any lengthscale. This dense subset rep-

resents only a small volume fraction of the disk, and a

small mass fraction of the particles. It is this statisti-

cal filter that gives this planetesimal formation process

its characteristic gradual formation of planetesimals over

time, instead of immediate transformation of most solids

into planetesimals all across some unstable region as in

other scenarios. Essentially, the same three thresholds

were used by Chambers (2010).

2.3.1. Baseline Nebula Model

The thresholds are easily implemented for an arbitrary

location in the nebula (in this paper, we select 3 AU and

25 AU), using a simple radial powerlaw model of nebula

gas surface mass density and temperature:

σ(a) = σ(ao)(a/ao)
−p,

T (a) = T (ao)(a/ao)
−q. (8)
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From this follow the gas density scale height H(a) =

c(a)/Ω(a), gas density ρg(a) = σ(a)/2H(a) and pres-

sure gradient6 β̃(a) = H(a)2/a2. The latter drives

the headwind that makes particles drift inwards and

can disrupt strengthless clumps. Sound speed and or-

bital frequency are given by their usual expressions

c(a) =
√
γkBT (a)/mH2 and Ω(a) =

√
M�Ga

−3/2 with

adiabatic index γ = 1.4, molecular mass of hydrogen gas

mH2
= 3.35×10−24 g, solar mass M�, and gravitational

constant G. The mean local density in solids is given

by 〈ρp(a)〉 = Aρg(a)H(a)/hd(a) where A is the global

abundance of solids compared to gas, and sets the global

mean of the concentration factor Φ = ρp/ρg. The addi-

tional factor of H(a)/hd(a) arises due to particle settling

towards the midplane. Settling is resisted by turbulent

diffusion and this interplay results in a settled particle

scale height of

hd = H/
√

1 + StL/α (9)

(Youdin & Lithwick 2007; Carballido et al. 2011;

Estrada et al. 2016, their Equation 101).

Our reference nebula parameters are as follows: σ(ao)

= 1700 g cm−2, T (ao) = 300 K (both at ao = 1 AU), ex-

ponents p = 3/2, q = 1/2, and a canonical abundance of

solids of Ao = 0.01. Here, we have adopted the Hayashi

(1981) Minimum Mass Solar Nebula (MMSN) as a con-

venient baseline, but consider various enhancement fac-

tors (see below) for gas density and solids-to-gas ratio,

motivated by more sophisticated nebula models (e.g.,

Estrada et al. 2016; Desch et al. 2017, and others). Af-

ter all, a MMSN makes the unrealistic assumption that

all of the initially available solids are transformed into

planets with no losses into the sun. Also, nebula surface

mass densities decrease with time and T-Tauri-stage es-

timates from millimeter-wavelength observations may be

underestimates of conditions at early planetesimal for-

mation stages (Andrews 2015).

2.3.2. Model Variations

Since there is considerable uncertainty in the physi-

cal properties of the protoplanetary solar nebula (Cuzzi

et al. 2010), we consider a wide range of nebula mod-

els through various enhancement factors relative to our

baseline MMSN. We consider enhancements in lo-

cal gas density through a factor Fρ which is var-

ied between 0.3 and 10 (in the inner nebula) or 30

(in the outer nebula), and enhancements in the

solids-to-gas ratio, A/Ao, which is varied between

6 Cuzzi et al. (2010) called the pressure gradient β but in this
paper we denote it as β̃ to avoid confusion with the β values
associated with the cascade models.

1 and 10 except for the Fρ = 0.3 case where we

consider values up to 30. Note that our calcula-

tions consider only one Stokes number (or parti-

cle size) at a time, but in reality there is likely a

distribution of particle sizes present. Since par-

ticles with disparate Stokes numbers cluster in

different regions and so can be considered sepa-

rately, it might be best to think of A/Ao not as

the overall solids-to-gas ratio but rather the mass

fraction of particles with (or near) a particular

Stokes number, which may be only a fraction of

the total solids in the nebula. Some combina-

tions of the above parameters, in particular simu-

laneously high values of Fρ and A/Ao, correspond to

unrealistic amounts of solids in the planetesimal forma-

tion regions, and we therefore exclude them from our

analysis. Specifically, we only consider the cases for

which the total solid mass in the asteroid-forming re-

gion (2 − 4 AU) is between 5 and 250 Earth masses,

M⊕. Put another way, our nebula surface (solid) den-

sities at 3 AU range from 3.5 to 180 g cm−2. For com-

parison, the MMSN with a canonical solids-to-gas ratio

of Ao = 0.01 has a surface mass density for solids of

3.3 g cm−2. Similarly, for the outer nebula between 16

and 30 AU, where trans-Neptunian objects (TNOs) are

presumed to have formed, we only consider models with

total mass of solids between 10 and 2000M⊕, or put

another way, the surface density of solids at 25 AU is

between 0.14 and 26 g cm−2 where the lower value cor-

responds to the MMSN.

In addition to varying gas and solid abundances, we

also consider reduced values of the pressure gradient

through a scale factor Fβ̃ emulating the peloton-like

effect where clumps of particles are shielded from the

mean pressure gradient by virtue of being embedded in

larger structures. How strong this effect is is poorly un-

derstood and so we consider a wide range of values for

Fβ̃ from 1 to 1/100.

2.3.3. Thresholds

Φ1: Local rotation and gravitational binding: This

threshold is basically a generalization of the tra-

ditional gravitational binding criterion to allow

for variable rotation rates of dense clumps in ed-

dies of different sizes. It assumes the clump has the

rotation frequency of an eddy of the same lengthscale,

based on a Kolmogorov energy spectrum, and requires

it to have sufficient mass to be bound at that frequency.

This can be expressed by requiring the local gravita-

tional timescale tG = tdyn = (4GΦρg)
−1/2 be shorter

than the local eddy time 1/ω(`), where in the inertial

range the mean eddy frequency 〈ω(`)〉 = Ω(L/`)2/3 with
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Ω the orbital frequency and L = Hα1/2 being the large

eddy size. Since Ω can be rewritten in terms of the so-

lar mass and distance to the sun, the threshold can be

expressed for arbitrary distance a in terms of the ref-

erence distance ao and the gas density ρgo ≡ ρg(ao).

We use the cascade relation ` = 2−N/3L to express

(L/`)2/3 = 22N/9. To allow Φ1 to be represented on

a (S,Φ) plot, we use the definition of normalized enstro-

phy S = ω2(`)/
〈
ω2(`)

〉
7. We end up with (as in Cuzzi

et al. 2010, Equation 6)

Φ1(S, a) = 24N/9K0S

(
a

ao

)p−3/2

, (10)

where K0 ≡ 3M�/4πρgoa
3
o. The threshold Φ1(S, a) ap-

pears as a sloping line in Figure 2.

Smin: Global nebula shear: Smin is closely related to

Φ1, but captures the fact that on long timescales, a dense

particle clump of finite extent cannot avoid the system-

atic Keplerian radial (tidal) shear of the nebula, which

acts like ω in Φ1. That is, regardless of the statistical

likelihood that there will be local patches of low local

vorticity in homogeneous, isotropic turbulence (see the

PDF in Figure 2), Smin imposes a minimum local vortic-

ity given by the global orbital shear rate Ω and is given

by:

Smin =
Ω2

〈ω2(`)〉 =
Ω2

22N/9Ω2
= 2−4N/9 (11)

where, as above, N and ` are the cascade level and cor-

responding spatial scale.

Φ2: Ram pressure and the gravitational Weber num-

ber: The very dense, particle-rich clumps envisioned

here will become decoupled from the gas and start to

behave like individual bodies, tending towards Keple-

rian motion. If they are formed at high nebula altitude,
they will settle towards the midplane, and even when ly-

ing in the midplane they experience a headwind from the

pressure-supported gas. Because they have no intrinsic

strength, they are susceptible to disruption by the ram

pressure or the associated vortex instabilities associated

with these headwinds. A similar situation is found with

raindrops, in which surface tension provides the force to

7 In this context, ω2(`) is understood to be the coarse-grained
enstrophy at some spatial scale `, and

〈
ω2(`)

〉
is its mean. This

mean is scale-dependent. In subtle ways, this is different from
Hartlep et al. (2017) who derived enstrophy multipliers by binning
the fine-grained enstrophy. The mean over some scale ` of the fine-
grained vorticity is not scale dependent. However, the multipliers
themself do not know anything about the mean at any given scale,
they only describe how a quantity partitions from one scale to
another. In effect, these subtleties only require that the cascade
calculation of enstrophy at any spatial scale ` has this normalized
definition.

resist these disruptive effects as defined by the so-called

Weber number We. Cuzzi et al. (2008) argued that

self-gravity of these strengthless clumps plays a compa-

rable role, derived a so-called gravitational Weber num-

ber WeG, and supported the argument with numerical

simulations that indicated a critical value We∗G ∼ 1.

From it they derived a second threshold Φ2, that is in-

dependent of S but depends on lengthscale ` (or cascade

level N) and, importantly, the pressure gradient param-

eter β̃. Ultimately this threshold becomes (Cuzzi et al.

2008, 2010):

Φ2(a) = 2N/3

(
aoβ̃(ao)

H(ao)

)(
2K0

αWe∗G

)1/2(
a

ao

)(p−3/2)/2

.

(12)

These simple thresholds (Φ1,Φ2, and Smin) are sub-

ject to some uncertainty, of course. For example, in a

more refined analysis, Sekiya (1983) obtained a result for

Φ1 differing by a factor of 10/3 from ours. Also, there is

a range of uncertainty for the critical Weber number –

Cuzzi et al. (2008, 2010) argued that is should be some-

where between 1 and 10 – while we use We∗G = 1. Larger

values “relax” the Φ2 criterion, so that a larger part of

the parameter phase-space can form planetesimals (Fig-

ure 2(a)). In Sections 3.1 and 3.2, we will explore the

effects on the planetesimal IMF of relaxing the nominal

thresholds. Two other possible choices of physically-

based thresholds, erosion of the clump by shear in the

surrounding fluid, and diffusion of the clump by eddies

on comparable or smaller lengthscales, were discussed

and shown to be less restrictive than our selected thresh-

olds (Cuzzi et al. 2010; Shariff & Cuzzi 2015). Clearly,

even our chosen three are simplified, but we believe they

capture the essence of the problem while we await ad-

vances in numerical capabilities.

2.4. Integration

By integrating the part of the PDF lying above the

thresholds, we can compute the expected distribution

of planetesimal sizes and the rate at which they form.

Specifically, for each particle Stokes number StL and

cascade level N (and corresponding scale `) we consider

the integrals:

IP (l) =

∫

≥(Φ1,Φ,Smin)

P (Φ, S)d log Φd logS (13)

Φ(l) =
1

IP

∫

≥(Φ1,Φ,Smin)

ΦP (Φ, S)d log Φd logS. (14)

Integral IP is the total probability that a given clump

of size ` is stable against distruption and will eventually

form a planetesimal, and Φ is the mean mass loading

factor of such stable clumps. We can use Φ to derive the



12 Hartlep & Cuzzi

average mass of solids in the clump by multiplying it by

the gas density and clump volume, that is M = Φρg`
3.

For simplicity, we assume that the clump will form a

single, spherical planetesimal 8. Its diameter is obtained

from M = ρs4/3π(D/2)3 which gives

D =

(
6M

πρs

)1/3

, (15)

where ρs is the mass density of the final planetesimal

which we here assume to be 2 g cm−3. Plotting IP
against D for all clump sizes yields the Initial Mass

Function (IMF) of formed planetesimals except for a

normalization factor. An example of such a size distri-

bution is shown in Figure 2(b). An important feature

of these distributions in our formation scenario is that

they have a distinct peak – a preferred planetesimal size

Dpeak. We denote the probability at that scale as IP,peak

and the mean mass loading factor as Φpeak. The mass

rate at which such planetesimals form is then obtained

by multiplying this probability by the volume of the for-

mation region and the mass density of solids in the sta-

ble clumps, and dividing by a formation time scale Tpa

(discussed below):

Ṁpa = 2π(a2
2 − a2

1)hρgIP,peakΦpeak/Tpa, (16)

where a1 and a2 define the nebula region, and h rep-

resents the thickness of the layer participating in the

formation process. Due to settling, the density scale

height of solids, hd = H/
√

1 + StL/α, is less than the

pressure scale height (Dubrulle et al. 1995; Estrada et al.

2016). On the other hand, the disruptive effect of the

settling velocity excludes clumps formed higher than

H

√
β̃ above the nebula midplane from participating in

the formation process. Therefore, the participating layer
height h is the minimum of these two heights.

The choice of timescale Tpa in Equation 16 repre-

sents a significant difference between this work and both

Cuzzi et al. (2010) and Chambers (2010), who them-

selves adopted different values. Chambers (2010) and

Cuzzi & Hogan (2012) argued that the timescale Tpa is

not the time it takes for a clump to sediment, which can

be many orbital times, because once a clump is bound

it is not relevant how long it actually takes to sediment.

Differing from Chambers (2010), Cuzzi & Hogan (2012)

argued that the formation rate is the creation rate of a

new, independent set of clumps that are bound and des-

tined to inexorably sediment into planetesimals. This

8 Here, we do not consider subsequent evolution of clumps such
as a possible bifurcation due to rotational fission as suggested by
Nesvorný et al. (2010).

latter criterion is in turn the time for a new, indepen-

dent set of eddies and clumps to form that offer the

right conditions for planetesimal formation. This is the

timescale on which physically and statistically indepen-

dent realizations of the particle and fluid velocity and

density fields are manifested in the turbulent nebula,

that is, Tpa ∼ τL, where the large eddy lifetime τL is

close to the orbit period. Studies of the velocity autocor-

relation functions in turbulence routinely show that τL
is the time within which the flow loses memory of prior

states. Moreover, numerical simulations of particles in

turbulence show particle clustering statistics to asymp-

tote on about the same timescale (Reutsch & Maxey

1992; Cencini et al. 2006). Structures on smaller scales

can come and go on shorter timescales of course (Cham-

bers 2010, for instance, chose the timescale correspond-

ing to the eddy with the spatial scale of the clump), but

we believe that our selection of τL is more conservative

in the spirit of Ṁpa, and more appropriate in the sense

of wiping the entire fluid slate clean, guaranteeing an

independent manifestation of the particle field. We will

follow this latter choice of Tpa = τL.

Lastly, we need to discuss what happens at large mass-

loading factors. When the solids-to-gas ratio is high,

there is backreaction of the particle motion onto the gas

which limits how strongly turbulence is able to concen-

trate particles. Hogan & Cuzzi (2007) have shown this

limits Φ to values around 100 or so. Our new cascade

model, despite its many improvements compared to pre-

vious works, does not explicitly take this effect into ac-

count. Instead, we disregard a posteriori results with Φ

larger than this mass-loading limit.

3. RESULTS

3.1. Inner nebula – Asteroid belt

The results of the present model for the formation

of planetesimals in the inner nebula, specifically their

sizes and production rates, are shown in Figures 3–5.

The rate of planetesimal production, Ṁpa, by

our process of primary accretion is normalized

by the estimated required rate, Ṁgoal ≡Mgoal/Tneb.

As in Cuzzi et al. (2010, their section 3.3.1.),

we assume that a mass of Mgoal = 2M⊕ was

turned into planetesimals, in the 2−4 AU region,

within the lifetime of the nebula (Tneb = 2 Myrs).

Clearly, these numbers are uncertain. Given

these and other uncertainties in the study (in-

cluding the cascade model itself and the thresh-

old treatment), one can probably consider val-

ues of Ṁpa/Ṁgoal two orders of magnitude around

unity as plausible.



Cascade Model for Planetesimal Formation 13

1 10 100 1000
Dpeak [km]

0.01

0.1

1

10

100

M
pa

/M
go

al

(a) =  1E-04

1 10 100 1000
Dpeak [km]

0.01

0.1

1

10

100

M
pa

/M
go

al

(b) =  3E-04 1 10 100 1000
Dpeak [km]

0.01

0.1

1

10

100

M
pa

/M
go

al

(c) =  1E-03

1 10 100 1000
Dpeak [km]

0.01

0.1

1

10

100

M
pa

/M
go

al

(d) =  3E-03

1.4 cm

2.9 cm

5.9 cm

11.9 cm

24.0 cm

rp

0.3

1

3

10

30

F

1

3

10

A/A0

1

1/3

1/10

1/30

F

Legend

Figure 3. Model results for the inner nebula, showing the peak of the planetesimal IMF, Dpeak, and the rate of formation,
Ṁpa, relative to the expected rate, Ṁgoal, for a wide range of nebula parameters and particle sizes. Thresholds use their nominal,
non-“relaxed” values. The panels show results for different values of α, while (within each panel) colors, symbol shapes and
fill styles denote gas density enhancement factor, Fρ, solids enhancement factor, A/Ao, and the scale factor for the headwind
parameter, Fβ̃ . The size of the symbols scales with the particle radius rp. The smallest and largest particle sizes
that resulted in planetesimals are shown in the legend, together with some representative values in between.
The legend symbols for Fρ, A/Ao and Fβ̃ show all parameter values that were computed and included in the
figure if they produced planetesimals in the range. Those parameters that did not produce results in the plot
range have been greyed out.

The results of Figures 3–5 show that larger particles

generally make larger planetesimals, and that particles

of at least cm size are needed to form planetesimals.

This is the major difference from the Cuzzi et al. (2010)

models that allowed even chondrule size particles to form

planetsimals directly, because of their incorrect cascade

model. We will discuss implications of these new results

in Section 4.

Figure 3 also explores how the intensity of turbulence

affects the formation process by plotting results sepa-

rately for different values of α. The α-dependence is not

very strong; larger values of α do yield slightly larger

planetesimals but at lower production rates.

Changing the uncertain threshold limits is explored

in Figure 4. Relaxing, that is, lowering them by factors

of three does affect the minimum and maximum size of

possible planetesimals but does not change the smallest

size of particles able to form planetesimals.

Particles of a given size will have different Stokes num-

bers StL under different nebula conditions, and it is

really the Stokes number that is relevant for the tur-

bulent concentration effect. The dependence on StL is

investigated in Figure 5 which shows that large Stokes

numbers more easily lead to formation of large planetes-

imals. This is due to the fact that large Stokes num-

bers reach large concentrations at larger scales than do

smaller StL, and therefore more mass is available in a
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Figure 4. Inner nebula results as in Figure 3, but here all α values have been plotted together and the panels vary the thresholds
(Φ1,Φ2). As before, colors, symbol shapes and fill styles denote gas density enhancement factor, Fρ, solids enhancement factor,
A/Ao, and the scale factor for the headwind parameter, Fβ̃ . However, the range of values for Fρ and A/Ao has been restricted
compared to Figure 3. Plots like these may seem “busy” but make it easy to detect general trends such as minimum and
maximum size of planetesimals, and dependence of planetsimal size on particle size and α. Details are more easily explored
under magnification, in particular the value of α which is printed in small font above each datapoint, or in
Figures 3 and 5.

clump. For nominal thresholds, we find that few to no

planetesimals can form for StL . 0.01. Relaxing thresh-

olds only reduces the minimum required StL slightly,

and the planetesimals that do form for small StL are

rather small (. 10 km).

Another parameter in our model that can be explored

is the pressure parameter β̃, which we vary through the

scale factor Fβ̃ relative to the nominal β̃ value (see Sec-

tion 2.3.1). Although evident in any of the figures, it

is most easily seen in Figure 3 that smaller β̃ values

produce smaller planetesimals but with a higher rate of

formation (symbols move up and left in the plot). Re-

ducing β̃ has the same effect as relaxing the Φ2 threshold

(see Equation 12) in that it allows clumps of less strongly

concentrated particles (which occur more often) to form

planetesimals.

3.2. Outer nebula – TNOs

The model results for the outer nebula are presented

in Figures 6 and 7 in similar fashion to the correspond-

ing asteroid-belt results (Figures 3 and 5). Again, we

normalize the rate of planetesimal production, Ṁpa, to

the expected rate, Ṁgoal ≡ Mgoal/Tneb, for which we

here assume that a mass of Mgoal = 40 M⊕ was turned

into planetesimals within the lifetime of the nebula,

Tneb = 2 Myrs.

The general result for the dependence on α and β̃ seen

in the inner nebula holds here as well, that is, larger α

produce larger planetesimals but at smaller rate, while

reducing β̃ allows smaller planetesimals at higher rate to
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Figure 5. Inner nebula results for each StL shown in separate panels for nominal thresholds (panels (a)–(e)) and relaxed thresh-
olds (panels (f) and (g)). Again, colors, symbol shapes and fill styles denote factors for gas density enhancement,
solids enhancement and pressure gradient parameter, respectively. The value of α for each case is printed above each
datapoint in small font best seen under magnification. The smallest planetesimal-producing Stokes numbers for these cases are
0.01 for the nominal thresholds, and 0.005 for the relaxed thresholds.

form. The smallest Stokes number that produced

planetsimals with formation rates similar to the

expected values is StL = 0.005, both for nominal

and relaxed thresholds.

By looking at the outer nebula figures, many more

planetesimals of large size (&100 km) can be seen com-

pared to the inner nebula. This, however, is mostly due

to the range of nebula parameters we consider in the

outer nebula vs the inner nebula. The very large plan-

etsimals form mostly for nebula conditions for which

gas density enhancement and enhancement of solids-

to-gas ratio is simultaneously large, e.g., Fρ = 10 and

A/Ao = 10. Such parameter combinations correspond

to disks with large amounts of total solids. Since we

restrict the total mass in the asteroid-forming region to

no more than 250 Earth masses (see Section 2.3.2), such
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Figure 6. Model results for the outer nebula region. Similar to Figure 3, the figure shows the peak of the planetesimal IMF,
Dpeak, and the rate of formation, Ṁpa, relative to the excepted rate, Ṁgoal, for the nominal range of possible nebula parameters
and particle sizes. The panels (a) through (d) show results for different values of α, while within each panel colors, symbol
shapes and fill styles denote gas density enhancement factor, Fρ, solids enhancement factor, A/Ao, and headwind parameter
scale factor, Fβ̃ . The size of the symbols scales with the particle size. Results for particles larger than 5 cm have been omitted.

combinations were disregarded in the inner nebula. Con-

ditions in the outer nebula during planetesimal forma-

tion are even more uncertain than in the inner nebula,

and we here allow a total mass of available solids up to

2000 Earth masses. As did Cuzzi et al. (2010), we find

primary accretion of planetesimals to be rather ineffi-

cient at least for this process, in which case the MMSN

concept is not a realistic starting condition.

However, even with gas densities that likely

were larger than a MMSN initially, the gas den-

sity did get smaller later in the lifetime of the

disk, and it may be of interest to see if there are

still parameter combinations that allow for plan-

etesimal formation in such environments. For

our nominal thresholds, we did not find any plan-

etesimals with reasonable formation rates, but

for the relaxed thresholds formation in the outer

nebula seems possible at large solids-to-gas ra-

tios. Figure 8 presents those results. Note that

due to the small gas density, the Stokes numbers

we considered correspond to fairly small parti-

cles, sub-mm to 1.5 mm in radius. Still, sizable

planetesimals can form under such conditions if

A/Ao is 10 or 30. Such solids-to-gas ratios do

not seem too unreasonable in a scenario where a

large fraction of gas was lost during disk evolu-

tion, thus increasing A/Ao over time from initial

values not too far from cosmic abundances.

3.3. Limits on planetesimal formation explained

From the cascade model results shown in Figures 3–8

it is apparent that there are both lower and upper size

limits beyond which planetesimals do not form. We here

offer some physical explanation for the general result

that primary accretion by this process leads to bodies
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Figure 7. Model results for the outer nebula where similar to Figure 5 Stokes numbers are plotted in separate panels for
nominal thresholds (panels (a)–(f)) and relaxed thresholds (panels (g), (h)). Again, colors, symbol shapes and fill styles
denote factors for gas density enhancement, solids enhancement and pressure gradient parameter, respectively.
The value of α for each case is printed above each datapoint in small font best seen under magnification. Particle
sizes above 5 cm have been omitted for legibility. The smallest planetesimal-producing Stokes number is StL = 0.005,
both for nominal and relaxed thresholds.
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Figure 8. Outer nebula results for a gas density lower than the MMSN (Fρ = 0.3), for an extended range of solids-to-gas ratios
(A/Ao ∈ [1, 30]) and relaxed thresholds. Each panel shows results for different Stokes numbers, and where StL = 0.01 is the
smallest Stokes number that produced planetesimals in the plot range. As before, symbol shapes and fill styles denote factors
for solids enhancement and pressure gradient parameter, respectively, and the value of α for each case is printed above each
datapoint in small font best seen under magnification. The symbol size again scales with the particle size as indicated in the
legend, but note that the size range is very different from the other outer nebula figures (Figures 6 and 7).
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Figure 9. Diameter, D, of a solid planetesimal forming at
3 AU by gravitational sedimentation of a bound, dense re-
gion of size `. The blue line shows the minimum size for
the clump to be stable against ram pressure. The red line
shows the maximum size possible when turbulent cluster-
ing reaches the mass-loading limit, and the green line shows
the resulting size assuming turbulent clustering is ineffec-
tive and the solids density remains at its nominal back-
ground value (except for the effect of settling). The lines
are for a specific set of particle and nebula parameters, in-
dicated above the plot. Vertical bars in the same colors in-
dicate the range of possible outcomes (all having the same
slopes as the plotted lines) across a range of plausible
nebula parameters and Stokes numbers: Fρ ∈ [1, 30],
A/Ao ∈ [1, 10], α ∈ [10−4, 3×10−3] (all of which affect the
red and green curves), StL ∈ [0.0025, 0.16] (which only
effects the green curve due to particle settling), and
Fβ̃ ∈ [1/100, 1] (which only affects the ram pressure
limit in blue). The actual solids concentrations reached
depend on the amount of turbulent clustering at any given
scale and must lie between the red and green curves. Mean-
while, only those values above the blue curve correspond to
clumps which are stable against disruption by ram pressure
and may in fact collapse into planetesimals. Purple contours
show the actual probability, from our numerical cascade, for
the specific parameter set shown, that a clump of size ` has
the right conditions to form a planetesimal of diameter D.

mostly within the 10 to few 100 km diameter range. We

will also discuss why no planetesimals form for

Stokes numbers StL / 0.005.

3.3.1. Lower size limit

The lower size limit is in general set by the thresh-

old Φ2 (Equation 12), as can be seen in Figure 4 where

the size of the smallest planetesimals changes when Φ2

is varied but other thresholds are kept unchanged. The

Φ2 threshold is related to the ram pressure, and is also

a function of ` (see Section 2.3.3) – a clump needs to

have a density large enough, for any given size, to re-

sist disruption by the ram pressure between the gas and

particle clump for the time it takes for gravitational sed-

imentation to produce a compact object. This minimum

clump density sets the lower limit on the size of result-

ing planetesimals for any clump size. Recall that the

diameter of a planetesimal is given by the expression

D(`) = `(ρp/ρs)
1/3 (Equation 15) where due to the ram

pressure limit ρp ≥ Φ2ρg. This minimum diameter is

shown as a function of the scale ` of the clump from

which the planetesimal formed, by the blue line in Fig-

ure 9. The smallest value of this minimum diameter is

found when the minimum size (blue) curve crosses the

maximum size (red) curve in Figure 9, which is discussed

below. The nominal thresholds used here and a range

of plausible nebula parameters lead to a minimum plan-

etesimal diameter around 10 km.

This estimated lower limit on planetesimal size is con-

sistent with the results of our cascade model (Figures 3

and 4). For the “relaxed” thresholds (Figure 4), the

minimum size from the cascade results is approximately

3 km, also consistent with the relaxed Φ2.

3.3.2. Upper size limits

For assessing the maximum possible size of planetes-

imals in the framework of our model, we can look at

two limiting cases. At the largest scales in the flow

near ` = L, turbulent clustering is not able to gener-

ate large variations in the particle density and there-

fore the density will be close to the local mean value

(see Section 2.3.1). As scales get smaller, turbulent

clustering will generate flow regions with larger par-

ticle densities, but there is a “mass-loading limit” at

Φ = ρp/ρg ∼ Φlimit = 100 at which turbulent clustering

saturates. The maximum (pre-collapse) mass density in

solids then is

ρp,max = Φlimitρg. (17)

The resulting planetesimal diameters for these nominal

and maximum turbulent clustering densities described

above are shown as functions of clump size in green and

red lines respectively in Figure 9, along with the min-

imum allowed size given the ram pressure limit (Sec-

tion 3.3.1; blue line). In practice, however, the max-

imum turbulent densities (red curve) are irrelevant at

large scales since turbulence is inefficient there and den-

sities will stay near their nominal values (green curve)

corresponding to maximum possible planetsimal sizes,

depending on nebula conditions, of up to a few 100 km

consistent with the results of Section 3.1. Figure 9 also

shows, for a specific set of nebula parameters, the ac-

tual probability from our cascade model that a clump

can form a planetesimals of a given size. As can be seen,

by nature of the mechanism, the probabilities at a given

scale ` are always larger towards the non-enhanced den-
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sities (green curve), and the maximum (red curve) is

rarely reached.

3.3.3. Limiting Stokes number

Figure 9 can also be used to gain understand-

ing of why planetesimals fail to form, or have

very small formation probability, below some

limiting Stokes number. The point where the

curves for the minimum and maximum planetes-

imal size due to ram pressure and mass loading

limits (blue and red curves in Figure 9) intersect

marks the smallest scale of clump that can form a

planetesimal. The two curves, and therefore the

intersection point, only depend on nebula condi-

tions, and are independent of StL. The turbulent

clustering process of course is Stokes number de-

pendent. It is most effective at scales where the

particle stopping time is comparable to the eddy

time scale, which itself gets smaller at smaller

spatial scales. In effect, large Stokes number par-

ticles experience significant clustering already at

large spatial scales while small Stokes numbers

start to be effected only at small scales. In ef-

fect, Stokes numbers StL / 0.005 do not experice

enough clustering above that intersection (for

reasonable nebula conditions) and therefore fail

to produce planetesimals.

3.4. Comments on general trends

Given the presence of 1−10 cm radius particles, proba-

bly aggregates containing many individual chondrules in

the inner nebula, we can reach some general conclusions

about the sensitivity of IMF modal size on nebula prop-

erties. Planetesimal diameters increase slightly with α,

probably because the concentration cascade can start at

a larger energy containing eddy scale L = Hα1/2, while

formation rates more strongly decrease, perhaps because

there are fewer volume elements of large size to partic-

ipate. Not surprisingly, a smaller headwind, as deter-

mined by β̃, makes planetesimal formation easier in the

sense that we need smaller overdensities to form plan-

etesimals. This will increase the formation rate although

the average size of planetesimals goes down. This size

decrease, in turn, is because the lower size limit (Sec-

tion 3.3.1) decreases with smaller β̃ and the parameter

space between the lower and upper size limits increases

(see Figure 9). However, planetesimals that do form

at larger β̃ are usually larger (perhaps because of rais-

ing the minimum size limit). Decreasing β̃ by adopting

Fβ̃ < 1 is our approximation for the “peloton effect”

that the current simple model cannot incorporate, but

is an essential aspect of the so-called “streaming instabil-

ity” or resonant drag instability. Models of this process

initially show longitudinally extended arcs or streams

of high density, in which the leading ends diminish the

headwind experienced by material towards their trailing

ends much like a peloton of cyclists. Equations 2.12 and

2.14 in Nakagawa et al. (1986) can be combined with our

expression for the particle layer thickness, to show that

Fβ̃ ∼ 0.5−0.1 is within the reach of a settled background

particle layer with local solids abundance between 1−10

times cosmic as may be produced by radial drift, for in-

stance (Estrada et al. 2016). Even smaller values of Fβ̃
might be expected, within dense but still not fully unsta-

ble zones arising from SI-like collective effects (Umurhan

et al 2019). Of course, this treatment of the uncertain

headwind is only a crude approximation, and true global

models are really needed.

3.5. “Typical” particle concentrations

Figure 10 shows our new PDFs of concentration C ≡
ρp/〈ρp〉, the ratio of the local particle density (averaged

on spatial scale `) to its global average, for individual

particles of various sizes, from chondrule size, through

“pebble” size, to small “boulder” sizes. The PDFs are

given in the form of the cumulative fraction Fp(> C)

of particles lying in a region where the average concen-

tration is larger than some value C; Cuzzi et al. (2001)

show that this quantity is equivalent to the fraction of

time a given particle spends in such regions. The PDFs

depend on the turbulent intensity α, the particle Stokes

number StL, and the binning scale `. These PDFs re-

place the predictions shown in Cuzzi et al. (2001, 2008,

2010) and Hogan & Cuzzi (2007), which were based on

an incorrect turbulent concentration model.

Based on meteorite evidence, we expect the larger size

“particles” in the range shown (in the inner solar sys-

tem) to be aggregates of individual chondrules, chon-

drule precursors, or other bits of rock. In the outer

solar system (even for CI chondrites), nature may not

be so kind as to provide distinguishable macroscopic

monomers, producing only grainy aggregates of differ-

ent sizes and porosities.

These particle concentration PDFs are useful for un-

derstanding the formation environment of chondrules

(by whatever heating mechanism), since the oxidation

state of the ferromagnesian silicates that result, as man-

ifested in their Mg/Fe ratios, is a sensitive indicator of

the local solids/gas ratio. Values of 10−30 or so are not

uncommon on lengthscales ` ∼ 100 − 1000 km, and ap-

ply to any underlying background (which may already

be enhanced in solids/gas ratio above the cosmic abun-

dance of roughly 0.01). For example, particles tend to

settle towards the nebula midplane by an amount that

depends on their StL and the nebula α, which enhances
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Figure 10. Cumulative fraction Fp(> C) of particles lying in a region where the concentration is larger than some value C. In
this context, concentration refers to the ratio of the local density (averaged on some length scale `) to its global average, and does
not account for any other enhancement effects such as settling towards the midplane, or various kinds of radial enhancement.
Results from our cascade model are shown for different Stokes numbers (panels (a)–(h)) with Stokes number and corresponding
particle sizes noted above each panel, for a range of length scales ` within each panel, and two different values of α. All results
are for a Fρ = 10 nebula gas at 3 AU.
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Figure 11. Ratio between gas density scale height H and
solids density scale height hd as functions of particle radius
rp. Particles settle towards the midplane depending on their
Stokes number and the turbulent intensity α, leading to a
scale height that is smaller than that of the gas (Equation 9).
The values shown are for a nebula with a gas density 10×
that of a MMSN, at a distance of 3 AU.

the near-midplane solids density (Figure 11) even before

the concentration factors shown in Figure 10 are ap-

plied. Differential radial drift, evaporation fronts, pres-

sure bumps, or even “streaming overstabilities” can fur-

ther enhance the local background above “cosmic abun-

dance” (Estrada et al. 2016; Umurhan et al. 2019).

Meteoritical studies find two markedly different ranges

for the solids/gas ratios of regions containing chondrule-

mass precursors, at the times and places where chon-

drules are formed by still mysterious “flash heating”

events (Connolly & Jones 2016). Studies of the silicate

Mg/Fe ratios in most chondrules in a number of dif-

ferent carbonaceous chondrite groups infer background

solids/gas enrichments over cosmic abundance by fac-

tors of 50 − 200, while more Fe-rich, so-called Type-II

ordinary chondrite chondrules (a few are even found in

the carbonaceous chondrites) require enhancements of

2000× (Tenner et al. 2015, 2017, 2019; Hertwig et al.

2018). The highest-Fe silicate grains (Grossman et al.

2012), and alkali abundances in the Semarkona primitive

ordinary chondrite, (Alexander et al. 2008; Hewins et al.

2012) call for local dust enhancements several orders of

magnitude higher still.

For comparison, Table 3 shows net enhancement fac-

tors for several representative values of particle radius

rp, for two different values of α, on two different length-

scales `. The table is intended to estimate total en-

hancement factors C relative to cosmic abundance, by

estimating a plausible non-TC enhancement to the back-

ground particle density due to vertical settling and ra-

dial concentration by drift or “Incipient Streaming In-

stability” (Umurhan et al. 2019)9. The values of C are

given for “common” probability levels of Fp(> C) =

50% and 30%, and a “rare” probability level of Fp(> C)

= 1%. As an example, chondrule aggregates of between

1.5 and 2.6cm radius are apparently seen in the primitive

ordinary chondrite NWA5717 (Simon et al. 2018). Ac-

cording to Table 3, “particles” of 2.6 cm radius, whether

aggregates of chondrules or of chondrule precursors, are

commonly found in 500− 1000 km size regions with av-

erage concentrations of 50 − 140. The lengthscale of

chondrule formation is poorly known, but Sahagian &

Hewins (1992) and Cuzzi & Alexander (2006) venture es-

timates ranging from 150−6000 km. On smaller scales of

50−100 km, they are found at lower probability with av-

erage concentrations of 1400− 4900. These values com-

pare favorably with findings of Tenner et al. (2015, 2017,

2019) and Hertwig et al. (2018) for “common” Type I

chondrules, and “rare” type II chondrules in carbona-

ceous chondrites. If the nebula gas density is some 10×
higher than a “Minimum Mass Nebula” value, as many

of our IMFs prefer, Cuzzi & Alexander (2006) also sug-

gest a “common” enrichment over cosmic abundance of

140−230×, assuming shock heating that is accompanied

by significant compression of the dust-gas mix. Notice

that at 0.1 cm radius (typical for single chondrules per-

haps), concentration values never get much more than

10×. Because the concentration PDFs Fp(> C) (time

spent by particles in regions of concentration larger than

some C) show strong dependence on concentration and

are scale dependent (Figure 10), it is not hard to envi-

sion large-scale heating events that extend over a range

of concentrations and might have simultaneously formed

batches of chondrules with different oxidation states in

the same heating event. This theory would predict that

the more rare, denser concentrations would be found
on smaller lengthscales, perhaps as dense cores of zones

with more common concentrations.

Thus, we believe that if typical particles are indeed

few-cm-size aggregates (Simon et al. 2018), whether of

chondrule precursors or chondrules themselves, TC is

probably capable of providing fairly common enhance-

ments at the ∼ 100× level, perhaps by operating on an

already somewhat elevated background particle density

layer. However, we feel that values as high as 104−106×
(Alexander et al. 2008; Grossman et al. 2012; Hewins

et al. 2012), which are more than 100 times the local

gas density, are hard to support given our current un-

9 A domain covering realistic turbulence and particle growth,
which leads to saturation of particle density growth at ρp ∼ ρg
without planetesimal formation.
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derstanding. The cascades should be checked against

larger-scale simulations however, as they may be con-

servative.

4. CONCLUSIONS

We report results on two different effects of the con-

centration or clustering of small particles in turbu-

lent nebula gas, both directly relevant to different as-

pects of primitive body formation: (a) the concentra-

tion PDF for “pebble”-size particles, with sizes between

chondrules and their aggregates (in the inner nebula),

describing “typical” local solids densities under which

chondrules might be likely to be formed; and (b) the

modal diameter and formation rates for primary accre-

tion of 10 − 100 km diameter planetesimals – the plan-

etesimal Initial Mass Function or IMF – a process which

requires larger local particle concentrations, on larger

spatial scales, that are statistically more rare. The

implications of the concentration PDFs themselves (a)

were discussed immediately above in Section 3.5 and will

not be repeated here.

Regarding planetesimal formation (b), we have mod-

eled turbulent concentration combined with vertical set-

tling in turbulence, based on a new, validated, cas-

cade model of the statistics of particle concentration

and gas vorticity (enstrophy) as a function of spatial

scale, and simple physical threshold criteria. We find

the process leads to planetesimal Initial Mass Functions

(IMFs) with well-defined modal diameters, instead of

powerlaws as is typically found for “incremental growth”

and “streaming instability” mechanisms. The “fossil as-

teroid belt” and the KBO population both appear to

have such modal distributions, where the modal size or

mass lies at the “knee” between two powerlaws (Sec-

tion 1). Our predicted modal diameters (which are not

weighted by mass) vary from roughly 10 − 100 km, as

nebula properties are varied across a plausible range

(α = 10−4 − 10−3, gas densities 1 − 30× MMSN, lo-

cal solid/gas ratios 1 − 30× cosmic abundance). This

mechanism thus produces planetesimals that are “born

big” (Morbidelli et al. 2009a) directly from small, freely-

floating, nebula particles. As discussed in Cuzzi et al.

(2010) in more detail, planetesimals formed by this

mechanism are expected to form as internally homoge-

neous sandpiles (see also Johansen et al. 2015).

There is one highly significant difference between these

results and those of Cuzzi et al. (2010). The cur-

rent model, using our revised and updated cascades, no

longer supports making sizeable (10− 100 km diameter)

objects directly from individual chondrules (in the ice-

free inner nebula). To do this, the constituent particles

must be larger, “pebble” or even “cobble” sized particles

of 1−10 cm radius, almost certainly aggregates of chon-

drules or unmelted precursor objects of similar mass (in

the inner nebula). IMFs that result under most plausible

nebula conditions, for particles in this size range, typi-

cally peak at tens of km diameter, perhaps a bit small

for the 100 km fossil asteroid diameters (care should

be taken to distinguish between number-weighted and

mass-weighted IMFs). Inner nebula IMFs that do peak

at 100 km diameter require constituent particles that are

perhaps 20 cm radius (Figures 3–5), perhaps because the

larger particles concentrate on larger spatial scales, and

are more settled towards the midplane to start with. In

the outer nebula, particles from mm- to few-cm- radius

produce planetesimals in the 10−100 km diameter range

(Figures 6–8).

Current models of growth by sticking (at least in the

inner, silicate-dominated nebula) tend to see growth

frustrated by bouncing in the cm-size range (Birnstiel

et al. 2011; Estrada et al. 2016). However, actual ob-

servations are telling us that the current models, based

on laboratory sticking measurements, may be missing

something. Simon et al. (2018) have analyzed a very

primitive ordinary chondrite, which has the unusual

property of containing two visually distinct (dark and

light) “lithologies” which on closer examination are, ap-

parently, aggregates of chondrules formed in two very

different regions, as reflected in their very different

chemical and isotopic compositions (and slightly differ-

ent particle sizes, even). Somehow, nature is making

several-cm-diameter aggregates of chondrules even if our

models are not yet doing so (cf. Arakawa 2017). It is nat-

ural to wonder if the building blocks of other – maybe all

– chondrites may also be similar aggregates, but gener-

ally indistinguishable because they are all made of sim-

ilar chondrule monomers. One hopes that this spec-

ulation can be tested in the future. Another possible

clue might be found in the so-called “cluster chondrules”

(Metzler 2012; Metzler et al. 2012; Metzler & Pack 2016;

Hewins & Zanda 2012). These are rare clumps of semi-

molten chondrules found all smashed together – a possi-

ble outcome for an aggregate of chondrules that was not

broken up before being melted in a chondrule formation

event.

The predicted planetesimal formation rates in Fig-

ures 3–8 span a range plus or minus two orders of mag-

nitude around the estimated nominal value. Combined

with the current uncertainty in nebula properties, this

means the theory is not predictive of exact planetesimal

sizes or rates. However, in a general way, it satisfies the

observational constraints of typical size and formation

rate. Indeed the statistically low probabilities of the

dense clumps needed to trigger planetesimal formation
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Table 3. This table combines all the various enhancement effects into a total enhancement of the solids/gas mass density ratio,
for selected values from Figures 10 and 11. Table (a) lists concentration factors from vertical settling combined with an added
factor from radial drift and Incipient Streaming Instability (assumed to be A/Ao = 10×) for three particle sizes and two values
of α. These factors are independent of spatial scale. Tables (b) and (c) list the additional factors from turbulent concentration
(TC) at the 50% , 30% and 1% probability level, and the resulting “total” enhancements to the solids/gas ratio compared to
cosmic abundances of 0.01. TC is scale dependent, and tables (b) and (c) list the values of C at these levels for spatial scales
500− 1000 km and 50− 100 km, respectively. For rp=1.5 and 2.6cm, at the Fp(> C) = 30− 50% level, TC only produces 2− 6×
at the scales shown, but combined with 10× (assumed) from the combination of radial effects, and another 2−6× from settling,
gives 30 − 240× (50%) to 60 − 500× (30%) which covers the observed range for “common” concentrations (Section 3.5). At
the Fp(> C) = 1% level, we get concentrations of 1000 − 3000×. This is where TC dominates (10 − 80×). Red numbers in
the tables are suspect, since Incipient Streaming Instability on top of radial drift cannot lead to ρp > ρg, i.e. factors > 100
(rp = 11 cm, table (a)). All quoted values are for a nebula gas with 10× the gas density of a MMSN (Fρ = 10) at 3 AU (which
does not affect the concentration values for a given Stokes number, but affects the particle size rp), and have been rounded to
2 significant digits.

(a) Settling and radial factors combined

rp α=1e-04 3e-03

0.1 cm 13 10

1.5 cm 50 13

2.6 cm 72 16

11 cm 200 38

(b) ` = 500 − 1000 km

TC, C: Fp(> C)=50% TC, C: Fp(> C)=30% TC, C: Fp(> C)=1%

rp α=1e-04 3e-03 1e-04 3e-03 1e-04 3e-03

0.1 cm 1.0 1.1 1.1 1.2 1.5 2.0

1.5 cm 1.4 2.5 2.1 4.6 7.3 32

2.6 cm 1.9 3.1 3.3 6.2 17 56

11 cm 2.6 2.6 4.9 5.1 37 41

total total total

rp α=1e-04 3e-03 1e-04 3e-03 1e-04 3e-03

0.1 cm 13 11 15 12 20 20

1.5 cm 72 33 110 61 360 430

2.6 cm 140 51 240 100 1200 910

11 cm 510 99 980 190 7400 1600

(c) ` = 50 − 100 km

TC, C: Fp(> C)=50% TC, C: Fp(> C)=30% TC, C: Fp(> C)=1%

rp α=1e-04 3e-03 1e-04 3e-03 1e-04 3e-03

0.1 cm 1.1 1.2 1.3 1.7 2.2 4.5

1.5 cm 2.9 3.5 5.7 7.4 47 80

2.6 cm 3.3 3.6 6.8 7.5 69 83

11 cm 2.7 2.7 5.1 5.1 41 42

total total total

rp α=1e-04 3e-03 1e-04 3e-03 1e-04 3e-03

0.1 cm 14 12 17 17 29 46

1.5 cm 140 47 290 100 2400 1100

2.6 cm 240 58 490 120 4900 1400

11 cm 530 100 1000 190 8200 1600
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give this process an extended, drawn-out nature that

is in agreement with observations, which indicate that

planetesimal formation, while it started early, contin-

ued for several Myr as the nebula continued to evolve.

The environment is highly conducive to post-primary-

accretion growth by pebble accretion (Visser & Ormel

2016), because there is nothing but primary planetesi-

mals and pebbles around. By contrast, traditional linear

instability is either inoperative, or all over in a moment.

In spite of the slow trickle of planetesimal formation,

once a dense clump is triggered (in clumps with particle

densities that allow them to be bound), it sediments into

a planetesimal on a timescale of approximately t2dyn/ts,

in the regime where ts < tdyn, which is not much differ-

ent from the orbit time (Section 2.3.3, Cuzzi et al. 2008;

Shariff & Cuzzi 2015). The sedimentation time is thus

thousands of orbits for St ∼ 0.001, in agreement with

thermal evolution models of planetesimal interiors that

favor “rapid” accretion of a given planetesimal, once it

starts (Ghosh et al. 2003, 2006; Vernazza et al. 2014;

Pedersen et al. 2019). The extended sedimentation time

for these rotating loose clumps of particles may allow

for bifurcation into binaries of comparable sizes, which

are found to be very common in the KBOs (Stephens &

Noll 2006). Nesvorný et al. (2010) have modeled such a

scenario, but in the limit of clumps composed of large

particles where gas drag is unimportant and collapse oc-

curs on a dynamical time tdyn. In the more general case

where gas drag is important, “collapse” is slower (Shariff

& Cuzzi 2015) but fission into binaries will probably still

be a potential outcome. More study is surely needed of

this stage.

Primary accretion of planetesimals by turbulent con-

centration would probably not work alone. The slightly

settled particle layer in which this process occurs would

support more complex collective “peloton” effects such

as seen in streaming instabilities (SI), extending and am-

plifying the process, even though the layer itself, in the

absence of perturbations by TC, might not be unstable

to SI and would produce no planetesimals (Umurhan

et al. 2019). Such a triggered or nonlinear instabil-

ity, which we have called “clustering instability” (Cuzzi

et al. 2017), is beyond the scope of this work and will

require large-scale numerical models to study. Also,

10 − 100 km size sandpile planetesimals will incur mu-

tual eccentricities (Gressel et al. 2012), which may allow

gentle collisions, suitable for further growth without de-

struction or significant erosion, to reach sizes at which

pebble accretion can begin.

Much work needed to be done: Clearly, more work is

needed to understand growth by sticking in terms of the

potential for growing observed aggregates of chondrules

in the inner nebula (and probably aggregate pebbles of

small grains in the outer nebula) that appear to be sig-

nificantly larger than result from the most recent mod-

els using bouncing and fragmentation outcomes based

on current experimental work (Estrada et al. 2016).

More observational work is needed on large slab sam-

ples of chondrites to explore whether large (several cm

diameter) aggregates of chondrules are the rule or an

exception (Simon et al. 2018). Evidence for aggregate

formation in the outer nebula will be harder to find,

because of the likely absense of easily-distinguishable

chondrule monomers, and the general lack of samples of

any kind, but similar physics must be at work.

Regarding numerical fluid dynamical models, direct

numerical simulations are needed of turbulent concen-

tration in which particle mass loading feedback on the

gas is included, to see how it affects the process. More

highly resolved simulations at higher Reynolds numbers

(a real challenge) would be desirable to check the cas-

cade parameters for enstrophy and concentration. Of

course, combined numerical models showing how global

collective effects may amplify triggering perturbations

from TC alone (the clustering instability) are critical.

Because turbulence excites eccentricities in the or-

bits of small bodies, which can lead to collisions (Ida

et al. 2008; Gressel et al. 2011, 2012), a possible sec-

ond stage of growth (mutual collisions between loose,

primary sandpile planetesimals, at low relative velocity

and favoring growth over erosion/destruction), would be

valuable to study as well, followed perhaps by pebble

accretion. Nevertheless, it may be that a generalized

turbulent concentration process, such as the clustering

instability, may be able to provide the first “seeds”, or

primary planetesimals, to start the process and to keep

it going for several Myr.

Finally, studies should be conducted of binary forma-

tion by fission of rotating, sedimenting clumps of par-

ticles with a range of St, extending the gas-drag-free,

rapidly collapsing models of Nesvorný et al. (2010).
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