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ABSTRACT

The design and testing of a free-space optical communication system requires assessment of the impact of
random fluctuations in received power from a laser beam transmitted over an atmospheric channel. A number
of methods for generating fading power vectors for in-lab emulation of an atmospheric channel have previously
been reported. These techniques include spectral shaping and filtering of a signal from a normally distributed
pseudo-random number generator, full wave optics simulations with random phase screens, and pre-recorded
measurements from experimental free-space links. In this work, a statistical analysis of atmospheric fading is
presented with the goal of producing a practical engineering model for the fading channel suitable for generating
synthetic fade vectors in real-time for long-duration receiver testing with channel interleaving. Specifically, a
parametric model is developed for turbulence-induced fade on space-to-ground links with large-aperture receivers,
including aperture-averaging and the effects of aperture size on the instantaneous coupling efficiency for mode-
limited receivers. In particular, we analyze the probability density function and temporal power spectrum for
fluctuations of the coupling efficiency for few-mode fibers in a range of turbulence conditions.
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1. INTRODUCTION

One of the primary challenges inherent in free-space optical communication is random fading in the received power
signal over a free-space channel. Two significant sources of such fades are beam pointing error and scintillation
due to propagation through turbulence in Earth’s atmosphere. The nature of these fading signals has been
well-documented experimentally and sophisticated analytical models have been developed to understand link
performance in a wide range of scenarios.1–5 On the other hand, for the purposes of controlled system testing
it is desirable to have a minimal engineering model for the fading channel so that synthetic power vectors of
arbitrary length can be fully characterized and reproduced. For example, NASA Glenn Research Center (GRC) is
developing an optical ground receiver for photon-starved applications implementing the Consultative Committee
for Space Data Systems (CCSDS) High Photon Efficiency (HPE) standard (the receiver system includes a fiber
interconnect, photon-counting detectors, and real-time field programmable gate array based receiver). To test
the receiver, including the implementation of fade mitigation techniques based on channel interleaving, it is
necessary to operate under realistic conditions including emulation of the fading channel. This can be done
in-lab by using a relatively fast modulator to attenuate the optical signal from the test transmitter.6–8 To obtain
the integration times required to characterize codeword error rate (CWER) performance, it is desirable to be
able to synthesize fade vectors to modulate the signal continuously in real time for CWER tests that may run
for many hours.

In this paper, we develop simplified engineering models for the received power over a fading channel as
a random process which can be completely characterized and synthesized in real-time. Although recorded
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measurements are typically a gold-standard for testing a receiver in realistic conditions,6 in many cases a suitable
set of data sufficient for long-duration tests in a range of link scenarios is unavailable. A useful approach in this
case is to employ wave optics simulations to develop fade vectors for a wider range of conditions;7 however,
that approach is not ideal for controlled long-duration testing as finite-length fade vectors must be generated in
advance and the underlying structure of the fading signal is obfuscated by the complexity of the simulations.
Conversely, a standard model based on a minimal set of parameters allows for direct comparisons between
different receiver implementations without concern over differences in the underlying empirical data or detailed
assumptions in the model.

Our approach is motivated by the power vector generation tool presented by Giggenbach et al.9 A simplified
channel model is employed where each source of fade is parameterized by the variance of the underlying process,
together with a cutoff frequency and low-pass filter slope determining the temporal statistics.10 However, in that
work the parameters were chosen based on a fit to available data from a prior satellite optical downlink.11 In this
paper, we develop a parametric model for a space-to-ground fading channel including a range of link conditions,
aperture sizes, and sources of fade for which experimental data may be limited or unavailable. For example,
the receiver under development at GRC uses a few-mode fiber interconnect to deliver light to photon-counting
detectors. This introduces additional turbulence-induced fluctuations from the instantaneous few-mode fiber
coupling efficiency which dominates aperture-averaged scintillation for large-aperture receivers. A statistical
analysis of these power fluctuations for receivers coupling to few-mode fibers (given in Section 4) allows these
fluctuations in received power to be included in the model of the fading channel used to generate fade vectors.
This can greatly simplify the testbed by enabling testing without requiring real-time emulation of the distorted
optical wavefront arriving at the pupil plane of the telescope. A model for pointing-induced fluctuations—which
also represent a dominant source of fade for large-aperture receivers—is not treated in this work; however,
suitable models can be found in the literature.9,12,13

In Section 2, we describe the general requirements of the channel model. In Section 3, we employ an
engineering approximation for the temporal power spectrum of aperture-averaged scintillation developed by
Yura14 to produce a general parametric model determined by aperture radius and effective Fresnel frequency for
slant-path atmospheric channels. In Section 4, we analyze turbulence-induced fluctuations of the instantaneous
coupling efficiency for receivers coupling to few-mode fibers. To address the additional complexity inherent in
statistically modeling the coupling to few-mode fiber relative to single-mode fiber,15–17 we combine a theoretical
framework for few-mode fiber coupling18,19 with Monte Carlo simulations using Kolmogorov phase screens20 to
obtain a model for the probability density function (pdf) and temporal power spectrum of these fluctuations.

2. FADING CHANNEL MODELS BASED ON GAUSSIAN PROCESSES

As discussed above, the goal of this work is to develop simplified parametric models for the received power over a
fading channel as a random process X(t) which can be completely characterized and synthesized in real-time. A
complete description of a random process X(t) generally requires specification of the n-th order pdf for all n,21 or
of the algorithm used to generate the sample vectors. In practice, such complete knowledge is often not available
and specification is restricted to some description of the first and second order pdf. For ergodic processes, these
are determined by the time-independent first-order pdf pX(x) and power spectral density (psd) ΦX(ω).

Although complete description of the higher order pdfs is rarely necessary, it is worth noting that for stationary
Gaussian processes, the pdf and psd determine all of the higher order pdfs, and so completely specify the
process. Additionally, for Gaussian processes the psd can be specified arbitrarily, whereas for more general
random processes the first order pdf constrains the psd.22 Thus, both for completeness and consistency in a
parametric fading channel model, it is desirable to model the channel using Gaussian processes. Furthermore,
since a Gaussian process remains Gaussian after linear filtering, any algorithm which generates a sample vector
by filtering Gaussian white noise from a random number generator implicitly assumes that the underlying process
is Gaussian (possibly modulated later by some type of non-linearity). By making this assumption explicit in the
model of the fading channel, any synthetic signal which reproduces the model specification can be assumed to
be statistically equivalent regardless of the particular algorithm used to generate the sample vector.



Although the received power signal itself cannot generally be modeled as a Gaussian process, combined with
zero-memory non-linearities, Gaussian processes can be used to model the processes underlying both pointing-
induced fade and scintillation in weak turbulence,9,12 as well as the fluctuations in instantaneous coupling
efficiency for receivers coupling to few-mode fibers (see Section 4). In the following sections, we develop analyses
to reduce sophisticated optical link models to simple parametric models based on Gaussian processes suited for
practical engineering purposes.

3. ENGINEERING MODEL FOR SLANT-PATH SCINTILLATION WITH
APERTURE-AVERAGING

In the case of weak scintillation, it has been shown that the amplitude of a beam u(~r) = eχ+iφ propagating
through atmospheric turbulence obeys log-normal statistics (we are concerned here with modeling space-to-
ground downlinks within the weak fluctuation regime and do not consider a parameterization of models for
moderate to strong fluctuations). The extension of log-normality to the intensity I = e2χ averaged over an
aperture is also well-documented.10,23,24 Assuming the aperture-averaged log-intensity ln Ī is a Gaussian process,
the fluctuations of the received power P (t) = πa2Ī(t) over an aperture of radius a is completely specified by
the psd Φln Ī(ω; a), since the logarithm can be taken as a zero mean process and the variance is obtained via
integration of the psd.

3.1 Temporal power spectrum of aperture-averaged irradiance

For space-to-ground downlinks, the beam can be modeled as a plane wave propagating through a random
medium with refractive index fluctuations governed by the spatial power spectrum Φn(κ; s) and transverse wind
speed V (s) given as functions of the path length s along the propagation axis. For fading channels with weak
fluctuations we assume the Kolmogorov spectrum Φn(κ; s) = 0.033C2

n(s)κ−11/3 where C2
n(s) is the refractive

index structure constant. We neglect the effects of the turbulence inner and outer scales on account of the fact
that the aperture radius a and Fresnel length

√
L/k (where L is the propagation distance through the turbulence

and k = 2π/λ is the wave number) are generally within the inertial subrange for a space-to-ground downlink in
weak turbulence.14 Using the Rytov approximation an analytical expression for the aperture-averaged temporal
psd can be written in the form25
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From a practical engineering point of view, the issue with this expression is that it depends on full path profiles
for the structure constant C2

n(s) and transverse wind V (s). One solution when this information is unavailable is
to choose several standard profiles to use for testing different link scenarios. However, the use of standard profiles
leaves the impact on the shape of the psd obscured. Instead, we take an alternative approach by developing
a parametric model which directly specifies the psd based on a characteristic cutoff frequency and logarithmic
slope which nevertheless captures the gross behavior of (1) including the effects of aperture-averaging.

As a starting point we use the engineering approximation for (1) developed by Yura, where the full profiles
C2
n(s) and V (s) are replaced by an effective turbulent propagation length Leff and rms wind Veff defined by
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where G(s, a) is a weighted integral of the Kolmogorov refractive index spectrum approximated by

G(s, a) ' 1

1 + 0.754(a2k/s)7/6
. (3)



Using these definitions, it was found that the full path-dependent psd (1) is well-approximated by the psd for
constant turbulence conditions

Φln Ī(ω; a) =
σ2

ln Ī
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which is completely determined up to the total variance by the effective Fresnel angular frequency ωF =
Veff/

√
Leff/k and aperture angular frequency ωa = Veff/a (the precise form of the normalization factor N (ωF /ωa)

is not needed for our purposes). Thus, Yura’s approximation reduces the uncountable degrees of freedom re-
quired to specify the psd for slant-path channels using the full profiles C2

n(s) and V (s) to just three parameters
ωF , ωa and σ2

ln Ī
. Measurements confirming the general behavior described by (4) can be found in the literature

including analyses of the effects of apodized apertures and obscurations.26

We now employ this approximation to develop an engineering model eliminating the precise form of the
integral (4) in favor of a model that directly parameterizes the general structure of the temporal spectrum.
Although the psd exhibits a two-scale structure defined by ωF and ωa, as a practical matter we can simplify
the model by separating the behavior into three regimes where a single-scale model can be given based on the
prevailing behavior. In place of the pair of characteristic frequencies ωa and ωF , our single-scale model is based
on Yura’s scintillation bandwidth

ωs =
ωF√

1 + (ωF /ωa)2
(5)

which generally represents the smaller of the two characteristic frequencies. This is the dominant scale in that it
determines the correlation time τc associated to the exact psd (4)—taken as the lag at which the autocovariance
is reduced by 0.315—to an excellent approximation via τc ' 1/ωs.

The behavior of (4) can be separated into three regimes, a small-aperture regime ωF /ωa < 1/4, an interme-
diate regime 1/4 ≤ ωF /ωa ≤ 3, and a large-aperture regime ωF /ωa > 3 shown in Figure 1. In each case, we

Figure 1. Single-scale model for the temporal power spectrum of aperture-averaged irradiance fluctuations in weak turbu-
lence. The left panel shows upper and lower bounds for the normalized psd for small apertures ωF /ωa ≤ 1/4. Similarly,
the center and right panels show bounds for intermediate apertures 1/4 ≤ ωF /ωa ≤ 3 and large apertures ωF /ωa > 3,
respectively. This single-scale approximation in each regime is determined by the cutoff frequency ωc and logarithmic
slope α discussed in the text.

model the psd (up to normalization) with the same functional form

Φ̄(ω) =
1

1 + (ω/ωc)α
(6)

determined by a single cutoff frequency ωc and logarithmic slope α. The cutoff frequency ωc is chosen based on
the correlation time τc. The relation between the 3 dB cutoff ωc and the correlation time τc for the psd (6) is
given by ωcτc = K(α) where the constant K(α) depends on the slope and is roughly approximated by

K(α) ' 2.321−3.86α−2

(7)



for α ≥ 1. Using this single-scale model for the psd, we first determine the slope α and then set

ωc = K(α)ωs. (8)

Many satellite downlinks fall within the intermediate range where the prevailing spectral distribution is well-
described by an α = 17/3 law (center panel of Figure 1). For small apertures ωF /ωa < 1/4, this slope can
substantially underestimate the high frequency content in (4), which is also present in experimental data from
free-space links with small-aperture receivers.27 To accomodate this, the approximation shown in the left panel
uses an α = 3 power law to include the high-frequency behavior with only minor aperture-averaging of the
Kolmogorov spectrum. Finally, in the large aperture regime ωF /ωa > 3 we approximate the psd with α = 4 to
best fit the low frequency content near ω ∼ ωc. Although this underestimates higher frequencies in (4), from
a practical point of view this error is negligible; to wit, for ωF /ωa > 3 aperture-averaging reduces the total
variance by a factor of ∼16 or more at which point the amplitude of these high-frequency fluctuations becomes
vanishingly small and channel fading is dominated by transmitter pointing error and fluctuations in receiver
coupling efficiency.

To generate synthetic fade vectors in real-time, one can apply a digital low-pass filter (LPF) with squared
magnitude response G2(ω) = Φ̄(ω) to the output of a Gaussian random number generator.9 Although it is a
straightforward matter to generate a finite impulse response filter with squared magnitude response given to
very high accuracy by (6) using a long impulse response,22 note that if α is an even integer, the required gain
is achieved by a Butterworth LPF of order α/2. Figure 1 shows that using α = 4 and α = 6 in the small-
and intermediate-aperture regimes, respectively, also yields a reasonable approximation which allows the use of
readily available digital filter design tools to generate continuous fade vectors. The derivation of the appropriate
filter parameters above based on analytical models has the benefit of being generally applicable based on aperture
size a and site/orbit-specific models for the structure constant C2

n(s) and wind profile V (s) including satellite
tracking slew rates. An alternative approach for estimating filter parameters based on measurements from a
series of experimental optical satellite links is presented by Epple.10 Ideally, consideration of both approaches is
important to developing the best model for a given space-to-ground link scenario.

To summarize, assuming log-normal statistics we characterize the aperture-averaged irradiance fluctuations
by specifying the logarithm ln Ī as a Gaussian process with psd given by (6). This model is determined by
3 parameters, the variance σ2

ln Ī
, slope α, and cutoff frequency ωc. In the absence of experimental data for a

given link scenario, the approach above derives appropriate values for these parameters based on a model for
the turbulence strength C2

n(s), transverse wind V (s), and aperture radius a. Fade vectors are then generated in
real-time by spectrally shaping Gaussian white noise from a pseudo-random number generator using a low-pass
filter based on the simple functional form (6).9,22,28

4. FLUCTUATIONS OF INSTANTANEOUS COUPLING EFFICIENCY FOR
MODE-LIMITED RECEIVERS

For large-aperture receivers, the aperture-averaging factor14

σ2
ln Ī

(a)

σ2
ln Ī

(0)
' 1

(1 + 1.07(ωF /ωa)2)7/6
(9)

can significantly suppress the impact of fluctuations in power over the receiving aperture. However, for larger
apertures turbulence can also impact the receiver’s ability to efficiently couple light from the receiving aperture
to the detector. For passive fiber-coupled systems (without adaptive optics), there is a fundamental limitation
to the average efficiency determined by the coupling parameter18

η0 =
M

(1 + (D/r0)5/3)6/5
(10)

where M is the number of optical modes guided by the fiber (restricting to a single polarization), D = 2a is the
aperture diameter, and r0 is the atmospheric coherence diameter. For mode-limited systems M < (D/r0)2, the



average coupling efficiency 〈η〉 can be significantly reduced, and is approximated by η0 when η0 � 1. In addition
to reducing the average efficiency, the instantaneous coupling efficiency η(t) can also fluctuate significantly in
mode-limited systems and so must be taken into account when modeling the fading channel. Previous theoretical
analyses have found that the coupling efficiency to single-mode fiber can be modeled by a Rice distribution in√
η.15 In this section, we analyze the pdf when coupling to few-mode fibers.

To study these fluctuations for general fiber-coupled systems, we assume a simple focusing system is employed
to couple the light from the aperture to the fiber entrance plane modeled via a Fourier transform relation.18

We numerically simulate the instantaneous coupling efficiency by generating an ensemble of large (4096×4096)
Kolmogorov phase screens u(x, y) = eiφ(x,y) with specified coherence diameter r0.20 For each screen, we apply an
aperture mask defined by a circular pupil function P(x, y) and slide the mask over the screen diagonally by one
pixel per timestep. The fiber modes are modeled using the scalar LP modes for a step-index fiber. Each set of LP
modes is specified by the V -number. The coupling coefficients are calculated by numerically back-propagating
the fiber modes to the aperture plane assuming the numerical aperture of the focusing system is equal to the
numerical aperture of the fiber, which provides a good estimate of the optimal NA ratio for step-index fibers in
general turbulence conditions η0 < 4 (including all of the simulations described below).19 The complex coupling
coefficients clm(t) and efficiency ηlm(t) = |clm(t)|2 are calculated for each mode LPlm (including both even and
odd parity for l > 0), whereupon the instantaneous coupling efficiency is obtained via the sum over all guided
modes η(t) =

∑
ηlm(t).

4.1 Few-mode fiber coupling efficiency pdf in the low-efficiency regime

To start, we consider the limiting case η0 � 1 (the limit η0 � 1 is trivial since the fluctuations vanish in the
high-efficiency regime). In the low-efficiency regime η0 � 1, each mode couples with the same average efficiency

〈ηlm(t)〉 ≡ 〈η(t)〉
M

' η0

M
=

1

(1 + (D/r0)3/5)6/5
. (11)

The equivalence of the average coupling efficiency into each mode in the low-efficiency regime can be derived from
the fact that that the atmospheric Wigner distribution for an ensemble of Kolmogorov phase screens with circular
pupil is roughly uniform over the phase space domain supporting the guided fiber modes when η0 � 1.18,19

From the numerical simulation using Kolmogorov phase screens and a range of fiber mode sets listed in
Table 1, we find that the complex coefficients clm(t) are described by a circularly-symmetric complex normal
distribution, i.e. the real and imaginary parts are independent, normally distributed random variables with
equal variance σ2

1 and zero-mean in the limit η0 � 1, in agreement with previous theoretical analyses of SMF
coupling.15 As a result, the mode coupling efficiency ηlm(t) for each individual mode is found to be distributed
according to an exponential distribution µ1e

−x/µ1 with mean µ1 = 2σ2
1 and variance 1/µ2

1. Assuming these
complex normal statistics for clm, we can derive the variance for the mode coupling efficiency ηlm for a single
mode from our knowledge of the average efficiency µ1 ' η0/M .

If the coupling efficiency for each mode were independent, the total instantaneous coupling efficiency would
be gamma distributed pη(x; k, θ) = [θ−k/Γ(k)]xk−1e−x/θ with k = M degrees of freedom and scale parameter
θ = µ1 ' η0/M ; however, numerical simulations show that correlations exist between the instantaneous coupling
efficiency of distinct modes even in the limit η0 � 1. Nevertheless, the Monte Carlo analysis yields a pdf which
can still be modeled by a gamma distribution; albeit with fewer degrees of freedom k ≤ M . By matching the
mean and variance, we obtain the fit shown in Figure 2, with the shape parameter k given in Table 1. As an
approximation, the number of degrees of freedom k is roughly given by the number of distinct azimuthal orders
l = 0, 1, ..., kl − 1 guided by the fiber, at least up to kl = 7.

Assuming the gamma distribution described above with k = kl degrees of freedom, the variance of the
instantaneous coupling efficiency can be expressed in terms of the mean coupling efficiency 〈η〉 as

σ2
η =
〈η〉2

kl
' η2

0

kl
. (12)

In particular, in the low-efficiency regime η0 � 1 the normalized variance σ2
η/〈η〉2 ∼ 1/kl is independent of the

severity of turbulence. The
√
kl proportionality between the mean 〈η〉 and deviation ση for η0 � 1 is shown in

Figure 3. This relation is seen to hold for η0 ' 〈η〉 < 0.25, at which point the variance starts to level off.



Figure 2. Probability density function for the passive coupling efficiency into step-index fibers with M scalar modes from
Monte Carlo simulation with Kolmogorov phase screens in the low-efficiency regime η0 < 0.1. The fit for the gamma
distribution is determined using the mean and variance.

Coupling parameter η0 η0 < 0.1 η0 ≥ 0.1

# Guided scalar modes M 1 3 6 8 10 12 15 17 19 21 23 25 27 30 34 36 38 40 42

V-number 2.3 3.7 5 5.4 6.3 6.9 7.4 8.3 8.5 8.7 9.6 9.8 10.1 10.9 11.5 11.7 12.1 12.3 12.9

Az. orders kl = lmax + 1 1 2 3 4 4 5 5 6 6 6 7 7 8 8 8 9 9 10 10

Shape parameter k 0.8 2.0 2.9 3.3 3.6 4.8 4.6 5.5 5.8 5.7 6.4 6.7 6.6 6.3 7.4 8.0 8.0 7.2 8.2

Table 1. Shape parameter k for Gamma distribution fit for coupling efficiency pdf in low-efficiency regime η0 � 1. Fit
based on mean and variance calculated from Monte Carlo simulation using Kolmogorov phase screens with D/r0 = 20.

Figure 3. Standard deviation ση of coupling efficiency for step-index fibers with 1 ≤ M ≤ 42 and 5 ≤ D/r0 ≤ 30. The
vertical axis is obtained by normalizing by 1/

√
kl, where kl is the number of distinct azimuthal orders guided by the fiber.



4.2 Few-mode fiber coupling efficiency pdf in the moderate and high-efficiency regime

In the moderate and high-efficiency regimes η0 > 0.1, the gamma distribution no longer yields a good model
for turbulence-induced coupling fluctuations for an arbitrary number of guided modes M . As mentioned above,
in the SMF case it has been found that the pdf can be modeled by a Rice distribution;15 however, there are
two effects that complicate the statistics for few-mode fibers. First, for η0 > 0.1 the turbulence-distorted light
now concentrates preferentially in low order modes (a result of the non-uniformity of the atmospheric Wigner
distribution over the phase space acceptance of the fiber).19 Second, the onset of saturation of the total efficiency
forces additional correlations between the amount of light coupled into distinct modes. In the absence of an
analytical model, Monte Carlo simulations can be used in this regime to obtain a numerical approximation of
the pdf. Examples of pdfs obtained in the saturation regime are shown in Figure 4.

Figure 4. Probability density function of passive coupling efficiency into step-index fibers with M guided modes in the
saturation regime η0 > 0.3. Calculated from Monte Carlo simulation using Kolmogorov phase screens with D/r0 = 5.

4.3 Temporal power spectrum of instantaneous coupling efficiency

The power spectral density of the instantaneous coupling efficiency was calculated based on the Monte Carlo
simulations described above for fibers with 1 ≤ M ≤ 42 using Kolmogorov phase screens with D/r0 = 5, 10,
and 20. As a first approximation, we find that the temporal power spectrum is largely independent of the
coupling parameter η0 and number of guided modes M , aside from an overall scaling by the total variance of
the fluctuations. Normalizing by the total variance, the maximum and minimum range of the psd is shown by
the shaded region in Figure 5, along with a typical example obtained for coupling into a 21-mode fiber with
D/r0 = 10.

Figure 5. Temporal power spectral density and autocovariance for the instantaneous coupling efficiency for a range of
few-mode fibers. The shaded region gives the upper and lower bounds for all simulated fibers with 1 ≤ M ≤ 42 using
Kolmogorov phase screens with D/r0 = 5, 10, and 20. The blue curve gives a typical example from the middle of this
range with M = 21 and D/r0 = 10. The lag is normalized by the characteristic time τφ = 1/ωφ.



In a coarse approximation, we find that the general behavior is characterized by the characteristic aperture
angular frequency ωφ = Vφ/a where Vφ is the velocity of the phase screen and a = D/2 is the radius of the
aperture. Noting that the psd is roughly flat up to an aperture cutoff ωc, we can again model the generic behavior
using the simple functional form (6)

Φη(ω;ωc) = σ2
η

√
27

2ωc
· 1

1 + (ω/ωc)3
(13)

exhibiting a power law decay with exponent α = 3 (this is an empirical fit which combines a natural -8/3
power law with a subtle low-pass filtering effect discussed in the next section). Within this range of fibers and
turbulence conditions, the cutoff frequency remained within the range

ωφ ≤ ωc ≤ 3ωφ. (14)

Correspondingly, the temporal correlation time increased with the number of modes but only within a factor of
3 within this range of fibers and turbulence conditions (the maximum and minimum of the normalized temporal
autocovariance is also shown in Figure 5). Although this coarse approximation ignores some subtle effects of the
mode structure of the fiber discussed below, it suffices to capture the generic behavior. As such it yields a simple
a parametric model where the cutoff frequency can be chosen within the bounds (14) based on estimates for the
phase velocity Vφ.

It is important to note that for inclined propagation paths with non-uniform turbulence, the phase screen ve-
locity Vφ is generally very different than the effective rms wind Veff relevant for the aperture-averaged irradiance
fluctuations. For space-to-ground links, the velocity Vφ relevant for fluctuations in coupling efficiency is domi-
nated by strong turbulence close to the ground receiver, whereas the effective rms wind Veff is weighted towards
the velocity of the turbulent medium farther from the receiver where the additional propagation distance allows
space for irradiance fluctuations to develop. As wind speeds and transverse air speeds from satellite tracking
generally increase farther from the ground receiver, one can expect much longer correlation times for fluctuations
from fiber coupling (i.e. on the order of the inverse Greenwood frequency) compared to the shorter correlation
times associated to irradiance flucuations.

4.3.1 The effect of few-mode fiber mode structure on the temporal power spectrum

To illustrate the effect of the few-mode fiber on the temporal spectrum, Figure 6 shows the power spectral density
for 3 fibers with M = 1, 6 and 21 guided modes using a phase screen with D/r0 = 10.

Similar to the manner in which aperture-averaging acts as a low pass filter on irradiance fluctuations in the
aperture, the fiber modes can be seen to act as a low pass filter for the phase fluctuations in the aperture.
Specifically, we note that the single-mode fiber does not admit the higher frequency fluctuations admitted by the
6-mode and 21-mode fibers. This low-pass effect is also in evidence in the panel on the right, which shows the
power spectrum for the coupling efficiency ηlm of each individual mode in the 6-mode fiber. Observe that the
roll-off frequency for the individual modes increases with the mode order, with the exception of the LP02 and
LP21 modes which have the same roll-off frequency. This can be attributed to the fact that these two modes
have the same V-number cutoff of 3.832.

It is worth noting that the fiber low-pass effect is fundamentally different than the aperture-averaging low-
pass effect. Although the temporal correlation time increases with size of the fiber core just as it does with the
size of the aperture, the fiber low-pass effect acts in the opposite manner in the sense that the larger core fibers
with more modes also admit more high-frequency noise. Conversely, the larger apertures have the opposite effect
of suppressing the high-frequency noise from irradiance fluctuations at the aperture plane.

More precisely, as the fiber accepts higher order modes, the temporal power spectrum can be seen to develop
the -8/3 law behavior expected from the unfiltered Kolmogorov phase spectrum (left panel of Figure 6). For
fibers which only carry a small number of modes, the domain supporting the -8/3 law power spectrum shrinks
as higher frequency phase fluctuations in the aperture are filtered out. The cutoff frequency at which the 8/3
law yields to a hard roll-off depends on the highest order mode carried by the fiber.



Figure 6. The left panel shows the power spectral density of coupling efficiency Φη(ω) for step-index fibers with M = 1, 6
and 21 guided modes (from bottom to top). The right panel decomposes the temporal spectrum of the 6-mode fiber,
showing the temporal spectrum of the individual mode coupling efficiency ηlm. Both results are calculated from Monte
Carlo simulation using Kolmogorov phase screens with D/r0 = 10.

4.4 Real-time generation of synthetic fade vectors for instantaneous coupling efficiency

Finally, we summarize the results above and propose an algorithm for real-time generation of fade vectors
representing fluctuations in the instantaneous coupling efficiency for receivers coupling to few-mode fibers. The
following is based on the assumption that the log-amplitude and phase of the optical field are uncorrelated,
so that the total fade vector can be constructed by combining the aperture-averaged irradiance fluctations and
coupling efficiency fluctuations as independent processes.

In the low-efficiency regime η0 < 0.1 the pdf can be modeled by a gamma distribution pη(x; kl, η0/kl) with
mean η0, variance σ2

η ' η2
0/kl, and kl degrees of freedom. Since kl is a positive integer this distribution can be

obtained from a sum of kl independent random variables Ci(t) each obeying an exponential distribution with
mean η0/kl. The variables Ci(t) can in turn be synthesized by generating 2kl parallel Gaussian processes, as
follows.

For each process Ci(t), a pair of normally distributed random variables ai(t) and bi(t) is produced by a
Gaussian random number generator with zero mean and variance σ2

i = η0/2kl. Each of these random vectors
are passed through a low-pass filter to produce the desired psd (13) (specified by a cutoff frequency ωc ' ωφ and
slope α = 3). The independent exponential variables Ci(t) = ai(t)

2 + bi(t)
2 are then produced from the sum of

squares of the Gaussian random variables ai and bi. The instantaneous coupling efficiency is then constructed
as the sum

η(t) =

kl∑
i=1

Ci(t). (15)

Assuming the psd is preserved by the sum of squares—a generally acceptable assumption for a simple zero-
memory non-linearity28—the result is a gamma distributed random process pη(x; kl, η0/kl) with mean η0, variance
η2

0/k`, exhibiting the desired temporal power spectrum (13).

Unfortunately, this technique does not apply in the moderate and high-efficiency regime η0 > 0.1 due to the
complex structure of the pdf (Figure 4), and also does not take into account any effects from tilt-compensation
on the pdf. In the absence of an analytical model of the pdf, one must resort to Monte Carlo simulations.
For example, such simulations can be used to numerically approximate the pdf, whereupon standard methods
can be used to generate a fading signal with the resulting pdf and psd (13) from a Gaussian random number
generator.22,28 Alternatively, if one can continuously generate long Kolmogorov phase screens in real-time, fade
vectors can be produced directly by using the simulation technique employed in this work.



5. CONCLUSIONS

An analysis of turbulence-induced fade over atmospheric channels was presented focused on producing practical
engineering models suitable for synthesizing fading power vectors in real-time. Using Yura’s approximation, a
simple model for aperture-averaged scintillation as a Gaussian process parameterized by the variance, cutoff
frequency, and slope was developed for general slant-path channels (Section 3). Finally, a Monte Carlo analysis
of fluctuations in the instantaneous coupling efficiency for receivers coupling to few-mode fibers was presented.
This analysis enables a simplified receiver test setup by including fluctuations in coupling efficiency directly in the
model of the fading channel used to generate fade vectors without requiring real-time emulation of the turbulence-
distorted optical wavefront arriving at the telescope. The temporal power spectrum of these fluctuations was
generally characterized by a single cutoff frequency (14) and logarithmic slope α = 3. A parametric model for
the pdf was obtained in the low-efficiency regime η0 < 0.1 based on a gamma distribution, parameterized by the
mean efficiency η0 and number of distinct azimuthal mode orders kl guided by the fiber. A explicit algorithm
was proposed for real-time generation of fade vectors modeling the instantaneous coupling efficiency in the
low-efficiency regime. Methods for modeling the more complex pdf obtained in the moderate to high-efficiency
regime were discussed, though a parametric model was not obtained for this case. Such a model requires a better
understanding of the fluctuations in the coupling efficiency in this regime and is left for future consideration.
The results presented in this manuscript are based on analytical models and simulation. Direct comparison
of these models to experimental fade measurements, particularly with regard to the ITU recommendations for
quantifying Earth-space fade dynamics,29 is still needed.
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