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Abstract

The effects of atmospheric boundary layer turbulence on the loudness variability of a sonic boom
N-wave and shaped boom are examined with split-step simulations. The shaped boom is repre-
sentative of a design iteration of the NASA X-59 aircraft. Inhomogeneous atmospheric boundary
layer turbulence is generated in the computational domain by a Fourier synthesis method. The
N-wave and shaped boom are propagated through turbulent fields representing eight different con-
vection levels measured at the NASA Kennedy Space Center and the NASA Armstrong Flight
Research Center. Probability density functions of the formation of caustic regions along the prop-
agation direction are computed from the N-wave results, and a parameter to collapse the caustic
PDFs that accounts for both fluctuation intensities and length scales is proposed. Statistical results
concerning loudness metric variability are presented, and the standard deviations of several metrics
are shown to collapse across different convection levels of turbulence for small nondimensional
propagation distances. The loudness metric distributions are observed to be well approximated by
a normal distribution for a given range of propagation distances, and become increasingly skewed
as distance increases. A model function for the dose variability is proposed, and the function pa-
rameters are found to be related to the convection level of the turbulence. The model for the dose
variability distribution is compared to simulation data that were not used to find the regression
parameters of the model. At several nondimensional propagation distances, agreement is observed
between the model and the simulation data. These results indicate that the model may be suitable
for providing quick estimates of noise dose variability in the primary carpet region across a wide
range of atmospheric boundary layer conditions.
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1. Introduction

Sonic boom flight tests indicate that turbulence present in the atmosphere leads to spiking and
rounding of an N-wave signal [1, 2, 3]. N-wave spiking is exemplified in ground measurements
shown in Fig. 1 from a single flyover at sixteen different microphone locations obtained during
the Sonic Booms in Atmospheric Turbulence (SonicBAT) campaign [3]. Pierce [4] proposed that
the physical mechanism that leads to spiking and rounding of sonic booms is the combination of
focusing and diffraction of the wavefront caused by an inhomogeneous field of velocity and tem-
perature fluctuations. Experiments conducted by Davy and Blackstock [5] qualitatively support
this theory, and various other theoretical approaches have been proposed with similar qualitative
support for spiking and rounding caused by turbulence [6, 7]. These past theoretical approaches
have generally modeled the interaction of turbulence with the sonic boom from the viewpoint of
geometrical acoustics, the acoustical analogue to geometrical optics, or with first-order scattering
theory. Approximations of these theories, detailed by Pierce and Maglieri [8], limit their effective-
ness in correctly predicting shock amplitude fluctuations and anomalously large shock wave rise
times. Recent investigations of sonic boom propagation through turbulence have focused on nu-
merical simulations, which have the advantage of avoiding some of the approximations in previous
theories.

The objective of the present investigation is to utilize recent developments in computational
approaches by simulating N-wave and shaped boom propagation in atmospheric boundary layer
(ABL) turbulence to assess the impact of the turbulence intensity and integral length scale on the
statistics of associated loudness metrics. To better understand these effects, a length scale pa-
rameter to nondimensionalize the propagation distance, previously reported by Carr et al. [9] for
homogeneous turbulence, is modified to account for varying ABL conditions. This parameter is
shown to collapse the standard deviations of five metrics associated with sonic boom perception
for small propagation distances, which is helpful for the development of regression models of the
evolution of the metric standard deviations. The simulation data gathered here is then leveraged
to develop model probability density functions (PDFs) of these five metrics for both shaped wave-
forms and N-waves propagating through turbulence. Thus, the two key results of this investigation
are 1) the development of the model PDFs for the purposes of quickly predicting the effects of
atmospheric turbulence on sonic boom waveforms, and 2) the improved understanding of atmo-
spheric turbulence effects on sonic boom waveforms achieved by examining simulation data and
modifying the length scale parameter for ABL turbulence.

There is renewed interest among regulators and industry in the potential of future supersonic
commercial aircraft, in lieu of future shortcomings in the U.S. aviation infrastructure [10]. Current
regulations prevent the operation of civil aircraft in the supersonic regime when flying over land,
due in part to community annoyance issues arising from sonic booms. Sonic boom N-waves
generated by traditional aircraft configurations cause widespread noise complaints when impacting
communities [11, 12]. In recent decades, aircraft shaping has been shown to alter the sonic boom
signal created by an aircraft in supersonic flight [13, 14, 15, 16]. The NASA X-59 aircraft is
being developed, as part of the Quesst mission, with boom shaping techniques in an attempt to
reduce community annoyance levels. A primary objective of the Quesst mission is to provide
flight regulators and standards committees with community test data from X-59 flight tests, such
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Figure 1: Ground measurements along the primary array for the BAT004 flyover (see Ref. [3]) at the NASA AFRC
during SonicBAT. Signatures overlaid on the same plot with channel 1 in blue (left) and channel 16 in red (right).
Figure 48 of Bradley et al. [3].

that current regulations may be reassessed using community annoyance data from the X-59 shaped
boom.

When conducting flight test planning and survey design, it is useful to have an estimate of
noise levels that communities will be subjected to [17, 18]. Geometrical acoustics codes, such
as PCBoom [19, 20], offer a fast and effective numerical prediction of sonic boom noise levels
by propagating an aircraft pressure signature down to the ground, accounting for nonlinear dis-
tortion, atmospheric absorption, and atmospheric stratification. However, these propagation codes
have difficulties capturing the focusing, defocusing, and diffraction effects of atmospheric turbu-
lence on the sonic boom. Methods have been devised for simulating turbulence effects within
the geometrical acoustics approximation. Examples include the approach taken by Blanc-Benon
et al. [21] to compute a probability density function related to the formation of caustics in a tur-
bulent field, or the multiple scattering approach by Lonzaga [22] to predict the average waveform
distortion. Although these approaches are useful for predicting the formation of caustics or the
average sonic boom overpressure amplitude, they presently have no clear extension to predicting
the variance of sonic boom loudness metrics in a turbulent field.

Recent numerical investigations have incorporated turbulence effects into sonic boom predic-
tions; however, not without the shortcomings of either the parabolic approximation [23, 24, 25]
or a turbulence model not representative of the atmospheric boundary layer (ABL) [26, 27, 9].
The Khokhlov-Zabolotskaya-Kuzenetsov (KZK) equation [28, 29, 30] is commonly used for di-
rectional sound beams propagating in a medium in which diffraction effects are nonnegligible. In
order to account for turbulence effects on sound propagation, Blanc-Benon et al. [31] integrated
the KZK equation in time, and terms representing scalar and vector turbulence were included by
Averiyanov et al. [32, 33]. Stout [23] developed a code to solve the augmented KZK equation
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in two and three dimensions in a computational domain with a turbulent field meant to represent
the ABL. A significant result of this effort was the development of Finite Impulse Response (FIR)
filters, which convolve a waveform with a response function that represents the effect of atmo-
spheric turbulence on the waveform. The code and FIR filters have been used in the SonicBAT
[3] investigation to assess the variability and change in sonic boom metrics due to the influence of
turbulence. However, the filters were not developed with shaped boom signals representative of
future supersonic aircraft designs, and thus may not be applicable for shaped boom predictions.

The nature of the KZK equation and its parabolic approximation prevents accurate computa-
tion of the diffraction process as sonic boom waveforms propagate through turbulence. Coulouvrat
[34] proposed several scalar wave equations of higher order than the KZK equation. Among these
equations is a consistent second-order accurate governing equation that is the starting point of our
analysis in Section 2. One-way numerical computations of reduced versions of this governing
equation have been shown to accurately account for diffraction effects of ultrasound propagation
through a circular aperture [26, 27]. The method has been extended to sonic boom propagation
in homogeneous turbulence by Luquet [35]. The investigations by Dagrau et al. [26] and Luquet
et al. [27] demonstrated the capability of the one-way approach to simulate sonic boom propaga-
tion while including the lowest order diffraction effects; however, not much focus was placed on
examining the variability of loudness metrics in these simulation studies.

Loudness metrics provide a quantifiable measure of the potential annoyance that a sonic boom
may cause to observers. Loubeau et al. [36] conducted a study of eleven different noise metrics
and their ability to accurately predict annoyance levels of shaped sonic boom signals. The study
used data from seven different human response studies including five indoor studies and two out-
door studies. Results show that five noise metrics stand out as being more correlated with human
annoyance levels. These five metrics are perceived level (PL), B, D, and E weighted sound expo-
sure levels, and ISBAP (Indoor Sonic Boom Annoyance level Predictor). The computational study
presented in the SonicBAT report [3] found that noise metrics of sonic boom waveforms tend to
decrease in average value as turbulence levels increase, and conversely, their variability increases.
Probability distributions of the measured PL at both the NASA Kennedy Space Center (KSC) and
the NASA Armstrong Flight Research Center (AFRC) indicate an approximately normal distribu-
tion of the metric with respect to different flight passes and measurement locations. This finding
has been supported by predictions with a KZK-type equation [23, 37].

Community test data from the NASA X-59 aircraft will be leveraged to develop a dose-
response curve, which relates a dose (in this context, “dose” refers to a sonic boom loudness
metric level inferred at the observer location) to a participant’s level of annoyance (the response).
Bayesian multilevel logistic regression (BMLR) has been proposed as a method to model the dose-
response curve from community survey data [38]. However, the model assumes no variability in
the noise dose estimate, where dose variability typically refers to the standard deviation of the par-
ticular sonic boom loudness metric under consideration. As suggested by the SonicBAT flight test
results, ABL turbulence can contribute significantly to variability in the estimated noise dose for
a participant. Variability of the noise dose estimate will flatten the dose-response curve resulting
from the BMLR model [39]. Doebler et al. [40] proposed a method to correct for noise dose vari-
ability in the BMLR model, using dose variabilities estimated from two previous sonic boom flight
tests [41, 42]. When estimating dose variability, consideration was given to all sonic boom events
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regardless of the atmospheric conditions at the time. However, previous computational simulations
suggest that varying turbulence levels, and varying propagation distances through turbulence, will
alter the magnitude of the standard deviation of several sonic boom loudness metrics. Therefore,
it is likely that dose variability itself will vary at different times of day and different regions of the
sonic boom carpet, and a combination of simulations and ground measurements may be required
to obtain improved estimates of dose variability.

In this investigation, numerical simulations of sonic boom propagation are performed through
ABL turbulence that is representative of two climate regions, the hot-humid climate at KSC and
the hot-dry climate at AFRC. We provide insight into the effect of turbulence on the loudness
levels of both N-waves and shaped booms, and propose approximate models of their distributions.
Such models provide quick estimates of dose variability for engineers involved in survey design
or flight test planning of future supersonic aircraft designs.

The remainder of this paper is structured as follows. Section 2 provides an overview of the
computational approach used to simulate sonic boom propagation in the ABL. The process for
generating representative turbulent fields in our simulations is highlighted in Sec. 3. A length
scale to normalize the propagation direction is formulated in Sec. 4. Section 5 presents the stan-
dard deviations and distributions of several loudness metrics for both N-waves and shaped booms
in each atmospheric condition, along with the nonlinear regression model of the distributions.
Finally, conclusions are discussed in Sec. 6.

2. Computational Approach

The prediction approach taken here is to first obtain a nonlinear waveform near the source,
using an F-function calculation for the N-wave and a CFD result for a design iteration of the
NASA X-59 for the shaped boom. PCBoom is then utilized to propagate the source waveform
down to the ABL altitude, z;. An illustration of this propagation is provided in Fig. 2. PCBoom is
a NASA sonic boom propagation code used to predict acoustic ray paths and account for nonlinear
distortion, thermoviscous as well as molecular absorption, and geometrical spreading [20, 43, 44].
We then use the PCBoom prediction as input to our propagation simulations, which simulate
propagation from z; to ground level (z = 0) and account for ABL turbulence effects on the sonic
boom. Figure 2b provides an illustration of our 2D computational domain along with the incident
ray at z;.

The ABL coordinate system is Cartesian (x, y, z), where x and y are parallel to the ground, and
z 1s the altitude in the ABL. The height of the ABL is denoted by z;. The flow and atmospheric
properties are defined in (x,y,z). The sonic boom wavefront is incident at the top of the ABL
at an angle 6., relative to the ground plane. The simulations performed here in the ABL do not
use a geometrical acoustics assumption. Straight line propagation from the top of the ABL to
the ground is assumed, thus, neglecting the effect of mean atmospheric stratification in the ABL
region. Since propagation in the ABL is only a small portion of the total propagation distance of
the sonic boom waveform, it is likely that stratification effects in this region are negligible. It is
worth noting however, that stratification effects on the boom may be non-negligible for grazing
propagation near the lateral cutoff region. The assumption here for long propagation distances
to the cutoff region is that the stratification effects are not significantly affecting the sonic boom
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Figure 2: (a) [llustration of ray propagation from source to ABL, and (b) coordinate system of simulations in the ABL.

loudness variability in the carpet region. This assumption is made to justify the use of straight
line propagation in this region, and straight line propagation must be assumed in order to generate
synthetic turbulence in the domain according to the method in Sec. 3.

We perform 2D simulations, because recent investigation of sonic boom propagation through
homogeneous turbulence has suggested that loudness metrics statistics obtained from 2D simu-
lations are in good agreement with statistics obtained from 3D simulations (see [23], [45], and
[46]). The assumption is made that the statistics for simulations through inhomogeneous tur-
bulence would have similar agreement. Simulations performed in 2D are less computationally
intensive than 3D simulations, so we can perform more simulations to assess more meteorolog-
ical setpoints and obtain better converged statistics than if 3D simulations were performed. The
coordinate system of the computations is (x, x,), where x; is the propagation direction and x; is
the transverse coordinate. Computations begin at x; = 0. The waveform is propagated in the x;
direction until the ground is reached. We do not consider ground reflections in our simulations,
and more information on the simulations is provided in Sec. 3.4.

The time it takes the sonic boom to propagate a distance of ¢ is approximately 7, = {c;', where
¢y is the speed of sound at standard sea-level conditions. Suppose that ¢ is the size of a turbulent
eddy in the ABL that moves with velocity u,, such that the characteristic time scale is . = €u".
Then, if t,/t. << 1, we can assume that there is very little dynamical evolution of the turbulent
eddy for the duration of propagation of the sonic boom. This inequality holds true if u./cy << 1,
which is true for typical ABL conditions [47]. Thus, by Taylor’s frozen field hypothesis [48], the
turbulent field is considered to be only a function of the spatial coordinates. This is a common
assumption used in previous sonic boom propagation studies [49, 23, 35, 9].

2.1. Governing Equation

The equations of mass, momentum, energy, and state govern the propagation of the sonic boom
in the turbulent ABL. Coulouvrat [34] performed a decomposition on the governing equations and
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where variables with a breve are associated with the mean flow and turbulence in the ABL, p is the
acoustic pressure, iZ; is the flow velocity, ¢ is the speed of sound, p is the density, ¢ is the diffusivity
of sound [50], B is the nonlinear parameter, x; are the spatial coordinates, and ¢ is the time. The
material derivative is defined as,
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For a weakly nonlinear wave, Eq. 1 is accurate to second-order, O(eM?, €?), where € is the acoustic
Mach number defined as € = |ju;]|¢™!, u; is the acoustic velocity, and M = ||it;||¢~! is the flow Mach

number. In the ABL, the acoustic Mach number is considered to be on the order of M? [34].

Retaining the flow interaction terms of O(eM?) on the right-hand side of Eq. 1 can cause
numerical instabilities when the Mach number is not sufficiently small [34]. Therefore, a mixed-
order governing equation is the starting point of our numerical analysis,
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where the O(eM?) terms have been retained only on the left-hand side. The same terms have been
neglected in previous sonic boom simulations [27].

Direct computation of Eq. 3 requires significant computational resources to capture both the
forward and backward scattering. In Section 2.2, a partially one-way equation based on the ap-
proach of Luquet [35] is formulated that neglects backward scattering, significantly reducing the
computational resources required to perform the simulations.
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2.2. Partially One-Way Equation

By neglecting back scattering, the solution to Eq. 3 can be marched forward along the propa-
gation direction. Parabolic, wide-angle parabolic, and extra wide-angle parabolic approximations
are commonly made to the second derivatives of acoustic pressure in the propagation direction
to make the equation more suitable for marching schemes, such as the Crank-Nicolson method
[51]. When these approximations are made to the leading order diffraction terms, the accuracy of
the computations are limited to scattering angles that satisfy the parabolic assumption. To avoid
this restriction, no approximations are made to the lowest order diffraction terms in the foregoing
analysis following the approach of Dagrau et al. [26]. Eq. 3 is now recast in the form of a wave
equation,
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where ¢ is the speed of sound at ground level and ¢”” = ¢ — ¢y. The terms on the right-hand side of
Eq. 4 are associated with mean flow, turbulence, nonlinear distortion, and atmospheric absorption.
We consider only two spatial dimensions, x; and x,. Thus, the indices i and j take on values of 1
and 2 only.

It is advantageous to consider Eq. 4 in terms of the delayed time 7 = t—¢; 'x1. The longitudinal
(x1) second derivative operator on the right-hand side of Eq. 4 does not lend itself to one-way
integration methods. Thus, we make the approximation that this operator may be replaced by the
other terms in the Helmholtz equation, as such
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This approximation is similar to a wide-angle approximation; however, the lowest order terms on
the left-hand side of Eq. 4 remain untouched and the approximation is only made to higher order
terms. Thus, applying this approximation to Eq. 4 yields
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where index notation has been dropped for clarity. Equation 6 is the equation to be solved numer-
ically.

2.3. Split-Step Computations

The resulting partially one-way equation can be categorized into terms accounting for each of
the physical effects present: diffraction, heterogeneities, nonlinear distortion, and absorption. The
governing partially one-way equation is expressed as

*p
c')xl(')r

where each of the terms on the right-hand side is expressed fully in Appendix A. Diffraction
effects are computed with the angular spectrum method [52]. Heterogeneous effects on the sonic
boom are computed with a combination of an exact solution for the phase terms and Crank-
Nicolson integration of the transverse terms [35]. Nonlinear effects are computed with a Burgers-
Hayes algorithm [53] and attenuation from atmospheric absorption is computed assuming no dis-
persion, according to the absorption factor provided by Bass et al. [54]. The numerical methods
are described in more detail in Luquet [35] and Carr [55].
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Fractional step methods [56] are employed to compute the solution to differential equations of
the form,
df

o =L 8)

where £ is an operator. When computing the solution of Eq. 8, operator splitting may increase
speed or accuracy of the integration in time [56]. Strang [57] proposed a splitting technique of
second-order accuracy to solve the linear hyperbolic problem,
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The solution is a composition of Lax-Wendroff [58] operators L,

where k is the step size.

Strang [57] applied the proposed splitting technique to split the problem into several one-
dimensional problems and solve with Lax-Wendroff integration. Here, we will not split Eq. 7
into several one-dimensional problems; rather, the terms in Eq. 7 are split into several groups
representing different physical effects. This is the approach adopted by Luquet [35], where the
composed solution for the acoustic pressure is
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3. Synthetic Atmospheric Boundary Layer Turbulence

3.1. Model of Turbulence in the Convective Boundary Layer

The convective ABL is composed of the surface layer, mixed layer, and the interfacial layer that
separates the ABL and the free troposphere. In Fig. 3, an illustration of the ABL during daytime
convective conditions is shown. In the surface layer, gradients of the velocity and temperature
are well described by the Monin-Obukhov Similarity Theory (MOST) [59]. The surface layer
comprises approximately the lowest 10% of the ABL during the daytime. The mixed layer is
dominated by convection and is often referred to as the convective layer during daytime conditions.
In the convective layer, the mean wind speed and temperature are approximately constant with
altitude. The temperature inversion height, z;, is generally between 0.5 to 2 km during the daytime.
For the purpose of this investigation, we consider z; to be the interface between the free troposphere
and the ABL. The input waveforms to our simulations are the results of propagation through the
atmosphere to an altitude of z; using PCBoom. We restrict our attention to daytime conditions,
when the flow is unstable, since sonic boom test flights are typically flown during the daytime. We
do not consider the effect of intermittency in our turbulence model and do not attempt to model
the wind and temperature gradients in the inversion layer.

In the atmospheric surface layer, z < 0.1z;, the intensity and length scale of the temperature
fluctuations are influenced by 7. and L,, which in turn are influenced directly by u. and Q,. The
Obukhov length scale is L,, u. is the friction velocity, Q is the heat flux from the ground into the
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Figure 3: Illustration of the ABL during convective conditions.

atmosphere, and T, = —Qou; ' is the temperature scale. The temperature scale, T,, will be negative
when Q, is positive, which is true for convective conditions. The expressions for the standard
deviation of the temperature fluctuations o7, and the von Karmaén length scale Ly, determined by
Ostashev and Wilson [60] are

02(2) _ 4
T2 [1-10£" (12
and
Lr(z) _ 1-7¢
z ‘21—105’ (13)

where & = zL>! is the nondimensional altitude.

Experimental evidence [61] indicates that the horizontal spectra of velocity fluctuations do
not obey MOST in unstable conditions. For the velocity fluctuations, there are two production
mechanisms to consider. The first is turbulence generated by mean shear near the surface, in which
the length scale of the fluctuations increases as a function of altitude. The standard deviation and
von Karman length scale of the shear generated turbulence are provided by Ostashev and Wilson
[51] as

=3.0 (14)



and

L
— =138. (15)
Z
The second mechanism is bouyancy, where temperature gradients cause hotter air near the surface
to rise in altitude. Bouyancy driven turbulence is dominated by mixed-layer similarity, and the

expressions for the standard deviation and length scale are, respectively,

2

0y
— =0.35 (16)
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and
L
= =0.23, (17)
Zi

where w, is the mixed layer velocity scale [51].

The synthetic velocity fluctuations are generated with the Generalized Random Phase Method
(GRPM) [62] using a von Kdrman spectral model that accounts for both shear-driven and bouyancy-
driven fluctuations. The 1D autospectra for the von Karman model are [62]

A N 2022 (g2 {
R, (ky,2,7) = AT(1/3) (1 n k%Lﬁ) [K5/6(§) - §K1/6(§)], (18)
. . 20202 z2 V4 Z/2
R (ky,z,7) = VAT (1/3) (1 n kﬁLﬁ) [gKS/e(f) - T%Kum(f)] , (19)
and
. . 20202 22 Y11 g
Ry (ky,2,7) = 3VA/3) (1 " k)%LL%) [?Ksm(g) - @Kn/ﬁ(g)] , (20)

where I is the Gamma function, ¢ = ||z — Z'|IL,'(1 + k3L})"?, 0% = 02 + 07}, and 0L, = 0L, +
0'127Lb. The expressions for o, and L, effectively interpolate between the shear and bouyancy
induced turbulence. This technique was proposed by Hgjstrup [63] and is commonly used for
sound propagation simulations in ABL turbulence [23, 64, 65, 24].

The length scales and standard deviations in Eqgs. 12 through 17 are functions of the altitude,
z. However, the computational domain is inclined at an angle, 6., from the horizon, which means
that the propagation direction, x, is not aligned with z. The length scales and standard deviations
may be formulated as a function of x; if z is replaced by (d — x;) sin(fe},), Where d is the total
propagation distance. The transverse direction x, is assumed to be aligned with x, and therefore,
the turbulent fluctuations along the x, direction are homogeneous.

The expressions for the von Karman length scales and standard deviations of the temperature
and shear-driven fluctuations provided in Eqs. 12 through 15 are valid in the surface layer. In a
daytime convective ABL, the mean profiles of temperature and velocity are approximately constant
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in the mixed layer region [47, 66]. Past investigations of sound propagation in the ABL [65, 64]
have assumed that o7, Ly, 0, and L; are constant for z > 0.1z;, and equal to their value at 0.1z;.
We make the same assumption here, since these past investigations have shown good agreement
with measurements. For the bouyancy-driven fluctuations, the model is valid for z < 0.9z;, but we
will assume here that it is valid for z < z;, since intermittency is neglected.

3.2. Generation of Synthetic Turbulence

The GRPM method of Wilson [62] is briefly reviewed in this section to provide context on
how we generate inhomogeneous turbulence in the computational domain. The velocity fluctua-
tion field associated with turbulence is denoted by u;. Lumley [67] introduced proper orthogonal
decomposition (POD) as a technique for representing turbulent velocities by an orthonormal basis,
such that

0] (61, 20, X5) = ) @ (x1, %2, %3) 1)
n=1
Since we only consider velocity fluctuations in the (x;, x;) plane, we will neglect the x; dimension.
POD aims to maximize the projection of «; onto ¢;. Lumley [67] showed that this is achieved with
the following eigenvalue problem,

f f Ryj (x1, 203 7, ) 91" (3, %) dxjdoy = 436" (1, x2) (22)

where ¢ are the eigenvectors and A, the eigenvalues. This general technique is used in other areas
of the natural sciences, and also goes by Karhunen-Loéve decomposition, principal component
analysis, and empirical orthogonal function analysis.

In the case of atmospheric boundary layer turbulence, where it is assumed that the turbulent
fluctuations along coordinates parallel to the ground plane are homogeneous, the POD technique
can be leveraged to generate a kinematic field of turbulence. In this situation, a Fourier transform
is applied to Eq. 22 in the x; and x, coordinates to obtain,

[ ) 87 ), = 0 ) B ). 23)

eig

The von-Karman model for IAQ,-j, provided in Egs. 18, 19, and 20 for ABL coordinates, is used to
compute the eigenvalues and eigenvectors.

Provided with /lgig (k) and (fbf”) (k1, x»), a Fourier velocity field satisfying the von-Karman cor-
relation model can be constructed. We first note that the correlation tensor can be expressed as

Rij (ki 30, 35) = > Can(k)ay, (e))d” ki, %) 67 (ki x3) (24)

n=1 m=1

Additionally, the correlation tensor itself has a decomposition of the form

Rij (ki xa,x5) = " A% () ¢ (hi, x2) 677 (e, 15) (25)
n=1
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which satisfies Eq. 23 subject to the orthogonality condition,

f 7 (r, ) B (v, x3) dxy = S, (26)
where 6,,, is the Kronecker delta function. Thus, a requirement for coefficients a,(k;) is that
(an(ky)ay, (k1)) = A%) (k1) G- 27)

The coefficients satisfying this relation can be generated by setting,

a, (ki) = ¥ [ A2 K), (28)

where vy, are complex random numbers drawn from a uniform distribution with standard deviation
of 1. The Fourier velocity fields are generated by computing the summation,

B (ki, x) = Zym/ﬂg’:;(k 13 (k1 x2), (29)

and the inverse Fourier transform is performed to obtain u; and u,.

3.3. Turbulence Data and Simulated Conditions

According to Wilson [68], the convective boundary layer is considered to have weak convec-
tion levels when the ratio of inversion height to L, is on the order of one, log (—ziL;I) ~ 0. Wilson

also defined moderate convection as log (—ziL(jl) ~ 1 and strong convection as log (—z,-L;l) > 2.
The parameters u., Qp, and z; for our simulations are determined from previous experimen-
tal measurements. For the purposes of this investigation, we consider weak convection to be
log (—ziLgl) < 0.5, moderate convection to be 0.5 < log (—ziLgl) < 1.5, and strong convection to

be log (—z,-Lgl) > 1.5. The exact ranges of the convective parameter, log (—Z[Lgl), corresponding
to weak, moderate, and strong convection levels were defined in order to categorize each ABL
setpoint.

The turbulence intensity depends on u. and Qy, and the von Kédrman length scales depend on
z;. Measurements of these parameters were made during the SonicBAT flight test campaign, and
the remaining parameters (w., T, and L,) are computed from their definitions found in Ostashev
and Wilson [51]. The parameter space of the ABL that we consider here is based on measurements
made at the NASA Kennedy Space Center (KSC) and the NASA Armstrong Flight Research Cen-
ter (AFRC) during the SonicBAT campaign. The flight passes considered here were chosen based
on the convection levels of the ABL, with the goal of considering several cases corresponding to
weak, moderate, and strong convection. The ABL parameters for a few of the flight passes at KSC
considered here are listed in Table 1, arranged in order of increasing log (—z,-L;l). The number
after the letters “KSC” denotes the flight pass from the SonicBAT report. Three ABL setpoints
from AFRC are also considered, representing strong convection levels. These setpoints do not
correspond to flight passes, but rather meteorological measurements performed on different days.
They are denoted with numbers 1, 2, and 3.
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Table 1: ABL conditions of several flight passes during SonicBAT at KSC and AFRC.
Flight No. | Qo (K'm/s) | w. (m/s) | z (m) | w. (m/s) | T. (K) | log(-zL;")
KSC20 0.010 0.345 411.6 0.512 | -0.029 0.115

KSC1 0.025 0.375 | 457.3 0.720 | —-0.067 0.451
KSC12 0.095 0.468 | 640.2 1.253 | -0.203 0.885
KSC6 0.225 0.390 | 457.3 1.484 | -0.577 1.342
KSC17 0.188 0.315 | 487.8 1.428 | -0.597 1.571

AFRC1 0.306 0.461 | 1000.0 | 2.138 | —-0.664 1.601
AFRC2 0.293 0.378 | 1347.0 | 2.324 | -0.775 1.968
AFRC3 0.272 0.252 | 13440 | 2.258 | -1.079 2.459

For each setpoint, 20 individual realizations of turbulence are generated, and the sonic boom
loudness metrics, overpressure, and rise time are probed at 2048 points for each x; plane in each
simulation. This results in a total of 40,960 predictions per x; plane that are used to calculate
statistics. The combination of spatial averaging and ensemble averaging is justified by the homo-
geneity of the turbulent field in the x; direction and by the fact that we start with the same initial
waveform for the N-wave and shaped boom simulations, respectively. Also, this type of averaging
approach has been previously used by Stout [23]. The standard deviations along x;/d, or equiv-
alently z/z;, for each atmospheric setpoint were computed from the synthesized fields to validate
that the standard deviations of the generated fields agree with the prescribed values. Figure 4
shows the computed o7 and o, as a function of z compared to the prescribed functions (Eq. 12
and 02 = 02 + 07). The computed standard deviations agree quite well with the model values, and
do not deviate from the prescribed values by more than 0.1 K or 0.1 m/s. The overall difference
between the prescribed and synthesized values is no more than 3% for any setpoint. This was
determined by computing the L2 norm.

10 ¢ ° A Lo 1.0 : A
0.0 | |—KSC20 Prescribed N R4 0ol s 2 ——KSC20 Prescribed
—~ —-KSC6 Prescrlbiz)dd 4 e 3} — — KSC6 Prescribed
[ AFRC3 Prescribe: . L . .
0.8 KSC20 Synthesized A A 08 2 A AFR(233 Pres%”b?d
07| KSC6 Synthesized |A 3 o7l ° rA KSC20 Synt e§|zed
: AFRC3 Synthesized A 154 : 3 s KSC6 Synthesized
os | i RS 0| s 1 AFRC3 Synthesized
T 8 S0 $ 2
W05 f b Lo hyost s 1
N A ie N ® A
0.4 ° |“ 2 0.4 2 I“
o A K : A
03r A ‘e 03r ° E
A s s 4
0.2+ 4 2 0.2 4 ;
-9 *
0.1 o A :“ 0.1f ?,' -
; ‘e e A
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Figure 4: Standard deviations of the velocity and temperature fluctuations for three different ABL setpoints compared
to model values: (a) o, and (b) or.
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Table 2 shows the standard deviations and von Karmaén scales of the turbulence generated in the
mixed-layer region of the ABL using Eqs. 12 through 17. Each flight number corresponds to tur-
bulence generated for meteorological data shown in Table 1 for the same flight number. The weak
convection setpoints (KSC20 and KSC1) correspond to lower temperature and velocity fluctuation
intensity. In contrast, the strong convection setpoints (AFRC1-3) have the largest standard devia-
tions of the velocity fluctuation, and thus correspond to stronger turbulence intensities. A similar
trend is observed for the length scales, which are largest for the AFRC setpoints and smallest for
the weakly convective setpoints.

Table 2: Turbulence intensities and von Karman length scales in the mixed layer region of the model ABL corre-
sponding to meteorological measurements obtained during the SonicBAT program.

Flight No. | o7 (K) | Ly (m) | o (m/s) | L, (m)
KSC20 | 0.044 | 683 067 | 783
KSC1 | 0.086 | 712 | 0.78 | 89.2
KSC12 | 0.198 | 94.1 1.10 | 129.8
KSC6 | 0406 | 65.2 1.11 96.7
KSC17 | 0354 | 69.1 1.01 | 105.0
AFRC1 | 0385 | 1415 | 150 | 2158
AFRC2 | 0341 | 1894 | 152 | 2974
AFRC3 | 0327 | 1884 | 141 | 3026

3.4. Simulation Conditions and Initial Waveforms

The flight conditions considered here correspond to a sonic boom N-wave produced by an F-18
aircraft and a shaped sonic boom signal produced by a design iteration of the NASA X-59. Both
aircraft were assumed to be in steady level flight at an altitude of 53,200 ft, with a cruise speed
of M = 1.34 for the F-18 and M = 1.40 for the X-59. This represents the on-design condition
of the X-59. As for the F-18, it was set to the same flight altitude of the X-59 for the purposes
of obtaining a predicted N-wave above the ABL in PCBoom that has a similar amplitude to the
X-59 waveform. Rays were propagated from both source conditions at an emission angle, ¢, of
0°, i.e., directly beneath the aircraft, to an altitude of 1 km above the ground in PCBoom. The
waveforms at 1 km and ¢ = 0° are shown in Fig. 5. They are assumed to be representative
of waveforms measured just above the ABL. The N-wave prediction was obtained assuming a
standard atmospheric profile with no wind, and the X-59 prediction was obtained using balloon
measurements of the atmosphere in Galveston, Texas during QSF18 [42]. The atmospheric data
from Galveston is presented in Carr [55]. Before propagation through the ABL, both waveforms
are filtered with Lanczos resampling to prevent Gibbs oscillations from appearing in the signal,
more details on the filter are given in Appendix A.

For different emission angles and ABL altitudes (ranging from 0.5 to 2 km) there will be slight
changes to the waveform amplitudes and durations than what is observed in Fig. 5. However,
we will assume that these slight changes in waveform characteristics do not significantly alter the
way that turbulence affects both waveforms. Thus, the waveforms in Fig. 5 represent the nominal
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Figure 5: N-wave and X-59 waveform obtained by PCBoom at 1 km altitude.

condition (initial condition) for each elevation angle. Results obtained for the computed loudness
metrics are normalized by the nominal condition. The nominal PL condition is 95.5 dB for the
N-wave and 68.9 dB for the X-59 prediction.

Simulations for both waveforms were performed for 6, = 1°, 2°, 5°, 10°, 15°, 25°, and 35°,
for each ABL setpoint. The elevation angles were chosen to correspond to the range of elevation
angles between the ray at z; and ground level that may be observed in the primary carpet region,
according to PCBoom simulations. Elevation angles of 25° and 35° are generally representative
of booms directly undertrack of the flight path, whereas the elevation angle will tend to decrease
as the lateral distance from the flight path increases, until it becomes very small near the lateral
cutoff. Thus, by varying the elevation angle, we can simulate propagation through ABL turbulence
in different regions of the primary carpet.

The maximum grid point spacing was less than 0.1L, for all simulations performed with 6., >
5°, and the KSC setpoints at 6., = 2°. Simulations performed at 6., = 1° and 2° for the AFRC
setpoints were less than 0.2L,, and were required in order to obtain probability density functions
of the caustic regions for the N-wave. A slightly coarser grid did not affect the computation of
the caustic PDFs. This was confirmed by testing grid independence of the caustic PDF result for
AFRC3 with 6, > 2°, and observing no noticeable change in the caustic PDFs between the 0.2L,
results and 0.1L, results. Additional simulation details are given in Appendix A.

4. Parameterization of Turbulence Effects on Sonic Boom Waveforms

4.1. Effective Focal Length of Turbulence

A length scale, £, was proposed by Carr et al. [9] to nondimensionalize the distance along
the propagation direction for simulations with homogeneous velocity fluctuations. This length
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scale incorporated the effect of varying turbulence rms velocity on the refraction of the sonic
boom waveform. Nondimensionalizing the propagation distance in this manner is advantageous
for the development of models describing the effect of turbulence on the sonic boom waveform,
as it attempts to collapse data onto a single curve for a wide range of turbulence conditions. A
similar scaling parameter, the refraction length, was used by Yuldashev et al. [49] for sonic boom
simulations through homogeneous turbulence. Broadly speaking, both length scales attempt to
characterize the ability of inhomogeneities in the refraction index to produce caustics. The present
investigation considers inhomogeneous fields of velocity and temperature fluctuations. Thus, the
index of refraction is no longer determined solely by the root-mean-square velocity and the mean
sound speed, but must also account for fluctuations of the sound speed. In addition, the turbulent
statistics are functions of z, or x;, in the lowest 10% of the ABL. The equivalent focal distance of
the field will no longer be a scalar quantity, it will be a function of the altitude of the wavefront.
Past investigations of sound propagation through turbulence have considered the index of re-
fraction of the turbulent field to be [51],
’ ’
n=1+22C (30)
Co

when considering both velocity fluctuations and temperature fluctuations. According to the model
of the ABL considered here (Eqgs. 12 through 17), the intensity of ¢’ is a function of z. The standard
deviation of the velocity and temperature can be used as a measure of the intensity of #” and ¢’. In
the absence of humidity fluctuations, ¢’ is related to 7’ by ¢’c;' = 0.57’T;". The focal length of
a spherical lens of radius a is given by Davy and Blackstock [5] to be f = 0.5na/(n — 1). Thus,
assuming the effective focal length of the turbulent field takes a similar form, we get

+ o, + 0507 ()T
CO T(Z) 0 (31)

C, 1
lp(2) = —L(Ly, Lr(z
7@ 2 ( (@) (Tucal + O.SO'T(Z)TO‘1
The diameter of an equivalent spherical lens, £(L,, L7), is approximated by the variance weighted
average of the von Karmén length scales,
gy 2 oT 2
(&) Lo+ () Lr

2 2
(&) + (%)

With this formulation, £, is not a constant value for each atmospheric setpoint, but rather a function
of the altitude.

The mixed layer, 0.1z; < z < 0.9z;, comprises the majority of the simulation domain for all
conditions considered in this study. The model for the standard deviations and length scales of
turbulence considered here assumes that they remain constant in the mixed layer, and that the
horizontal directions are homogeneous. Thus, it may be appropriate to scale the propagation
direction by the value of £, in the mixed layer region, where it is constant. The assumption being
that the inhomogeneity in the last 10% of propagation does not significantly affect the results. In
the mixed layer, the length scales depend on the convective parameter such that

1 - O.7Zl‘L;1
Q b

L(z) =

(32)

LrL)' =0.2zL;" (33)
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where Q = 1 — z,L; !,

L,L;' =0.18zL}", (34)
and

L,L;' =023zL;", (35)

according to Eqgs. 13, 15, and 17 with z = 0.1z;. This leads to an expression for L, given by

0.54u? + 0.08w? |

LL!'= Lot
© T 3.0u2 1 035w2

(36)

The standard deviations o, and o in the mixed layer region can also be expressed in terms of
the convective parameter the friction velocity, the mixed layer Velocity scale, and the temperature
scale. By setting & = z;L;! in Eqs. 12, 14, and 16 and letting 02 = o + O'i we obtain

gr T* 1

Zr _Zx 37
2T, T, Q3 37
and
12 2
T \/3 0% + 0352 (38)
Co C0 C0
The diameter term, £, can now be expressed as
[054(=) +008 (%) |0 +02(%) o
L,L = L', (39

[3 (%) +0.35 (—0)2] or+ (L) Q

in the mixed layer region, where Q; = 1 — 0.7z,L,'. The parameter {; now depends solely on
the friction velocity u,, mixed layer velocity scale w,, temperature scale 7, and the convection
parameter z;L,'. After some algebra, we see that ¢ in the mixed layer region is

sty som (7o coz(ey

0
> () o ()] (5

91/3 V() +03s (2 )91/3

ty=Ci=

To

(40)

\/3 +035 ) QI3 +
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4.2. Empirical Correction

The probability density functions of the first caustic locations were computed for each ABL
setpoint for the N-wave simulations. The shaped boom simulations did not experience as many
high amplitude events as the N-wave simulations, thus the N-wave simulations are a better indica-
tor of caustic formations. A caustic region was determined to be a region where the sonic boom
overpressure amplitude experiences a 50% increase in magnitude compared to the nominal condi-
tion. The length scale, ¢;, for each case was computed using Eq. 40, which is valid for the mixed
layer region, and assumed to be constant in the entire field. In order to accurately compute the
PDF of the caustic locations, we must propagate the waveform to a distance were caustics have a
very low probability of occurring. If the domain does not extend far enough, then the computed
probability at each propagation distance will be higher than the true probability of a caustic ap-
pearing, since the entire domain of possibilities is not considered. Since ¢, in the mixed layer is
rather large, this meant we had to run additional simulations at an elevation angle of one degree
for the KSC setpoints.

Figure 6 shows the computed PDFs of the first caustic location along the normalized prop-
agation direction for each atmospheric setpoint. It is clear that the PDFs for the KSC setpoints
are in agreement across varying convection levels, from weak to moderate. However, the AFRC
cases are in disagreement with the KSC setpoints. One significant difference between the AFRC
and KSC setpoints is the ABL height, z;, which determines the von Karmén scales of turbulence
in the mixed layer. The increase in the turbulence length scales between the KSC and AFRC
cases resulted in differences in the PDFs, since AFRC1 and KSC17 have convection levels that
are relatively close in magnitude (see Table 1) and the velocity fluctuation intensities of KSC6 and
AFRC3 differ by only 0.3 m/s. Thus, the £; parameter in the mixed layer region is able to collapse
the PDF of the caustic locations across different rms fluctuation magnitudes (o) only for similar
turbulence integral scales (L, ). This was observed previously in Carr et al. [9] and confirmed here
for the case of an inhomogeneous ABL.

As it stands, with £; computed using Eq. 40, predictions of the caustic location PDF for the
N-wave simulations do not collapse across different values of the ABL altitude, z;. The PDF of the
caustic locations for the AFRC setpoints exhibits a much higher probability of finding a caustic
region at x; = 0.5¢; than the KSC setpoints, and a smaller probability of observing a caustic for
xlﬁ;l > 1.5. The higher probability densities occurring around xlf;l = 0.5 for the AFRC setpoints
are likely due to the increase in the turbulence integral scale in the mixed layer region, caused by
the increase in the ABL height, z;. The £, parameter is not able to collapse the data for significant
increases in the turbulence integral scale.

It is likely that the expression for £/2 is not an appropriate representation of the radius of
curvature of the effective lens that represents the turbulence. In lieu of a more suitable expression
for L, an empirical modification is applied to the current form of £ in order to collapse the caustic
PDFs. The constant C; is assumed to be a function of the ABL height, C; = F(z;). Then, several
simulations are performed at different z; values to determine the values of C; required at each z;
to collapse the caustic PDFs. A line of best fit of these data will then provide the functional form
of Cy. The setpoints KSC6, KSC12, AFRC1, and AFRC3 were used to obtain C;(z;). Once the
optimal C; values to collapse the PDFs were determined, a line of best fit was computed by least
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Figure 6: Probability density functions of the location of the first caustic along the propagation direction for each
setpoint.

squares regression. The line of best fit is shown in Fig. 7. The appropriate expression for Cj is,
Ci(z) = a1 — by log(z:), (41)

where a; = 0.74+0.03 and b, = 0.208 £0.009. The exact numerical values used in our predictions
are shown in Fig. 7. Although the z; values used to obtain this expression range from 457.3 m to
1344.0 m, C(z;) is assumed to follow Eq. 41 for typical values of z; measured during SonicBAT
(approximately 200 m to 2000 m) [3]. It is not recommended that Eq. 41 be used outside of
this range, without additional simulations or experimental testing. Eq. 41 replaces C, in Eq. 40
to collapse the PDFs for all of the cases. These PDFs are shown in Fig. 8. The agreement is
significantly improved compared to the previous results.

For the remainder of this investigation, {; is computed in the mixed layer with C; = C(z)),
according to Eq. 41. The values of ¢ in the mixed layer region are shown in Table 3. For
each setpoint considered, ¢, is between 2 to 4 km. This implies that, using PCBoom or other
ray-tracing sonic boom prediction software, an estimate for the ground locations where a caustic
is most likely to occur can be determined by examining the ray path propagation distance from
z; to the ground. If the propagation distance through the ABL is between 0.5¢; and 1.5¢,, then
the simulations performed here suggest that the probability of a caustic forming in this region is
higher than anywhere else in the field. Additionally, for regions of the sonic boom carpet where the
propagation distance through turbulence is greater than 5¢, there is a low probability of a caustic
forming. It should be noted that once a caustic forms, it can persist for several hundreds of meters
according to previous simulations (see [23, 37, 9]). So regions where caustics have a significant
effect upon perception of the boom may extend further beyond what is indicated by Fig. 8.

20



0.30

——0.743031 - 0.208737*log(zi)

0.25

0.20

0.05

0.00 1 1 1 J
2.50 2.75 3.00 3.25 3.50

log(z;)

Figure 7: The optimal C; coefficients for four different z; values, and a line of best fit computed by least squares
regression.

1.0
] ® KSC20 & KsCl
A KSC12  * KSC6
0.8 X KSC17 AFRC1
<4 AFRC2 AFRC3
0.74
-
§ 0.6
)
~— 0.5+
(044 s
[ g
034 - "%
(%3 "
0.2 * %,
O"*“
0.1 :‘(‘5‘3\
¢ B
0.0 T T T T T T T T T T T R e L B ey e

0 1 2 3 4 5 6 7 8 9 10

—1
Tl

Figure 8: Probability density functions of the location of the first caustic along the propagation direction for each
setpoint. Computed with C; = Ci(z;) in {y.

21



Table 3: Values of ¢y in the mixed layer region for each ABL setpoint considered.

Flight No. | ¢4 (m)
KSC20 3890
KSC1 3540
KSC12 2948
KSC6 2369
KSC17 2763
AFRC1 2565
AFRC2 2724
AFRC3 3014

4.3. Sonic Boom Waveforms at Several Scaled Distances

The ability of £, to parameterize the effect of turbulence on sonic boom is visually apparent in
N-waves and shaped booms from the simulations performed here. Figure 9 displays sonic boom
N-waves and shaped booms extracted along the centerline (x, = 0 m) at several nondimensional
propagation distances for ABL setpoints of KSC20, KSC6, and AFRC3 corresponding to weak,
moderate, and strong convection conditions. At the same xlf;l locations, the degree to which
turbulence has affected the N-wave appears to be similar. That is, at xlf;l = 0.25 for all setpoints,
there is little alteration in the N-wave due to turbulence. The effects of turbulence become more
significant at xlf;l = 0.5 and 1.0. Significant post-boom fluctuations are present for xlf;l >2
at all three ABL setpoints. The shaped booms exhibit smaller amplitude changes, for the same
turbulence realization. However, post-boom fluctuations only appear to be significant for xlfjjl >
2, similar to the N-wave.

5. Dose Variability

Statistics of the noise metrics considered here were observed to be in approximate agreement
along xlé’;l for various elevation angles of propagation. An elevation angle of 2° for the KSC
setpoints and 5° for the AFRC setpoints provides an optimum balance of obtaining statistical in-
formation about the loudness metrics for long propagation distances while maintaining a sufficient
spatial resolution of the grid. Thus, the standard deviations and cumulative probabilities of APL,
AISBAP, ABSEL, ADSEL, and AESEL presented in this section correspond to an elevation angle
of 2° for the KSC setpoints and 5° for the AFRC setpoints, where Ay (xy, x3) = x(x1, x2)—x(x; = 0)
is the computed loudness metric (y stands for any one of the loudness metrics considered here: PL,
ISBAP, BSEL, DSEL, ESEL) at (x, x,) relative to the nominal y (the y of the initial waveform).
The average loudness metric level relative to the nominal is denoted Ay and the standard deviation
is denoted o . There is no reflection factor applied to the results obtained here; thus, the metrics
presented are free-field metrics.

The average values of each of the metrics considered are not presented here. There are sev-
eral reasons why we omit presenting the average values. The first is the omission of geometrical
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spreading and ABL stratification in the present simulations. Spreading of the sonic boom will de-
crease its amplitude along the propagation direction, leading to a consistent decrease in loudness
levels (if other propagation effects are neglected). Although spreading is most significant near
the source, and propagation in the ABL represents only a small portion of the total propagation
distance of the sonic boom waveform, the neglect of spreading will still have a slight effect on
the predicted average sonic boom loudness levels. Stratification effects will also have an average
effect upon the waveform amplitude and period (distance between leading and trailing shocks).
This effect will be more pronounced at smaller elevation angles. Additionally, the convective ABL
model used here assumes that only the lowest 10% is stratified. Thus, refraction due to stratifica-
tion would only be present for a small portion of the total propagation. The second reason concerns
the Lanczos resampling procedure that is applied to the initial waveforms, in order to make them
more suitable for propagation with the spectral method used to account for turbulence fluctuations
and diffraction effects. The Lanczos resampling procedure essentially acts as a low pass filter,
smoothing out the shocks present in the sonic boom waveforms to prevent the presence of Gibbs
oscillations during propagation. The smoothing procedure will impact the average loudness lev-
els, and was found only to have a slight impact on the maximum attained loudness variability.
Simulations performed with no filter had maximum APL standard deviation levels that were ap-
proximately 0.3 to 0.5 dB lower for the N-wave, and O to 0.25 dB lower for the shaped boom, than
simulations with the filter, but there were no differences in the initial slope of the results along
with the shape of the curves and the collapse with respect to £;. Thus, many of the important
features of the results presented here were insensitive to the Lanczos resampling procedure, and
the maximum loudness variability levels presented here are likely closer to the true levels since
the simulations without filtering contained Gibbs oscillations in the signal, which are nonphysical.
A third and final argument for the omission of the average loudness levels concerns the inability
of the present simulations to recreate other environmental conditions of a testing site, such as the
presence of buildings or an abundance of trees and foliage that may impact the reflection factor
of the ground, besides turbulence conditions. These effects will likely have an average impact on
the noise dose levels at a specific testing location. Thus, it is argued that information about the
average loudness levels be extracted from measurements made at a specific testing site. Previous
simulations of sonic boom propagation through turbulence do indicate, however, that turbulence
has the effect of decreasing the average loudness level of the boom (see [23, 37]).

5.1. Simulation Results

Figures 10 through 14 display the computed standard deviations of PL, ISBAP, BSEL, DSEL,
and ESEL for the N-wave and shaped boom in each ABL condition. The standard deviations of
each loudness metric were observed to change as a function of the nondimensional propagation
distance, xlf;l. This implies that three factors related to turbulence effects contribute to the ob-
served dose variability in any given region of the sonic boom carpet. Listed in no particular order,
these are

1. the propagation distance through turbulence,

2. the rms velocity and rms temperature, and

3. the von Karman length scales (or correspondingly, integral length scales) of the velocity and
temperature fluctuations.
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All three factors are accounted for in the ¢; parameter, and a collapse of the standard deviations
along xlfjjl is observed when xlf}l <0.5.

The maximum attained dose variability for each loudness metric varies depending on the metric
and waveform considered. However, the dose variability for the waveforms considered here is
generally < 4 dB for each ABL setpoint and metric. Yuldashev et al. [37] similarly obtained dose
variabilities of < 4 dB for similar N-wave overpressures, while Stout [23] obtained dose variabilty
for the PL slightly larger than 4 dB for an N-wave with 50 Pa overpressure. The DSEL metric
appears to have the lowest dose variability, and is thus the least sensitive to turbulence of the
metrics considered here. This result is in agreement with previous simulations (see Carr et al.
[9] and Leconte et al. [46]) as well as noise metric sensitivity studies for sonic boom conducted
by Loubeau et al. [36] and Loubeau [69] that indicate BSEL and DSEL are the metrics least
sensitive to atmospheric turbulence. For oxp;, the N-wave results do not vary significantly as the
convection level is increased. However, the maximum o »p;, tends to increase with convection level
for the shaped boom, and the spread between ABL setpoints is larger than what is observed for the
N-wave. The shaped boom results tend to have a larger spread of the maximum standard deviation
attained for each loudness metric considered in Figs. 10 through 14. It should also be noted that
the maximum standard deviation of PL observed here for the N-wave and shaped boom are similar
in magnitude to estimates of the PL standard deviation obtained from the WSPR and QSF18 flight
tests [41, 42, 40], which provides some level of confidence in the simulation results.

There is a common trend among the dose variability curves for each metric examined; the dose
variability initially increases linearly and then gradually decreases. The linear increase has been
observed previously in simulations by Stout [23], Carr et al. [9], and Leconte et al. [46] for homo-
geneous turbulence. Physically, we interpret this as a consequence of the sensitivity of the loudness
metrics to the focusing and defocusing effect of turbulence on the sonic boom overpressure. For
the N-wave, the leading and trailing shocks are known to be susceptible to significant amplitude
increases (spiking and caustic formation) when propagating through atmospheric turbulence [4].
As we may observe from Fig. 8, caustic formation is concentrated around xlé’;l = 1. Thus, it
is no surprise that the dose variability peaks at the same nondimensional propagation distance,
since the shock amplitude will also incur its most significant variability at this location due to the
increased likelihood of caustic formation. For xlf;l > 1, the continued effect of turbulence attenu-
ates energy from the high frequency components of the N-wave, as has been observed in previous
simulations [9], leading to rounding and smoothing of the waveform. The effects of thermoviscous
absorption and molecular relaxation are also considered here, which contributes to the smoothing
of shocks present in the waveforms. Thus, for xlf;l > 1 the likelihood of caustic formation begins
to decrease and the waveforms become more rounded, leading to a decrease in dose variability. A
similar process occurs for the shaped boom, in spite of the fact that the initial waveform does not
contain the distinct leading and trailing shocks of a typical N-wave. This may be why the rate of
increase of the dose variability is lower in general for the shaped boom as opposed to the N-wave.
The dose variability for the shaped boom also tends to deviate from the initial linear increase more
rapidly than the N-wave for cases of weak to moderate convection. The rate of decrease in dose
variability beyond the maximum location is also generally smaller in magnitude than the N-wave
fall off. These differences in the dose variability curves for the shaped boom, as opposed to the
N-wave, are pronounced for the BSEL, DSEL, and ESEL results.
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Figure 12: Standard deviation of BSEL for the (a) N-wave and (b) shaped boom.
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Figure 13: Standard deviation of DSEL for the (a) N-wave and (b) shaped boom.
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Figure 14: Standard deviation of ESEL for the (a) N-wave and (b) shaped boom.
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In recent work on incorporating noise dose variability into dose-response modeling of shaped
booms, the dose variability distributions have been assumed to be Gaussian [40]. However, skew-
ness relative to a normal distribution was observed in PL. measurements made at KSC during the
SonicBAT campaign [3], suggesting that P may not always follow a normal distribution. The
normality of the PL and ISBAP distributions for both waveforms are investigated here by qual-
itative examination of the cumulative probability distributions along xlf‘l. Figures 15 and 16

display the distributions of APL — APL and AISBAP — AISBAP for both waveforms at xi1y I =
1, 2, and 3. In general, it is observed that the loudness metric distributions are either peaked or
have some slight skewness to the right or left of a normal distribution for x; ¢! r < 1, are normally
distributed for 1 < xlf‘l < 3, and are skewed to the right of a normal distribution for xlf‘l 2> 3,
and this is true for both waveforms Although qualitatively, the shaped boom dlstrlbutlons tend
to adhere more closely to a true normal distribution. Quantitative examination of the skewness of
PL for both waveforms supports the trends observed in the cumulative probability distributions.
The skewness is close to 0 between 1 < xlf;l < 2, and then is greater than 0.25 for xlf}l > 3
for the N-wave simulations. The kurtosis of the N-wave results is within a range of 2.5 to 4 for
xlfjjl > (.25, which is close to the expected value of 3 for a normal distribution. For the shaped
boom, the skewness is between —0.2 and 0.35 for xlf}l > 0.25 and the kurtosis is between 2.6
and 3.3 for the same range, which indicates that the shaped boom results more closely adhere to a
normal distribution.

Nondimensional propagation distances less than 1 are likely to occur for regions directly un-
dertrack of the flight path, where the elevation angle between the wavefront normal and ground
is larger, or when the convection level is significantly weak such that the integral scales and rms
velocity are sufficiently small and the turbulence has little impact on altering the boom. Thus, it
is likely that a larger portion of the sonic boom carpet will have xlfjjl < 1 for weaker convection
levels, in contrast to moderate and strong convection levels. As the turbulence rms velocity and
length scales are further increased, regions of the primary carpet, particularly near the lateral cut-
off, will have x@;l 2 3. Our simulations indicate that regions with xlf;l 2 3 will likely observe
dose variability distributions that are skewed to the right of a normal distribution. This implies
that stronger convection levels, like those observed at AFRC, will likely lead to skewness in the
loudness metric distributions at significant lateral distances from the flight path. It is important to
note that Leconte et al. [45] found that the largest disagreement between 2D and 3D simulations
in the cumulative probability plots occurs for cases of very large boom amplification. Thus, our
results for the highest cumulative probabilities may not be the most representative of what would
occur in true 3D propagation. However, these events represent only a small subset of outcomes,
and for modeling the dose variability distributions we are most concerned with representing the
majority of outcomes that occur with 10% to 90% cumulative probability.

5.2. Model of Dose Variability

Although the distributions deviate from a true normal distribution for x;£ f] < land x;¢ fl >3,
the range of cumulative probabilities between 10% and 90% follow a normal distribution for the
xlf;l distances examined. This was also observed in previous simulations of sonic boom through
turbulence [23, 9]. Additionally, measurements during SonicBAT made at AFRC indicate a strong
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normality of the PL distributions. Thus, in the development of a dose variability distribution model
presented in this section, we have chosen to assume a normal distribution of the dose variability
corresponding to each metric considered.

The standard deviations of the loudness metrics presented in Figs. 10 through 14 were shown
to increase linearly for small xlfjjl until reaching a maximum value, and then undergo a grad-
ual decrease as xlf}l increased beyond the location of maximum loudness variation. A function
suitable for describing such curves is

Axlf;l
O-A)( =

=—, (42)
-1
B+ (X 15 f )
where the parameters A, B, and « are determined by a regression fit to the simulation data. Each of
the parameters in Eq. 42 may be related to the convection level parameter, log (—z,-L;l), for each
waveform and metric considered. Their relationship to the convection level is described by

A=AB, (43)
B = B, + Bylog(-zL;"). (44)
and
a=a +a,log (—ZiL;I) . 45)

Thus, knowledge of the constants A;, Bj, B,, @, and a, determined by regression will yield an
approximate model for the dose variability. Tables 4 and 5 provide these values for each metric of
the N-wave and shaped boom simulations, respectively.

Table 4: Regression parameters for the N-wave in the dose variability model.
Metric A] B] Bz g (0%)
PL 7.129 | 1.025 | 0.123 | 1.973 | 0.041
ISBAP | 5.458 | 1.130 | 0.204 | 1.836 | 0.064
BSEL | 6.344 | 0.960 | 0.169 | 1.903 | 0.067
DSEL | 5.438 | 1.002 | 0.205 | 1.872 | 0.071
ESEL | 7.130 | 0.912 | 0.135 | 1.959 | 0.059

In Figs. 17 and 18, the regression model is compared to oapr. and o aispap for both waveforms
at three different ABL setpoints. The model captures the trend of the dose variability, with good
quantitative agreement for the purposes of dose variability estimation for flight test planning. The
largest discrepancy occurs for the KSC6 setpoint of the shaped boom simulations, where there is
an approximately 0.25 dB disagreement in op in the range 1.5 < xlé’;] < 3 and an approximately
0.5 dB disagreement in the o ;sgap at x1€;1 = 2. Although the regression model will have slight
disagreements to the simulation data at certain setpoints and propagation distances, the ability to
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Table 5: Regression parameters for the shaped boom in the dose variability model.

Metric A1 Bl Bz g (0%)
PL 6.320 | 0.939 | 0.249 | 1.677 | 0.094
ISBAP | 4.747 | 1.007 | 0.443 | 1.549 | 0.141
BSEL | 3.815 | 1.390 | 0.382 | 1.563 | 0.148
DSEL | 2.180 | 1.122 | 1.357 | 1.280 | 0.272
ESEL | 3.924 | 1.173 | 0.399 | 1.554 | 0.147
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Figure 17: Standard deviation of PL for 3 different convection levels obtained from simulations (discrete points)
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quickly estimate the dose variability with Eq. 42 rather than perform new simulations for each
ABL condition considered during flight test planning far outweighs the shortcomings.
The dose distribution is modeled assuming a normal distribution,

- 1 _1(@(-@)2
Jx = Ay) = ——=e "\ "™ ). (46)
oAy V21

Comparisons are now made between Eq. 46, using the regression model for opr, and PL dis-
tributions computed from simulations for the shaped boom at two elevation angles, 10° and 25°.
Although only comparisons with PL distributions for the shaped boom are shown here, the model
comparisons to the N-wave simulations and other sonic boom metrics in Tables 4 and 5 are similar
to the shaped boom PL results. The simulation data obtained at these elevation angles were not
used to compute the regression parameters for the model in Eq. 42. We observe, in Fig. 19 that
the model provides a sufficient approximation of the PL distribution at ground level for simula-
tions performed at several convection levels and elevation angles. These setpoints represent three
different meteorological conditions and two approximate regions of the sonic boom carpet, the
undertrack and off-track regions. In Figs. 19a, 19b, and 19c, some left skewness is observed in the
simulation results. This is most pronounced at x;£; = 0.25, where the model has the most signif-
icant disagreement with simulations results, due to the normal distribution assumption. However,
the simulation results at xlf;l = 0.46 and 0.61 are well approximated by the model. The simu-
lation results at xlfjjl = 1.06, 1.12, and 2.59 appear to be slightly peaked relative to the model,
indicating the model’s tendency to overpredict the variance of the distribution when xlfj‘,l > 1.

6. Conclusion

Split-step simulations of the propagation of two sonic boom waveforms, an N-wave and a
shaped boom from a design iteration of the NASA X-59 aircraft, were performed through fields
of ABL turbulence representative of meteorological conditions measured at the NASA KSC and
AFRC during SonicBAT. Inhomogeneous turbulence in the computational domain was generated
with the generalized random phase method, using a model for the velocity and temperature fluc-
tuation statistics provided by Ostashev and Wilson [51], based on previous ABL measurements in
combination with MOST. A parameter previously proposed by Carr et al. [9] to collapse N-wave
caustic PDFs onto a single curve in a homogeneous field of velocity fluctuations, £;, was modi-
fied to incorporate temperature fluctuations in the ABL, as well as changing von Karmén length
scales in the mixed layer. An empirical correction was applied to £; in order to obtain an improved
collapse of the caustic PDFs.

A collapse of the standard deviations of several loudness metrics was observed across the entire
range of convection levels examined here for xlﬁ;l < 0.5. The maximum attained dose variability
for PL was observed to fall between 3 and 4 dB for both the N-wave and shaped boom. The
remaining loudness metrics considered were not as sensitive to turbulence effects as the PL, and
DSEL appears to be the least sensitive. The distributions of PL. and ISBAP presented in Figs.
15 and 16 indicate that these two metrics most closely follow a normal distribution in the range
1 < x¢;' < 3. For x;£;! < 1, the distributions were observed to be either peaked relative to a

f f
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normal distribution, or skewed to the left. For xlf;l > 3, there was a consistent skewness to the
right, prevalent in the simulation results.

Although there is skewness present in the simulation results for the loudness metric distribu-
tions, cumulative probabilities between 10% and 90% generally agree quite well with a normal
distribution for the entire propagation range considered here. Thus, it is likely that a normal dis-
tribution assumption is sufficient for the purpose of noise dose estimation. The regression model
proposed for the loudness metric distributions leverages this assumption. The function in Eq. 42
was observed to agree with the simulation results when nonlinear regression is performed to de-
termine the parameters A, B, and « from the 6., = 5° results. A regression model is obtained
when the parameters A, B, and « are related directly to the convection level for each metric and
waveform considered. This approximate model of the dose variability in combination with the
normal distribution assumption was found to agree well with simulation results for 8, = 10° and
25°. Thus, the regression model is able to approximate the distributions of several sonic boom
loudness metrics considered here, based on the results of our simulations across a range of me-
teorological conditions. The regression model will only perform as well as the simulations are
able to capture the appropriate physics of sonic boom propagation in the ABL. Some limitations
of the current model are the use of Lanczos resampling on the initial waveforms and the neglect
of: spreading of the sonic boom waveform, 3D effects, ground reflections, and the effect of ur-
ban environments on ABL turbulence. Due to these limitations, it is likely that a combination of
simulation data and ground measurement data from past or future flight tests will be required to
improve the estimates of the regression parameters in Tables 4 and 5. However, the current regres-
sion parameters determined from our simulations, along with Eqgs. 42 and 46, are likely useful in
providing a quick estimate of noise dose variability at various proposed flight test survey locations
and meteorological conditions.
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Appendix A. Terms of The Partially One-Way Equation

The diffraction term,
Co (92p

D (p) - 3 ﬁxi(')x,- ’

accounts for variations in the pressure in the transverse directions. The nonlinear and absorption
terms are, respectively,

(A.1)

N (p) = (A.2)



and

5 &p

AP = 35 G0 (A3)
The nonlinear term accounts for variations in the wave speed that are amplitude-dependent, and the
absorption terms model the attenuation effects of thermoviscous absorption and molecular relax-
ation. Molecular relaxation is accounted for using the absorption coefficient expression provided
by Bass et al. [54] and the algorithm is detailed in Carr [S5]. The terms involving flow effects are
contained in the H operator, which can be split into two terms containing “phase effects” ()

and “coupling effects” (H>),
H(p) = Hi(p) + Ha(p). (A.4)

Terms involving only derivatives with respect to x; and 7 are contained in H;, and the remaining
terms are contained in H,. The H, terms are,
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The H, terms are,
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The matrix equation formed by the H, terms is solved with a Thomas algorithm and a periodic
boundary condition in x,, and is detailed further in Carr [55]. The periodic boundary condition
may be utilized since the turbulence is homogeneous in the x, direction.

In our simulations, for elevation angles at 2° and 5°, Ax; and Ax;, fall between values of 5.6
to 9 meters, and Ax; = Ax, for every simulation. For larger elevation angles, Ax; and Ax, fall
between values of 0.35 to 3.78 meters. The sampling frequency of the N-wave is 6.6 kHz and the
sampling frequency of the shaped boom is 4.5 kHz.

The window used for the Lanczos resampling procedure is

ox; ¢yot

| ify =0,
L(y) = asinm)sin(y/a)  therwise -

722
where y = a(i/m — 0.5), m is the number of points used for the length of the window, i iterates
through these points, and a is a window width parameter. The parameters m and a may be tuned to
remove Gibbs oscillations while retaining as much frequency content of the waveforms as possible.
For our simulations, m and a were chosen to be 20 and 2, respectively.
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Appendix B. Probability Plots of Additional Loudness Metrics and Regression Model Com-
parison

Figure B.1 displays the cumulative probability plots of BSEL, DSEL, and ESEL at three dif-
ferent nondimensional propagation distances for the N-wave and shaped boom simulations. The
trends observed for BSEL, DSEL, and ESEL, are consistent with what is observed for PL and
ISBAP. However, the distributions for the shaped boom simulations tend to follow a normal distri-
bution at all three xlf}l distances examined.

Figure B.2 displays comparisons of the regression model for the dose variability (Eq. 42)
to simulation data for BSEL, DSEL, and ESEL. Good agreement between the model and the
simulation data is observed across the weak, moderate, and strong convection levels. The largest
disagreement occurs for the moderate convection case of the shaped boom DSEL results.
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Figure B.1: Cumulative probability plots of BSEL for the (a) N-wave and (b) shaped boom, DSEL for the (c) N-wave
and (d) shaped boom, and ESEL for the (e) N-wave and (f) shaped boom in the case of strong convection (AFRC3).
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Figure B.2: Standard deviation of the (a) N-wave BSEL, (b) shaped boom BSEL, (c) N-wave DSEL, (d) shaped
boom DSEL, (e) N-wave ESEL, and (f) shaped boom ESEL at 3 different convection levels obtained from simulations
(discrete points) compared to the regression model (solid lines).
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