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Abstract. This lecture presents a Hamiltonian control method and a distributed
optimal control method for distributed Lagrangian systems. The distributed op-
timal control theory is formulated using a semi-group abstraction resulting in an
integro-differential Riccati equation.

1 Introduction

Distributed systems are modeled as systems of partial differential equations (PDEs)
which exhibit both temporal and spatial variations in the state variables of the systems.
Distributed control can be designed for such systems. Research in this field is extensive
and can be found in a few references cited herein [1,2,19,8,9,10,16,17,20]. Systems
which can be described by the Hamilton’s principle are called Lagrangian systems. In
spite of the extensive research, very few distributed control applications have been de-
veloped principally due to the lack of distributed sensing capabilities. Many natural and
bio-inspired systems on the other hand can sense environmental inputs through sensor
systems distributed throughout those systems. For example, avian wings are known to
be able to sense air flow over the wings which allows birds to adjust their flight path by
actuating their feather systems to change the wing cambers or curvatures [21]. In recent
years, advancements in distributed sensor technologies which allow measurements of
both temporal and spatial information of physical signals have made steady progress.
Distributed fiber optic sensors offer new possibilities in control system designs that
could bring distributed control research into a practical reality [24].

In this lecture, we will present a mathematical model and Hamiltonian optimal
control of a class of distributed Lagrangian systems [23,25,26,29] coupled to lumped-
parameter systems which are modeled by systems of ordinary differential equations
(ODEs). A flexible aircraft flight control application illustrates the theoretical develop-
ment.

2 Distributed Lagrangrian System

Consider a finite-dimensional or lumped-parameter (P) system coupled to an infinite-
dimensional or distributed-parameter Lagrangian system (S)
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where z(¢) : [0,00) — R¥ is the state vector of (P), w(x,t) : Q x [0,00) — R" is the dis-
tributed state vector of (S) defined over an open bounded domain x € 2 C R with suit-
able boundary conditions on the boundary d€2 for all 7 € [0,0), . (¢) : [0,00) - R is a
control vector for (P), and u,, (¢) : [0,00) — R? is a control vector for (S). The distributed
state vector w (x,7) € C° is assumed to be continuous and infinitely differentiable. The

initial values are specified by z (0) = zp and w (x,0) = wy (x) and aw(x O — w,, ().

The function m (x) > 0 € R"*" is a positive-valued function dlstrlbuted over x. The
function ¢, (...) € R" is a non-homogeneous term that depends on w (x,7) as well as the
spatial and temporal partial derivatives of the solution w (x,#). The functions g, (¢) and
8w (x,1) represent bounded exogenous disturbances and are assumed to be known.

The nonlinear state transition function g (z) and control matrix B, are assumed to be

in a second-order controllable form where z (1) = [z] (¢) z; (z) ] Tz (¢) :]0,00) — R%,
i=1,2,2) =[zd ()" ()] andB.=[0b] ]

The control objective is to minimize a performance objective p (¢) : [0,00) — R/,
[ < nthat exists inside the bounded domain £ or on the boundary d . This performance

objective is defined as
_| Pz()
P@”—[mw@w] @

where P, € R is a matrix and P,, € R**" is an differential or integral operator.
Lemma 1: Let Sw (x,¢) be a variation in the solution of (S). If there exists a positive-

axm

valued scalar function v (x, w, %—Z, . a’"w) > 0 € R such that
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where the - symbol denotes a scalar product operation of two vectors, and

P Ll AN L av
6¢U( ) ( i—1 ) : i (5)
ox/— ox p] (%Jv]v)

has compact support in £ with vanishing boundary values on d2 [27] for all 0 < i <
m—1and 1 < j<m,then v(...) is called a potential energy density.
Proof: We define 6v (...) due to dw (x,¢) such that

3/9 5W-fa7x=—/-Q ovdx 6)

Upon successive integration by parts, we obtain
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Since 8¢;; (x) has compact support, §¢;; (x) = 0 on d€. This immediately leads to
Eq. (4). The boundary conditions for (S) thus satisfy

dI—=w 9 av

ax]—t—l Idx! a(M) ( )
ox/ 20
forall 0 <i< j—1and 1 < j<m.Itfollows that
n L v
P Mel i v ©
=0 (axi)

Consider the following generalized quadratic potential energy density of arbitrary

order 2m:
m i l
B Z 1d'w i 8 (10)
2 oxi ax’

where k; (x) >0 € R™", i=0,1,...,m, can be positive semi-definite but v(...) is a
positive-definite function. Thus, the distributed system (S) is 2m™-order in space and
second-order in time. If m = 0, then the system reverts to a standard spring-mass system.
If m > 0 and the generalized potential energy density includes the first term on the right-
hand side of Eq. (10), then (S) is a coupled PDE-ODE system.

Let .7 be a Hilbert space with the an inner product definition

<g,u>:/Qv.m(x)gdx a1

on a Lebesgue square integrable inner product space .Z% (2)where & (x) € 2 () and
v (x) € H(Q).Let L: 5 — J be a linear operator on J# () defined by

T g (b 55 12

Theorem 1: Let L* : J# — 57 be an linear operator on 4% (). Then, L is a for-
mally self-adjoint operator such that

(v,L8) = (§,L ) (13)
Moreover, L is a self-adjoint operator if the boundary conditions for L and L* are equiv-

alent [28].
Proof: (v (x),L& (x)) is expressed as

(v,L8) / Z ax,(«)%j) (14)
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Upon successive integration by parts, we get

(0,LE) /z; (k,(x) ‘;’ )dx
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The vanishing boundary term in Eq. (15) results in the following boundary condi-
tions associated with the adjoint operator L*. Then, (v,LE) = (§,L*v). Therefore, L
is a self-adjoint operator since L* = L. Moreover, L is also a positive-definite operator
since

(w, Lw) :2/ vdx >0 (16)
Q
Thus, (S) in Eq. (2) can be expressed in a linear operator form as
02 ow d
m(x)(;;;m(x)Lwq<x,t,z,w,£,;,uw> a7)

Example 1: Consider the motion of a rectangular space structure where (x,y) €
Q C R%. The operator L is given by

2w
e[ 0* 92 kiy (x,y) k12(x7Y)] e
mW““<”[wz@4 hﬂwﬂm@w w
dy?
92 %w Pw\ 92 9%w 9w
a = (k“(xy) 72 +kia (x,y) ay2> 9y oWl <k12( )55 02 + ko2 (x) ayz)

(18)

The general homogeneous solution of Eq. (17) with ¢ (...) = 0 can be expressed in
the form

D= 6:()6:(6) =6 (x)6 (1 (19)
i=1

where ¢; (x) : 2 — R" is a solution of the eigenvalue problem (L— 1) ¢ =0 and 6; (¢) :
[0,00) — R. It follows that

(9,L9)=2(9,¢) (20)
where {¢; (x)};_, form a set of orthogonal basis functions. Due to ¢(...) as a function
of w(x,t) and aw , ¢ (x) represents the solution of Eq. (17) in a weak sense.

Consider a Weak formulation of (S) with v (x) £ D¢ (x) € #™? = 4™ (Q),
where 72 () is a Sobolev space with the .#?> Lebesque measure, defined as the
weak derivative of ¢ (x) € H™ () of order m [27] such that

C 0P L m
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for all test functions @ (x) € C¢° (£2) with compact support in Q.
Lemma 1: Let ¢ (x) be a steady-state solution of (S) that solves the steady-state
equation

d
m(X)L¢=q(x,¢,£>—qo +Zqz+1 axqf (22)

where ¢ (...) only depends on ¢ (x) and x.
Let B(¢, ) : 5 x 5 — R be a bilinear mapping defined by

I<m i
#(0.0)= (o (o) = (0.6) - (0. Wi (952}

Then, (S) admits a unique weak solution ¢ (x) if

2(9,0) > «||o| (24)

for some k > 0, which implies

<¢ Zm x)qgiv1 (x j’> <2/Qv(¢)dx (25)

Proof: Since ¢ (x) and ¢ (x) are infinitely differentiable, the bilinear mapping 2 (¢, ¢)
is a continuous bounded functional. This implies |2 (¢, )| < 7 ||¢]| |@|. If B (&, @)
satisfies Ineq. (24), then B (€, ) is coercive [27]. Thus, (S) possesses finite energy.
According to the Lax-Milgram theorem [27], Eq. (22) admits a weak solution if

i

8
2(9,9) = (9,L0) - <¢Zm X) g (x a$>zx¢2>o 26)

Since (¢,L¢) =2 [ v (¢)dx, it follows that

<¢,Zm X)disi (x :f?><2/gv<é>dx @7)

Example 2: Consider the steady-state equation
m(x) Lw = qo (x) +q1 (x) w (28)
with g1 (x) > 0. Let w (x) = ¢ (x) . Then,
({9, L) = (¢,m ™" (x) 1 (x)9)) 6 = (¢,m™" (x) o (x)) (29)

Clearly, if (9,m~ x)¢)=2[qV(E)dx=(¢,L¢), the solution 6 is unbounded.
If (¢, m™" (x)q1 (x) 9 > > 2 fQ (&) dx, then fundamentally the notion of positive-valued
potential energy ceases to exist.
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3 Hamiltonian Control

The Hamiltonian function which represents the storage energy of distributed system (S)
is defined as [23]
1 /dw dw 1
H=-(—,— —(w,L 30
3 (5h 50 )+ 5 mLe) (30)
A stabilizing control is a control policy that renders that the system dissipative for

which H < 0. The time derivative of the Hamiltonian function for zero disturbance is
evaluated as

. /ow dw _Jow
H—<at7a[+LW>—<a[am (x)(qc+QZZ+bMW)> €2))

The right hand side of Eq. (31) represents the rate of excess energy which must be
decreased for the system to be dissipative.

Let u, (x,¢) = b (x) u,, (¢) be a virtual control signal. A stabilizing control for (S) is
designed as
dw
u, = —qc—qzz—m(x)cj + um (x) Lw (32)

where ¢ > 0 and u < 1 which can be established by Lax-Milgram theorem [27]. Apply-
ing the Lax-Milgram theorem, the solution exists if

B(9,0)=(9,(1—p)Lo) = (1—p)($,Lo) > k9] >0 (33)

which implies p < 1.

Using superposition principle, we write u, () = Y72 | uy, (t) = e, (t) Where uy,, (t)
is a distributed control associated with the eigenfunction ¢; (x). Let B,, = (¢,m ™" (x) be).
Then, the distributed control u,, (¢) is obtained as

tn =B, (¢,m™" (x)uy) (34)
The stabilizing control for (P) is designed as
ul = —b'h(z) — Kz — Hyw (35)

The distributed feedback gain operator .7, is obtained by minimizing a weighted
least-squares cost function

minJ = (F — B, J%w) W, (F — B, #,w) (36)

where W, > 0 is a positive semi-definite weighting matrix and
F= [ [rdx+ BoseB, ' ¢ (u) +:2)] (7

The weighted least-squares solution yields

—1
Hyw = (BZTWZBZ) B, W, /Q [rdx + B.eB,,' ¢ (u} + g.z)| dx (38)
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Without loss of generality, let r = r; (x) w+r; (x) ‘3—”; +r3(x) %—”[” and g. = q1 (x)w+

g2 (x) %—;V +g3(x) %—Vf. Then, the distributed feedback gain operator K,, is obtained as

—1
S, = (BZTWZBZ) BIw. /Q H Ddx (39)

.
where 7 () = [()T %T %T} is a differential operator and ¢ = [ %] J¢; 3| with

H=r —BzweB,;1¢~ [q1 — wm (x)L] (40)
My =r1—ByeB,' 0-q (41)
5 =r3— Bzweanl(]} [q3 +m (x) ] 42)

The feedback gain K, is a stabilizing gain if there exists positive definite matrices
P >0 suchthat Al P+PA, = —Q < 0 where

Ac=A.— BzweB;zl /Q ¢-q.dx—B:K; (43)

Let u,, (t) = u;, (t)+ i, (t) and u (t) = u (t) +ii; (t). The closed-loop system (P+S)
becomes

2= Acz+ AW+ Bl + By ity + g, 44)
2%w

01?2

where o, is an operator given by

m(x) +m(x)caa—v:+(lf[,l)m(x)Lw:b(x)ﬁergw (45)

—1 g
Ay = {1 — B, (BZWZBZ> BZTWZ} /Q A Ddx (46)

It can be shown that the closed-loop system (P+S) is stable [29].

4 Distributed Optimal Control

The closed-loop system (P+S) can be expressed abstractly in a semi-group form as

%:ﬂ%Jr%qu% 47

owT (e, ]

where 27 (x,1) = | 7T (t) w' (x,1) (Q@A) x [0,00) — R™2" is an ab-

stract state vector with A a domain defined by the inner product definition
(z,2) = / 2zdx27'z (43)
A

u(t) =[] (t) a, ()] 1[0, 00) — RP*4 is the incremental control vector, & € C ()
is a semi-group operator with compact support and continuous derivatives, % € €° (Q)
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is a bounded semi-group operator, and ¥ (x,t) € €° () x [0,0) represents a bounded
disturbance.

Let ./ be a semi-group operator in € (). We define the following inner product
with the norm definition:

]
@2 NP [ wa i [ Taasr [ wTwast [ 2 () Das
QoA A 0 Q dt dt

(49)
The objective is to minimize the performance objective signal p (¢) with the linear-
quadratic regulator (LQR) cost functional

= %/om <<///‘1£2)(,x> +uTRu) dt (50)

where 2 € €2° () is a semi-group operator with O, = Q] >0¢€ R>X, Q,=0) >0¢
R/*!, R = diag (R, R,,) € RPH*(P+0) R = RT >0 € RI%, and R, = R, > 0 € RP*P
are the weighting matrices.

Theorem 2: The optimal control that minimizes the LQR cost functional in Eq. (50)
is given by

u=—R""(BEW (P, x) +PS(P,7)) (51)
where W and § are steady-state solutions of an integro-differential Riccati equation and
I 0 O
its auxiliary equationand ¥ (x) = [0 ¢ (x) 0 | : Q@A € RUH20)x(m+2nN) N, oo
00 ¢

Proof: Using the inner product definition in Eq. (49), the cost functional is ex-
pressed as

_Ly= -1 T =/, 9Z
_5/0 (<//{ Q}(,x>+u Ru)dt—i—/o <l, 74—%%—}-%»{-&-7/ dr (52)

where A (x,1) : (2 @A) x [0,00) — R™+2" i5 an abstract adjoint vector.
The variation of the cost functional 8J due to the state variation d (x,) and the
control variation du (¢) is computed as

8J = / /// 19y, 5x>+uTR5u)dt
+/ <+M/1 5)(>dt+/ (BA W di— MOl (53)
0

where &/* = .M~/ " M and B* = .4 B A are the adjoint semi-group opera-
tors corresponding to the semi-group operators .o/ and 4, respectively. The necessary
conditions of optimality are obtained as

<//lle@x+a£+;z7*l,6x> =0 (54)

u RSu+ (AL, 8u) =0 (55)
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The transversality condition is also obtained as
(2, 82)l6 =0 (56)

which yields A (x,1) =0 as r — co.
The optimal control solution are obtained as

u=—-R""(B 1) (57)
We define the solution of y (x,7) as

x (1) =¥ (x)n (1) (58)
and assume the adjoint solution of the form
A=PYW W, x)+WPS(¥,7) (59)
where W (1) : [0,00) — R +2tN)x(m+20N) and § (1) : [0, 00) — ROmH+22N)x (m+2nN)

Substituting into Egs. (54) and (58) yields

(M7 DY +PW (P, W) +PW (¥, SV — BR (B, PW (P, V) + PSP, V) +7)
oV

TS (P, ) +Ws<qf,at

> o [PW (PP + S (P, V)] ,lp> =0 (60)

Separating the equation into two parts gives

(MDY +PW (P, P)+ W (P, o/P) —PW (¥, BR™ (B, YW (P, P)))
+ A PW (P, ¥),¥) =0

(61)
-1 - oV
<'PW<‘P,—%’R (BYS(W, V) +V)+PS (W, ) +lps<tp, at> P
+/* WS (W, V), W) =0
(62)

Equation (61) is an integro-differential Riccati equation subject to the transversality
condition W (o) = 0 and § (o) = 0
The optimal control u(z) is obtained as

u=K, /Q W ydx+ Ky /Q WV dx 63)

where

Ky=-R! < /Q %T/Z‘I’dx> W (64)

Ky =—R" < / %T///‘de> s (65)
Q
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5 Aircraft Flight Control Application

Consider the lateral-directional dynamics of the aircraft coupled to the structural dy-
namics of the flexible wing. The aircraft motion is described by

mVp = YgB+Y,p+ (Y, —mV)r+mgd +Y5 6+, (66)
L J 0
Lap+1o7=Lg +Lp+Lr+/ {lw(x)w—klwx (x)a—lvﬂw, (x)a—v: xcos Adx
-L
—+ Lgr 5,« +L56 + Lg ©7)
Isz+Izzr:Nﬁ +Np+Nr+N6'6r+N56+Ng (68)
p=p (69)

where « (¢) is the aircraft angle of attack, ¢(¢) is the aircraft pitch rate, w(x,z) =

[v(r) 6(1)] Tisa wing elastic state vector due to the wing vertical bending displace-
ment v (x,#) and wing torsional displacement 0 (¢) in anti-symmetric motion, & (¢) is a
vector of flight control surface deflections on the aircraft wing, J, (¢) is the rudder con-
trol surface deflection, ¥, (¢) is aerodynamic side force due to atmospheric gust, L, (¢)
is the aerodynamic rolling moment due to gust, and N, (¢) is the aerodynamic yawing
moment due to gust.

The bending-torsion motion of an aircraft wing is described by the aeroelastic equa-
tions of motion

%y 2’0 92 %y av av 00

PAGE TPACTy T 50 (E’ az) =Pl gt G ey
+156 + 1y (x,1) + v, (x,1) (70)

2%6 >y 9 d0 dv av d0
plxxﬁ —&—pAecgﬁ — a (GJ8)C> :mpp‘i‘myxa +mv,§ +met§ (71)
+m55—|—mg (x,t)—l—@,,(x,t) (72)

where x denotes the coordinate along the wing elastic axis, EI (x) is the bending stiff-
ness, GJ (x) is the torsional stiffness, I, (x,7) is aerodynamic lift due to gust, m, (x,?) is
the aerodynamic pitching moment due to gust, and v, (x,¢) and 6, (x,t) are the process
noise due to atmospheric turbulence.

The gust is modeled as a two-component sinusoidal vertical and lateral gust with a
1° equivalent angle of attack and a 1° equivalent angle of sideslip at a gust frequency of
30 rad/sec. The vertical gust generates a symmetric gust load on the aircraft wing and
the lateral gust generates an asymmetric gust load on the vertical tail. The gust load is
defined as a differential operator

1 0 0 z t)
plt)= |0 —EI258 (x—x,) 0 v(x,1) (73)
0 0 GJL8(x—xp) | LO(x1)
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where z(1) = [B(t) p(1) r(z) ¢ (t)]T is the aircraft state vector and & (x —xo) is the
Dirac delta function.

The control input vector u,, (1) = [81 (¢) --- &, (t)]T € R” comprises p discrete
control surface deflections that span the wing. Figure 1 illustrates several distributed
control surfaces of a flexible wing aircraft. The wing elastic motion is measured by
fiber-optic strain sensors placed on the wing. The bending displacement v (x,7) and
torsional rotation 6 (x,#) can be directly computed from these measurements.

Fiber Optic Strain Sensor

Rudder

Wing Control Surfaces

Fig. 1. Flexible Wing Aircraft with Distributed Fiber-Optic Strain Sensors

The first unstable mode of the elastic wing occurs above an airspeed of 453 ft/sec.
Figures 2(a) and (b) show the unstable open-loop response of the wing elastic motion
at 500 ft/sec. Figure 3 shows the unstable aircraft response.

A Hamiltonian stabilizing control is designed with 4 = 0 and ¢ = 0.01®y, respec-
tively, where @y is the flutter frequency. In addition, the rudder feedback control is
designed by the standard LQR method to improve lateral-directional handling qualities
of the aircraft. Figures 4(a) and (b) show the stable closed-loop response of the wing
elastic motion at 500 ft/sec with the Hamiltonian control. The stable closed-loop re-
sponse of the aircraft is shown in Fig. 5(a) along with the control surface deflections in
Fig. 5(b).

(a) (b)

Fig. 2. Wing Bending and Torsional Displacement without Stabilizing Control



12 Nhan Nguyen

5
4 10 0.01
_ 0.5 %’: 0.005
j= o
) > 0
@ e
-0.5 ©.0.005
1 0.01
0 5 10 5 10
. t (sec) . t (sec)
2 x10 3 x10
1 2
8 S
S0 S 1
£ s
=1 0
2 1
0 5 10 0 5 10
t (sec) t (sec)

Fig. 3. Aircraft States without Stabilizing Control

0 (deg)

(a) (b)

Fig. 4. Wing Bending and Torsional Displacement with Hamiltonian Control

A sinusoidal gust disturbance with a frequency of 30 rad/sec is introduced. Figures
6(a) and (b) show the wing bending and torsional moments, respectively. The maxi-
mum wing bending moment is 293,748 ft-1b and the maximum wing torsional moment
is 74,779 ft-1b. A gust load alleviation (GLA) distributed optimal control is designed
and implemented to reduce the wing bending and torsional moments. Figures 7(a) and
(b) show the wing bending and torsional moments, respectively, with the distributed
optimal control. Both the maximum bending and torsional moments are substantially
reduced to 63,130 ft-1b and 48,568 ft-Ib, respectively. The gust load reduction is sub-
stantial; 4.65 times for the maximum bending moment and 1.54 times for the maximum
torsional moment.
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Fig. 5. Aircraft States and Control Surface Deflections with Hamiltonian Control
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Fig. 6. Wing Bending and Torsional Moments with Hamiltonian Control During Gust Encounter

Figure 8(a) shows the aircraft response with the distributed optimal control along
with the control surface deflections in Fig. 8(b). The effect of the distributed optimal
control on the aircraft response is small due to the dominant response to the atmospheric
turbulence modeled as process noise for the wing. The control surface deflections on
the wing are much smaller with than without the distributed optimal control. There are
small large initial transients up to 43.5° but overall the deflections are less than 10°. The
maximum rudder deflection is 1.5° which is about the same as that without the GLA
control. A redesign could be implemented to increase the rudder deflection. However,
typically the rudder deflection is restricted to a small operating limit well less than 10°

at high speed flight.
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Fig. 7. Wing Bending and Torsional Moments with Hamiltonian and Distributed Optimal Control
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6 Conclusion

This lecture presents a Hamiltonian control method and distributed optimal control
method for a class of distributed Lagrangian systems coupled to lumped-parameter
systems. The Hamiltonian method provides a stabilizing control for the distributed La-
grangian system. A distributed optimal control method is developed for the coupled
systems using a semi-group abstraction. The optimal control solution leads to a Riccati
equation in terms of the inner product of the semi-group operator. A flexible aircraft

flight control application illustrates the effectiveness of the theory.
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