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In this paper, we report progress in the development of a third-order accurate, second-
derivative-free, shock-capturing finite-volume solver for three-dimensional unstructured
grids. The method is economical in the sense that the computation and storage of second
derivatives are not required for third-order accuracy. It is based on point-valued numerical
solutions stored at cells, gradients computed and stored at nodes, and an efficient projected-
derivative formula that eliminates the need for second derivatives in a quadratic solution
interpolation. The projected-derivative formula is also used to eliminate second derivatives
from a high-order flux quadrature formula, so that it can be implemented conveniently in
the form of a numerical flux at a face center plus a correction term. Similarly, a high-
order source quadrature formula can also be implemented in the form of a cell-center point
evaluation plus a similar correction term. These features make it relatively straightforward
to extend an existing second-order finite-volume code to third-order. This paper reports
progress of implementing the method in the NASA VULCAN-CFD code and discusses the
implementation of a high-order accurate limiter for shock capturing.

1. Introduction

Recently, a unique and economical third-order cell-centered finite-volume (CCFV) discretization method
has been developed for tetrahedral grids based on an efficient quadratic solution interpolation scheme uti-
lizing nodal gradients [1]. This method is very economical compared with conventional third-order CCFV
unstructured-grid discretization methods [2-9] in that there is no need to compute and store second deriva-
tives of solution variables and it also only requires a single numerical flux per face. Also, since we store
numerical solutions as point values at cell centroids as in the QUICK scheme [10,11] or deconvolution finite-
volume methods [12-14], there is no need to compute and store geometric moments as typically required for
a quadratic solution reconstruction in finite-volume methods with cell averaged solutions. In this third-order
method, we only need a quadratic solution interpolation.

This third-order method is constructed as an extension of the face-averaged nodal-gradient (FANG)
CCFV method [15-17], where solution gradients are computed and stored at nodes rather than cells. Having
gradients at nodes, we can compute second derivatives in a cell by applying the Green-Gauss theorem. Such
second derivatives can be expressed in terms of the nodal gradients, and therefore, a quadratic solution
interpolation within a cell can be expressed entirely by the gradients stored at its nodes and the solution
value stored at the cell, eliminating the need to compute and store second derivatives. This technique can
be considered as an extension of the linear solution interpolation formula proposed in Refs. [18,19], where
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a solution is linearly interpolated at a face centroid of a tetrahedral cell using the solution values recovered
at nodes from cell center solutions. These economical interpolation schemes are based on a general efficient
projected-derivative formula that gives a projected gradient of a function along a direction from a cell center to
an arbitrary point. This projected-derivative formula is expressed in terms of only function values available at
nodes, not requiring the gradient. Applying the general efficient projected-derivative formula to the gradient
term in a linear interpolation, we eliminate the gradient and obtain the efficient linear interpolation scheme
in Refs. [18,19]. Similarly, applying it to the curvature term in a quadratic interpolation formula, we can
express all the second derivatives in terms of gradients stored at nodes and obtain the efficient quadratic
solution interpolation scheme [1]. The resulting third-order discretization method is especially attractive for
practical second-order unstructured-grid computational fluid dynamics (CFD) codes. It is relatively simple
to implement in such codes, allowing the use of many existing algorithmic components (e.g., least-squares
methods, linear and nonlinear solvers). It also achieves third-order accuracy with linear tetrahedral grids
even for curved geometries, similarly to other economical third-order methods [20,21]. Moreover, as we will
show, the third-order discretization can be solved robustly by an implicit defect-correction solver, which is
widely employed and available in practical second-order CFD solvers. Therefore, the development of a new
nonlinear solver is not a prerequisite for this new third-order discretization.

In this paper, we report progress in the development of the economical third-order CCFV solver for tetra-
hedral grids with an emphasis for application toward hypersonic-flow simulations and fully automated simu-
lations utilizing anisotropic tetrahedral grid adaptation [22-24]. To this end, we implemented the third-order
discretization in the NASA VULCAN-CFD code [17], which is a fully-parallelized structured/unstructured-
grid hypersonic viscous-flow solver developed at the NASA Langley Research Center. Due to our interest
in hypersonic chemically reacting flow applications, it is necessary to develop a robust shock capturing ap-
proach. For third-order accuracy, a limiter function must also be designed to preserve third-order accuracy
in smooth regions. In a recent paper [25], a family of high-order differentiable limiter functions that can
preserve up to fifth-order accuracy was derived, as an extension of Venkatakrishnan’s limiter [26]. In this
work, we employ Nishikawa’s Ry limiter function that preserves up to fifth-order accuracy, which is expected
to serve as a sufficiently accurate and less dissipative limiter for the third-order scheme than those preserving
third-order accuracy [25]. This paper discusses the implementation of the high-order limiter and presents
preliminary results.

2. Target Governing Equations

In this paper, we consider the Euler equations:

a—ualV—&— fﬁds:/ sdV, (2.1)
v ot L% v

where V' and 0V denote a control volume and its boundary, respectively, s is a vector of source terms, n is
a unit outward normal vector of the infinitesimal surface area ds,

p pv
u=| pv |, F=| pvav+opl |, (2.2)
pE pvH

where ® denotes the dyadic product, I is the 3x3 identity matrix, p is the density, v = (u,v,w)" is the
column vector of the velocity (the superscript ¢ denotes transpose) with Cartesian components u, v, and w,
p is the static pressure, and H = yp/{p(y—1)} 4+ v-v/2 is the specific total enthalpy with v = 1.4 (air), E is
the specific total energy, E = H — p/p, and s is a source term vector. The system is nondimensionalized by
free stream values in a similar manner as described in Ref. [27] and closed by the nondimensionalized ideal
gas law:

p=pT/v, (2.3)

where T is the static temperature.
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3. Economical Third-Order Cell-Centered Finite-Volume Method for
Tetrahedral Grids

3.1. Discretization

At a cell j on a tetrahedral grid, the economical third-order CCFV discretization of the Euler equations
can be written as [1]

0
Vi (;J + Z ®jp(wr, wr)|ng| —s;V; = of; + ds/, (3.1)
ke{k;}

where 6f; and Js; are given by

Z Z( )kVWzk(xzk—xT)nTl, Is = iofjv[ (aul)](xi—xj)v;. (3.2)

ke{k k=1 =1

Here, u; and s; are point values of the conservative variable vector and the source term at the cell centroid
X, ® is a numerical flux at the centroid x of the triangular face 1" between the cell j and its face neighbor
cell k € {k;}, V; is the volume of the cell j, {k;} is a set of neighbor cells, f = Fnr/|nr| is a flux projected
along the face normal direction, ny is an outward normal vector of the face T', |nr| is the area of the face, w
denotes the vector of primitive variables w = (p, v, p), i, denotes a node of the face T', and x;, is the position
of the node iy, and 7 in 559 denotes a node of the cell j. For the numerical flux ®;,(wr,wg), we employ
the HLLC flux [28,29], and the left and right states, wy, and wg, are computed by an efficient quadratic
interpolation scheme discussed in the next section.

The left hand side of Eq. (3.1) is a typical second-order finite-volume discretization, except that a
quadratic solution interpolation is used here for computing the left and right values that are passed to
the numerical flux. The first term on the right hand side, 6f;, is a flux correction term required for quadratic
exactness of the flux integral, and the second term, 559, consists of correction terms for the source and
time-derivative terms. These forms of high-order surface and volume integration formulas have been derived
in Ref. [1], by following the k-exact finite-volume discretization approach [9,30-32]. They are useful because
we can upgrade an existing second-order code to third-order accuracy just by adding an efficient quadratic
interpolation scheme to the construction of the numerical flux and adding these correction terms. Note that
these correction terms do not require second derivatives, which naturally appear when a quadratic polyno-
mial is integrated over a cell but can be eliminated completely by utilizing the efficient projected-gradient
formula derived in Ref. [1], as described in the next section.

3.2. Quadratic Solution Interpolation without Second Derivatives

In Ref. [18], Frink introduced a simple formula for linearly interpolating a solution at a face centroid in
a tetrahedron: e.g., for a scalar variable g,

1(g+tgs+tyg
gr=9;+ 7 (2334 - gj> ) (3.3)

where gr denotes the linearly interpolated value of g at the centroid x7 of the face opposite to the node 1,
g2, g3, g4 are the values of g at the node computed from cell-center solutions, 2, 3, and 4, respectively, as
shown in Figure 1. This formula is equivalent to the linear interpolation with the Green-Gauss gradient:

gr = g; + Vg5 - (xr — x;), (3.4)
where VgJGG is the Green-Gauss gradient expressed in terms of the nodal values. As discussed in Ref. [1],
the projected derivative ngc - (x7 — x;) can be written as

VgSC - (xr = %;) =g — Tj» (3.5)
where gr and g; are the function values linearly interpolated at the geometric centroids of the triangular
face T and the tetrahedron j, respectively:

_ g2+ 93+94  _ g1+ g2+ 93+ g4
gT:f7 g9;, = 1 )

(3.6)
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where the node 1 is a node located opposite to the face T' as in Figure 1. It is then generalized in Ref. [1] as
Vo5 (x —x;) =9 7;, (3.7)

where ¢ is a value computed from the nodal values in a linearly exact manner at an arbitrary point x. A
similar formula can be derived for a triangular face 7"

VgZ%  (x —x7) =g — G, (3.8)

where Vgg @ is the Green-Gauss gradient defined over the triangular face T. Observe that these formulas
suggest how we can eliminate the gradient from the projected derivatives, expressing them in terms of the
nodal values only. In the economical third-order method, we apply these formulas to eliminate second
derivatives from a curvature term.

To accomplish this elimination of the second derivatives, consider a quadratic interpolation for the density

[ 1
pr =P+ Vpj - (xr = X)) + 5 (xr = %)'V2p; (xr = x;), (3.9)

where py, denotes the value quadratically interpolated from the centroid of the cell j to the centroid of the face
T, Wj is the arithmetic average of the gradients stored at nodes of the cell j. In the FANG CCFV method,
we compute and store gradients of the primitive variables at the nodes [15-17]. For third-order accuracy,
we compute the gradient of the primitive variables by a quadratic least-squares method using an augmented
stencil of cells around each node. See Ref. [1] for further details. By applying the projected-derivative
formula (3.7) to the gradient, i.e., g < Vp, we obtain

N 1 ,— N

pL=pi+Vpj (xr = %) + 5 (Vor —Vp;) - (xr = x;), (3.10)

where Vp; is the arithmetic average of the gradients available at nodes of the face T', and therefore,

1 ,— N

pr=p;i+ 5 (Vor+Vp;) - (xr = x;). (3.11)
This is the efficient quadratic interpolation formula, called nodal-gradient quadratic interpolation (NGQI)
that does not require second derivatives [1]. A similar formula can be applied to the neighbor cell & to obtain
the right state pr. Applying these formulas, we obtain the left and right states, wy and wg, required for

the numerical flux. A similar formula is applied also to quadratically interpolate the value at a node i from
a cell:

1 ,— —
pi, = pj + 3 (Voi, +Vp;) - (xi — %), (3.12)
and
1 — J—
Piy = P+ 3 (Vo + Vi) - (ki — %), (3.13)

and their average is used to evaluate the flux Jacobian in the flux correction 6f;. In a similar manner,
second derivatives arising from high-order flux and source quadrature formulas can be eliminated by using
the efficient projected-derivative formulas (3.7)and (3.8). See [1] for details.

4. Shock Capturing and High-Order Slope Limiter

For shock capturing, a mechanism for robustly producing non-oscillatory solutions is necessary. In this
work, we will employ the unstructured-grid slope-limiter framework originally developed by Barth and Jes-
person [33] and later improved by Venkatakrishnan [26], Michalak and Ollivier-Gooch [34], and more recently
by Nishikawa [25]. For the density p, we implement the limiter in the form:

(p)
pr = pj+ =5 (Vor +Vp;) - (xr =), (4.1)
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which is the limited version of NGQI in Eq. (3.11), (b;-p ) is a limiter function for the density, which can have
a value between 0 and 1, computed by Nishikawa’s Rs limiter [25]:

a® + € +aSs .
) ' R 7 , if a > 2b,
$) = i a® + € + b(a* + S5) (4.2)
e .
! 1, otherwise,
where T' is a face between the cell j and a face-neighbor k € {k;} ,
——36_
S5 = 8%a® —2b(a—b)], a=|Ay], b=|A_|=|pr—pl. €={KAz}"F (4.3)

Pmaz — Pj> PLZP';
Ay = ! ’ (4.4)

Pmin — Pjs  PL < Pj,

Pmin a0d Pz are found from a set of face neighbor cells, and here K is an adjustable constant and Az is
a local mesh spacing defined in a three-dimensional tetrahedral cell as

Ar=(6v2 Vj)l/3 : (4.5)

which corresponds to the side length of a regular tetrahedron having the volume V;. Following Ref. [35], we
have introduced the scaling factor p in the definition of € for dimensional consistency, using a local value
stored at the cell j; but for the z-velocity u, we set max(|u;|,a;) with the local speed of sound a;, and
similarly for the other velocity components v and w. As discussed and demonstrated in a recent paper
[25], Venkatakrishnan’s limiter is useful for second-order schemes but cannot preserve the design order of
accuracy of third- and higher-order schemes. On the other hand, the Rs limiter is designed to preserve up
to fifth-order accuracy and serve as a less dissipative limiter for second-, third-, and fourth-order schemes
[25]. To deal with strong shocks, we employ Gnoffo’s pressure limiter ¢§)ress [36], which smoothly switches
from 0 to 1 depending on the ratio of the maximum to the minimum pressure in a set of neighbor cells at a
cell j, and apply it to the limiters for all the variables:

¢§p) - ¢§)ress¢§p)’ ¢§u) . ¢§)ress¢§u)7 ¢§1}) <_ ¢§)TGSS¢;1)), ¢§w) (_ ¢-§)TGSS¢(11)) (bgp) - ¢§)ress¢§p)(46)

] b
If there exists a large pressure ratio in the set of neighbor cells, we have (bﬁ)ress = 0 and replace all limiters.
For unsteady problems, it is necessary to apply a limiter to the mass matrix coupling the time derivatives
with neighbors, which arises due to the source correction term ds;. Later, we will present some preliminary
results obtained for the linear advection equation in one dimension.
For the flux correction term, we apply the limiter to both the solution interpolation to a node and the
projection of the node primitive variable gradients to the cell face geometric center:

1 _ I
wl = w; + §D¢ {(szk + VWJ) (Xik - Xj)} s (47)

1k

and
1 .
wlit = w, + §D¢ {(Vwi, + Vwg) (xi, —xk)} (4.8)

ik

25 > Z( ) Do (7w o, =)} . (49)

ke{k }ie=1 Tk

where the flux Jacobian (%)ik is evaluated at (w/ +w!t)/2, and
D, = diag (6, 0", 6, 0, 6 (4.10)
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¢§Z) — min <¢§P)7 ](;’)) , ¢Ef) — min ((z)gu)7 d);;”) ; ¢§i’) — min <¢§v)’ S})) , (411)

6 = min (¢>§»w)’ ;(gw)> , ¢\ = min (¢>§p), ¢>,(f)) : (4.12)

The limiting strategy described in the above is just one possible approach, and there is certainly room
for improvements. For example, we are exploring a way of eliminating e by detecting smooth extrema and
constant regions in some other way along the same lines of the methods in Refs. [37,38]. We are also exploring
a robust way of triggering a limiter freeze for deeper iterative convergence. For unsteady problems, the time
derivative terms are coupled with neighbor values through a mass matrix and it has to be limited as well.
The mass-matrix limiting is discussed later for linear advection, and it will require a careful extension to the
Euler equations because the limiters are computed for the primitive variables but the time derivatives have
the conservative variables.

5. Results

In this section, we present preliminary results obtained with the third-order method implemented in the
VULCAN-CFD code, and also a study on the mass-matrix limiting for the linear advection equation in
one dimension. For steady problems, we solve a global system of nonlinear residual equations by an implicit
defect-correction solver with the exact residual Jacobian of a first-order accurate residual and the multi-color
Gauss-Seidel relaxation scheme is applied to relax the linearized system (see Refs. [39] for example for further
details).

5.1. Accuracy Verification

First, we consider an accuracy verification test using the method of manufactured solutions [40]. We
define the following functions:

wet — wo + wy exp(0.5(x +y + 2)), (5.1)

where wg = (1.0,0.3,0.2,0.1,1.0) and w; = (0,1,0.1,0.1,0.1,0.1), and make them the exact solutions by
introducing the source term s defined by

s = divF(wereet), (5.2)

which we compute numerically at each cell centroid and then add to the correction term (3.2), computing
the gradient at nodes by the quadratic least-squares method. For the source correction, we compute the
gradient of s numerically by the quadratic least-squares method that we already have for the discretization.
To determine the order of discretization errors, we solve the residual equations for the steady Euler equations
in a unit cube domain with a weak Dirichlet condition, where the right state is given by the exact solution
(5.1), using a set of consistently refined perturbed tetrahedral grids of 3,072, 10,368, 24,576, 48,000, and the
118,098 cells. See Figure 2(a) for the coarsest grid and contours of the exact solution for the pressure. Lq
error convergence results are shown in Figure 2(b). Here, the effective mesh spacing h. sy has been computed
as the average of the cubic root of the cell volumes. As can be seen, third-order accuracy is observed for all
variables. Similar results have been obtained in the L., norm also. The results verify the implementation of
the third-order accurate inviscid discretization including the high-order source quadrature in VULCAN-CFD.

5.2. Smooth Bump

Next, we consider compressible flows over a smooth bump through a duct, where a smooth bump defined
by

10z — 3
2 = 0.05sin’ V(z)} . 2 e0.3,1.2], (5.3)
is placed at the bottom of a rectangular domain (z,y,z) = [-0.25,1.75] x [—0.5,0.5] x [0,1]. We solve the

steady residual equations without source terms over three levels of irregular tetrahedral grids with 9,216,
31,104, and 367,416 tetrahedra (see Figure 3(a) for the coarsest grid).
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We first consider a calorically perfect subsonic flow at M., = 0.3, and verify third-order accuracy using
the entropy error defined as |yp/pY — 1|. For this problem, a slip-wall condition has been implemented
with the boundary face normal vector defined as the arithmetic average of the exact wall normal vectors
analytically computed at boundary nodes. The slip boundary condition is applied at the bottom boundary
including the bump and also at the top boundary at z = z,,4:, & characteristic condition is applied at
the inflow boundary located at x = x,,;,, a constant static pressure condition is applied at the outflow
located at © = x4z, and a periodic condition is applied at the remaining boundaries at y = ymn and
Y = Ymaz- As discussed and demonstrated in Ref. [1], this boundary condition gives third-order accuracy
with linear tetrahedral grids for curved geometries. L; entropy error convergence results are shown in Figure
3(c). Here, we compare four schemes: NGLI(1) is a linear interpolation scheme with the gradient given by
the arithmetic average of linear least-squares gradients at nodes, NGLI(2) is the same linear interpolation
scheme with quadratic least-squares gradients, NGQI(2) is the efficient quadratic interpolation scheme but
without the flux correction, NGQI(2)+FC is the third-order scheme. As expected, NGQI(2)+FC achieves
third-order accuracy. NGQI(2) gives similar error convergence but begins to deteriorate on the finest grid.
Other schemes are second-order accurate as expected.

Next, we consider a hypersonic flow over the same bump at a free stream Mach number 6. For comparison,
we perform the computation with a conventional second-order scheme with Venkatakrishnan’s limiter. The
same defect-correction solver is used to solve both the second- and third-order discretization residuals, with
the limiters frozen after 400 iterations. For both schemes, we use the value of K = 5 and have been able
to converge the residuals by more than 10 orders of magnitude down to a machine-zero level. Residual
convergence is shown in Figure 4(c) for the second-order scheme and Figure 4(d) for the third-order scheme.
As can be seen, the defect-correction with a first-order Jacobian, which has been employed in many practical
second-order CFD codes, is equally effective for the third-order discretization. This is expected because
the third-order discretization is not very different from the baseline second-order discretization. Therefore,
there is no need to develop a more advanced solver for the third-order scheme. However, we expect a
stronger solver such as a Jacobian-free Newton-Krylov solver would be necessary to solve problems with
anisotropically adapted tetrahedral grids. Then, the current defect-correction solver is expected to serve as
an effective preconditioner. Figures 4(c) and 4(d) show pressure line contours plotted over color contours
of the limiter values for the pressure, for the second- and third-order schemes, respectively. As can be
seen, the limiter is less active in the third-order solution. This is expected because the Rj limiter is less
dissipative as demonstrated in Ref. [25] and also because a linear interpolation tends to create greater
overshoots/undershoots than a quadratic interpolation Ref. [38].

5.3. A Hypersonic Flow over a Sphere

As a robustness test, we consider a more difficult case involving a stronger shock and a highly-stretched
grid: a hypersonic flow over a sphere at a free stream Mach number of 6 on an adaptive tetrahedral grid.
Figure 5 shows an adapted grid with 285,227 tetrahedra generated by the refine package (https://github.
com/nasa/refine) developed at NASA Langley Research Center. A far-field boundary condition is applied at
the far-field boundary, a third-order extrapolation is applied a the x,,,, outflow boundary, the slip condition
is applied at the sphere surface, and a symmetry condition is applied a the ¥,,;, boundary. As in the previous
case, we compare the third-order method with the Rj5 limiter and a conventional second-order scheme with
Venkatakrishnan’s limiter. For this problem, the limiters are not frozen and the calculations are performed
until the residuals are reduced at least two orders of magnitude. Figures 6(c) and 6(d) show the results for a
relatively small value of K, K = 1.5: pressure line contours and limiter contours. As can be seen, the limiter
is activated in a wider range of the domain in the second-order solution than in the third-order solution.
Also, the pressure line contours look slightly smoother, especially over the sphere surface near the outflow.
Increasing K to K = 5.0, we obtained the results shown in Figures 6(c) and 6(d). As expected, the limiters
are much less activated in both cases, but we still observe that the limiter is activated in a wider range of
the domain in the second-order solution than in the third-order solution. Slight oscillations are observed
around the bow shock, but this is expected for a large K. Nevertheless, these results demonstrate that the
defect-correction solver, which is originally designed and widely employed for a second-order method, works
robustly for the third-order method.
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5.4. Unsteady Advection in One Dimension

So far, we have only considered steady problems. For unsteady problems, it is necessary to apply some
limiting to the time derivatives for both explicit and implicit schemes, or oscillations will occur because the
time derivatives are discretized in space by a high-order quadrature formula, and therefore, the scheme will
not reduce entirely to a first-order scheme when a limiter is zero unless the spatial discretization of the time
derivatives is suitably modified. Since the high-order quadrature formula results in a global coupling of the
time derivative of a cell with its neighbors through a mass matrix, we consider limiting the mass matrix for
monotonicity. Here, we present a basic study for linear advection in one dimension, which is sufficient for
demonstrating the impact of the mass matrix limiting.

Consider the linear advection equation,

O+ cOgu =0, (5.4)

where ¢ = 2. The third-order spatial discretization on a uniform grid of spacing h is straightforward:

Tj+1/2 du
/ Edw —+ [q)j+1/2 — (I)j—l/Q] = 0, (55)

j—1/2

where the numerical flux ®;, /5 is computed by the upwind flux evaluated with the one-dimensional version
of the efficient quadratic interpolation scheme:

1 —— h
b 1 p=cuL=c {Uj + By {(uz)j+1/2 + (uz)j} 2} ) (5.6)

where (uz);j41/2 is a nodal gradient at j +1/2 and (u,)

;s the arithmetic average of the nodal gradients at
j—1/2and j+1/2:

J 2

Note that the flux correction is not needed in one dimension since the flux integration is exact. However,
the time derivative needs to be integrated to higher-order:

Ti+1/2 du ZTi+1/2 [ - d(uT) : 1 d(um) i
d _ J J — i)+ — J —x:)?%|d
/ at ™ /:,L,jl/2 { dt dt (& =) 2 dt (@ =) d

Uj — Uj—1 Uj+1 — Uj (), = (Uz)j—1/2 + (Uz)jy1/2

(Uz)j—1/2 = o (Uz)jr1/2 = g (5.7)

hd’LLj Ed(umx)]

dt 24 dt
= h% + hj d(us)j1/2 _ d(uz)j—1/2
oAt 24 dt dt
dU' h dU',l du du.+1
at 24 [ dt a }
h du‘j,I du] d’LLj+1
= — 9080 . .
24 [ PR TRPT (5.8)

Therefore, the third-order scheme is given by

h |[du;_ du;  du;iyq
o [ T p ) = ] + (@417 = ®jo12] =0, (5-9)
or in the global form:
dU

where M is the mass matrix, U is a global vector of the numerical solutions, and Res is a global residual
vector. The spatial part of the resulting scheme is essentially the QUICK scheme [10], and the time-derivative
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term with the mass matrix is equivalent to the coupled formulation of the QUICK scheme as described in
Ref. [11]. This means that the economical third-order scheme can be considered as a unique extension of the
QUICK scheme to unstructured grids based on point-valued solutions at cells and gradients computed and
stored at nodes.

The time derivative is integrated in time by the third-order strong stability-preserving Runge-Kutta
scheme [41], where the mass matrix is directly inverted at each stage. For comparison, we consider a second-
order scheme defined by the following linear interpolation scheme:

h] , (5.11)

Qjp12 =cur =c [Uj +(Ua) ;5
without the mass matrix M. For limiting, we employ the R limiter [25] with Az = h and apply it in the
form:

Dji1/2 = clu; + ¢5(ur —uj)], (5.12)

where ¢; is the limiter computed at the cell j with the minimum and maximum values taken over the cell j
and its two neighbor cells. The above limiting is applied in the same way to both the third- and second-order
schemes. For the parameter K, we consider two different values: K = 0.1 and K = 5.0.

If the limiter is zero, the scheme is expected to reduce to a first-order scheme. The spatial discretization
has been designed to achieve this, and the time derivative term needs to be designed similarly, such that the
mass matrix will reduce to the identity matrix. In this study, we consider the following method of limiting
the mass matrix:

h du du; du;4
2 ¢j71/2#1 + (24— dj_1/2 — Pjr1/2) — 7 I 4 Gjr1/2—— o7 +[®jr12 — Pj_1/2] =0, (5.13)
where
_ %1t O + ¢;
bjm1jp =g e = (5.14)

Note that the need to modify the mass matrix for shock capturing is well known in finite-element methods.
See, for example, Refs. [42,43].

Consider the initial solution profile as shown in Figure 7(a). We perform the time integration to the final
time ¢ = 0.5 with a periodic boundary condition (i.e., no boundaries): the initial profile will, therefore, come
back to the initial position at ¢ = 0.5. First, we compare unlimited schemes. Figure 7(b) shows the result
of the second-order scheme (5.11). Figures 7(c) and 7(d) show results of the unlimited third-order scheme
without the mass matrix and with the mass matrix, respectively. As can be seen, the third-order scheme
preserves the symmetry of the square profile much better with the mass matrix, compared with the other
two schemes. This is an expected feature of any third-order scheme because it is the leading dispersive error
that is eliminated from a second order scheme [44]. The results indicate that the mass matrix is essential for
the third-order scheme and at the same time the mass matrix will have to be limited for shock capturing.

Figure 8 shows the results obtained with the limiter. The parameter K is set to K = 0.1. Results of
the second-order scheme and the third-order scheme without the mass matrix are shown in Figures 8(a) and
8(b), respectively. The wave forms are shown to be monotone, but the symmetry of each profile (square or
sine) is not preserved very well, in comparison with the third-order solutions in Figures 8(c¢) and 8(d). Note
finally that the solution exhibits slight overshoot and undershoot in Figure 8(c), which is a solution obtained
with the original mass matrix. On the other hand, the solution is monotone in the case of the limited mass
matrix, as can be seen in Figure 8(d).

As can be seen, the results in Figure 8 are dissipative at the top of the sine wave, which is a smooth
extremum. To preserve the design order of accuracy at smooth extrema, we can increase the parameter K,
but will have to expect some oscillations at discontinuities [26]. We performed additional calculations with
K = 2.0, and obtained the results shown in Figure 9. Comparing the solutions in Figure 8, we can see that
the solution is more accurate at the top of the sine wave, but oscillations appear near discontinuities. Small
oscillations may be tolerated in some flow problems, but a strict monotonicity would be required for robust
hypersonic-flow simulations. In this regard, Gnoffo’s pressure limiter can be useful because it allows us to
use a relatively large value of K while maintaining monotonicity at shock waves. However, it does not detect
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contact discontinuities and can generate oscillations there. It is also difficult to determine the value of K for
a given problem before running simulations, and moreover as originally formulated € is not dimensionally
consistent although a more sensible and dimensionally consistent formula has been proposed in Ref. [35]. To
address these issues, we are currently developing some techniques for potentially eliminating the parameter
e and thus K, following the work presented in Refs. [37,38].

6. Conclusion

In this paper, we reported progress in developing an economical third-order finite-volume scheme for
tetrahedral grids, focusing on its implementation in a practical code and shock capturing. We have success-
fully implemented the third-order scheme in the NASA VULCAN-CFED code and verified the implementation
by accuracy verification tests. Also, we implemented a limiter and performed computations of high-Mach-
number flows. The Rj limiter, which preserves up to fifth-order accuracy, has been implemented and tested
for shock capturing. Numerical results to date show that the limited third-order solver is robust enough
to produce accurate solutions for a hypersonic flow over a smooth bump using a regular tetrahedral grid
and the much more challenging problem of a hypersonic flow over a sphere using a highly-stretched adapted
tetrahedral grid. Finally, we derived a one-dimensional version of the proposed third-order scheme and tested
it for a linear advection problem. Results indicate that limiting the mass matrix is essential to preserving
the monotonicity.

Currently, our effort is focused on developing a more sophisticated limiting strategy that potentially
eliminates the need for adjusting the parameter K in the limiter function. To achieve this, we will have to
detect smooth extrema and constant regions, in a way similar to the techniques discussed in Refs. [37, 38].
Also, extensions to other cell types, which are possible, are left as important future work.
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Figure 1. Interpolations to a face center xr and a node 3 from the cell centroid in a tetrahedral cell.

Function values are assumed to be available at the cell centroid x; and at the nodes.
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Figure 2. Error convergence results for the accuracy verification test case.
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Figure 4. Pressure line contours and limiter color contours for the hypersonic bump test case.
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(a) K=1.5: second-order solution. (b) K = 1.5: third-order solution.
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(¢) K = 5.0: second-order solution. (d) K =5.0: third-order solution.

Figure 6. Pressure line contours and limiter color contours for the hypersonic sphere test case. Second and
third order solutions are obtained with Venkatakrishan’s limiter and the Rs limiter, respectively.
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Figure 7. Initial profile and numerical solutions obtained with unlimited schemes for linear advection test.
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Figure 8. Numerical solutions obtained with limited schemes for linear advection test (K = 0.1).
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Figure 9. Numerical solutions obtained with limited schemes for linear advection test (K = 2.0).

19 of 19

American Institute of Aeronautics and Astronautics



	Introduction
	Target Governing Equations
	Economical Third-Order Cell-Centered Finite-Volume Method for Tetrahedral Grids
	Discretization
	Quadratic Solution Interpolation without Second Derivatives

	Shock Capturing and High-Order Slope Limiter
	Results
	Accuracy Verification
	Smooth Bump
	A Hypersonic Flow over a Sphere
	Unsteady Advection in One Dimension

	Conclusion

