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Abstract

Accounting for uncertainty when calibrating expensive computational models is a
common challenge faced by scientists and engineers. Often Bayesian techniques
are adopted to estimate a probability density function over the model parameters
given noisy empirical data. The methods used to perform this type of probabilistic
calibration are computationally prohibitive in that they require a large number of
evaluations of the expensive model. In these cases, surrogate modeling — that is,
using a fast-to-evaluate, lower fidelity stand-in for the original computational model
— may be the only option to alleviate this computational burden. However, the
upfront cost of generating training data to build a surrogate model can itself be
expensive. As such, it is important to be judicious when selecting training points
at which the full-fidelity model is evaluated. Here, an active learning approach is
proposed that enables efficient selection of training points using approximate samples
of the calibrated parameter probability density function. In this way, the training
points can be concentrated in regions where the calibration algorithm requires high
model accuracy.

1 Introduction

Computational models are becoming an essential part of science and engineering.
Often, these models require calibration to empirical data to be useful. While de-
terministic methods for correlating model response to available data are commonly
used for this purpose, these methods neglect uncertainty due to natural variability,
measurement noise, limited data, missing physics, numerical errors, etc. In contrast,
Bayesian techniques for model calibration allow for quantification of these uncertain-
ties by assigning probability density functions (PDFs) to the model parameters and
estimating measurement noise levels [1]. Bayesian methods are particularly well-
suited for this task as the resulting PDFs can be easily propagated through the
model to predict corresponding PDFs of any number of downstream quantities of
interest using methods such as Monte Carlo simulation.

The gain in information from probabilistic calibration is not free; it comes with
added computational expense. Sampling methods for solving the calibration prob-
lem such as Markov chain Monte Carlo (MCMC) [1, 2] require a large number of
model evaluations, which is particularly problematic when the evaluations involve
computationally intensive simulations such as finite element analysis. Utilizing ma-
chine learning algorithms to develop quick-to-evaluate surrogates for these expensive
models is a common approach for alleviating the computational burden. The surro-
gate is trained with data from the full-fidelity model, incurring some up front costs
to generate the data, and then the surrogate is used during the computationally ex-
pensive Bayesian calibration. However, developing enough training data to achieve
acceptable surrogate accuracy can be challenging, and, when the model is expensive,
space-filling techniques such as Latin hypercube sampling (LHS) [3] are often ineffi-
cient uses of computational resources. This inefficiency is due to the fact that, in a
supervised learning scheme, the model must be evaluated once per training point to



generate the associated label. Additional complications arise when the high-fidelity
model behaves poorly (e.g., inconsistent outputs or solver divergence) outside of
some unknown subset of the calibration parameter space or when the parameter
space is large with respect to the support of the calibrated PDF. Judicious selection
of training data is even more important under these circumstances.

Active learning [4] is a machine learning field akin to optimal experimental design
that enables efficient selection of training data in a sequential manner to improve
training efficiency. Each new training point is selected in a sequential manner to
maximize information gain. This approach is in contrast to pre-specifying a large
number of training simulations as is done with LHS, for example. The choice of ac-
tive learning algorithm depends on the intended use of the resulting surrogate (e.g.,
active learning methods for targeting failure thresholds [5,6] or Bayesian optimiza-
tion of a function [7]). Rather than targeting a failure threshold or finding a single
parameter value via optimization, this work focuses on obtaining the solution to a
probabilistic calibration problem that characterizes the joint probability distribution
of model parameters conditioned on a set of calibration data, referred to as the pa-
rameter posterior distribution. Therefore, the goal of active learning in this context
is to select training points that improve the surrogate’s ability to make accurate
and rapid predictions specifically in the region of the parameter space where the
posterior probability is significant (i.e., non-zero) in order to facilitate calibration.

Takhtaganov and Miiller [8] presented an active learning algorithm selecting
training data around the posterior distribution using a gradient-based maximiza-
tion of expected improvement [7]. Kandasamy et al. presented a similar approach
but used their surrogate to approximate the likelihood function® rather than the
computational model itself [9]. The authors presented two methods for selecting
new training points that performed equally well. The first was similar to that of [8]
and required a computationally demanding optimization, while the second simply
selected the point with the highest surrogate-predicted variance. Inspired by these
works, an alternative active learning algorithm is proposed herein that aims to ad-
dress specific challenges associated with generating surrogates for the calibration of
expensive models. Similar to [9], the method selects the training point with the
highest predictive variance but does so from a set of candidate points sampled from
the surrogate-estimated posterior distribution at each active learning iteration.

2 Theory

2.1. Bayesian model calibration

In this work, the goal is to calibrate an expensive computational model to noisy
measurements of one or more model response variables. The model, M (#), is a

'In Bayesian statistics, the likelihood function defines the likelihood of observing the data as
a function of the model parameters and can be used to perform model calibration with MCMC.
Traditionally, the likelihood function is dependent on the model response, but the approach in [9]
skips the need to evaluate the model directly. Skipping the direct evaluation of the model can have
disadvantages if the model response is of particular interest rather than the calibration parameters
only; e.g., when performing surrogate model validation independent of the calibration data.



function of a d-dimensional vector of model parameters (i.e., § € Q C RY) and
produces predictions,

y = M(0), (1)

where y is an n-dimensional vector of measurable model responses (e.g., displace-
ments of a beam in bending, melt pool dimensions in an additive manufacturing pro-
cess, etc.). €2 is the calibration parameter space and R? denotes the d-dimensional
real space. Here, it is assumed that the model is related to a single measurement by

z=y+e=M(0)+e¢, (2)

where z is the n-dimensional vector of measured values and ¢ is a sample from a zero-
mean multivariate normal (MV N) random variable with n x n covariance matrix ¥;
ie., e ~ MV N(0,X). This term is a probabilistic description of the measurement
variability (e.g., noise).

Given a set of measurements, z = {z1,...,2n}, the model is calibrated in a
probabilistic fashion by solving the inverse problem posed by Bayes’ Theorem,

7(z]0)m(6)
Jo 7(2|0)7(0)d6’ )

w(0|z) =

where 7(-) represents a PDF. The left-hand side of Eq. 3 is referred to as the posterior
PDF and describes the relative likelihood that the model parameters take on a
particular value conditioned on the available data. Thus, the posterior distribution
is the solution to the inverse problem and provides a probabilistic calibration of the
model based on available data. The numerator on the right-hand side comprises the
product of the likelihood function, m(z|6) and the prior PDF, w(#). The former is a
measure of how likely it would be to observe z given a particular 6, and the latter
quantifies any prior knowledge about 6. The form of 7(0) is typically derived from
expert elicitation or previous experiments. The denominator on the right-hand side
is a normalizing constant and involves integration over the entire parameter space.

Obtaining a direct solution to Eq. 3 is often intractable in practice due in part
to the complexity of the expensive integral in the denominator. Computation of
this integral can be bypassed through the use of sampling methods (e.g., MCMC)
that exploit the proportionality 7(6|z) o 7(z|6)7(f) to generate samples from the
unknown posterior distribution. A large number (e.g., on the order of thousands to
millions) of model evaluations are typically required to provide an accurate solution
to the inverse problem, as the likelihood function must be evaluated one or more
times? for each sample generated. When M(-) is a high-fidelity simulator, as is
the motivation for this work, this requirement can lead to exorbitant computation
times. To alleviate this burden, surrogate models can be used to approximate the
high-fidelity model input-output relationship; i.e.,

7= M(0) ~y. (4)

2 Algorithms such as MCMC are based on sample acceptance/rejection probabilities that mean
a number of candidate samples may be discarded, so the total number of evaluations M for a final
sample size N is often much higher; i.e., M >> N.



Assuming that the surrogate is faster to evaluate than the original model, sam-
pling methods can then be used in a tractable manner to obtain the approximate
calibration

7(0|z) = 7(0]z), (5)

where z &y + €.

2.2. Active learning for efficient surrogate modeling

A common approach to developing a surrogate model is supervised machine learning
on a set of N pairs of model inputs and pre-computed model outputs. This set is
referred to as training data,

Dy = (On,YN), (6)

where

On = {0}/,
Yy = {M(gl)}f\il = {yz}zj\;

On has dimensions NV xd, and Y y has dimensions N xn. The inputs Oy can be over
a uniform grid, randomly sampled, generated using a space-filling technique such as
LHS, etc. The upfront computational cost of training the surrogate model increases
with N. Depending on the complexity of the learned input-output relationship
and the runtime of M(6), the construction of Dy itself can be computationally
challenging.

Active learning is a current area of research in the field of machine learning and
generally describes a method in which a model trained on Dy is used to select a
new training point Oy, by solving the optimization problem

(7)

Oni1 = arg;nan(e;ﬂN('))a (8)

where ¢ is an acquisition function that quantifies the estimated improvement of
the surrogate model achieved by adding an arbitrary ¢ to the training dataset and
My (+) is the surrogate model trained on Dy. Estimated improvement can be quan-
tified using acquisition functions based on predictive variance of the surrogate, or
the amount of uncertainty associated with 7.> Gaussian process regression (GPR)
models [10] provide both a mean prediction and a predicted variance when predict-
ing between points in Oy and, therefore, are particularly useful for active learning.
While other methods could be used for this purpose (e.g., Bayesian neural net-
works [11]), the remainder of this work will focus on using GPRs to facilitate active
learning.

A simple acquisition function can be used to target regions with the highest
predictive uncertainty,

9(y) = Var[y], (9)

where Var[y] is the predicted output variance. In cases where 2 is unbounded,
this acquisition function would result in divergence with © x_, as GPRs have high
uncertainty when extrapolating. In the present study, the goal is to have an accurate

3The dependence on N is excluded from the 7 notation for simplicity.



surrogate model in the region of non-zero posterior probability (i.e., 7(6|z) > 0).
However, this region is unknown a prior: making it difficult to apply any bounds.
An alternative approach is the use of a candidate set, Cy C €2 to transform Eq. 8
into an easier-to-solve discrete optimization problem,
On+1 = arg max(Var[y]). (10)
0eCn
A natural choice for this candidate set would be samples from the posterior
distribution itself, ensuring that the model’s predictive uncertainty is being selec-
tively reduced only in the region of interest, rather than in areas with very low
posterior probability. The true posterior distribution is the target of the proposed
calibration approach and is thus unavailable to sample from. However, a surrogate-
approximated posterior is available (Eq. 5), yielding candidate set

M
Cn ={cj}j=1, (11)
with candidate parameter vectors sampled from the posterior,
cj ~7(0|z). (12)

The optimization of Eq. 10 can then be accomplished by sampling from the posterior
using the methods highlighted in Section 2.1 and selecting the point with the highest
variance in a greedy fashion as outlined in Algorithm 1. Some of the notation and
concepts in the algorithm are explained in subsequent subsections. Note that any
sampling algorithm can be used to perform the final calibration in step 14; e.g.,
MCMC.

Algorithm 1 Active learning for Bayesian Model Calibration
Require: M(-),z, N,t
1: Initialize the training inputs, O ~ LHS
2: Initialize the training outputs ,Yy < M(Oy)
3: Dy (@N,YN)
4: while not converged do
5: Train a GPR model, M\N() +— GP(Dn)
6
7
8
9

Generate the candidate set using SMC, C](\t,) ~ SMC(t, z, ./\//YN())
On1 ¢ argmax,_,« (Var[f])
N
Yn+1 — M(Ony1) .
: Check for convergence; e.g., using yn11 and My (On41)
10: N+N+1
11: Update t based on desired degree of exploration/exploitation
12: end while -
13: Train final GPR model, My (-) < GP(Dn)
14: Perform Bayesian model calibration, 7(0|z) + SMC(t =T, z, M\N())

2.2.1. Initializing the surrogate

As is common in active learning methods, an initial set of training data is needed to
start the process. The initial set can be small relative to the final number of points



ultimately required for acceptable surrogate accuracy. Ideally, the initial samples
are representative of the model response variability over the entire parameter space,
making LHS a useful tool to generate the input samples, O . The full-fidelity model
must then be run at each sample to generate the labeled outputs, Y, before the
initial surrogate model can be trained.

2.2.2.  Constructing a candidate set

Drawing samples per Eq. 12 is non-trivial. As discussed in Section 2.1, Monte Carlo
methods can be used to draw samples from the unknown posterior distribution with
a computational expense. MCMC is typically used for this purpose but requires
a burn-in period in which a number of samples are discarded before the method
begins producing samples from 7(0|z), which amounts to wasted computation.

Sequential Monte Carlo (SMC) [12] is an ideal alternative to MCMC for active
learning in that it does not require a burn-in period and allows for model evalua-
tions to be run in parallel, yielding significant speedup. Rather than trying to sample
from the posterior distribution directly, SMC uses a sequence of T' target distribu-
tions that gradually transition from one that is easy to sample from (i.e., the prior
distribution) to the posterior distribution of interest. A population of weighted
parameters, called particles, is initially sampled from the first target distribution
and then evolved sequentially via local moves and reweighting steps. At each step
(t =0,...,T), the particles represent samples from the t** target marginal distri-
bution, with ¢ = T being the posterior distribution. The target distributions are
typically defined using likelihood annealing such that m;(6|z) o 7(z|0)? 7 (#) where
¢t € [0,1] and is strictly monotonically increasing with ¢. See [12] for additional
information.

Apart from providing significant speedup, SMC also enables smooth transition
between exploration and exploitation when executing the proposed algorithm. These
terms are commonly used in active learning literature to differentiate exploration of
the parameter space through global sampling techniques (e.g., LHS) from local, tar-
geted sampling (e.g., from the posterior distribution). Exploration improves global
surrogate accuracy whereas exploitation focuses on making the surrogate accurate in
the region of interest. With SMC, the degree of exploration versus exploitation can
be controlled by forming the candidate set from the particle population at different
target distributions in the SMC sequence,

Cj Nﬂ-t(mz)’ (13)

where t is a tuning knob. Lower values of ¢ produce samples from targets more sim-
ilar to the prior distribution. When using a uniform prior over the parameter space,
this means that ¢ = 0 is equivalent to uniform random sampling from the parame-
ter space. Increasing the value of t increases the amount of exploitation, reducing
exploration and focusing more on the region of non-zero posterior probability. Full
exploitation may be required if the computational budget is low, whereas some ex-
ploration may be preferred to ensure accurate resolution of the posertior distribution
tails or to identify additional modes. A mix or cyclical sweep between exploration



and exploitation during active learning is also easy to achieve with SMC. When
using t < 1, SMC can be terminated early to improve efficiency of the algorithm.

2.2.3. Monitoring for convergence

Active learning can be continued for a pre-defined number of iterations or until a
convergence criterion is met. Suggested approaches are to monitor either (i) some
statistic representative of surrogate model error with respect to the measured data
or (ii) the change in the posterior distribution itself. An example of the former is the
Bollinger band (BB) [13], a simple analysis method for monitoring prices and price
volatility over time. Adapting this method to the present active learning algorithm,
the upper and lower BBs are

BT =y, £ 200, (14)

where pp and op, are the P-point moving average and standard deviation of an
error function, h(yn+1, M ~N(On+1)), that quantifies error between newly-evaluated
training points and the corresponding surrogate-predicted points after N completed
active learning iterations. Note that the convergence criterion is calculated before
the surrogate is updated, avoiding a double use of data. As reflected in Algorithm 1,
errors for which statistics are computed must be collected at each iteration — prior
to updating the surrogate but after the proposed training point has been evaluated
by the high-fidelity model.

A threshold value €g,;» on the upper BB could be used to determine convergence
of the active learning scheme; e.g., the surrogate model has converged when S <
€surr- Conversely, a threshold can be placed on a rate of change of the upper BB;
e.g., the surrogate model has converged when dfl;\f) < €gyrr- The use of BBs provides
a simple means for determining (a) when the surrogate model mean relative error is
low and (b) when volatility in the surrogate error is low without knowing how low
either quantity can get (i.e., stability).

Alternatively, changes in the estimated model posterior probability distribu-
tion can be monitored and the algorithm can be terminated in a similar fashion as
above; e.g., when the change between subsequent iterations falls below a thresh-
old. A number of methods exist for comparing probability distributions. For ex-
ample, the Wasserstein distance [14] or Kullback-Leibler divergence [15] could be
estimated using the posterior samples C](\';:T) and C%i?. One could also monitor the
marginal likelihood, which is the previously-ignored normalizing constant in Eq. 3.
The marginal likelihood represents the ability of the calibrated stochastic model to
predict the observed data. For a fixed set of calibration data, as the surrogate model
converges to the full-fidelity response surface during active learning, the mean value
of the marginal likelihood will also converge. As mentioned previously, the marginal
likelihood is at best challenging to compute directly. However, SMC provides an
unbiased estimate of the marginal likelihood as a byproduct of the sampling process
at t = T [12], meaning it is available without any additional computational effort.*

“Practitioners should be aware that the SMC marginal likelihood estimate is itself a random
variable, meaning that the mean marginal likelihood will converge in the limit of active learning
iterations but there will be an associated variance that is a function of the specific SMC hyper-



3 Example

To demonstrate the proposed active learning approach, a toy example was derived
using a single sample from a one-dimensional (i.e., § € Q C R and y € R), zero-mean
Gaussian process prior generated using the scikit-learn Python package [16]. This
sample was assumed to be the ground truth, “high-fidelity” model, M (0), to be cal-
ibrated. For the purpose of the demonstration, this model was assumed to be too
expensive to evaluate directly. The calibration data comprised five independent and
identically distributed samples, z; ~ N(u, o), with mean p = 1.23, standard devia-
tion 0 = 0.1, and ¢ = 1,...,5. This data distribution was chosen such that it would
cross the ground truth function at three distinct 6 values, producing a trimodal pos-
terior distribution. The function, data, and a histogram of the estimated posterior
distribution are shown in Fig. 1.

Throughout this example, estimates of posterior distributions were obtained
using SMCPy, a Python package for parallelized SMC sampling [17]. This imple-
mentation of SMC was the same as that used in the active learning procedure (see
Algorithm 1). The AdaptiveSampler class was used with 1,000 particles, 10 MCMC
moves per adaptive iteration, and a target effective sample size of 800 particles. In
practice, o would typically be estimated along with model parameters, 8; however,

parameters chosen for the analysis. Thus, a running average of marginal likelihood would be an
appropriate way to track convergence.

3 9 —— True Function
—— Data

~:>

50 I True Posterior

T T T
—-10.0 =75 —5.0 —-2.5 0.0 2.5 5.0 7.5 10.0
0

Figure 1: True function to be calibrated along with available calibration data and
the resulting posterior distribution (i.e., the result of the calibration using the true
function directly). The red PDF on right axis is the true data-generating distribution
and is shown here for completeness.



for simplicity and to amplify separation between posterior modes, this value was
assumed to be known. A uniform prior distribution was assumed over the interval
[—10, 10].

To motivate the use of active learning, surrogates trained with increasing amounts
of data from LHS were first studied. The surrogate models trained on 5 points, 10
points, 15 points and 25 points are shown in Fig. 2 along with a comparison of the
surrogate-estimated posterior distributions relative to that obtained using M () di-
rectly. LHS-based training exhibits global improvements in accuracy at the expense
of accuracy in the region of the posterior distribution, resulting in missed modes for
the 5 and 10 point cases and biased estimates for the 15 and 25 point cases. Zoomed
versions of the 15 and 25 point cases are shown in Fig. 3. While all three modes are
captured, even the 25 point case shows significant bias, particularly in the estimate
of the third mode.

In contrast to the LHS results, applying the proposed active learning strategy
with ¢ = T (i.e., full exploitation) results in earlier convergence and more efficient
placement of training points as shown in Fig. 4. Here, only 15 total training points
were used, 5 from the initial LHS and 10 from active learning. However, focusing
on exploitation came at a cost, as the third mode was not identified due to the
concentration of training points near the first two modes (see Fig. 5). Since the
initial LHS sample included a single high-fidelity model evaluation above the mean
data line, the initial surrogate prior to any active learning was able to identify at
least one posterior mode in that region with relatively high certainty relative to the
rest of the parameter space. As a result, there was negligible probability density at
the third mode, and no candidate samples were generated there.

Implementing a more balanced exploration and exploitation strategy was shown
to overcome the inability to identify the third mode. In this case, samples were
generated from intermediate SMC target distributions according to Eq. 13 with
t < T. The specific implementation of this approach (line 11 of Algorithm 1) was
left to the user, although optimal methods should be the subject of future study.
Here, it was found that varying ¢ at each active learning iteration to produce the
following sequence of repeated ¢; values

& = [0.03,0.03,0.03,1.0, 1.0, . ..,0.03,0.03,0.03, 1.0, 1.0] (15)

was effective. This choice meant that every three exploration steps were followed
by two exploitation steps until the desired number of training points had been
generated. Again, 15 total training points were used, and, as shown in Fig. 6
and Fig. 7, all three modes are captured with better accuracy than any of the
previous surrogate models, including the 25-point LHS model (Fig. 2). By setting
¢r = 0.03 for exploitation steps, more weight is given to the prior distribution than
the likelihood function, meaning the target distribution is a more diffuse version of
the posterior. An example of this is shown in Fig. 8 in which the target distributions
for ¢y = 0.03 and ¢; = 1.0 are plotted prior to the first active learning iteration.
The former results in candidate samples to be generated at the third mode while
the latter does not. The choice of ¢ = 0.03 was arbitrary, any ¢; € [0,1] could
be chosen to smoothly control the degree of exploration and exploitation where



=== True Function

31 == Data Mean
Surrogate

+ LHS Points

BN True
= 50 1 Surrogate = 50 1
3 3
O 25 A O 25 1
0 T T T O T T T
-10 -5 0 5 10 -10 -5 0 5 10
0 0
(a) 5 training points (b) 10 training points
4 4
3 -

Count
W]
at
1
Count

\
—
o
\
ot
O -
ot

10 -10 -5 0 5 10

(c) 15 training points (d) 25 training points

Figure 2: Surrogate models trained using LHS with (a) 5 training points (b) 10
training points (c) 15 training points and (d) 25 training points compared to the

true function. Histograms of the corresponding posterior distribution estimates are
shown in the bottom frame of each subfigure.

10



= 50 w50
c c
3 3
O 25 O 25
0 1 1 1 0 T T T
0.0 0.5 1.0 1.5 0.0 0.5 1.0 1.5
0 0
(a) (b)
N True N True
= 50 o 50 A
c Surrogate c Surrogate
S =]
o o
O 25 O 25
0 1 0 T T
8.1 8.2 8.3 8.4 8.5 8.6 8.1 8.2 8.3 8.4 8.5 8.6
0 0

(c) (d)

Figure 3: Zoomed views of estimates for the first two modes (from left to right)
of the posterior distribution for the surrogate trained with (a) 15 points and (b)
25 points. The third mode is shown in (¢) and (d) for 15 and 25 training points,
respectively.

¢+ = 0 corresponds to uniform sampling (full exploration) and ¢; = 1 corresponds
to sampling from the posterior (full exploitation).

To further illustrate the utility of the proposed active learning approach, and, in
particular, the benefit of the controlling exploration and exploitation, the marginal
log likelihood (MLL) was estimated for all three surrogate model types (i.e., LHS,
exploitation only, and mixed exploration/exploitation). The results are plotted as a
function of training points in Fig. 9. Both active learning methods result in relatively
quick convergence (within approximately six iterations). However, the MLL for the
model using ¢; = 1 is clearly biased due to the missing mode when compared to the
ground truth MLL (estimated as the average over 10 repeated SMC simulations). In
contrast, the mixed approach results in convergence to the true MLL, with all three
modes represented. The LHS approach does not exhibit any clear convergence up
to 15 total training points. A final comparison of estimated posteriors is provided
in Fig. 10. The active learning surrogate clearly outperforms the 15 point LHS
surrogate. Furthermore, it appears to have less bias than the 25 point LHS even
though it was trained with 40 % less data. These results illustrate the effectiveness
of the approach and highlight the potential gains in both efficiency and accuracy
over traditional space-filling approaches.

4 Summary

A general active learning algorithm for calibrating expensive computational models
was presented that sequentially generates training points from gradually-improving

11
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Figure 4: Surrogate model trained using 15 total training points (an initial 5 training
points from LHS followed by 10 training points selected according to Algorithm 1
with ¢; = 1.0). The resulting posterior distribution is shown in the bottom frame.
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Figure 5: Zoomed views of (a) the first two modes and (b) the third mode of
the posterior distribution. Posterior estimates for both the true function and the
surrogate trained via Algorithm 1 with ¢, = 1.0 are shown. Note that the surrogate-
derived posterior does not produce training points in the third mode.
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Figure 6: Surrogate model trained using 15 total training points (an initial 5 training
points from LHS followed by 10 training points selected according to Algorithm 1
with ¢; € ®). The resulting posterior distribution is shown in the bottom frame.
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Figure 7: Zoomed views of (a) the first two modes and (b) the third mode of the
posterior distribution estimates using the true function and the surrogate trained
using active learning with balanced exploration and exploitation.
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Figure 8: Comparison of the candidate sample distributions corresponding to ¢; =
0.03 and ¢; = 1.0 using a surrogate trained with 5 points from the initial LHS only.
The use of smaller ¢; values allows for a controllable degree of exploration and, in
this example, allows for the third mode to be captured while still achieving better

local accuracy.
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Figure 9: Marginal log likelihood estimates versus number of training points. Higher
values are associated with models that better match the data.
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posterior distribution estimates using the true function and surrogates trained using
mixed ¢ active learning, 15 LHS training points, and 25 LHS training points.
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approximations of the parameter posterior distribution (i.e., the solution to the
calibration problem). The method uses Gaussian process regression to build the
surrogate model, which provides estimates of predictive uncertainty and enables se-
lection of the next training point from a sampled set of candidate points at each
iteration of the algorithm. A sequential Monte Carlo sampler was suggested to
conduct the calibration and construct the candidate set due to its computational
efficiency and natural ability to tune smoothly between exploration and exploita-
tion of the parameter space. Proposed methods for monitoring convergence and
concluding the active learning process were also presented along with a basic ex-
ample problem demonstrating the utility of the approach. Further exploration of
these proposals and comparison to existing algorithms would be a useful contribu-
tion. Planned future work involves implementation of the algorithm for calibrating
expensive material process models in the field of additive manufacturing.
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