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Abstract 5 

In passive satellite remote sensing of the Earth, separation of the path radiance (atmosphere-only 6 

contribution) from the surface reflection remains a “significant challenge”. Recent literature names it 7 

among the gaps in radiative transfer (RT) topics that “require continued research in the near future”. The 8 

challenge comes from multiple reflections (bouncing) between the atmosphere and surface – radiative 9 

interaction. In this paper we use a known RT technique, the matrix-operator method (MOM), and a new 10 

modification of the monochromatic vector RT (vRT) code IPOL (Intensity and POLarization) to simulate 11 

the interaction of a plane-parallel atmosphere and a few widely used surface reflection models. 12 

Following the idea of the Green’s function method, IPOL no longer takes the surface model parameters 13 

on input. Instead, it provides the path radiance, and the atmospheric reflection and transmission matrices 14 

as output. Despite many RT codes use the MOM formalism, this output does not seem common. The 15 

surface reflection matrix is computed externally. Therefore, this paper extends the Green’s function 16 

atmospheric correction technique to the case of polarized light. 17 

Aiming clarity rather than performance, we explain in Python the structure of the surface matrices for the 18 

isotropic (Lambertian), directional unpolarized, and polarized ocean reflection models. We then combine 19 

these surface matrices and the precomputed IPOL output to get numerically accurate signal at the top of 20 

atmosphere (TOA) and test it vs. published benchmarks. Then, for each benchmark scenario we show 21 

how to get the surface from the TOA signal, i.e. perform the RT-based atmospheric correction. 22 
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1. Introduction 54 

In passive satellite remote sensing of the Earth, decoupling (separation) of the surface and atmospheric 55 

contributions on its top (TOA) is a key step in the atmospheric correction algorithms. There are two 56 

reasons to remove the effect of the atmosphere from images of land or ocean. First is to explore the 57 

planetary surface without scattering (blurring) and/or absorption (darkening). Second is to use the surface 58 

as a constraint in atmospheric studies. For the latter, one retrieves the surface reflectance under known 59 

atmospheric conditions, such as clean atmosphere (no clouds, negligible aerosol loading). The known 60 

surface is used later or retrospectively, within a reasonably short period of time, to study the atmosphere 61 

once the meteorological conditions have changed. In any case, inaccuracy from the decoupling propagates 62 

to the final product. 63 

Multiple scattering of the solar light makes the atmospheric effects in the ultraviolet (UV), visible (VIS), 64 

and the near infrared (NIR) bands “significant and complex, dramatically altering the spectral nature of 65 

the radiation reaching the remote sensor” 1. A special set of analytical and numerical techniques, 66 

commonly called Radiative Transfer (RT) [1]–[3], is used for simulation of light scattering in the 67 

atmosphere. Adding surface reflectance makes it even worse. The radiative interaction (coupling) of the 68 

atmosphere and the surface remains one of the “gaps in RT topics that require continued research in the 69 

near future” [4, pp. 41–42]. And vice versa, at TOA the decoupling (separation) of light scattered in the 70 

atmosphere and the one reflected from the surface remains a “significant challenge” [5, p. 8] because of 71 

multiple bouncing of light at the bottom of atmosphere (BOA). In general, the effect of multiple bouncing 72 

makes straightforward (without approximations) separation impossible [6, Sec. Abstract]. 73 

One of the practically important approximations is an assumption of the isotropically reflecting 74 

(Lambertian) surface. Hereinafter, “isotropic” means the surface reflects light evenly at all directions 75 

regardless of the direction of irradiation. This term should not be confused with “homogeneous” – 76 

meaning same spatial (across the surface) reflection properties. In what follows we restrict ourselves to 77 

the spatially homogeneous, non-emitting, surfaces. We use the term “scattering” for the light changing 78 

direction in the atmosphere, “reflection” for the same effect at the surface, and “bouncing” when the 79 

atmosphere and surface interact. “Multiple” scattering, including the first one, generates “diffuse light”. 80 

Lastly, we use the words “light”, “radiation”, “radiance” (but not “irradiance”), “intensity”, and “signal” 81 

interchangeably in this paper. 82 

 

1 https://en.wikipedia.org/wiki/Atmospheric_correction 
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Although shadows from trees, spatially oriented city buildings, and uneven landscape violate the 83 

assumption of the isotropic Lambertian reflection, this surface model yields an equation for the TOA 84 

signal [1, p. 273], [7, Sec. II]: 85 

0
0 0

0

( ) ( )
( , , ) ( , , )

1
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C

 
   =    +

 −
. (1) 86 

Eq.(1) assumes the atmosphere is plane-parallel; 0,  , and φ are cosines of the view (VZA) and solar 87 

(SZA) zenith angle, and the relative azimuth angle (RAA), respectively. I is the upwelling total intensity 88 

at TOA, J is the upwelling diffuse path radiance (scattered radiation that never hits the surface), ρ is the 89 

surface albedo, E is the surface irradiance from the downwelling diffuse path radiance and the direct solar 90 

beam, T is the upward atmospheric transmittance (direct and diffuse – see Fig.1), 0C  is the atmospheric 91 

spherical albedo at BOA (see Sec.2.3.1). 92 

I, J, and E/π are in the units of radiance; ρ, T, and 0C  are unitless. Scaling Eq.(1) by 0 0/ ( )F  , where F0 93 

is the solar irradiance at TOA, makes all elements in Eq.(1) unitless. In particular, the product of 94 

0( ) ( )T E   becomes unitless bidirectional transmittance – a parameter that defines transparency of the 95 

atmosphere. The path radiance J is a solution to the RT equation over a black surface. It is the only 96 

parameter in Eq.(1) contributing to the dependence of the TOA signal I on azimuth. The product of T and 97 

E, and 0C , are often precomputed as look-up tables (LUTs) using three forward RT simulations: for a 98 

black surface and two user-defined values of the surface albedo ρ. Thus, Eq.(1) yields ρ from the TOA 99 

measurement 0( , , )I    , and the precomputed 0( , , )J    , 0( ) ( )T E   and 0C . For an ideal Lambertian 100 

surface, all ρ-s would be the same. But, because of the shadows, one gets an array of noticeably different 101 

values 0( , , )     - the Lambertian equivalent reflectance (LER): 102 
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 −   
. (2) 103 

Strictly speaking, Eqs.(1)-(2) ignore the diffuse transfer of the azimuthally dependent – not to mention 104 

polarized – surface reflectance from BOA to TOA. But they account for bouncing of light at BOA as the 105 

sum of an infinite geometric series: 0(1 )C − . The analytical simplicity of Eqs.(1)-(2) determines their 106 

broad application. For example, in the standard Moderate Resolution Imaging Spectroradiometer 107 

(MODIS) surface reflectance product [8, Sec. 2.1], and in retrieval of atmospheric parameters in the 108 

Dark-Target [9, p. 4085], Deep Blue [10, p. 559], Visible Infrared Imaging Radiometer Suite (VIIRS) [11, 109 

Sec. 4], Ozone Monitoring Instrument (OMI) [12, p. 4], and other algorithms. The Multi-Angle 110 

Implementation of Atmospheric Correction (MAIAC) algorithm uses Eq.(2) to characterize the spectral 111 
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dependence of the surface reflection and in aerosol retrievals – but not for the atmospheric correction [13, 112 

Sec. 3]. 113 

Eq.(2) gives independent LER values for the given solar-view geometries. In order to get LER at a 114 

different solar-view geometry, e.g. for aerosol retrievals at days different form the clear ones, the LER is 115 

interpolated over angles. The Deep Blue algorithm uses a second-order polynomial fit over the scattering 116 

angle (the one between the solar beam direction and the direction of observation) [14, p. 10]; OMI NO2 117 

fits the Ross-Thick Lee-Sparse (RTLS – see Sec.6.2) model [15, p. 459]. However, it was shown that the 118 

Lambertian assumption “smooths out” the realistic angular dependence of the surface reflectance [16, 119 

Sec. 6]. 120 

Depending on application, one may use other forms of Eq.(2), e.g.  121 
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 (3) 122 

in the snow grain size retrievals [17, p. 1979]. In Eq.(3), the surface albedo 0( )q   depends on actual 123 

angular distribution of the downwelling path radiance - hence the dependence on 0  in the multiple 124 

bouncing term (see Eq.(6.46) in [18]). In case of multiangle observations, the new Multi-angle Imaging 125 

Spectroradiometer (MISR) research aerosol retrieval algorithm estimates the surface albedo A from 126 

measurements [19, p. 7 and 10], not from numerical simulations: 127 

0 0
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. (4) 128 

We deliberately use different notation for the surface albedos in the denominators of Eqs.(2), (3), and (4) 129 

because they are obtained differently. In all these equations, the path radiance and the bidirectional 130 

atmospheric transmittance come from the RT simulations; the azimuthal dependence of the latter is 131 

ignored. 132 

In ocean studies, the water leaving radiance contributes at most ~10% to the TOA signal (in the blue) [20, 133 

Sec. 2.B]. Despite the signal is relatively small, it contains important information, e.g., about 134 

phytoplankton – the basis of the marine food chain. Conventionally, the water leaving radiance is 135 

retrieved from Eqs.(1)-(2) using single bouncing of light from the isotropic surface: 0(1 )C −   [13, 136 

Sec. 3], [21, Sec. 2], [22, p. 2089]. This step converts Eq.(2) to the one that accounts for the azimuthal 137 

dependence of the path radiance and the surface reflection, but again ignores azimuth in the diffuse 138 

bidirectional transmittance [21, Sec. 2], [23, p. 555], [24, p. 7] 139 

0 0 0 0( , , ) ( , , ) ( , , ) ( ) ( )I J T E       +        . (5) 140 
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This simplification introduces an error which is unacceptable for certain applications. The ocean 141 

chlorophyll algorithms improves accuracy by correcting the diffuse atmospheric transmittance for the 142 

azimuthal dependence [25]. However, the correction factor is not always helpful [23, p. 555] and it 143 

ignores polarization. 144 

Previous studies showed “a very rapid variation of the polarization with azimuthal angle which is 145 

observed just beneath the ocean surface for directions of observation near the zenith and nadir and when 146 

the sun is not too close to the zenith” [26, Sec. 8]. Figs.10 & 11 in [27] show strong azimuthal 147 

dependence of the bidirectional properties of the water leaving total and polarized radiances, and their 148 

spectral sensitivity to inherent optical properties (chlorophyll concentration, hydrosol type) of the ocean. 149 

Like for land, observation of the total and polarized water leaving radiance under a clear-sky condition is 150 

desirable because scattering by Rayleigh atmosphere is known. However, it is essential to account for 151 

polarization and azimuthal dependence of the bidirectional atmospheric transmittance, especially for the 152 

Rayleigh scattering in the blue band. 153 

Contrary to Eqs.(1)-(4), for atmospheric correction MAIAC accurately accounts for the azimuthal 154 

dependence of the atmospheric bidirectional transmittance, including multiple bouncing of light at BOA, 155 

and thus retrieves shape of the surface reflectance. For that, MAIAC relates the TOA signal and the 156 

surface bidirectional reflectance distribution function (BRDF) using the Green’s function formalism [18, 157 

Sec. 6.4], [28]. The Green’s functions describe how atmosphere transfers a beam of light from a given 158 

direction (point source) to any other direction on the same (reflection) or opposite (transmission) side of 159 

the atmosphere. The Green’s functions at BOA are solutions to the RT problem adjoint to the one for the 160 

atmospheric path radiance (no surface, sequence of the optical layers is flipped upside-down). The plane-161 

parallel scalar spherical harmonics RT code SHARM [18] does this job in MAIAC. 162 

A reflecting surface is a set (infinite) of unidirectional point sources. Each beam contributes to all 163 

directions of interest. Their combined effect is a superposition (integral over angles) of the surface BRDF 164 

and the Green’s functions. By using this approach one a) simulates atmospheric and surface properties 165 

independently; and b) gets analytical solution for the TOA signal and an arbitrary BRDF. The Green’s 166 

functions are precomputed as LUTs at nodes of sufficiently dense Gaussian quadrature for numerical 167 

integration over the zenith angles; the Fourier expansion is used for integration over azimuth. 168 

For a kernel driven RTLS surface model (see Sec.3.2), MAIAC represents the TOA reflectance as 169 

0 0 0 0 0 0( , , ) ( , , ) ( , ) ( , , ) ( , , ) ( , )L L V V G G nlI J k F k F k F R   =    +   +    +    +   . (6) 170 
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In Eq.(6),  L V Gk k k=k  are linear parameters (kernel weights). The corresponding F-functions 171 

depend on the direct and diffuse transmission of the respective kernel functions of the RTLS model from 172 

BOA to TOA using the Green’s functions. They also weakly depend on the surface parameters k in 173 

addition to scaling by the same. Thus, the overall dependence of all ( )kF -products on the kernel weights 174 

is weakly nonlinear. 175 

Rnl is a residual term in which nonlinear dependence on the surface parameters is relatively strong, but 176 

magnitude is small. The nonlinear dependence in F and Rnl on k comes from the multiple bouncing of 177 

light at BOA. Analytical formulae for all elements in Eq.(6) are given in [18, Sec. 6.3.3]. Here we note 178 

only that FL does not depend on azimuth. The same dependence in Rnl  is assumed negligible for the total 179 

intensity. The nonlinear residual is calculated iteratively. The mentioned approximate formula for the 180 

residual helps iterations to converge fast. One needs 2 iterations to achieve ~0.5% error in the simulated 181 

TOA signal for a relatively thick atmosphere, τ ≈ 0.5, and a bright surface, ρ ≈ 0.5. We use similar 182 

iterative approach in this paper and refer our reader to Sec.3.2 for details. 183 

MAIAC retrieves the RTLS parameters using the linear least squares technique 184 

2 ( ) ( ) ( ) ( ) ( ) ( ) ( ) 2( ) ( )n n n n n n n

nl L L V V G GR k F k F k F min = − − − → k , (7) 185 

where summation runs over all measurement geometries (e.g., different days in case of MODIS), the non-186 

linear residual at the n-th iteration is ( ) ( 1)n n

nl nlR I J R −= − − , I is the TOA signal, and J is the path radiance. 187 

At the first iteration, the method assumes single bouncing of the direct solar beam and the diffuse 188 

downwelling path radiance from the surface. For that, the weak nonlinearity of the F-function is 189 

neglected, and the residual Rnl is assumed zero. 190 

Eq.(6) removes systematic biases of the Lambertian approximation, which ignores the bowl-shaped 191 

surface reflectance. The biases grow as the atmospheric scattering, hence optical path, grows from the red 192 

to blue bands, and/or with the increase of the aerosol loading, and/or with the increase of the solar and 193 

view zenith angles [29, p. 10]. For the MODIS surface retrievals over several Aerosol Robotic Network  194 

(AERONET) sites, the slope of regression of the Lambertian surface reflectance vs. AERONET-based 195 

Surface Reflectance Validation Network (ASVRN) data [30] was reported to be 0.85 in the red and 0.6 in 196 

the green bands (1 means perfect agreement). In absolute units, the error of the Lambertian approximation 197 

results in the albedo reduction by 0.004, 0.005 and 0.008 in the NIR, red, and green MODIS bands, 198 

respectively [31]. 199 
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In this paper, we wish to take advantage of the Green’s function formalism and include polarization in 200 

Eq.(6). This will support the polarimetric satellite observations of the Earth atmosphere over ocean [32] 201 

and land [33]. As mentioned in [28, Sec. 1], “the Green’s function technique is closely related to the 202 

adding-doubling method”, which in its turn is identical to the invariant embedding and the matrix-203 

operator methods (MOM) [2]. There are several reasons to choose the MOM-based formalism over the 204 

extension of the existing scalar Green’s function technique to the case of polarization. A MOM-based RT 205 

code, no matter scalar or vector, uses the diffuse reflectance and transmittance atmospheric Green’s 206 

functions, already in discretized form (matrices), as core elements to solve the RT equation. There is no 207 

need to calculate these matrices separately. The matrix Green’s functions are calculated for TOA and 208 

BOA, which makes the solution to the adjoint problem unnecessary. For a vRT code, the MOM elements 209 

already account for polarization. Noteworthy, the MOM formalism is the same in scalar and vector case, 210 

except for the matrices are “bigger” for polarization. One only needs to get the path radiance and 211 

necessary matrices as output parameters from the MOM-based RT code. As we show below, this type of 212 

output is not a common practice. 213 

Therefore, our goals in this paper are: a) to report a new modification of the MOM-based vRT code IPOL 214 

(Intensity and POLarization) which now provides the MOM matrices as standard output in addition to the 215 

path radiance (Stokes vector); and b) using this output, to show how to “attach” different surface models 216 

to get the TOA signal. Since theory for the topic has been well developed, we complement the known 217 

equations with elements of Python code explaining both step-by-step. We believe, this approach helps 218 

better grasp relevant theory and simultaneously supplies the reader with a ready-to-use tool [34]. Despite 219 

its advantages, the “equations + code” bundle still seems to be underutilized in papers on atmospheric 220 

optics. Our third goal c) is to provide numerical examples to illustrate the inverse process: how to 221 

“detach” the surface from the known atmosphere and thus retrieve the surface model parameters from the 222 

TOA signal (decouple atmosphere and surface). 223 

With these goals in mind, we organize our paper as follows. In the next Sec.2 “Methodology” we briefly 224 

remind the structure and meaning of elements of MOM. The section reviews relevant literature focusing 225 

on publicly available MOM-based RT codes (Sec.2.1). Then, it explains computation of the TOA signal 226 

from the MOM-elements, their physical meaning, how and why the solution can be simplified, and 227 

relevance to the existing approaches (Sec.2.2). Sec.3 “Software design” presents Python scripts for 228 

coupling of atmosphere with the isotropic (Sec.3.1), scalar bidirectional (Sec.3.2), and polarized waved 229 

ocean (Sec.3.3) surface models. In Sec.4 “Validation of Python functions”, we test our scripts vs. 230 

published benchmarks for a homogeneous molecular (Rayleigh) atmosphere at two different wavelengths, 231 

and an atmosphere with 2 layers: molecular layer over a layer with a molecular-aerosol mix. Sec.5 “Notes 232 
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about the package implementation” offers a few ideas for the code speed up (Sec.5.1), lists all files in the 233 

package, describes purpose of each, and provides the call graphs for our Python scripts (Sec.5.2). In Sec.6 234 

we demonstrate on numerical examples how to remove atmosphere, i.e., perform atmospheric correction. 235 

This is done for atmospheres from Sec.4 and all the three types of the surface models. We do not provide 236 

any code for that because Sec.6 relies on scripts from Sec.3. We summarize the paper in Sec.7 and 237 

conclude it with 2 appendices. Appendix A provides an extract of information about polarization and 238 

expansion of the surface models in the Fourier series. Appendix B lists the total (photometric) and 239 

polarimetric measurement uncertainties for some passive polarimeters as reported in literature. We also 240 

refer the reader to [35] for definition of the reflectance quantities. 241 

The Python package provided with the paper is complete in terms of quick and independent 242 

reproducibility of the results reported in Sec.4. The files are available from the journal website and from 243 

our GitHub repository2. We now begin with theoretical background for the package. 244 

2. Methodology 245 

This section contains three parts. Sec.2.1 recalls the basic idea of MOM and refers the reader to a few 246 

MOM-based RT codes. We argue in this section that a useful feature of providing the matrix Green’s 247 

functions as standard output, alongside with radiance, is underutilized in most of the existing MOM-based 248 

codes. Sec.2.2 goes in detail of the MOM elements. It shows how the TOA signal is expressed via the 249 

path radiance vector, the atmospheric matrices, and the surface matrix SR . In Sec.2.3 we express the 250 

traditional approaches from the Introduction via MOM. The presented information explains theoretical 251 

background for subsequent discussion of the Python codes. 252 

2.1 General background of MOM 253 

Suppose we know the diffuse path radiance JTOA (scattered light that never hits the surface) at TOA from 254 

a solution to the RT equation – scalar or vector. Except for the Monte Carlo method, the RT equation is 255 

solved numerically using some discretization [2], [34], [36]. To be specific, we assume the discretization 256 

over the cosine of the zenith angle, like in the method of discrete ordinates. The same formalism works 257 

for the method of spherical harmonics. Suppose further we know how the atmosphere transfers light from 258 

all discrete directions to all discrete directions. This is described by a matrix A (not necessarily square) 259 

which depends on the atmospheric optical (scattering and absorption) properties. Finally suppose, we 260 

know how surface reflects light from all downwelling directions to all upwelling ones, RS. This matrix 261 

 

2 https://github.com/korkins/jqsrt2022_mom_ipol 
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depends only on the surface model parameters. For the TOA reflected signal, ITOA, one can write the 262 

following equation 263 

TOA TOA

S BOA

 
= +  

 

0
I J A

R I
. (8) 264 

In Eq.(8), the vector of zeros, 0, means there is no downwelling diffuse light at TOA. BOAI  is the 265 

downwelling radiance at BOA. It has two parts: the direct (not yet scattered) solar beam and the diffuse 266 

downwelling radiation. Unlike the other elements in Eq.(8), which we have assumed known, the diffuse 267 

downwelling light is not known. IBOA depends on the surface properties through multiple bouncing of 268 

light, in addition to explicit scaling by RS in Eq.(8). But the important thing is both matrices, A and RS, 269 

act as linear operators – hence the name of the matrix-operator method (MOM). 270 

The idea of the method was described by G.G. Stokes as early as in 1860 [37] (see also [38]). Since then, 271 

numerous papers, several books and book chapters about the method have been published. We refer our 272 

reader to Sec.2 “Matrix operator theory and invariant imbedding” in [39] for some milestone references 273 

and a brief yet sufficient mathematical overview of the method. Adding and adding-doubling methods use 274 

the MOM formalism [2]. In addition to the atmosphere-surface interaction, MOM accounts for variation 275 

of the optical properties with height - vertical profile. 276 

Whereas literature describes many MOM-based RT codes, in this paper we refer only to those publicly 277 

available. The adding-doubling RT3 and RT4 [40] are two solvers of the PolRadTran model3, also 278 

available from the libRadtran package4 [41, Sec. 3.5]. The Fortran program pbrf.f5 computes the 279 

Stokes reflection matrix for a semi-infinite plane-parallel layer using the Ambartsumian’s invariant 280 

imbedding method [42], [43]. The System for Transfer of Atmospheric Radiation for polarized radiance6 281 

(PSTAR) [44], [45] uses MOM to calculate the Stokes vector at discrete Gaussian ordinates, and 282 

integration of the source function technique to solve the RT equation at user-defined directions. The 283 

advanced doubling-adding model ADA [46] and the advanced matrix-operator method AMOM [47], [48] 284 

are used in the Community Radiative Transfer Model7 (CRTM). The XRTM8 package also provides 285 

different RT solvers based on MOM. 286 

 

3 https://nit.coloradolinux.com/polrad.html 

4 http://www.libradtran.org/doku.php 

5 https://www.giss.nasa.gov/staff/mmishchenko/brf/ 

6 http://157.82.240.167/∼clastr/ 

7 https://www.jcsda.org/jcsda-project-community-radiative-transfer-model 
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Among these codes, only Mishchenko’s pbrf.f computes a matrix for simulation of the diffuse 287 

polarized reflection as a standard output. The other codes usually compute intensity or the Stokes vector 288 

(optionally, derivatives) on output. However, pbrf.f is limited to a vertically homogeneous infinitely 289 

thick slab. For this work we refactored our vRT code IPOL. Now it provides the reflection and 290 

transmission matrices (elements of A in Eq.(8)), and the path radiance as standard output. Simulation of 291 

the surface reflection, matrix RS,  is removed from the IPOL solver. 292 

IPOL is a C/C++ vRT code [49] for numerical simulation of multiple scattering of the monochromatic 293 

solar light in a plane-parallel atmosphere. The Fortran 90/95 version of IPOL was thoroughly tested 294 

during Phase A of the International Polarized Radiative Transfer (IPRT) code intercomparison [50]. 295 

Among other scenarios, the IPRT project includes isotropic (Lambertian) and polarized ocean surfaces. 296 

At present, IPOL is used to generate LUTs for MAIAC [13], snow [51] and cloud [52] studies, as a 297 

reference code for our successive orders RT solver SORD [53], [54], and the Gauss-Seidel iterations code 298 

GSIT [34]. For this study we used IPOL in Fortran as a reference for the C version, in addition to the 299 

published benchmarks [53, p. 306]. 300 

In IPOL, the discrete-ordinates method [2] replaces the integro-differential RT equation with a system of 301 

differential equations for the Stokes vector at discrete view zenith angles (ordinates) that match with the 302 

nodes of the Gaussian quadrature. Solution to the system is expressed via exponential matrix. The 303 

exponential matrix is computed using the eigen-value decomposition [55], [56]. Since the solution to the 304 

eigen-problem is time consuming, we use Intel® Math Kernel Library (MKL), now freely available from 305 

oneAPI Toolkit. The scaling transformation [57] removes positive eigen-values from the solution for 306 

numerical stability. The eigen-values and eigen-vectors for the user-defined directions are excluded from 307 

the system of equations and computed with the “augmented” matrix [58, Sec. 8.1], [59, Sec. 2.3]. Unlike 308 

in the Fortran version of IPOL, we now skip the Stokes-V component (ellipticity). Thus we avoid the 309 

complex numbers in the eigen-decomposition [60], [61] and accelerate the solution without loss of 310 

accuracy in linear polarization [53], [62], [63]. Radiation scattered once is calculated exactly. IPOL uses 311 

MOM to account for vertical optical profile in the atmosphere and (de-)couple the atmosphere and 312 

surface. 313 

The idea of using MOM for decoupling is not new. The matrix Green’s function formalism is discussed in 314 

[64]. In [65], the adding method was used to decouple an atmosphere from a horizontally inhomogeneous 315 

isotropic surface. In [3] the bidirectional reflection 0( , , )R     and transmission 0( , , )T     functions are 316 

used to remove the atmospheric effects from an image of a small Lambertian target located on a uniform 317 

 

8 https://reef.atmos.colostate.edu/~gregm/xrtm/ 
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Lambertian background. Computational advantage of the MOM-based adding-doubling approach for a 318 

thick homogeneous (cloud) layer in combination with the Gauss-Seidel iterations for a thinner (cloud-319 

free) atmosphere with vertical profile is used in [66]. The Markov-Chain-Adding-Doubling code [67] uses 320 

the Markov Chain method for a vertically inhomogeneous atmosphere, and the Adding-Doubling for a 321 

homogeneous ocean. In support of development of the polarized atmospheric correction algorithms, IPOL 322 

now provides the path radiance and the MOM elements on output. 323 

2.2  TOA signal as function of MOM elements 324 

Except for the single scattering, one solves the plane-parallel vRT equation in the Fourier domain: 325 

0,

0

( , , ) (2 ) ( , )cos( )
M

m m

m

I I m
=

   = −     , 326 

0,

0

( , , ) (2 ) ( , )cos( )
M

m m

m

Q Q m
=

   = −     , (9) 327 

0,

0

( , , ) (2 ) ( , )sin( )
M

m m

m

U U m
=

   = −     . 328 

In Eq.(9),  I is the total intensity, and Q and U are components of the Stokes vector responsible for linear 329 

polarization; Im, Qm, Um are their m-th Fourier coefficients; δ0,m is the Kronecker delta. For the VZA 330 

cosine µ, we use the following sign convention: positive and negative cosines correspond to downwelling 331 

(towards the surface) and upwelling directions, respectively: 0, 0+ −    . In the vector RT community, 332 

it is common to define Q and U components in the meridian plane. 333 

To account for the atmospheric optical profile, IPOL splits the vertically inhomogeneous atmosphere into 334 

homogeneous layers with given optical properties. MOM accounts for contribution from each optical 335 

layer, and from multiple bouncing of light between the layers, into the total signal. The idea of MOM is 336 

that each layer can be characterized by the transmittance T and reflectance R functions that depend on two 337 

directions before and after (multiple) scattering. In the Fourier space, Eq.(9), T and R do not depend on 338 

the relative azimuth, hence the directions are described solely by the zenith angles. In case of diffuse 339 

light, there are many possible directions for the light to enter and escape the layer. Hence, one can 340 

combine all T and R functions of two variables, representing upward and downward directions, into 341 

corresponding matrices (not necessarily square). Therefore, MOM uses four matrices for each optical 342 

layer. From these matrices, one derives the MOM expression for the whole atmosphere – the matrix A in 343 

Eq.(8). For a homogeneous layer containing isotropic and mirror-symmetric particles, A is symmetric. 344 
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Otherwise, the atmosphere affects upwelling and downwelling light differently. However, the form of the 345 

matrix equation is the same for one optical layer and for many layers combined in one: 346 

m m m m

mm m m m
S

− − − −

+ + + +

       
= +       

      

0I J R T

II J T R
. (10) 347 

In Eq.(10), “–” and “+” denote the upwelling and downwelling radiation, respectively; Im and Jm  are the 348 

Fourier components for the total and path radiances (the latter never hits the surface) propagating at user-349 

defined directions (hence, each is a vector). Elements in the top and bottom rows of Eq.(10) correspond to 350 

TOA and BOA, respectively. For example, m

−I  is the upward radiance at the TOA, m

+I  is the downward 351 

radiance at the BOA. 352 

m

−R  models how the light that irradiates the atmosphere from the top is reflected to the space (upward - 353 

hence the sign); m

−T  is a matrix which describes how the light that goes upward at the surface level, m

SI , is 354 

transmitted directly and diffusely (by multiple scattering) through the atmosphere to its top. Likewise, m

+T  355 

describes the transfer of the top boundary condition through the atmosphere to its bottom; and m

+R  356 

describes how the surface boundary contribution m

SI  is reflected back towards the surface. Eq.(10) looks 357 

the same with or without polarization. 358 

Later in the paper, we define the size of all elements in Eq.(10) necessary to compute the TOA signal. 359 

Here we note that the surface contribution, m

SI , depends on the reflected downwelling radiation at BOA, 360 

m

+I , and the reflected direct solar beam (which is the only source of light considered in this paper) 361 

0 0 0

0

( , , , ) exp ( ) ( )dI F
 

    = −   −   
 

. (11) 362 

The surface reflects the solar beam at many directions. In the Fourier m-space, they make up a vector 0

m
S . 363 

In Eq.(11), the angular distribution of intensity of the direct solar beam is represented by the Dirac delta-364 

function δ(x). F0 is the extraterrestrial TOA irradiance (in units of flux per unit square). Like the single 365 

scatter path radiance, 0

m
S  is known analytically because the delta-functions remove integrals over angles. 366 

Let m

SR  be a Fourier moment for a matrix that “reflects” the downwelling diffuse light at BOA m

+I . 367 

Eqs.(10)-(11) give 368 

0

m m m m

m m mm m m m
S

− − − −

++ + + +

       
= +       

+      

0I J R T

R I SI J T R
. (12) 369 
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In Eq.(12) only m

SR  and 0

m
S  depend on the surface parameters. By eliminating m

+I , one gets the MOM 370 

expression for the TOA signal in the Fourier space 371 

1

0 0( ) ( )m m m m m m m m m m m

S S

−

− − − − + + += + + − +I J T S T R 1 R R J R S . (13) 372 

Eq.(13) has clear physical meaning. The TOA signal m

−I  consists of the path radiance m

−J , direct 373 

(exponential: 0exp( )−  ) and diffuse (scattered) transmittance of the direct solar beam bounced once 374 

from the surface 0

m m

−T S , the rest is multiple bouncing of light between the atmosphere and the surface. 375 

Fig.1 illustrates the TOA contribution by single (a-d) and multiple (e-f) bouncing of light at BOA. Charts 376 

(a-b) and (e) correspond to the direct transfer from BOA to TOA; other charts show the transfer via 377 

scattering. We refer our reader to Eq.(38), Fig.4 and 5 below for structure of the transmittance matrix m

−T . 378 

  
Fig.1: The TOA contribution from different 

physical effects at BOA: a) direct transmittance 

of the reflected direct solar beam; b) direct 

transmittance of the reflected path radiance; c) 

diffuse transmittance of the reflected direct solar 

beam; d) diffuse transmittance of the reflected 

path radiance; e) direct transmittance of multiple 

bouncing at BOA; f) diffuse transmittance of 

multiple bouncing at BOA. See Eq.(38) and 

Figs.4-5 below for structure of the 

transmittance matrix m

−T . 
  

  

 379 
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Let’s consider the elements of the multiple bouncing part in Eq.(13) from right to left. The atmosphere-380 

surface bouncing arises from the direct solar beam reflection which, after bouncing back towards the 381 

surface as 0

m m

+R S , adds to the downwelling path radiance m

+J . Their combination 0( )m m m

+ ++J R S  begins to 382 

bounce back and forth infinitely long at BOA. This infinite number of bouncing is described by the sum 383 

of the geometrical series 1( )m m

S

−

+−1 R R  (see Eqs.(1)-(2) in this paper and Eqs.(4)-(5) in [37]). The 384 

downwelling radiation, enforced to some degree by the infinite bouncing, is reflected from the surface 385 

(i.e., scaled by m

SR ) and transmitted directly, 0exp( )dirT −= −  , and diffusely (via multiple scattering) 386 

through the atmosphere of the total optical thickness 0  (i.e., scaled by m

−Τ ). Eq.(13) is general in a sense 387 

that it includes multiple bouncing at BOA, azimuthal dependence of the atmospheric transmittance and 388 

the surface reflectance, and polarization. The Fourier expansion is the only limitation in Eq.(13). 389 

2.3 Conventional approaches via elements of MOM 390 

In this section we express Eq.(1) for multiple and Eq.(5) for single bouncing of light from surface, and the 391 

Green’s function approach, Eq.(6), via elements of MOM. For the Lambertian case, the MOM approach 392 

offers an advantage over Eq.(1): instead of running the RT code 3 times (see Introduction), one could get 393 

all necessary parameters by running the MOM-based code once. For Eq.(5), the MOM version accounts 394 

for the azimuthal and polarization dependences of the atmospheric bidirectional transmittance. The 395 

azimuthal dependence is included in MAIAC’s Eq.(6), the MOM version of which accounts for 396 

polarization. 397 

2.3.1 Lambertian reflection 398 

In order to derive Eq.(1) from Eq.(13), we use the geometric series expansion  399 

1 2( ) [ ] ...m m m m m m

S S S

−

+ + +− = + + +1 R R 1 R R R R  (14) 400 

in order to modify the multiple bouncing factor 401 

1 1( ) ( )m m m m m m

S S S S

− −

+ +− = −R 1 R R 1 R R R . (15) 402 

Note, the order of matrices in the matrix-matrix multiplication in the brackets of Eqs.(14)-(15) has 403 

changed. Using Eq.(15), we focus on the S0-terms in Eq.(13) (the common matrix factor 
m

−T is dropped 404 

for the instance) 405 

1 1

0 0 0( ) ( )m m m m m m m m m

S S S

− −

+ + ++ − = −S R 1 R R R S 1 R R S , (16) 406 

and convert Eq.(13) to 407 
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1

0( ) ( )m m m m m m m m

S S

−

− − − + += + − +I J T 1 R R R J S . (17) 408 

Eq.(13) simulates multiple bouncing at BOA starting from the downward radiation that is initially 409 

reflected from the surface up and then from the atmosphere down (hence, the order m m

S+R R  - to be read 410 

from right to left). Contrary to that, Eq.(17) starts from the upward radiation which is at first reflected 411 

from the atmosphere down, and then from the surface up (hence, the order is reversed m m

S +R R ). Note that 412 

in general the two matrices are not commutable. 413 

m m m m

S S+ +R R R R . (18) 414 

From Eqs.(1) and (17), one notices the equivalence of the surface brightness /E  and 0

m m m

S + +R J S , and 415 

ρ and m

SR  for the azimuthally symmetric component: m = 0. 416 

The atmospheric spherical albedo C0 is obtained from m

+R  as follows. Suppose +r is a subset of m

+R  417 

responsible for reflection of the azimuthally independent (m = 0) upward intensity 0I  that irradiates the 418 

atmosphere from the bottom. The corresponding irradiance is 419 

2 1

0 0

0 0

E I d d I

 −

− =    =   , (19) 420 

and reflection of 0I  from the atmosphere is 421 

 

1

1

0

00 0

0
1

0

1

N
j

j

N
ij

N N
j

N

N
Nj

j N

I

I
I

I

+

=

++ − + +
=

+

=

 
 
 
  
  
  = = =
  
  
  
 
 
  







r

rr I r I

r

. (20) 422 

In Eq.(20), i and j are the row and column indices, respectively, both running from 1 to N. Numerical 423 

integration of this downward intensity over angels using the Gaussian quadrature yields downward flux 424 

2 1 1

0 0

0

1 10 0 0

2 2
N N

ij

i i

i j

E I d d I d I w



+ + + +

= =

=    =          r . (21) 425 

Ratio of the fluxes, Eqs.(21) and (19), is the atmospheric spherical albedo at BOA calculated from 426 

elements of m

+R   as (note the factor of 2) [3, p. 6]  427 
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0

1 1

2
N N

ij

i i

i j

C w +

= =

=  r . (22) 428 

It is worthwhile to check numerically Eq.(22) vs. C0 computed directly from Eq.(1) or as the largest 429 

eigenvalue of the matrix-matrix multiplication (note the equality is true despite Eq.(18)) 430 

0 0 0 0

0 ( ( )) ( ( ))S SC max eig max eig+ + = =R R R R . (23) 431 

In Eq.(23) the superscript “0” is the Fourier moment m = 0 – azimuthally averaged component. 432 

2.3.2 Single bouncing of light from surface 433 

Contrary to Eq.(1), Eq.(13) accounts for the directional reflection and polarization. Therefore a MOM-434 

based RT code is a convenient tool to study the polarization properties of land and ocean from orbit [68]–435 

[72]. Moreover, using a simplification, one can reduce the non-linear (w.r.t. the surface parameters) 436 

problem, Eq.(13), to the linear one, if the surface model is also linear w.r.t. its parameters. 437 

The simplification has a clear physical meaning. Due to absorption of light in the atmosphere and at the 438 

surface, the energy of each subsequent bouncing vanishes. By cutting the series expansion 439 

1 2( ) [ ] ...m m m m m m

S S S

−

+ + +− = + + +1 R R 1 R R R R  (24) 440 

one simulates a finite number of the atmosphere-surface bouncing. It is known, e.g., from the method of 441 

successive orders of scattering that higher Fourier moments m require less terms in Eq.(24) due to natural 442 

angular smoothing of the intensity over angles after each reflection. Assuming m m

S+ =R R 0  in Eq.(24) one 443 

simplifies Eq.(13) to the form of Eq.(5) but with the full dependence on azimuth and polarization. The 444 

Fourier expansion (index m) accounts for the azimuthal dependence of the surface reflectance and the 445 

atmospheric transmittance: 446 

0

m m m m m m m

S− − − − += + +I J T S T R J . (25) 447 

Looking at the last term in Eq.(25) from left to right, one notes that it describes the direct and diffuse 448 

BOA-to-TOA transmittance of the surface reflection of the downwelling path radiance. If the surface 449 

model is a linear function of its parameters, like RTLS, these parameters can be determined from Eq.(25) 450 

using the linear least squares technique. The two terms in Eq.(24) yield better accuracy in case of thick 451 

atmospheres and/or bright surface. We discuss a few relevant numerical examples later. 452 

2.3.3 Matrix form of the Green’s function method 453 

Eqs.(13), (24), and (25) are the matrix form of the Green’s function method [28], [73] which MAIAC 454 

uses to compute LUTs for the RTLS surface model [74]. Using this method, MAIAC accurately corrects 455 
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for the atmospheric effects in satellite measurements [75], [76]. However, the Green’s functions are not 456 

the standard output of the MAIAC’s scalar spherical harmonics RT solver SHARM [77]. Leaving 457 

derivatives aside, a typical RT code provides intensity (radiance) or the Stokes vector [50], [78], [79] on 458 

output. However, for the atmospheric correction, for the decrease of the size of LUTs by eliminating of 459 

the surface properties, for simplicity of adding of a new surface to the existing RT solver (flexibility) it is 460 

practical to provide m

+R  and m

−T  matrices, in addition to the path radiance, as the standard output. The 461 

MOM-based RT codes make this option possible as well as account for polarization in the atmospheric 462 

Green’s functions. 463 

Eq.(25) accounts for the path radiance and single bouncing of light from surface. Using it, we rewrite 464 

Eq.(17) as 465 

0 2( )m m m m m

S

m

− − − − + += + + +I J T S T R J R , (26) 466 

where −I , −J , and 2+R  are, respectively, the TOA signal, path radiance, and contribution (residual) from 467 

the second and higher bouncing at BOA. In general, these three elements possess azimuthal dependence. 468 

The m-summation in Eq.(26) converts the TOA contribution from the single bouncing of light at BOA 469 

from the Fourier to the azimuthal space. 470 

For the RTLS model, one can convert Eq.(26) to the form of Eq.(5) 471 

2L L V V G Gk k k− − += + + + +I J F F F R , (27) 472 

where, e.g., for the volumetric term, 473 

0
ˆ ˆ( )m m m m m

V V V S

m

k k − − += +F T S T R J , (28) 474 

In Eq.(28), the vector for the direct solar beam reflection 0
ˆ m
S  and the matrix for reflection of the diffuse 475 

downwelling path radiance ˆ m

SR  are filled with values of the volumetric kernel function (note the cap 476 

symbol ^). The kernel weight kV is a common scaling factor. Same happens to the Lambertian and the 477 

geometric terms, except for the Lambertian one does not depend on the azimuth: m = 0. Therefore, the 478 

three kernel weights are obtained by fitting the simulated TOA signal to the measured one using the linear 479 

least squares minimization. The residual is calculated iteratively. 480 

As in MAIAC, in order to get a “first guess” in the iterations, we neglect the multiple bouncing, 2+ =R 0 , 481 

and retrieve the RTLS parameters using Eq.(25) as if the light has bounced from the surface once. We 482 

then subtract this single bouncing component and the path radiance from the total TOA signal calculated 483 
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using Eq.(13) and the “first guess” parameters. The difference is the TOA contribution from the second 484 

and higher bouncing at BOA – the residual 2

m

+R  for the next iteration. It is feasible to get an 485 

(approximate) analytical expression for 2

m

+R  in the matrix form and accelerate convergence of the 486 

iterations. But because of polarization, it is not easy to follow the MAIAC logic and derive a simple 487 

analytical expression for the residual part in vector form. At present, we skip this analytical step and 488 

calculate 2

m

+R  iteratively as summarized below. 489 

First, we represent the TOA signal TOAI , Eq.(17) , in the azimuth space as 490 

2( ) ( )SB

TOA TOA += + +I J I k R k , (29) 491 

where J is the path radiance, ( )SB

TOAI k  is the TOA contribution of the single bouncing (superscript “SB”) 492 

of light from surface at BOA, Eq.(25). Let i be the index of iteration. The vector of the RTLS parameters 493 

at iteration i is i i i

i L V Gk k k =  k . For i = 0, we neglect the multiple bouncing at BOA, 2 0( )+ =R k 0 , 494 

and get the first guess solution 0k from the linear least squares fit of ( )SB

TOAI k to the TOA signal. We then 495 

simulate the total TOA signal 0( )TOAI k  and calculate the residual as 496 

2 0 0 0( ) ( ) ( )SB

TOA TOA+ = − −R k I k J I k . (30) 497 

A minor difference from MAIAC is that Eq.(30) makes no assumptions regarding the residual and 498 

accounts for its azimuthal dependence and polarization. We obtain the next guess ik  from the linear fit of 499 

the single bouncing contribution to the TOA signal net the calculated residual and the path radiance 500 

2 1( ) ( )SB

TOA i TOA i+ −− − =I J R k I k . (31) 501 

Iterations continue until satisfactory convergence, or a limit on the number of iterations, is achieved. 502 

Since all MOM matrices are precomputed, we don’t solve the forward RT problem to get the total signal 503 

( )TOAI k , but “attach” the RTLS surface to the “known” atmosphere. In the next section we show in 504 

Python how it is done for the RTLS and two other surface models. 505 

3. Code snippets to combine atmosphere and surface 506 

Three parts of this section show in Python how to define the surface MOM matrices, connect the matrices 507 

to the atmospheric ones, and get the TOA signal. The RT code IPOL computes the atmospheric MOM 508 

elements as LUTs. First we consider the Lambertian model (Sec.3.1). This surface reflects light evenly 509 

over angles (isotropic). Hence its Fourier expansion contains only the azimuthally averaged moment, m = 510 

0. The Lambertian model is completely depolarizing; Eq.(1) accurately couples it with atmosphere. 511 
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Nevertheless, we treat it in the framework of the vector MOM, Eq.(17), filling with zeros those elements 512 

of the matrices responsible for polarization. By doing that we aim methodological benefit for our next 513 

examples: unpolarized RTLS land reflection (Sec.3.2) and polarized waved ocean surface reflection 514 

(Sec.3.2). 515 

The RTLS model depends on the relative azimuth (m > 0) and the zenith angles. Otherwise, the MOM 516 

formalism explained for the isotropic surface remains the same. The RTLS is also depolarizing, however 517 

we will show that it does contribute to polarization on TOA. The the last surface model, the polarizing 518 

waved ocean surface, is easy to explain based on the previous two. Compared to RTLS, only polarization 519 

is new. This explanation-by-analogy results in the longest description for the simplest isotropic model in 520 

Sec.3.1. 521 

For better explanation, we complement equations with relevant Python code. By using Python, we 522 

sacrifice performance but strive for clarity of our scripts. For the same reason, we prefer Numpy’s 523 

matmul()9 over dot( ) or  @  to explicitly indicate multiplication of matrices. This choice, maybe 524 

controversial, prevents us from using Numba10 to compile our Python code. For the best performance, 525 

though, one should implement numerically intense functions in C or Fortran and, if needed, wrap them in 526 

Python. 527 

The three Python scripts for adding the surfaces to atmosphere rely on the low-level dependences - the 528 

surface reflection models. Literature explains the surface models in detail; source codes are available 529 

from well-developed RT packages. For quick and easy reproducibility of our results, we translated all 530 

necessary low-level functions (e.g., Gaussian quadrature, bidirectional and Fresnel ocean reflection, 531 

rotation matrix, Fourier expansion, etc.) from our C and Fortran codes [49], [53], [77] into Python. 532 

Appendix A contains a bare minimum of the well-known information to explain our low-level functions 533 

that come with the paper. 534 

3.1 Adding isotropic surface reflection 535 

The surface albedo, ρ, is the only parameter for the Lambertian model. The intensity I of radiation 536 

reflected from BOA is 537 

2 1

0
0 0 0 0

0 0 0

( , , ) exp ( , , )mI F I d d



−

  
   =  − +       

   
  , (32) 538 

 

9 Hereinafter we use Courier for elements of code: variables, functions, file names, paths, executable commands, 

etc.  

10 https://numba.pydata.org/numba-doc/dev/reference/numpysupported.html 
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while the Stokes-Q and -U components are absorbed by the surface. The second term in the right-hand 539 

side of Eq.(32) is the doubled Fourier moment m = 0 (see Appendix A; note the scaling factor 2 in 540 

Eq.(33)) 541 

1

0
0 0 0 0

0 0

( , ) exp 2 ( , )m mI F I d−

 
  =  − +      

  
 . (33) 542 

Using the Gaussian quadrature, one integrates over the downwelling radiation numerically. Let N be the 543 

number of the Gaussian nodes µj > 0 and weights wj  ( j = 1…N). Eq.(33) transforms to 544 

0
0 0 0 0

10

( , , ) exp 2 ( , )
N

m j j m j

j

I F w I−

=

 
   =  − +     

  
 . (34) 545 

Summation in Eq.(34) is the dot product of two vectors: r and I, where 546 

 0 1 0 1 0 1 0 0 0( , ) ( , ) ( , ) ... ( , ) ( , ) ( , )
T

m m m m N m N m NI Q U I Q U=            I  (35) 547 

is the Stokes vector at the Gaussian directions (T is the transpose operation) and a sparse (row-)vector 548 

 1 1 2 22 0 0 0 0 ... 0 0N Nw w w=    r  (36) 549 

accounts for the fact that the Stokes-Q and -U components are not reflected from the Lambertian surface. 550 

To account for multiple bouncing of light from the Gaussian directions to the Gaussian directions, we 551 

build the following 3N x 3N sparse matrix for Eq.(13) 552 

 

0

0

0
, 3 3

0

...

0

0

S S N N

 
 
 
 
 
 
 

= =  
 
 
 
 
 
 
  

r

r

R R

r

. (37) 553 

Figs.2 and 3 show the Python function add_lambert() that executes the described steps. 554 
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 555 
Fig. 2: Interface for the Python function that couples an atmosphere with the Lambertian surface. Bold symbols 556 
denote arrays. Jm comes in the azimuth space (line 13), while Jp, Tm, and Rp contain the Fourier componnets. 557 

Hereinafter, we use bold symbols for arrays; Jm, Jp, Tm, and Rp are the atmospheric MOM elements 558 

from IPOL. Matrices containing the Fourier moments, Jp, Tm, and Rp  correspond, respectively, to m

+J , 559 

m

−T , and m

+R  in Eq.(13). Contrary to these, the TOA path radiance Jm comes in the azimuth space and 560 

already corrected for the single scattering. 561 

 562 
Fig.3: The surface reflection matrices for multiple bouncing: Rs, Eq.(37), and (1-Rp*Rs), Eq.(24). See Eqs.(33) 563 
and (36) for the scaling factor 2 in line 33. 564 

Now we turn our attention to the matrix m

−T  (in the Fourier space). There are two types of transmittances: 565 

direct and diffuse. The direct transmittance accounts only for the exponential attenuation along the line of 566 

1. import numpy as np

2. from scipy import linalg as la

3. def add_lambert(srfa, tau0, mu, mu0, raz, mug, wg, Jm, Jp, Tm, Rp):

4. '''

5. In:

6. srfa   f         Lambertian surface albedo

7. tau0   f         total atmosphere optical thickness

8. mu     f[nmu]    cos of user-defined zenith angles; mu < 0

9. mu0    f[nmu0]   cos of solar zenith angles; mu0 > 0

10. raz    f[naz]    relative azimuths in radians

11. mug    f[ng1]    nodes of Gaussian quadrature in hemisphere; mug > 0

12. wg     f[ng1]    weights of Gaussian quadrature

13. Jm     f[naz, nmu0, nmu3]   TOA path radiance at user-defined zeniths

14. Jp     f[nmu0, ng3]   m=0 Fourier moment for BOA path radiance at Gaussian nodes

15. Tm     f[nmu3, ng3]   m=0 Fourier moment for transmittance matrix, Tminus

16. Rp     f[ng3, ng3]    m=0 Fourier moment for reflectance matrix, Rplus

17. Out:

18. Itoa   f[naz, nmu0, nmu3]   TOA Stokes vector

19. Note:

20. ng3 = 3*ng1, nmu3 = 3*nmu - to account for the Stokes-IQU.

21. A[nz, ny, nx] is a multidimensional array with 'nx' as lead dimension (C-order)

22. '''

def add_lambert(srfa, tau0, mu, mu0, raz, mug, wg, Jm, Jp, Tm, Rp):

…

23. Itoa = np.zeros_like(Jm) # initialize output array

24.#

25. pi = np.pi

26. nmu = len(mu)

27. nmu0 = len(mu0)

28. naz = len(raz)

29. ng1 = len(mug)

30. ng3 = ng1*3

31.#

32. rs = np.zeros(ng3)

33. rs[0:ng3:3] = 2.0*srfa*wg*mug

34. Rs = np.zeros((ng3, ng3))

35. for ig in range(ng1):

36. Rs[3*ig, :] = rs

37. I_RpRs = np.eye(ng3) - np.matmul(Rp, Rs)
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sight, ( )expdE = −  . The diffuse transmittance, m

−T , accounts for contribution of light scattered from 567 

all directions towards a given one. Assuming for example nmu=3 user-defined directions, ng1=4 568 

Gaussian nodes per hemisphere, and no polarization, the 3-by-(3+4) transmittance matrix would be  569 

1

3 4
2

3

exp 0 0

0 exp 0

0 0 exp

m m

d − − 

  
−     

 
     = −        

  
 −     

E T T , (38) 570 

and the corresponding vector for the total intensity I would contain 7 elements. 571 

For a single line of sight, Eq.(38) becomes a row vector. However, as the number of the user-defined 572 

directions nmu grows and becomes comparable, or even exceeds, the Gaussian order ng1 (e.g., for 573 

building a LUT for a Rayleigh atmosphere), the matrix Eq.(38) becomes sparse. Efficient memory 574 

allocation requires to either use special routines for the sparse matrices, or deal with the direct and diffuse 575 

transmittances separately. 576 

We chose the second option and consider, for instance, the transmittance of the direct solar beam bounced 577 

once from the surface: 0

m m

−T S  in Eq.(13). The vector of the direct solar beam reflected from BOA towards 578 

all directions comes from the first term in the right-hand side of Eq.(34). Unscattered but attenuated 579 

contribution of the surface reflection of the direct solar beam at TOA is 580 

0
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0
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0
0 0 0

0

0
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0
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exp 0
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0

0
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  

E S , (39) 581 
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where the number of elements in S0 depends on the number of user-defined directions (e.g., 3 in Eq.(38)). 582 

The diffuse contribution is. 583 

0
0 0 0

0

1

0

0

1

0
exp

0

...

1

0

0

m mF− −

 
 
 
 
 
 
  

=  −   
    

 
 
 
 
 
  

T S T , (40) 584 

Contrary to Eq.(39), the length of S0 in Eq.(40) depends on the number of the Gaussian nodes (e.g., 4 in 585 

Eq.(38); we keep the same notation S0 in Eqs.(39) and (40) for simplicity). IPOL provides the diffuse 586 

transmittance m

−T  on output. 587 

The most sophisticated term in Eq.(13) simulates multiple bouncing of light between atmosphere and 588 

surface. Initially, the surface is irradiated by the downwelling path radiance m

+J  (m-th moment, including 589 

the one for single scattering) and the direct solar beam first reflected from surface (up), and then reflected 590 

from BOA back to the surface (down), 0

m m

+R S . Geometrical progression, in matrix form, simulates 591 

multiple bouncing of these two components 592 

1

0( ) ( )m m m m m

B S

+ −

+ + += − +I 1 R R J R S . (41) 593 

Since Eq.(41) uses downwelling diffuse radiation, the user-defined upwelling zeniths are not involved at 594 

this step – all matrices are square. Eq.(41) operates only with ng1 Gaussian nodes (ng3=3*ng1 to 595 

account for IQU). The elements in Eq.(41) have the following size: for a given solar zenith, m

+J  and 0

m
S596 

are vectors of ng3 elements. The latter is not to be confused with S0 of nmu3 elements in Eq.(39). m

+R , 597 

m

SR  are ng3-by-ng3 matrices. 598 

The downwelling radiation, Eq.(41), is reflected from surface, m

S B

+
R I , and transmitted from BOA to TOA:  599 

m m

S B

+

−T R I . Like with the transmittance of the reflected direct solar beam, Eqs.(39)-(41), it is efficient to 600 

consider the direct (exponential) and diffuse transmittances separately. Fig.4 shows the Python code for 601 

these steps (note explicit loop over the solar zenith cosine and see Sec.5 for relevant discussion). 602 
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 603 
Fig.4: Computation of the direct (exponential) and diffuse transmittances of light from BOA to TOA. 604 

Finally, all components are combined at TOA – Fig.5. 605 

 606 
Fig.5: Summation of all components contributing to the TOA signal. Lines 52 and 53 contain direct transmittances 607 
of the BOA signal caused by the single reflection of the direct solar beam (line 53) and multiple bouncing of light at 608 
BOA (line 52). The Lambertian surface contributes nothing to the Stokes-Q (line 54) and -U (line 55) components – 609 
hence these TOA signals are essentially path radiances. See Eqs.(33)-(34) for the scaling factor 2 (line 52). 610 

Note again that implementation of the conventional approach, Eq.(1), is easier and computationally more 611 

efficient (e.g., one should skip the surface contribution to polarization – there is none). If MOM is used, 612 

one should use ng1-by-ng1 matrices and ng1-long vectors for the total intensity only. However, most of 613 

steps in add_lambert() for m = 0 are repeated for the directional reflectance that require m > 0. 614 

3.2 Adding directional land reflection 615 

The RTLS surface model [80] includes three components: the Lambertian (L), volumetric (V) [81], and 616 

geometric-optics (G) [82] reflection 617 

( , , ) ( , , ) ( , , )L V V G Gk k f k f        − = +   − +   − . (42) 618 

In Eq.(42), k-s and f ( )-s are the kernel weights and the kernel functions, respectively; ,    are the 619 

cosines of the zenith angles of the reflected and incident beams, respectively;  −   is the relative 620 

def add_lambert(srfa, tau0, mu, mu0, raz, mug, wg, Jm, Jp, Tm, Rp):

…

38. S0 = np.zeros(ng3)

39. for imu0 in range(nmu0):

40. cs0 = mu0[imu0]

41. for ig in range(ng1):

42. S0[3*ig] = cs0*srfa*np.exp(-tau0/cs0)/pi # bouncing of direct solar beam

43. Im0 = np.matmul(Tm, S0) # diffuse transmittance of S0 from BOA to TOA

44. Ip = Jp[imu0, :] + np.matmul(Rp, S0) # diffuse light falling on surface

45. Ipb = la.solve(I_RpRs, Ip)  # multiple bouncing of diffuse light

46. Ib = np.matmul(Rs, Ipb)     # bouncing light is reflected ...

47. Im = np.matmul(Tm, Ib)      # ... and transmitted diffusely from BOA to TOA

def add_lambert(srfa, tau0, mu, mu0, raz, mug, wg, Jm, Jp, Tm, Rp):

…

23. Itoa = np.zeros_like(Jm) # initialize output array

…

39. for imu0 in range(nmu0):

…

48. for iaz in range(naz):

49. for imu in range(nmu):

50. Itoa[iaz, imu0, 3*imu  ] = Jm[iaz, imu0, 3*imu] + \

51. Im0[3*imu] + Im[3*imu] + \

52. 2.0*srfa*np.dot(mug*wg, Ipb[0:ng3:3])*np.exp(tau0/mu[imu]) + \

53. cs0*srfa*np.exp(-tau0/cs0)*np.exp(tau0/mu[imu])/pi # mu < 0

54. Itoa[iaz, imu0, 3*imu+1] = Jm[iaz, imu0, 3*imu+1]

55. Itoa[iaz, imu0, 3*imu+2] = Jm[iaz, imu0, 3*imu+2]

return Itoa
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azimuth (for the solar beam o

0 0 =  = ). We adhere to the abovementioned sign convention:    < 0,   621 

> 0, the surface hot-spot is at  −   = 180o (“backscattering”). Literature [71, Sec. 2.1.2], [77, Sec. 2B], 622 

[81] gives explicit expressions for all elements in Eq.(42). The RTLS scripts are also available as part of 623 

other open-source RT codes; our Python implementation of the RTLS model comes with this paper (see 624 

Sec.5.2). 625 

The azimuthal dependence of the surface reflection changes Eq.(25) for the upwelling light at BOA 626 

1

0
0 0 0 0 0

0 0 0

1 1
( , , ) ( , , )exp ( , ', ) ( , , )I F I d d



−

 
       =      − +     −      

   
  . (43) 627 

Coupling of atmosphere and the azimuthally dependent RTLS requires expansion of the surface BRDF in 628 

the Fourier series 629 

0

0

( , , ) (2 ) ( , )cos( )
M

m m

m

m
=

     = −      . (44) 630 

One also needs moments with m > 0 for the downwelling path radiance m

+J , and the atmospheric 631 

reflection m

+R  and transmission m

+T  matrices. Eqs.(9) and (44), in which the Fourier index m runs 632 

independently, and the orthogonality of the cosine function, yields in Eq.(43) 633 

1

0
0 0 0 0 0

0 0

1
( , , ) ( , )exp 2 ( , ) ( , )m mI F I d−

 
      =     − +       

  
 . (45) 634 

Note the two scaling factors in the right side of Eq.(45): 1/π in reflection of the direct solar beam, Eq.(11), 635 

and 2 in reflection of the diffuse downwelling radiation 0( , )mI   . Depending on definition of the 636 

extraterrestrial solar irradiance F0, the reader may find different factors in literature (e.g., see Eq.(6.1b) in 637 

[18, p. 206]). So, it is important to make sure that F0 is the same for all terms in Eq.(45). Recall, in this 638 

paper we assume F0 = 1. 639 

Numerical calculation of the expansion moments, ( , )m
   , using the Gaussian quadrature rule is 640 

known: see Appendix A and [34] for the full text of gauszw( ). Fig.6 shows modules for the 641 

add_rtls() function.  642 

 643 
Fig.6: Modules used by the Python function add_rtls( ). 644 

1. import numpy as np

2. from scipy import linalg as la

3. from def_gauszw import gauszw

4. from def_rtls import rtls

5. from def_rtlsm import rtlsm
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Input for adding the Lambertian and RTLS models is similar except for RTLS uses three kernel weights 645 

as parameters: kl, kv, kg. It also needs the accuracy parameters for the Fourier expansion, Eq.(22): the 646 

number of the Fourier moments nm (not exceeding the one for the downwelling path radiance) and the 647 

order of the Gaussian quadrature for the numerical integration over azimuth, nga (number of the 648 

gaussian azimuths) – see Fig.7. We now proceed to construction of the necessary surface matrices. 649 

 650 
Fig.7: Interface for the Python function add_rtls( ). 651 

Like in the case of the Lambertian surface, the RTLS model is depolarizing – hence RS is sparse. Unlike 652 

the Lambertian case, the RTLS depends on m: 653 

 1 1 1 2 2 2( 0) ( , ) 0 0 ( , ) 0 0 ... ( , ) 0 0m m m N N m Nw w w       =            2r . (46) 654 

In Eq.(46), all primed values are nodes of the Gaussian quadrature; refer to Eq.(45) for the factor of 2. 655 

The surface reflection matrix is responsible for multiple bouncing of light at BOA from the Gaussian 656 

nodes to the Gaussian nodes. As before, its size is 3N x 3N (ng3 x ng3 in terms of the code variables): 657 

6. def add_rtls(nm, nga, kl, kv, kg, tau0, mu, mu0, raz, mug, wg, Jm, Jp, Tm, Rp):

7. '''

8. In:

9. nm        i                   number of Fourier moments

10. nga       i                   order of Gaussian quadrature in Fourier expansion

11. kl,kv,kg  f                   RTLS kernel weights

12. tau0      f                   total atmosphere optical thickness

13. mu f[nmu]              cos of user-defined zenith angles; mu < 0

14. mu0 f[nmu0]             cos of solar zenith angles; mu0 > 0

15. raz f[naz]              relative azimuths in radians

16. mug f[ng1]              nodes of Gaussian quadrature in hemisphere; mug > 0

17. wg f[ng1]              weights of Gaussian quadrature

18. Jm f[naz, nmu0, nmu3]  TOA path radiance at user-defined zeniths

19. Jp f[nm, nmu0, ng3]    Fourier moments for BOA path radiance at G-nodes

20. Tm f[nm, nmu3, ng3]    Fourier moments for transmittance matrix, T_minus

21. Rp f[nm, ng3, ng3]     Fourier moments for reflectance matrix, R_plus

22. Out:

23. Itoa f[naz, nmu0, nmu3]  Stokes vector at TOA

24. Note:

25. ng3=3*ng1, nmu3=3*nmu - to account for IQU components of the Stokes vector.

26. A[nz, ny, nx] is a multidimensional array with 'nx' as a lead dimension

27. '''
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. (47) 658 

Similar matrix that simulates reflection of light from the Gaussian nodes to K user-defined directions is 659 
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r
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r r

r

. (48) 660 

In terms of the code variables, the size of the matrix in Eq.(48) is nmu3 x ng3. Fig.8 shows the 661 

corresponding code, up to computation of the multiple bouncing matrix 1( )m m

S

−

+−1 R R . Line 42 indicates 662 

that the code is executed for each Fourier index m independently (one can run the loop over m in parallel) 663 

and that the atmospheric MOM-matrices depend on m (lines 43-45). 664 

Reflection of the direct solar beam from the RTLS surface, lines 58-59 in Fig.9, is simulated precisely as 665 

in the isotropic case, except for one calls rtlsm() instead of using the isotropic surface albedo srfa as 666 

a single parameter. Simulation of the multiple bouncing of light at TOA and the diffuse transmittance of 667 

that from BOA to TOA is also identical in the Lambertian and RTLS models. We refer our reader to Fig.3 668 

for explanation of the corresponding element of code. Lines 66-74 in Fig.8 execute the azimuthal 669 

summation of the Fourier components. Namely, the direct transmittance of the downwelling path radiance 670 

(line 71) contributes to the I-component only. However, the RTLS model contributes to the Stokes-Q and 671 

-U via the diffusely transmitted direct solar beam reflectance (see line 60 for Im0) and the light Ib 672 

bounced multiple times at BOA (see line 64 for Im). 673 
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 674 
Fig.8: Begin of the im-loop over the Fourier moments m and computation of the surface reflection matrices. See 675 
Eq.(46) for the scaling factor 2 in lines 48 and 52. The Python function rtlsm() computes the m-th Fourier 676 
moment for RTLS – see Fig.16 for the call graph and Appenix A. 677 

 678 
Fig.9: Summation of the Fourier series for each relative azimuth (lines 66-73) and computation of the TOA surface 679 
contribution, Itoa_srf. Direct transmittance of the downwelling path radiance (line 71) contributes to the I-680 
component only. However, RTLS contributes to the Stokes-Q and -U via diffusely transmitted direct solar beam 681 
reflectance (see line 60 for Im0) and the diffuse light bounced multiple times Ib (see line 64 for Im). 682 

def add_rtls(nm, nga, kl, kv, kg, tau0, mu, mu0, raz, mug, wg, Jm, Jp, Tm, Rp):

… lines 28:33 define: pi, ng1, ng3, nmu, nmu3, naz – see add_lambert()

34. Itoa = np.zeros_like(Jm)

35. Itoa_srf = np.zeros_like(Jm)

36. rs = np.zeros((nmu, ng1))

37. Rs = np.zeros((ng3, ng3))

38. S0 = np.zeros(ng3)

39. zaz, waz = gauszw(0.0, 2.0*pi, nga)

40. Tdir = np.exp(tau0/mu) # direct transmittance from BOA to TOA, mu < 0

41. scale_m12 = 1.0        # (2 - Kronecker_0m)

42. for im in range(nm):

43. Jp_im = Jp[im, :, :]

44. Rp_im = Rp[im, :, :]

45. Tm_im = Tm[im, :, :]

46. for imu in range(nmu):

47. for jg in range(ng1):

48. rs[imu, jg] = 2.0*wg[jg]*mug[jg]* \

49. rtlsm(im, zaz, waz, nga, kl, kv, kg, mug[jg], mu[imu])

50. for ig in range(ng1):

51. for jg in range(ng1):

52. Rs[3*ig, 3*jg] = 2.0*wg[jg]*mug[jg]* \

53. rtlsm(im, zaz, waz, nga, kl, kv, kg, mug[jg], -mug[ig])

54. I_RpRs = np.eye(ng3) - np.matmul(Rp_im, Rs)

def add_rtls(nm, nga, kl, kv, kg, tau0, mu, mu0, raz, mug, wg, Jm, Jp, Tm, Rp):

41. scale_m12 = 1.0 # (2 - Kronecker_0m) = 1 for m = 0

42. for im in range(nm):

…

55. for imu0 in range(nmu0):

56. cs0 = mu0[imu0]

57. for ig in range(ng1):

58. S0[3*ig] = cs0*np.exp(-tau0/cs0)* \

59. rtlsm(im, zaz, waz, nga, kl, kv, kg, cs0, -mug[ig])/pi

60. Im0 = np.matmul(Tm_im, S0)  # diffuse transmittance of S0 from BOA to TOA

61. Ip = Jp_im[imu0, :] + np.matmul(Rp_im, S0)     # downwelling light at BOA

62. Ipb = la.solve(I_RpRs, Ip)            # multiple bouncing of light at BOA

63. Ib = np.matmul(Rs, Ipb)               # bouncing light is reflected ...

64. Im = np.matmul(Tm_im, Ib) # ... and transmitted diffusely from BOA to TOA

65. # Accumulate Fourier series for each azimuth

66. for iaz in range(naz):

67. cmaz = np.cos(im*raz[iaz])*scale_m12 # for I&Q-components

68. smaz = np.sin(im*raz[iaz])*scale_m12 # for U-components

69. for imu in range(nmu):

70. Itoa_srf[iaz, imu0, 3*imu  ] += (Im0[3*imu] + Im[3*imu] + \

71. np.dot(rs[imu, :], Ipb[0:ng3:3])*Tdir[imu])*cmaz

72. Itoa_srf[iaz, imu0, 3*imu+1] += (Im0[3*imu+1] + Im[3*imu+1])*cmaz

73. Itoa_srf[iaz, imu0, 3*imu+2] += (Im0[3*imu+2] + Im[3*imu+2])*smaz

74. scale_m12 = 2.0 # (2 - Kronecker_m0) = 2 for m > 0; end of im-loop
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After the Fourier summation is complete, one combines the diffuse surface contribution at TOA with the 683 

path radiance. Finally, the direct contribution of the solar beam reflected from the surface just once – 684 

single bouncing component – is added. This single bouncing component is not expanded in the Fourier 685 

series: Fig.10. 686 

 687 
Fig.10: The path radiance Jm is combined with the diffuse surface contribution Itoa_srf (line 76) and the direct 688 
contribution from single bouncing of the solar beam (lines 82-83); see Eq.(45) for the factor of 1/π in line 83. 689 

To conclude this subsection, we note again the peculiarity in adding the unpolarized but directional 690 

surface reflection. Contrary to the Lambertian surface, the RTLS surface does contribute to polarization 691 

on TOA. The surface reflected intensity possesses some angular dependence, which in its turn generates 692 

Q and U components while scattering in atmosphere, like the unpolarized solar beam generates 693 

polarization in the scattered radiation. In Sec.4 we quantify the level of the contribution. In addition to 694 

that, add_rtls() is computationally more demanding as compared to add_lambert(). We refer to 695 

Sec.5.1 for a brief discussion of “bad” ideas that we intentionally use in Figs.8-10 for clarity. Sec.5.1 also 696 

offers ways for improvement using as an example our last considered model – polarized ocean. 697 

3.3 Adding polarized reflection from ocean surface 698 

Reflection from the ocean surface is significantly polarized at the glint and maintains noticeable 699 

polarization beyond it. We refer to [83] for the basics and to [84] for detailed mathematical description of 700 

the polarized light scattering in planetary atmospheres. Here we bring only a few facts necessary for the 701 

subsequent discussion (recall, we skip the Stokes-V component): 702 

a) A 3-by-3 Mueller matrix M describes reflection of the Stokes vector S = [I, Q, U]T as S = MS0. 703 

Reflection of the direct unpolarized Solar beam, S0 = [I, 0, 0]T requires only the first column of the 704 

Mueller matrix M. 705 

def add_rtls(nm, nga, kl, kv, kg, tau0, mu, mu0, raz, mug, wg, Jm, Jp, Tm, Rp):

…

42.    for im in range(nm):

…

74. scale_m12 = 2.0 # (2 - Kronecker_m0)=2 for m > 0; end of im-loop

75. # Combine TOA contribution (including direct surface)   

76. Itoa = Jm + Itoa_srf

77. for iaz in range(naz):

78. for imu0 in range(nmu0):

79. cs0 = mu0[imu0]

80. Tsol = np.exp(-tau0/cs0) # TOA->BOA solar beam direct transmittance

81. for imu in range(nmu):

82. Itoa[iaz, imu0, 3*imu] += cs0*Tsol*Tdir[imu]* \

83. rtls(kl, kv, kg, cs0, mu[imu], raz[iaz])/pi

84. return Itoa
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b) The Stokes-Q and -U components are responsible for the degree of linear polarization (DoLP).  706 

Their sign and magnitude depend on selection of the reference plane (system of coordinates). So does 707 

the Mueller matrix. The vRT equation uses the meridional plane defined by the local zenith and the 708 

line of sight as the reference one. However, the surface Muller matrix is defined w.r.t. a plane that 709 

contains normal to reflecting facet. In case of a rough ocean surface, the reflecting facets are 710 

randomly oriented, hence rotation of the reference plane is required to simulate the reflection. 711 

c) Rotation of the reference plane at an angle α is described by the rotation matrix, ( )L  (see 712 

Eq.(A5) in the Appendix). Reflection of the polarized beam requires two rotations: from the vRT 713 

equation system of coordinates to the surface one before, and backward after the reflection has 714 

occurred. The ocean surface is not flat, hence directions of irradiation and observation, in general, do 715 

not belong to the same plane. Likewise, the meridional planes before and after the reflection from the 716 

ruffled ocean surface do not coincide. Thus, one needs two rotation angles, α1 and α2. 717 

Therefore, one utilizes the following sequence of the matrix multiplications to simulate reflection of the 718 

polarized light from a wind-waved ocean surface 719 

2 1( , , ) ( , , ) ( , , , ) ( ) ( , , , ) ( )S w P w n         − =     −  −   − −ρ L F L . (49) 720 

In Eq.(49), S( ) and P( ) are the scalar functions for mutual shadowing of waves, and probability of the 721 

wave slope distribution, respectively. Besides the solar/view geometry, they depend on the windspeed w 722 

(usually defined in meters per second, m/s, at 10 meters above the ocean surface). In this paper, we 723 

consider numerical examples that ignore the wind direction. However, specifying the wind azimuth does 724 

not prevent the use of the MOM technique. F is a 3-by-3 Fresnel reflection matrix that depends on the 725 

refractive index of water n. Like the RTLS model, many authors describe Eq.(49) in detail [77, Sec. 2C], 726 

[85], [86]. Well documented, reliable source codes [87] are available as stand-alone programs 727 

ocean.shadow.f and ocean.phase.f 11, and as part of other publicly available RT source codes 728 

[41], [53], [60]. For independent reproducibility, we also provide our implementation of Eq.(49) in 729 

Python with this paper, but do not repeat others in discussion of relevant details. 730 

The ocean surface reflects the Fourier components with m > 0 like the directional land model. Contrary to 731 

RTLS, all 3 x 3 blocks in the surface matrices are, in general, non-zero. In the scripts below, we only 732 

provide those lines of the add_ocean() function that differ from the corresponding lines in 733 

add_rtls(). We inherit the line numbers from add_rtls() where possible; unique add_ocean() 734 

lines are left unnumbered. 735 

 

11 https://www.giss.nasa.gov/staff/mmishchenko/brf/ 
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Fig.11 shows dependences and interface for add_ocean(): oceanm() computes the m-th Fourier 736 

moment for the ocean Mueller matrix, oceanm0() does the same for the direct solar beam reflection 737 

(first column of the Mueller matrix), wavysrf() simulates waves and, optionally, shadows, 738 

fresnel0() is the first column of the rotated Fresnel reflection matrix. 739 

 740 
Fig.11: Dependences and interface of the Python function add_ocean(). Except for the surface parameters, the 741 
interface is like for add_rtls(). 742 

Compared to add_rtls(), the three new surface parameters are: shad to turn the mutual shadowing 743 

on or off (below we reproduce both published scenarios), sgm2 is the squared standard deviation 744 

(variance) of the waves slope distribution (assumed Gaussian), refre is the refractive index of water. 745 

The slope distribution depends on the wind speed. However, we prefer sgm2 as input because different 746 

authors use slightly different dependence of sgm2 on the wind speed. 747 

 748 
Fig.12: The surface matrices for reflection of light from the Gaussian directions to the user-defined ones (line 51) 749 
and for recurrence bouncing from the Gaussian directions to the same (line 55). 750 

All elements of the surface reflection matrices are now filled with numbers – see Fig.12. Note, we fill up 751 

rs and Rs nonconsecutively. This is easy to read and understand, but inefficient. Moreover, oceanm() 752 

in lines 50 and 54 is the most time-consuming part of add_ocean( ). Same for ocnm0() for 753 

simulation of the direct solar beam reflection at BOA in the Fourier space (Fig.13), if the number of the 754 

solar angles nmu0 is large. We refer our reader to Sec.5.1 for possible solution. 755 

1. import numpy as np

2. from scipy import linalg as la

3. from def_gauszw import gauszw

4. from def_oceanm import oceanm

5. from def_oceanm0 import oceanm0

6. from def_wavysrf import wavysrf

7. from def_fresnel0 import fresnel0

8. def add_ocean(nm, nga, shad, sgm2, refre, tau0, \

mu, mu0, raz, mug, wg, Jm, Jp, Tm, Rp):

def add_ocean(nm, nga, shad, sgm2, refre, tau0, \

mu, mu0, raz, mug, wg, Jm, Jp, Tm, Rp):

…

38. rs = np.zeros((nmu3, ng3))

…

44. for im in range(nm):

…

48.     for imu in range(nmu):

49. for jg in range(ng1):

50.   ocnm = oceanm(im, shad, sgm2, refre, zaz, waz, mug[jg], mu[imu])

51.              rs[3*imu:3*imu+3, 3*jg:3*jg+3] = 2.0*wg[jg]*mug[jg]*ocnm

52.    for ig in range(ng1):

53. for jg in range(ng1):

54.   ocnm = oceanm(im, shad, sgm2, refre, zaz, waz, mug[jg], -mug[ig])

55.              Rs[3*ig:3*ig+3, 3*jg:3*jg+3] = 2.0*wg[jg]*mug[jg]*ocnm
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 756 
Fig.13: Reflection of the direct Solar beam at BOA; ocnm0 is a vector of 3 elements (Fourier components). 757 

Accumulation of the Fourier series, Fig.14, and adding an exact (without expansion in series) contribution 758 

of the direct solar beam reflection, Fig.15, are also like those in add_rtls(). 759 

 760 
Fig.14: Accumulation of the Fourier series for the Stokes-I, -Q, and -U components. The IQU-triplet is located in 761 
Itoa_srf sequentially. 762 

 763 
Fig.15: Adding the path radiance, the diffuse (line 78) and direct (line 86) surface contributions at TOA. 764 

The ocean surface model is the most general case in a sense that it is directional and polarized. However, 765 

we don’t even discuss the MOM part in this subsection. Once the MOM matrices are created 766 

def add_ocean(nm, nga, shad, sgm2, refre, tau0, \

mu, mu0, raz, mug, wg, Jm, Jp, Tm, Rp):

…

44. for im in range(nm):

…

57.     for imu0 in range(nmu0):

58. cs0 = mu0[imu0]

59. for ig in range(ng1):

60.   ocnm0 = oceanm0(im, shad, sgm2, refre, zaz, waz, cs0, -mug[jg])

61.              S0[3*ig:3*ig+3] = cs0*np.exp(-tau0/cs0)*ocnm0/pi

def add_ocean(nm, nga, shad, sgm2, refre, tau0, \

mu, mu0, raz, mug, wg, Jm, Jp, Tm, Rp):

…

44. for im in range(nm):

…

57.    for imu0 in range(nmu0):

…

Ib1 = np.matmul(rs, Ipb)             # bouncing from Gauss to user nodes

68. for iaz in range(naz):

69.            cmaz = np.cos(im*raz[iaz])*scale_m12

70.            smaz = np.sin(im*raz[iaz])*scale_m12

71.            for imu in range(nmu):

72.                 Itoa_srf[iaz, imu0, 3*imu  ] += (Im0[3*imu  ] + Im[3*imu  ] + \

73.                                                  Ib1[3*imu  ]*Tdir[imu])*cmaz

74.                 Itoa_srf[iaz, imu0, 3*imu+1] += (Im0[3*imu+1] + Im[3*imu+1] + \

Ib1[3*imu+1]*Tdir[imu])*cmaz

75.                 Itoa_srf[iaz, imu0, 3*imu+2] += (Im0[3*imu+2] + Im[3*imu+2] + \

Ib1[3*imu+2]*Tdir[imu])*smaz

def add_ocean(nm, nga, shad, sgm2, refre, tau0, \

mu, mu0, raz, mug, wg, Jm, Jp, Tm, Rp):

…

77. # Combine TOA contribution (including direct surface)

78. Itoa = Jm + Itoa_srf

79. for iaz in range(naz):

80. for imu0 in range(nmu0):

81. cs0 = mu0[imu0]

82. Tsol = np.exp(-tau0/cs0)

83. for imu in range(nmu):

84. wsrf = wavysrf(shad, sgm2, cs0, mu[imu], raz[iaz])

85. ocn0 = wsrf*fresnel0(refre, cs0, mu[imu], raz[iaz]) 

86. Itoa[iaz, imu0, 3*imu:3*imu+3] += cs0*Tsol*Tdir[imu]*ocn0/pi

87. return Itoa
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appropriately, the MOM formalism works alike for any surface model. In the text section, we test 767 

add_lambert(), add_rtls(), and add_ocean() against published benchmarks. 768 

4. Validation of the Python functions 769 

In this section, we solve the forward problem: surface is attached to atmosphere. Using IPOL, we 770 

precomputed MOM elements for the atmosphere. A few simple scripts read the IPOL output, compute the 771 

TOA signal using functions from Sec.3, and test the result vs. published benchmarks. We report runtime 772 

for the code written in Python and C/C++, and for the vRT solver for reference. 773 

We consider 5 numerical examples for calculation of the TOA intensity I and the degree of linear 774 

polarization P for 3 different atmospheric cases and 3 different types of the surface reflectance. In Case 1, 775 

we keep the same atmosphere and the solar/view geometry and change only the surface model: 776 

Lambertian (no angular dependence), RTLS (with angular dependence, no polarization), and Ocean 777 

(directional, polarized). The atmospheric Case 1 alone and the three surfaces are sufficient to illustrate 778 

how to use output from our vRT code IPOL, and the MOM formalism in general, in order to attach the 779 

surface to a given atmosphere. However, we add two more atmospheric cases – one with a thicker 780 

atmosphere (Rayleigh at a shorter wavelength), and another one with 2 optically different layers. 781 

Case 1 defines the atmosphere and the solar/view geometry following the IPRT12 Cases A2 (for the 782 

Lambertian surface) and A6 (for the ocean surface) [50].  Namely, we consider a pure Rayleigh scattering 783 

atmosphere of the total optical thickness τ0 = 0.1 (λ ≈ 550 nm [88]) and the depolarization factor 0.03 (dry 784 

air). The atmospheric spherical albedo is Co ≈ 0.084. We combine SZA = 50o from the IPRT Case A2 and 785 

SZA = 45o from the IPRT Case A6 in one atmospheric scenario. Instead of the IPRT’s relative azimuth 786 

grid from 0o to 180o with step 5o (37 values total) we consider only 5 values: from 0o to 180o step 45o. 787 

This keeps our benchmark tables concise and easier to analyze visually. We also limit ourselves to the 788 

signal at TOA with the VZA ranging from 0o (nadir) to 80o (approaches horizon), 5o step as in IPRT. The 789 

different number of SZAs (2), VZAs (17), and azimuths (5) help illustrate the shape of arrays and avoid 790 

confusion with dimensions at coding. 791 

For the Lambertian and the ocean surfaces, accurate numbers are published as the IPRT Case A2 792 

(SZA=50o only) and IPRT Case A6 (SZA=45o only). In addition to those, we couple the same atmosphere 793 

and the RTLS surface with the following parameters: kl=0.33, kv=0.053, kg=0.066 [53, p. 309]. 794 

Numbers for the RTLS case are not readily available from literature. We refer our reader to a text file 795 

provided with the paper: benchmark_case1b.txt (see Sec.5.2 for the package description). 796 

 

12 https://www.meteo.physik.uni-muenchen.de/~iprt/ 

https://www.meteo.physik.uni-muenchen.de/~iprt/
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Our Case 2 atmosphere coincides with the Atmosphere-Ocean System model I (AOS-I) [79]. The AOS-I 797 

also considers a molecular (Rayleigh) atmosphere, but at different wavelength λ ≈ 350nm (τ0 = 0.6301 – 798 

see Table 5a in their paper), the atmospheric spherical albedo is Co ≈ 0.343, different windspeed (7 m/s 799 

vs. 2 m/s in the IPRT Case A6), and slightly different refractive index of water (1.34 vs. 1.33 in the IPRT 800 

Case A6). Mutual shadowing of the waves is ignored in the AOS-I [79], but considered in the IPRT Case 801 

A6 [50]; foam is ignored in both cases, the ocean body is assumed completely absorbing. 802 

Finally, our atmospheric Case 3 deals with a 2-layer atmosphere over the Lambertian surface. Accurate 803 

numbers for this scenario are available in [89]. In this case, a molecular scattering (Rayleigh) layer with 804 

R  = 0.1 rests on top of the Deirmendjan’s Water-Haze L [90] aerosol layer with A  = 0.4 at λ ≈ 700nm 805 

(see [91, p. 243] for the phase matrix expansion coefficients) mixed with the Rayleigh’s R  = 0.1. The 806 

total atmosphere thickness is τ0 = 0.6 and the atmospheric spherical albedo is Co ≈ 0.201. Again, we limit 807 

ourselves to the TOA values but added azimuths 180o and 150o to 0o and 30o reported in [89]. This case is 808 

intended to emphasize that the atmosphere-surface coupling formalism works in the same way for any 809 

type of the atmospheric composition. 810 

Table 1 summarizes the input parameters, output errors, and the runtime. In the table, ng1 and nm are the 811 

number of the Gaussian nodes per hemisphere and the Fourier moments, respectively, that IPOL used to 812 

precompute the path radiance and the MOM matrices. The same ng1 are used for numerical integration 813 

over the zenith in Eqs.(25) and (43); the Lambertian surface requires nm=1 (m = 0); for the RTLS and the 814 

ocean we used the same nm as for the path radiance. The higher Fourier moments, generated by the 815 

surface, contribute to the TOA signal without scattering. The maximum (max) and averaged (avr) over all 816 

solar/view geometries relative deviation for the total intensity and DoLP, dI and dP respectively, are 817 

shown in %. dP is computed as absolute difference of the DoLPs scaled by 100%. We used accurate 818 

benchmarks, simple scenarios (compared e.g. to cirrus clouds), and sufficient ng1 and nm – not 819 

surprising that all errors are small. 820 

A few quick comments should be made here regarding the presented errors. For the RTLS model, the 821 

importance of bouncing of the path radiance from the surface at least once has been discussed in literature 822 

(see Sec.2). Neglect of polarization generated by re-scattering of the surface reflected intensity (Fig.7: 823 

nullify lines 72 and 73) gives up to 1.3% (0.3% on average) error in the DoLP at TOA (in our scenario). 824 

This error is at the level of the desired measurement precision of the state-of-the art polarimeters (see 825 

Appendix B). 826 

 827 
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Table 1: Validation of the surface-adding functions: input, maximum (max) and average (avr) deviations 828 

from benchmarks, and runtime13 in seconds (sec.) for the Python and C versions of the functions. For 829 

reference, the bottom line shows runtime for the vRT code IPOL (in C). 830 

Parameter Atmosphere Case 1 Case 2 Case 3 

The case short 

description: 

Homogeneous molecular (Rayleigh) layer with 

total optical thickness 0 = 0.1 and atmospheric 

spherical albedo Co ≈ 0.084 

Rayleigh, 

0  = 0.6301, 

Co ≈ 0.343 

2 layers with 

aerosol, 0  = 

0.6, Co ≈ 0.201 

Path radiance 

accuracy: 
ng1 = 8,  nm = 3 

ng1 = 24,  

nm = 16 

Surface: 
Lambertian 

ρ = 0.3 

RTLS: 0.33 

0.053, 0.066 

Ocean 2 m/s 

with shadows 

Ocean 7 m/s 

no shadows 

Lambertian 

ρ = 0.1 

dI, % 
max: 0.02 0.06 0.03 0.00 0.00 

avr: 0.01 0.04 0.02 0.00 0.00 

dP, % 
max: 0.04 0.03 0.02 0.00 0.12 14 

avr: 0.00 0.00 0.01 0.00 0.01 

runtime (sec.) 

surface in Py 
0.003 0.03 5 3 0.002 

runtime (sec.) 

surface in C 
0.000 0.01 0.04 0.03 0.000 

runtime (sec.) 

IPOL in C 
0.006 0.5 

 831 

For both ocean scenarios, Table 2 below shows errors caused by truncation of the number of bouncing in 832 

Eq.(8). This table can be reproduced by modifying the code in Figs.3-4, which is the same for the 833 

isotropic, directional and ocean surfaces. Namely, one replaces inversion of the multiple bouncing matrix 834 

(Fig.3 line 37, Fig.4 line 45) with a truncated series (we keep 3 terms as an example): 835 

RpRs = np.matmul(Rp_im, Rs) 836 
RpRs_n = np.eye(ng3) + RpRs + np.matmul(RpRs, RpRs) 837 

The multiple bouncing of the downwelling light at BOA (Fig.4 line 45) becomes 838 

Ipb = np.matmul(RpRs_n, Ip) 839 

Table 2 shows that Eq.(8) converges rapidly for the black ocean: even n=1 term is enough to meet the 840 

criterion formulated in [92, p. 3343]: “the errors (in addition to the shot noise) on the intensity need to be  841 

<= 1%, and on the relative Stokes parameter q [ Q/I ] and u [ U/I ] need to be <= 0.002”, where 0.002 = 842 

0.2%, and the combined as square root q- and u-errors give ~0.3% in DoLP. 843 

 844 

 

13 DELL Latitude E6520 laptop on Intel i7-2720QM CPU, 2.2 GHz, 8GB DD3 SDRAM (1333 MHz), Windows 10 

64 bit;  Py-runtime: Python 3.7.6 integrated with Anaconda 3/Spyder 4 IDE;  C-runtime: Microsoft Visual Studio 

with C/C++ compiler and Intel MKL library. 

14 de Haan et al. [89] use the fixed format which results in lower relative accuracy at points with small DoLP.  
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Table 2: Maximum (max) and average (avr) relative errors (in %) resulted from truncation, Eq.(8), for 845 

two ocean scenarios; n = 1 means single bouncing of the direct and diffuse light from surface. 846 

Number of terms 

in Eq.(8), n: 

Ocean (2 m/s, with shadows) under the 

Rayleigh atmosphere with 0  = 0.1 

Ocean (7 m/s, no shadows) under the 

Rayleigh atmosphere with 0  = 0.6301 

dI, % dP % dI, % dP, % 

max. avr. max. avr. max. avr. max. avr. 

1 0.34 0.09 0.16 0.04 0.20 0.13 0.10 0.04 

2 0.03 0.02 0.02 0.01 0.01 0.01 0.00 0.00 

3 0.03 0.02 0.02 0.01 0.00 0.00 0.00 0.00 

 What does not fit in the mentioned criterion and the measurement uncertainty (see Appendix B) is the 847 

error caused by misunderstanding of the system of coordinates between the vRT code and the surface 848 

adding functions. From Eq.(9), the sign of the relative azimuth is important for the Stokes-U component. 849 

This sign is a matter of definition: the relative azimuth could be assumed positive clockwise or counter-850 

clockwise looking in or into the positive Z-direction (zenith) of the right-handed Cartesian system of 851 

coordinates. By artificially changing the sign of the relative azimuth inside the add_ocean() 852 

subroutine, for the DoLP we get up to 20% error (3% on average) in our Case 1 and up to 4% (1% on 853 

average) in Case 2 (recall, the atmosphere is 6 times thicker in Case 2 – multiple scattering tends to 854 

depolarize). The change of the azimuth does not affect the IPOL’s upwelling path radiance (Stokes 855 

vector) since it comes in the azimuth space, but affects the computation of the TOA surface contribution. 856 

The total intensity remains unaffected in both cases. 857 

Another conclusion, that follows from Table 1, is the necessity to speed-up the numerical simulation of 858 

the surface reflectance, especially for the ocean (see bold symbols for runtime in Table 1). We consider 859 

this software development problem in the next section. 860 

5. Notes on the package implementation 861 

Given a huge amount of the satellite remote sensing data, numerical performance of the data processing 862 

software is always a concern. In Sec.5.1 we offer a few ideas on how to speed up our Python code. 863 

Sec.5.2 describes purpose and content of 16 Python sources, 12 binary files, and 11 txt-files, 39 files total, 864 

supplementing the paper. 865 

5.1 Speeding-up the code 866 

From Table 1 one sees that add_ocean() is unacceptably slow. The first candidate for acceleration is 867 

the Fourier expansion, oceanm(). This function is called for all Gaussian (Fig.12: line 50) and user-868 

defined (line 54) directions. These calls take 90% of the runtime in our case. Aside from the direct 869 

runtime measurement, the corresponding source code shows that add_lambert() and add_ocean() 870 
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use the same MOM operations, while the runtime for add_lambert() is very small. The only 871 

difference between the two is the need for numerical expansion of the surface reflection in the Fourier 872 

series over azimuth for each pair of zeniths of incidence/reflection. In addition to that, polarization 873 

inevitably slows down the vector surface, as compared to the directional scalar surface, by an order of 874 

magnitude. 875 

An obvious step to accelerate the ocean function is to move the computation of the surface reflection 876 

matrix, for all directions, from the m-loop (see Fig.16, right). Computation of the surface reflection matrix 877 

itself can be accelerated by optimizing its dependences: the Fresnel 3 x 3 reflection matrix, the rotation 878 

matrix, and the wave/shadow function. All the three depend on the [ , , ]    −  -triplet. Refactoring 879 

these functions in a way that they take   and    as input variables and the relative azimuth  −   as an 880 

array (because of Eq.(A5)) complicates the code insignificantly in any language, but offers the 881 

opportunity to precompute the φ-independent parameters in each function before the φ-loop (explicit or 882 

vectorized). The overall goal of this step is to reduce the number of the floating-point operations in 883 

general, and the number of computationally expensive calls to the trigonometric and square root functions 884 

in particular. We follow this strategy in the Fortran version of IPOL. 885 

Storage of the surface reflection matrix for all directions in memory may run on an obstacle for cases, like 886 

the IPRT Case B4: “Standard atmosphere with cloud layer and underlying ocean surface” [50]. In the case 887 

like that the precomputed surface matrix becomes large, however reciprocal symmetry of its elements and 888 

the use of single precision instead of double helps relax the memory requirement. 889 

Next, lines 51 and 55 in Fig.9 access the elements of the corresponding arrays nonconsecutively when 890 

large matrices are filled in with 3 x 3 blocks. The 3 x 3 Mueller matrix is a natural and convenient output 891 

for the oceanm() function. The consecutive access is organized with buffer arrays. Using reflection 892 

from/to the Gaussian nodes only, and assuming, r11…r33 are elements of the 3 x 3 Mueller matrix, one 893 

first creates lines of the big 3N x 3N matrix. The lines L1,L2,L3 are then combined in the big array L. 894 

L1 = np.zeros(3*ng1) 895 
L2 = np.zeros_like(L1) 896 
L3 = np.zeros_like(L1) 897 
L = np.zeros((3*ng1, 3*ng1)) 898 
for ig in range(ng1): 899 
    for jg in range(ng1): 900 
       compute r11 … r33 for [ig, jg] 901 
       L1[3*jg:3*jg+3] = [r11, r12, r13] 902 
       L2[3*jg:3*jg+3] = [r21, r22, r23] 903 
       L3[3*jg:3*jg+3] = [r31, r32, r33] 904 
    L[3*ig,   :] = L1 905 
    L[3*ig+1, :] = L2 906 
    L[3*ig+2, :] = L3 907 
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Solution to the system of equations, la.lsolve() in Fig.4, line 45 (same for add_rtls() and 908 

add_ocean())  takes place inside the solar loop over imu0. This Python function is based on the LU-909 

decomposition. It is efficient either to perform the decomposition before the loop (LAPACK’s _getrf ) 910 

and then apply it in the loop (LAPACK’s _getrs) or combine all solar zeniths in one matrix along a 911 

given row (column-wise). To avoid a potential confusion caused by transposing, in this paper we use all 912 

arrays as they come from IPOL. In this case the view zenith angles occupy columns in each given row 913 

(lead dimension). 914 

Yet one more step is to use a compiled language. As Table 1 indicates, the C-implementation of the 915 

surface subroutines is ~2 orders of magnitudes faster. Like in the Python functions, we did not 916 

precompute the surface to optimize the C code. For clarity of our Python scripts, we opted for 917 

numpy.matmul(), instead of numpy.dot(), and for some other features, not supported by the 918 

Python compiler Numba. Running the Fourier im-loop in parallel for the directional reflection and using 919 

only the scalar modification of MOM (N x N matrices instead of 3N x 3N) for the isotropic one further 920 

decreases the runtime. Recall, even in the Lambertian case the MOM-based approach has an advantage 921 

over Eq.(1): one does not need to solve the RT problem three times with a black (for the path radiance) 922 

and two reflecting surfaces (for the bidirectional transmittance and atmospheric spherical albedo) in order 923 

to generate LUTs for the atmospheric components.  924 

For reference, Table 1 also indicates the runtime for our vRT solver. We note that some acceleration is 925 

still possible in IPOL. For example, we have not yet implemented the half-eigenproblem solution for m > 926 

0, the matrix-operator method inside IPOL does not treat the upwelling and downwelling direct 927 

transmittances through optical layers (e.g., 2 in Case 3) separately from the diffuse ones, Eq.(16). Hence 928 

these matrices are sparse if nmu > > ng1. Lastly, IPOL does not truncate the phase matrix. 929 

All the Python sources, the IPOL input, and the benchmark data come with the paper. We suppose, it will 930 

take literally minutes of the user’s time to download and reproduce the Python results from Table 1. An 931 

installed Python package is the only prerequisite. Digging through the code, of course, will take more 932 

time and require some effort. In order to help the reader, the next section describes content and purpose of 933 

all files and shows call graphs for the used Python functions. 934 

5.2 Files description 935 

This paper supports independent reproducibility of our results, and also serves as a documentation. Fig.16 936 

shows all Python dependences for add_rtls() and add_ocean(); add_lambert() needs none. 937 

Table 3 briefly describes what each function does. These mid-level and low-level functions are located in 938 
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./src directory of the package. We created a simple unit-testing for each low-level function. The unit 939 

testing is executed when one runs the function as a separate script  (if __name__ == 940 

"__main__"). 941 

 

 

Fig.16: Call graph for add_rtls( ) (top) and 

add_ocean() (right); add_lambert() has 

no dependences. See Table 3 for brief 

description of the functions. 

In the same root directory, there are three high-level caseX.py testing scripts (X = 1, 2, 3), and 942 

two folders: ./src/LUTs/ and ./src/benchamrks/. The LUTs folder contains the binary files 943 

with the MOM matrices and text files with metadata. Names of the binary files match the content: Jm_, 944 

Jp_, Rp_, and Tm_ contain, respectively, the TOA path radiance at user-defined directions, downwelling 945 

Fourier moments for the BOA path radiance at the Gaussian nodes, and the Fourier moments for the 946 

reflection and transmittance matrices. This data is stored in the double precision format because IPOL 947 

uses it for computations. In applications, it is of course sufficient to use the single precision and thus 948 

decrease size of the arrays. The metadata_.txt files contain the total atmosphere optical thickness, 949 

the solar flux on TOA, the solar/view geometry, and the accuracy parameters (number of the Gaussian 950 

nodes and the Fourier moments). In order to avoid a potential confusion with the single vs. double 951 

Gaussian quadrature [93] and with the order in which the nodes are sorted, the metadata files contain the 952 

Gaussian nodes and weights (within the positive hemisphere, 0+  ). The benchmark data in the ASCII 953 

format is in the ./src/benchmarks/ folder. 954 

Let’s consider the workflow of case1.py as an example. It reads the input from _case1.bin files 955 

and metadata_case1.txt. After that, the script couples the three different surfaces, (a) Lambertian; 956 

def add_rtls()

|

+-def gauszw()

|

+-def rtlsm()

|          |

|          +-def rtls()

|

+-def rtls()

def add_ocean()

|

+-def gauszw()

|

+-def oceanm()

|          |

|          +-def fresnel()

|          |           |

|          |           +-rotator()

|          |  

|          |

|          +-def wavysrf()     

|

+-def oceanm0()

|           |

|           +-def fresnel0()

|           |           |

|           |           +-rotator2()

|           |  

|           |

|           +-def wavysrf()

|

+-def fresnel0()

|           |

|           +-rotator2()

|

+-def wavysrf()
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(b) RTLS; (c) ocean, with the same atmosphere, and computes the TOA signal. It then reads the 957 

benchmark data from _case1a.txt, _case1b.txt, and _case1c.txt, tests the MOM 958 

subroutines vs. corresponding benchmarks, and prints out on the screen the maximum and average 959 

deviation, in %, for the intensity and DoLP (see Table 1). The other two scripts, case2.py and 960 

case3.py, do the same, but only for one atmosphere and one surface each. A few other text files in the 961 

./src/benchmarks/ folder are used for unit testing of the fresnel(), fresnel0(), 962 

rotator(), rotator0(), and wavysrf() functions. 963 

Table 3: List of the Python functions, with short description, starting from the lowest level (no 964 

dependences). See Fig.16 for the call graphs. 965 

Name Brief description 

gauszw( ) Computes the Gaussian nodes (zeros of the Legendre polynomial) and weights 

rotator( ) Computes elements for both rotation matrices 

rotator2( ) Same as rotator( ) except for the second rotation matrix only 

rtls( ) Computes the RTLS surface reflection model 

wavysrf( ) Computes the scaling factor that simulates waves, optionally with shadowing 

fresnel( ) Computes the rotated Fresnel reflection matrix 

fresnel0( ) Same as fresnel( ) except for the 1st column only 

oceanm( ) Computes the m-th Fourier moments (matrix) for the ocean reflection model 

oceanm0( ) Same as oceanm( ), except for the 1st column only 

rtlsm( ) Computes the m-th Fourier moment for the RTLS surface reflection model 

add_lambert( ) Couples an atmosphere with the isotropic (Lambertian) surface 

add_ocean( ) Couples an atmosphere with the waved ocean surface (polarized) 

add_rtls( ) Couples an atmosphere with the directional land (RTLS) model 

 966 

6. Atmosphere-surface decoupling 967 

In this part we remove the atmospheric effects from the TOA signal and retrieve the surface model 968 

parameters. We show numerical results for scenarios described in Sec.4 using codes from Sec.3. For that 969 

reason, the three subsections below discus algorithm and data, but not codes. A subsection for the 970 

Lambertian model is followed by the one for RTLS, and ocean. 971 
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6.1 Lambertian surface 972 

We start with the atmospheric Case 1: pure Rayleigh scattering atmosphere, total optical thickness 0 = 973 

0.1 and the atmospheric albedo Co ≈ 0.084 at BOA. From the simulated measurements, we want to 974 

retrieve the surface albedo, ρ = 0.3. Fig.17(a) shows the value of the retrieved albedo (on Y-axis) plotted 975 

vs. the VZA at TOA (on X-axis). While the path radiance is always compensated, the different lines 976 

account for different types of the atmosphere-surface interaction (see Fig.1). 977 

a) Only direct transmittances of the solar beam from TOA to the surface and back are considered – 978 

Fig.1(a). In this case, the retrieved ρ preserves significant angular dependence even for this 979 

relatively thin atmosphere. 980 

b) In addition to (a), we include single reflection of the downward diffuse path radiance from 981 

surface – Fig.1(b). After the reflection, this component is assumed to reach TOA directly without 982 

scattering. This step noticeably reduces error in the retrieved albedo, but significant angular 983 

dependence remains. 984 

c) In addition to (b), this option accounts for the diffuse BOA→TOA transmittance of the direct 985 

solar beam reflected once from the surface – Fig.1(c). Only weak angular dependence remains at 986 

the horizon, VZA ~ 80o, but the retrieved surface albedo ρ ~ 0.31 differs noticeably from the true 987 

one: ρ = 0.3; 988 

d) In addition to (c), simulation of the diffuse BOA→TOA transmittance of the downward path 989 

radiance, reflected once from the surface, is included – Fig.1(d). This removes the angular 990 

dependence entirely (in this scenario), but the retrieved surface albedo is still not perfect. 991 

The four options (a)-(d) account for the single reflection of the direct solar beam and the downwelling 992 

path radiance from the surface, and transmittance of that light directly and diffusely from BOA to TOA. 993 

Thus, (a)-(d) linearly depend on the surface albedo ρ. Combined, these components result in ρ* ≈ 0.308 or 994 

+2.6% w.r.t. the true value of 0.3. 995 

e) The error can be further reduced by considering double bouncing of light from the surface. For 996 

that, Eq.(24) must use two terms. The second reflection from the surface is directly proportional 997 

to 
* 2 * * *( ) 2 +     +   , where ρ* ≈ 0.308 is known from the previous step (d), and Δρ2 is 998 

ignored. This yields linear equation for the perturbation parameter Δρ and a good agreement with 999 

truth in this scenario. 1000 

f) Finally, Eq.(13) yields an exact solution for multiple bouncing. 1001 

 1002 
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Fig.17(a): The Lambertian surface albedo (Y-axis) retrieved independently at different VZAs (X-axis). 

Scenario: conservative Rayleigh atmopshere, total optical thickness 0 0.1 = , atmopsheric sphecal albedo Co = 

0.084, the true value of the surface albedo is ρ = 0.3. Different lines account for different types of the 

atmosphere-surface interaction – see plots on the right. The path radiance is always compensated. Each effect, 

starting from the second top, includes the effects mentioned above it. 

 1003 

For the atmospheric Case 3, Co ≈ 0.201 and ρ = 0.1. The effect of multiple bouncing at BOA, Co ρ ≈ 0.02, 1004 

is close to that in Case 1, hence not very interesting. To increase the effect of multiple bouncing at BOA, 1005 

we redefine the surface albedo to ρ = 0.9, and simulate a new TOA signal for the same atmospheric MOM 1006 

matrices. Fig.17(b) shows the result. Recall, Case 3 uses 3 VZAs – so the lines look broken. Noteworthy, 1007 

the combined effect of the single bouncing of light (see (a)-(d) above), yields an “efficient” ρ ≈ 1.099, the 1008 

approximate second bouncing results in ρ ≈ 0.930 (see (e) above), and inclusion of the multiple bouncing 1009 

gives the true value ρ ≈ 0.900 (for both SZA = 60o and 84o). 1010 

 1011 
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Fig.17(b): Same as in Fig.17(a), except for atmosphere from Case 3: 2 layers, Rayleigh on top of the aerosol & 

Rayleigh mixture, 0  = 0.6, Co ≈ 0.201. A very bright Lambertian surface ρ = 0.9 replaces the default albedo ρ 

= 0.1 in order to increase the effect of multiple bouncing and its direct and diffuse contribution to TOA. The 

shown VZA dependences are not smooth because of 3 angles used in the Case 3 scenario (17 VZAs in Case 1).  

 1012 

6.2 RTLS 1013 

This section illustrates the use of the Green’s function formalism, Eq.(6), and its MOM version Eq.(27). 1014 

Table 4 shows the result of the minimization depending on the type of the atmosphere-surface interaction, 1015 
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Fig.1. The table also indicates the surface white-sky albedo15 A, and the maximum and average deviation 1016 

of the TOA signal from the one obtained for the true surface. 1017 

 1018 

Table 4: Retrieval of the RTLS parameters assuming single bouncing of light from surface. The left column 1019 
indicates a component of the atmosphere-surface interaction; all components mentioned above it are assumed 1020 
included. The “Variable” column indicates the kernel weights k, the white-sky albedo A, the maximum and average 1021 
relative error in the TOA signal for k retrieved using the indicated component(s). The rest columns correspond to 1022 

three atmospheric cases; the total optical thickness 0  and the atmospheric spherical albedo Co at BOA are indicated 1023 

for reference. The four bottom rows show the true values; “-” means unrealistic result. 1024 

Component Variable 
Case 1: 0 = 0.1, 

Co ≈ 0.084 

Case 2: 0 =0.6302, 

Co ≈ 0.343 

Case 3: 0 = 0.6, 

Co  ≈ 0.201 

 

Lk  0.3545 - - 

Vk  0.1549 - - 

Gk  0.0548 - - 

A 0.308 - - 

MAXI , % 39 - - 

AVRI , % 17 - - 

 

Lk  0.3491 - 0.7839 

Vk  0.0757 - 0.1586 

Gk  0.0636 - 0.1121 

A 0.276 - 0.660 

MAXI , % 13 - 110 

AVRI , % 8.2 - 47 

 

Lk  0.3337 0.7497 0.4042 

Vk  0.0633 0.4979 0.3252 

Gk  0.0646 0.0580 0.0567 

A 0.257 0.764 0.388 

MAXI , % 4.7 41 29 

AVRI , % 2.3 34 15 

 

15 Ratio of the reflected-over-incident fluxes for an ideal isotropic illumination. We calculated the fluxes numerically 

using nga = 90 and ng1 = 16 Gaussian nodes for integration over the relative azimuth and zenith angles, 

respectively; accuracy was confirmed by doubling the number of the nodes. 
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Lk  0.3336 0.7462 0.3398 

Vk  0.0576 0.1444 0.0609 

Gk  0.0654 0.1244 0.0646 

A 0.254 0.602 0.262 

MAXI , % 2.7 16 3.3 

AVRI , % 1.6 13 1.4 

RTLS true parameters 

Lk  0.3300 0.6600 0.3300 

Vk  0.0530 0.1060 0.0530 

Gk  0.0660 0.132000 0.0660 

A 0.249 0.498 0.249 

 1025 

Table 4 indicates that neglecting of multiple bouncing causes ΔI-errors that exceed the measurement ones 1026 

(see Appendix B) even for a thin atmosphere. Sec.2.2.3 above explains how to account for the multiple 1027 

bouncing iteratively. In Table 5, we show convergence of the iterations for the considered atmospheres. 1028 

Each iterative step uses precomputed atmospheric MOM parameters. Thus, the atmospheric RT 1029 

calculation is avoided. One only needs to “attach” the surface with the updated parameters k to the known 1030 

atmosphere using Eq.(13) to get a new TOA signal. 1031 

 1032 

Table 5: Convergence of iterations to account for multiple bouncing of light at BOA. The iteration number is shown 1033 
in the left column, the rest content coincides with that in Table 4. Iterations start from the “best guess” – last set of 1034 
parameters in Table 4. 1035 

Iteration # Variable 
Case 1: 0 = 0.1, 

Co ≈ 0.084 

Case 2: 0 =0.6302, 

Co ≈ 0.343 

Case 3: 0 = 0.6, 

Co  ≈ 0.201 

0 

(from Table 4) 

Lk  0.3336 0.7462 0.3399 

Vk  0.0576 0.1444 0.0609 

Gk  0.0654 0.1244 0.0646 

A 0.254 0.602 0.262 

MAXI , % 2.7 16 3.3 

AVRI , % 1.6 13 1.4 

1 

Lk  0.3298 0.6140 0.3286 

Vk  0.0528 0.0840 0.0522 

Gk  0.0660 0.1366 0.0661 
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A 0.249 0.442 0.248 

MAXI , % 0.1 8.0 0.4 

AVRI , % 0.1 6.6 0.2 

2 

Lk  0.3300 0.6801 0.3302 

Vk  0.0530 0.1158 0.0531 

Gk  0.0660 0.1300 0.0660 

A 0.249 0.523 0.249 

MAXI , % 0.0 3.6 0.0 

AVRI , % 0.0 3.0 0.0 

3 

Lk   0.6502 0.3300 

Vk   0.1011 0.0530 

Gk   0.1330 0.0660 

A  0.486 0.249 

MAXI , %  1.8 0.0 

AVRI , %  1.5 0.0 

4 … 

5 

Lk   0.6578  

Vk   0.1049  

Gk   0.1322  

A  0.496  

MAXI , %  0.4  

AVRI , %  0.3  

… 

11 

Lk   0.6600  

Vk   0.1060  

Gk   0.1320  

A  0.498  

MAXI , %  0.0  

AVRI , %  0.0  

RTLS true 

parameters 

Lk  0.3300 0.6600 0.3300 

Vk  0.0530 0.1060 0.0530 

Gk  0.0660 0.1320 0.0660 
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A 0.249 0.498 0.249 

 1036 

It takes 2, 11, and 3 iterations in Case 1, 2, and 3, respectively, to get 4 digits in the kernel weights 1037 

precisely. This numerical exercise, although impractical due to measurement errors, confirms numerical 1038 

stability of the technique. On practice, we wish to converge within some measurement error, which is 1039 

typically a fraction of percent. The Cases 1 and 3 achieve this accuracy using 1 iteration, Case 2 needs 5. 1040 

We ran 15 iterations for all the cases to make sure they do not diverge. 1041 

6.3 Ocean 1042 

In this section, we extract a non-linear parameter of an ocean surface reflectance model. The ocean 1043 

surface model depends on the refractive index of water, n, and the windspeed, w (m/s), at 10 meters (m) 1044 

above the surface. For our numerical example we pick the latter one and express it in terms of the wave 1045 

slope distribution, σ2 = 0.00512w + 0.003. Following Table 3, we ignore multiple bouncing of light at the 1046 

expense of an error not exceeding 0.5%. In the Case 1 atmosphere, it is sufficient to subtract the path 1047 

radiance from the TOA signal and account for the direct component of the bidirectional transmittance to 1048 

get σ2 properly. It is for that reason we focus on the Case 2 atmosphere only: 0  = 0.6301 and Co  ≈ 0.343. 1049 

For the Case 2 atmosphere, we have a set of simulated polarized measurements for the VZA from 0o 1050 

(nadir) to 60o with 5o step, SZA = 30o and 60o, and RAA = 0o, 60o, 180o, and 240o. The true windspeed is 1051 

w  = 7 (m/s); it corresponds to the slope variance σ2 = 0.03884. This value is retrieved by minimizing the 1052 

sum of square residuals between the TOA measurements mi and simulations si at N = 104 mentioned 1053 

solar/view geometries (i = 1…N): 1054 

 2 2

1

( )
N

i i

i

m s
=

 = − . (50) 1055 

We used two types of signals and simulations for Eq.(50): the total intensity I and the polarized intensity 1056 

2 2

PI Q U= + . (51) 1057 

The right column in Table 6 shows the dependence of χ2 (Y-axis) on σ2 (X-axis) for the total (red line) 1058 

and polarized (blue line) signals. For each one, we indicate the percentile deviation of the retrieved value 1059 

of σ2 (as minimum of χ2) from the true value σ2 = 0.03884 (vertical dash line). The middle column shows 1060 

what component we include to simulate the signal: from the direct bidirectional transmittance (row #1 – 1061 

see left column) to all types of single bouncing of light from the ocean surface (bottom row). The latter 1062 

one yields accurate retrieval of the surface parameter provided azimuthal dependence of the diffuse 1063 
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transmittance is accounted for: row #4A. In row #4B we ignore the azimuthal dependence for the diffuse 1064 

transmittance from BOA to TOA.  Not only this gives inaccurate results, but also makes the polarized 1065 

retrieval “worse” compared to the total intensity. We calculated the σ2-grid for the wind speeds w from 1066 

0.25 to 10 m/s, step 0.25 m/s (40 grid points). The exact solution is therefore included. We also note that 1067 

in this noiseless example, the use of the polarized signal shows noticeably better accuracy both in terms of 1068 

the retrieved value and the shape of the χ2 at its minimum. More distinct shape of the “polarized” (blue) 1069 

curve in the vicinity of the minimum helps solution to converge, but only if the polarized and azimuthal 1070 

properties of the atmospheric diffuse transmittance are properly simulated. 1071 

Table 6: Right column: the squared residual as function of the surface parameter for the total and polarized signal. 1072 
Middle column: components of the surface TOA contribution used in simulation for the given row (like for the 1073 
Lambertian and RTLS cases). Left column: row # for reference. Note, two options in row #4: 4A includes the 1074 
azimuthal dependence for the diffuse transmittance, while 4B ignores it. For each signal, we indicate the percentile 1075 
difference between the retrieved (circle) and the exact value (0.03884 or 7 m/s – vertical dash line). 1076 

Row # TOA contribution component 
Residual χ2 (on Y) as function of wave 

slope distribution σ2 (on X) 

1 

  

2 
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3 

  

4A 

 

 

4B 

 

 1077 

On practice, one uses iterative atmospheric correction algorithms with linearization of the RT solution 1078 

w.r.t. the non-linear parameters of the surface reflectance model. 1079 

 1080 

7. Summary 1081 

Using elements of the Python code, we have shown in this paper how the known matrix-operator method 1082 

(MOM) helps address the problem of radiative (de-)coupling of a plane-parallel atmosphere and a 1083 

spatially homogeneous surface. MOM simulates the atmospheric and surface optical properties, as 1084 
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matrices, independently of each other. This is convenient for atmospheric correction. A few matrix 1085 

multiplications and one matrix inversion “attach” the surface model to the atmospheric one in order to get 1086 

the TOA signal. That one matrix inversion simulates multiple reflection (bouncing) of light at BOA. 1087 

It is possible to limit the number of reflections between the atmosphere and surface. For the ocean studies, 1088 

where the TOA signal is accurately represented by the path radiance, and the BOA→TOA transfer of the 1089 

specular reflection (glint) and the polarized water leaving radiance, the MOM approach conveniently 1090 

accounts for the azimuthal and polarized dependence of the atmospheric bidirectional transmittance. It is 1091 

important to adhere to the same definition of the direction of positive rotation (e.g, of the relative azimuth 1092 

or the plane of reference for polarization) in the vRT code and the ocean water leaving Stokes vector. 1093 

Otherwise, the error in the simulated polarization noticeably exceeds that for the measurement. 1094 

MOM also yields the formulation of the TOA signal as the sum of the path radiance, and the TOA 1095 

contribution from the single and multiple bouncing of the downwelling light. For both contributions, 1096 

MOM gives analytical expressions. This form of solution generalizes the MAIAC’s Green’s function 1097 

formalism for polarization. A slight difference from MAIAC is that we don’t rely on the analytical 1098 

formula for the multiple reflection (residual). We get the one from the vRT equation net the path radiance 1099 

and the single bouncing contribution. Thus, the residual preserves the dependence on both polarization 1100 

and azimuth. 1101 

If polarization is not used, the MOM approach is simply an alternative to the scalar Green’s function 1102 

technique. However, with MOM, one does not have to solve the adjoint problem separately if the RT code 1103 

calculates the MOM elements as standard output. Using this output is beneficial even for the Lambertian 1104 

surface model. The MOM-based RT code generates all necessary LUTs within one run, while the code 1105 

with “traditional” output – radiance or reflectance – needs two (actual and adjoint atmosphere) or three 1106 

(path radiance, atmospheric spherical albedo, bidirectional transmittance). As a drawback, MOM is more 1107 

demanding for memory required to store matrices in the Fourier space (m = 0, 1, 2, … M). One should 1108 

keep in mind this memory problem for tasks like hyperspectral atmospheric correction, or linearization of 1109 

solution w.r.t. atmospheric parameters. 1110 

One of the key features of this paper is the “equations + code” style. We explain the Python sources for 1111 

computation of the surface MOM-matrices and show how to connect these to the atmospheric ones. We 1112 

use independently reproducible numerical examples for the isotropic (Lambertian), directional (RTLS), 1113 

and polarized ocean surface reflection models, covered by three different atmospheres: Rayleigh at two 1114 

wavelengths, and a 2-layer atmosphere with a Rayleigh layer over another layer consisting of a Rayleigh-1115 

aerosol mixture. The results are tested vs. published benchmarks. These examples exhaustively describe 1116 
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how to couple the plane-parallel atmosphere with any existing surface model, including the effect of 1117 

polarization of the monochromatic light. 1118 

For convenient use of the atmospheric matrices, we have modified our vRT code IPOL. In the new 1119 

modification, IPOL no longer takes the surface model parameters on input. Instead, the code now 1120 

provides as standard output the monochromatic path radiances J (Stokes vector) at TOA and BOA, the 1121 

reflection matrix R at BOA, and the BOA→TOA transmission matrix T. This output seems very 1122 

convenient, but not very common, for the MOM-based codes, especially those designed for the 1123 

atmospheric correction. Using J, R, and T, and the surface matrices created outside IPOL, one computes 1124 

the total TOA signal using functions explained in this paper, i.e. solves the forward problem. 1125 

Once, the forward problem is solved, we illustrate how to perform the atmosphere correction for the three 1126 

surface models. For the Lambertian surface we illustrate contribution of different components of the 1127 

atmosphere-surface interaction to the TOA signal. For the kernel driven RTLS model, the linear least 1128 

squares method fits the kernel weights to the TOA signal. One calculates the multiple bouncing 1129 

contribution iteratively. At the first iteration, the multiple bouncing of light at BOA is ignored. We have 1130 

illustrated the dependence of the retrieved surface model parameters on what component of the 1131 

atmospheric-surface interaction is accounted for. Our numerical examples also show how iterations for 1132 

the multiple bouncing component converge in case of three atmospheric scenarios. We also note that the 1133 

RTLS model, despite it is depolarizing, contributes to the TOA polarization via atmospheric scattering, 1134 

like the directional unpolarized solar beam gets polarized at scattering. In the considered scenarios, this 1135 

contribution is at the level of the measurement accuracy of the modern passive polarimeters. Hence this 1136 

effect may need further investigation. 1137 

One of the practical applications of the paper is to support the atmospheric correction of the polarized 1138 

observations. Like RTLS, a common model of the polarized reflectance of land is represented as a linear 1139 

mixture of  the soil and vegetation components. Each component is expressed using the Fresnel Mueller 1140 

matrix as a kernel. It is convenient to simulate the transfer of each Fresnel kernel from the surface to the 1141 

TOA using multiplication of the corresponding surface matrix and the atmospheric MOM-matrices. The 1142 

relative fractions of the soil and vegetation within the field of view appear as weights at the BOA→TOA 1143 

transferred kernel. However, due to coarse spatial resolution of the current polarimeters (e.g., ~6 km for 1144 

POLDER), good understanding of the surface polarized reflectance model is still missing. 1145 

This paper helps address another practical need to accelerate the process of the polarized atmospheric 1146 

correction by saving the Fourier m-moments in the LUT. In case of a smooth azimuthal dependence of the 1147 

multiple scattering path radiance, this approach may offer a reduction of the size of the LUT. In 1148 

particular, for the Rayleigh scattering, one can compress an arbitrary azimuthal grid into just three Fourier 1149 
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moments. In the aerosol retrieval algorithms, the MOM approach may be used to remove the surface as a 1150 

LUT-dimension and thus either relax the memory requirements, or use the freed memory, e.g., for 1151 

keeping more aerosol parameters as variables, or for a finer grid over the zenith angle. 1152 

In prospect, we plan to apply the reported results to the measurement data processing. We have two 1153 

potential goals in mind. First, over ocean, the polarization and azimuthal dependence of the bidirectional 1154 

atmospheric transmittance still seems to be a problem. Second, we are planning to generalize the MOM-1155 

based approach to a non-homogeneous surface by accounting the spatial-dependent surface reflectance for 1156 

light bounced once, and some “averaged” reflectance in multiple bouncing. This approach, without 1157 

polarization, has been reported in other papers - we have cited some of them in the Introduction. 1158 

At the end of the paper, we’d like to emphasize once again that independent reproducibility of the 1159 

reported results is possible by downloading our Python sources, precomputed atmospheric MOM 1160 

matrices, and the benchmark data from the journal website or from our GitHub repository: 1161 

https://github.com/korkins/jqsrt2022_mom_ipol. 1162 
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depends on the reflection coefficients of the parallel, 𝑟𝑙 (w.r.t. the plane of reflection), and perpendicular, 1178 

𝑟𝑟, components of the electromagnetic wave as 𝑟+ = 𝑟𝑙
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2, 𝑟0 = 𝑟𝑙𝑟𝑟.  The rotation 1179 

matrix through an angle α > 0 is [84, p. 11] 1180 
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The rotated reflection matrix combines Eqs.(A1) and (A2) (note the subscripts) [84, p. 68] 1182 
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Reflection of the unpolarized direct solar beam requires only the first column of Eq.(A3), hence only the 1185 

second rotator - see rotator2()in Fig.16. 1186 

The elements ρ11, ρ12, ρ21, ρ22, and ρ23 are expanded in the Fourier series using the cosine function 1187 

0,

0

( ) (2 ) cos( )
M

m m

m

x mx
=

 = −   .  (A4) 1188 

where the expansion moment is 1189 
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2
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It is a standard practice to use the Gaussian quadrature of the same order for all m-s in Eq.(A5). One 1191 

figures out a sufficient order by trial-and-error. The Gaussian order usually varies from a few tens [94, p. 1192 

331] to a few hundreds. 1193 

The elements ρ31 and ρ32 use the sine-function, and the elements ρ31 and ρ23 use the same with minus (see 1194 

Eq.(37) in [32] and lines 118-127 in ocean.phase.f 16). Consider the latter as an example: 1195 

 

16 https://www.giss.nasa.gov/staff/mmishchenko/ftpcode/ocean.phase.f 
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Note that the minus in Eq.(A7) depends on the definition of the relative azimuth (in general, on the 1198 

system of coordinates): clockwise or counter-clockwise looking in- or into- the positive Z-direction. 1199 

Depending on the combination, it is possible to get the same “correct” sign despite using different 1200 

systems e.g., for the atmospheric path radiance and the surface model. 1201 

Appendix B: Measurement uncertainty for some passive polarimeters 1202 

Listed below are the sensor acronyms and band centers (in nanometers, nm) for their polarization-1203 

sensitive bands (P); dash “-” in the table means we were not able to find clear definition for the 1204 

corresponding level of uncertainty.  1205 

3MI – Multi-viewing Multi-channel Multi-polarization Imager: 410P, 443P, 490P, 555P, 670P, 763, 1206 

760, 865P, 910, 1370P, 1650P, 2130P 1207 

AirMSPI – Airborne Multiange SpectroPolarimetric Imager: 470P, 660P, 865P. 1208 

APS – Aerosol Polarimetry Sensor: 410P, 443P, 555P, 670P, 865P, 910P, 1380P, 1610P, 2200P; 1209 

DPC – Directional Polarimetric Camera: 490P, 670P, 865P. 1210 

HARP – Hyper-Angular Rainbow Polarimeter: 440P, 550P, 670P, 870P; 1211 

MAIA – Multi-Angle Imager for Aerosols: 444P, 646P, 1044P,  1212 

POLDER - POLarization and Directionality of the Earth’s Reflectance: 443P, 670P, 865P; 1213 

RSP – Research Scanning Polarimeter: 410P, 470P, 555P, 670P, 865P, 960P, 1590P, 1880P, 2250P; 1214 

SGLI – Second generation GLobal Imager: 675P, 870P; 1215 

SPEXone – Spectro-Polarimeter for Planetary EXploration: 385P-770P (hyperspectral) 1216 

 1217 

Instrument Radiometric accuracy Polarimetric accuracy Reference 

3MI < 2% 1% - 2% [95, p. 1802], [96, p. 4500] 

AirMSPI - < 0.3% [97, p. 2008] 

APS 3%-5% (8% at 1380 nm) 0.2% – 0.4% [98, p. 7], [99, p. 3] 

DPC < 5% < 2% [100, p. 23] 

HARP 3% - 5% 0.5% – 1.5% [101, p. 5210] 

MAIA - 0.3% - 0.5% [96, p. 4500] 

POLDER-3 < 5% 1% – 2% [96, p. 4500], [102, p. 89] 
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RSP < 5% < 0.2% [87, p. 684], [103, p. 36]  

SGLI < 3% - [104, p. 3] 

SPEXone 2% 0.3% [105, p. 5], [106, p. 172] 

See also Table 1. “Salient Aerosol Sensor Characteristics” in [107]. 1218 
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