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Basic philosophy

Yuri Manin, "Computable and Richard Feynman, "Simulating
Uncomputable” (1980) physics with computers" (1982)

phenomena—the challenge of explaining quantum mechanical phenomena
—has to be put into the argument, and therefore these phenomena have to
be understood very well in analyzing the situation. And I'm not happy with
all the analyses that go with just the classical theory, because nature isn’t
classical, dammit, and if you want to make a simulation of nature, you'd
better make it quantum mechanical, and by golly it’s a wonderful problem,
because it doesn’t look so easy. Thank you.
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T gate counts

Gauge Group | Transport Coefficients | Heavy-Ion Collisions
U(1) 7.35 x 1017 7.19 x 10%3
SU(2) 2.83 x 1034 3.71 x 10%Y
SU(3) 3.01 x 10%° 3.22 x 10°°

(Age of the universe ~ 10'7s)

[1] A. Kan and Y. Nam, "Lattice Quantum Chromodynamics and Electrodynamics on a Universal Quantum Computer", arXiv:2107.12769
[2] T. D. Cohen, H. Lamm, S. Lawrence, and Y. Yamauchi (NuQS Collaboration), Phys. Rev. D 104, 094514 (2021)
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This talk

« LCU primitives for scalar field theoryll! (c20a)

« Usable in state-of-the-art quantum simulation algorithmsl?
« Simplest quantum field theory

« Dihedral gauge theory simulationl?! (sowms)

« Approximating gauge groups by discrete subgroups!¥
« Simplestnon-abeliandiscrete group

[1] arXiv:23xx.xxxx, C2QA collab.
[2] "Quantum singular value transformation and beyond: exponential improvements for quantum matrix arithmetics”, A. Gilyen,

Y. Su, G. H. Lao, N. Wiebe, Proceedings of the 51st Annual ACM SIGACT STOC (2019)
[3] M. S. Alam, S. Hadfield, H. Lamm, A. C. Y. Li (SQMS collab.), Phys. Rev. D 105, 114501 (2022)
[4] D. C. Hackett, K. Howe, C. Hughes, W. Jay, E. T. Neil, and J. N. Simone, Digitizing gauge fields: Lattice Monte Carlo results for

future quantum computers, Phys. Rev. A 99, 062341 (2019)
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Linear Combination of Unitaries (LCU)

Given

L
A= ZCEZUZ o; > 0
1=1

Construct

— o L '
Uprep|0) = \/ﬁ Zf:l Veili) ol =200 o

UseLecT = Zle 2) (7| ® U;

"Hamiltonian Simulation Using Linear Combinations of Unitary Operations”, A. M. Childs, N. Wiebe, Quantum
Informationand Computation 12,901-924(2012)



Linear Combination of Unitaries (LCU)
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Scalar Field Theory

Discretized ¢* Hamiltonian

1 1 A
H=) da" [§H2 + §||?<P||2 + M?3?% + E@“}
Fe )

Simplest field theory:
* Free theory -- relativistic energy-momentum relationship (Klein-Gordon equation)
. gb4 term simplest self-interaction term bounded below

» Scalar fields in nature: Higgs boson, Inflaton(?)
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Scalar Field Theory

$* Hamiltonian

H=Y|57@ + (m* + D+ DG @) + 56'@) ~ 23 6@)6(& +ai)
FeN ' i=1

1 D
é=a2 P, = a2l

Rescaled variables s
m = aM, A=a*PA

Field amplitude basis

(—k+1 \

ol¢) = 6l¢) A .
b/0¢ = 0




LCU with unequally sized groups of terms

-~

B= a0 (U0 4t UQ) o (000 4 U

Let Npar = max{N; }3_0 :

Uprer [0) = \/|a|11Nm(Z Vil i )(§|m>) (%Eﬁm)

i_

M—

UseLecT = Z ) (1| ® UsuB—sELECT,
i—0

ULREPUSELEOTUPREP 0) [¢) = |0> |a|
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LCU decompositions

Equal weight LCU Unequal weight LCUI!
1 k—1 2 log, 2k—1
6 _1° ¢ _ L1 j
— U™ =1 y o 2z
P RS
m—1 2k—1 2k—1
Ut = =3[+ Yo il = ) [20(i —m) — 1] i) il
=0 i=m =0

#qubits ~ O(log, k)
(—k +1 \ (either way)

A% = ’ ——(+1 41 —1.--—1)
“. — —
\ k) k+n k—n

[1] "Quantum Algorithms for Simulating the Lattice Schwinger Model", A. F. Shaw, P. Lougovski, J. R. Stryker, N. Wiebe, Quantum
4, 306 (2020)
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Equal weight LCU

Use comparator (adapted from Gidney adder!t)

CMPa,B,c [2)[7)10) = [0} [5) 5 <@) = 1}15)1©(—35—1))
O(|€2| logy k) T gates

to simplify

Ubrpe P! UseLect,UrrEP,|0)|%)]0)anc

= (H ®mempt 7, .CMP H ‘8’"‘) 0)[4)]0)anc

(| 2 )+ |<I>l>) O)ane

Qbm ar

[1] "Halving the cost of quantum addition”, Craig Gidney, Quantum 2, 74 (2018)
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Equal weight LCU

Other terms in the Hamiltonian

g5 2 1 2%°-1 2 2
. 2k—1
U® = 3 [20(k*+ (k—j—1)*—i—1)—1]|j){j]
7=0

5 4 | 2k
é\ _ 1 ()
(Aq’)) 5 ; AN where
| 2%k—1
UD = N[0+ (k—j—1)*—i—1)—1][5) (]

7=0
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Equal weight LCU

Family E
0

Site

LCU term

o
Family E mlr;)'
Site LO_I ~~~~~ 1 2] -1 [
|0)¢§‘log-‘,2k - _@
|#0) CMP cM Pt
[0) ——— Z
A A
|0)®loyz2k @_ -
|Bi0-1) CMP CMP!
71
10) 4]

2 Insert Uinitial and its inverse for ¢2, 72, ¢*
O(|Q| 10g2 k) T gates (involves arithmetic and Fourier transform)



T gate complexity

Count(T),, ~ O (|2 Dlog, (|2 Dk))

Count(T) 42 12 4o ~ O (|| (log3 k + log, |€2)))

¢maac
— 0
k \o 19

: Lattice size D : spatial dimensionality
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Discrete Subgroups — General ldea

Approximate a continuous group
by a discrete subgroup

U(l) ~7Z

Simple example of a non-
Abelian discrete group

DNNZNXIZQ

Generic element

PUO%

m € {0,1}, ze€{0,...,N —1}
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General Methods

« Forsomegeneric gauge group G,
- Define a G-register with one basis element |g) per group element g € G
(Hilbert space on single G-register H¢ = CG ; for L links on entire lattice, X = CG®L )

« Define basic gates
* Inverse gate

U_1lg) =1g7")
* (Left) Multiplication gate

Usx|g)h) = |g)|gh)

 Trace gate
Urc(0)]g) = e Fe 17 8g)

» Fourier gate

Ur(6) Y f(@)lgy = f(p)ijlp,i,5)

geG pEé

"General methods for digital quantum simulation of gauge theories", H. Lamm et al., Phys Rev D
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Inverse Gate

Computing the 2's complement of k

(Sm?"k) —1 _ SmTNm—I—(—l)mk

Equivalent to computing 1's complement, then adding 1

m)., 7 7
k)., —/—1’s complement — +1 —

n CNOTs O(n) CCNOTs + const # ancillas
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Multiplication Gate

mi .k mo _k mi+mo _Nm —1)Y"2k,+k
gMipf1 | gMapke 1+ 2 o+(—1) 1+Kks
[my) —Ep [rn)

1) & e & — o)

ly1) oD o N ly) mo = 0 . a.dd kl a.nd k2

|21) D 12) mo = 1: add 2’s complement of k1 and ko
[rr2)

|2

[y2)

22 Sum and Carry bits in

) @ Reed-Muller form

ICE) S—d—b

S:A$B@Cin

Example circuit for D8 multiplication gate C... = AB® AC;, ® BC,,
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Trace Gate

Identify corresponding Hamiltonian

Ut (0) |g) = e? Re(Tr(9)) — ¢i0Hm Hry|g) =

Fundamental (2D) representation

m k
0 1 0 .
P(Q):(l O) (cg w) where w = e2™/N
N—1
= Hpn=0)(0]® 3. 2cos(2mt/N) |£) (]
£=0
N

O(N) implementation: ~ Ur:(f) = | | e*7%=%(01®Z-
7=0

Re(Tr(g)) |g)
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Fourier Gate

Fourier transform of a representation of some finite group G

f(p) = \/:Z f(9)p(g)

gelG

Recursive definition

S 1@p(9) =" olgi)filolm)

gelG i=1
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Fourier Gate

D aglg) = > ) algih)lg)lh)

|
geG i=1 he H |m) : H
| 2w)
P) :
Fr . TNIT Fan || l
_}Z|9'i} Zﬂi(hﬂh) ) S 5
i=1 hell |
=Y " a(9))9) " B( )_ = s
GeG | - [m) :t
p) — ip)

"Efficient quantum transforms" arXiv: quant-ph/9702028 (2007), P. Hoyer
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dynamics

Z.4 Single plaque
2o time
evolution

Hamiltonian

group operations

operations
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Thank you!

Email: sohaib.alam@nasa.gov;
malam@usra.edu
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