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Abstract

The primary objective of this work is to fill in gaps and explore an alternate way of solving the 3
DoF rocket-powered landing problem presented in the 2016 ATAA paper by Szmuk, Ackimese, and Berning
using successive convexification (SCvx). In the original paper, CVX, an automatic parsing package, was
used to transcribe the high-level trajectory optimization problem into a format that could be read by a
conic solver. The parsing step, generally computationally intensive, is hidden from the user. The use of
CVX is sufficient for the generation of trajectories off-line due to the lack of runtime and flight software
implementation constraints. For on-line applications, it is necessary to parse the problem for flight software
implementation. References on hand-parsing powered descent guidance (PDG) problems are sparse. In this
Tech Memo, the process of transcribing the 3 DoF PDG problem into the format required by MATLAB’s
built-in second-order cone solver, coneprog.m, is presented in detail. Due to the abridged 3 DoF dynamics
and the relatively simple nonlinearities, this reference is the natural starting point for anyone interested in
grasping the concepts behind SCvx pertaining to PDG and the parsing step. Simulation results shown in
this report were independently created by solving the problem using coneprog.m. The intent of this memo
is to serve as a supplemental material to the original paper by breaking down the concept behind successive
convexification and shed light into the parsing process. Readers are encouraged to first familiarize themselves
with the material laid out in the original reference.
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Selected Nomenclature

Symbols

T Vector that contains all optimization variables

X State vector for the entire discrete trajectory

T Thrust, N

ap Synthetic acceleration, m/s?

T Thrust magnitude slack variable

Ka,R Synthetic acceleration slack variable

Ka,R Vector containg synthetic acceleration slack variables
At Discretized sample time, s

N Number of temporal nodes

M, T Matrices that pull out elements of a vector

~ Glidescope angle, deg

0 Vehicle pointing angle with respect to vertical, deg

v Generic representation of the state and control values at nodes k and k + 1
n Trust region variables

w Cost function weights

1 Identity matrix of the appropriate dimension

Ny Number of states

Ty Number of inputs

Ny Number of pseudo inputs
[|1x| 2-norm of a generic vector
Subscripts

i ith iteration

ks Final node

Superscripts

-1 Inverse

T Transpose

Acronyms

LCvx Lossless Convexification
SCvx Successive Convexification
SCP Sequential Convex Programming
SOCP Second-order Cone Program
LTV Linear Time Varying

gs Glidescope



1 Introduction

1.1 Purpose

The seminal paper by Szmuk, Acikmese, and Berning in 2016 [1] on the application of successive con-
vexification (SCvx) to the 3 DoF rocket powered landing problem introduced a new paradigm in the field of
real-time trajectory optimization. Reference [1] builds off the theory behind lossless convexification (LCvx)
and uses sequential convex programming (SCP) for trajectory optimization in the presence of nonlineari-
ties and non-convex constraints. The SCvx method is far more general compared to LCvx and solves the
discretized convex problem in the local neighborhood where the linearization is accurate. The problem is
re-linearized about the new solution and the process is repeated until a set of stopping criteria has been
met [2]. Ensuing publications over the past 6+ years have extended the SCvx algorithm outlined in Ref. [1]
to include rotational dynamics and additional constraints.

Many major aerospace companies including SpaceX, Blue Origin and Astrobotics have already embraced
leveraging the power behind convex optimization. Since 2015, SpaceX has relied on high-speed onboard
convex optimization algorithms for the Falcon 9 booster landings [3]. Similiarly, Blue Origin is looking at
using lossless convexification and dual quaternion guidance for lunar powered descent guidance [4,5]. Despite
the disruptive and emerging nature of the SCvx algorithm for the purpose of trajectory generation, it is still
an active area of research [2,6]. Furthermore, expertise in this area within NASA appears to be sparse at
best.

Due to the abridged 3 degree-of-freedom (DoF) dynamics and the relatively simple nonlinearities associ-
ated with the aerodynamic drag term and mass depletion, Ref. [1] is the natural starting point for anyone
interested in grasping the concepts and procedures involved with SCvx and its application to trajectory
generation for powered descent. The primary objective of this work is to provide details into the successive
convexification procedure and shed light onto the parsing process which involves transcribing the high-level
trajectory optimization problem, involving multiple equality, inequality, and second-order cone constraints,
into a standard format that can be fed to the conic solver. This is step is generally hidden to the user when
using an automatic parsing package such as CVX. A MATLAB implementation of the problem using the
built-in coneprog.m function is available to interested readers. The overall intent is to share knowledge and
foster research/development in this field within the NASA GN&C community. Note: the intent of this TM is
to serve as supplemental material to Ref. [1]. Readers are encouraged to first familiarize themselves with the
concepts presented in Ref. [1]. Nomenclature used in this TM is consistent with Ref. [1] where applicable.

The TM is organized as follows: the remainder of Sec. 1 provides background information on the structure
of the second-order cone programming (SOCP) solver in MATLAB and propagation of a general linear-time
varying (LTV) discrete-time system. Section 2 provides detailed descriptions of the 3 DoF continuous-
and discrete-time dynamics described in Problems 1-3 of Ref. [1]. Section 3 covers details involving the
first iteration, or Problem 4 of the SCvx algorithm. Section 4 addresses the detailed formulation and
implementation of the optimal control problem in subsequent iterations, or Problem 5. Independent results
of the example provided in Ref. [1] are shown in Sec. 5 for verification purposes. Section 6 provides comparison
between SCP solution with QuickShot™ a commercial trajectory optimization software, based on nonlinear
programming methods. Section 7 provides a comparison between the SCP solution and the polynomial E-
guidance used during the approach phase on the Apollo missions.

1.2 Second Order Cone Programming in MATLAB

As described in Ref. [1], the discretized parameter optimization problem including the dynamics along
with the various state, control, and trust region constraints are formulated as a sequence of SOCP. There are
many software packages available for solving SOCP problems such as SDPT3 [7], SeDuMi [8] and MOSEK [9].
The use of a parser such as CVX [10] can then be used as an interface allowing these solvers to be used
within the MATLAB framework. MATLAB version R2020b introduced the function coneprog.m [11] as part
of the Optimization Toolbox which enables SOCP optimization problems to be solved in MATLAB, using



built-in capabilities, without the need for third-party software. While the use of coneprog.m avoids the need
to use additional software within MATLAB, the trajectory optimization problem must be hand-parsed into
a standard form.

In order to use the coneprog.m solver, the optimization problem must conform to the format specified in
the function documentation. The solver minimizes the objective function,

min £7%, (1)

X
where X is a vector containing all of the variables over which the objective function is optimized and f is a
vector of the same dimension as X that encodes the cost associated with a particular solution. The objective
function is minimized subject to second-order cone (SOC) constraints, linear equality, and inequality in-

equality constraints while also ensuring that the optimization variables are within specified lower and upper
bounds. The SOC constraints must of be the form,

|[Asc ()X — bsc ()| < dSC(i)Ti + Yse (4), (2)
while the inequality constraints is expressed as,
AineqX < Dineq- (3)
Similarly, the equality constraint takes the form of,
AcX = beg, (4)
and the lower and upper bounds on the optimization vector are expressed as,

max; (5)

M

Xmin S X S

where X, and Xg.x are vectors containing the lower and upper bounds on the optimization variables,
respectively.

While coneprog.m is capable of accepting an array containing multiple SOC constraints, multiple individ-
ual equality or inequality constraints must be stacked to form a single constraint of each type. For example,
a set of N, equality constraints are arranged as

Acq,l bcq,l
Lo x= (6)
A'erNeq beQ7Neq
to form a single equality constraint of the form A.qX = beq.

The primary purpose of this tutorial is to describe the process of hand parsing, or manipulating the
dynamics and constraints, as described in Ref. [1], into the form required by coneprog.m described in this
section and shed light onto the process of successive convexification. The algorithm in Ref. [1] solves two
separate optimization problems: one for the first iteration, referred to as Problem 4, and another for all
subsequent iterations, referred to as Problem 5. As such, Section 3 and Section 4 describe the process of
solving each optimization problem in MATLAB using coneprog.m.

1.3 Global LTV Dynamics

An important step in the discretized parameter optimization problem is the formulation of the linear
time varying (LTV) global dynamics. This detail was left out in Ref. [1]. In order to generate an optimal
sequence of inputs and trajectory, the entire trajectory of the full state vector must be expressible as a
function of the initial condition and the optimization variables. Beginning with a discrete-time linear model
of the dynamics of the form,

x[k + 1] = Alk]x[k] + B[k]u[k] + F[k]p[k] + w[k], (7)



where k identifies the temporal node in the discrete-time dynamics, A and B are the discrete time matrices
related to the linearized dynamics and the controls. The vector u[k] contains the physical control inputs
involved in propagating the state from node k to node k+ 1 and depends on how the continuous-time control
is paramerized in discrete time (e.g., a zero-order hold or a first-order hold). The vector p is similar to u
and represents pseudo control terms such as synthetic acceleration which is penalized in the cost function.
w represent any constant disturbances that affects the dynamics. A dynamic model of this form is derived
in Sec. 3 for the first iteration and Sec. 4 for all subsequent iterations. The global expression of the dynamics
is derived by first propagating the initial condition through Eq. (7) to obtain the state at k = 1

x[1] = A[0]x[0] + B[0]u[0] + F[0]p[0] + w][0] (8)

Subsequently, propagate from k& = 1 to k = 2 by substituting the expression for k¥ = 1 shown in Eq. (8)

x(2] =A[1]X[1] B[1]u(1] + F{1]p[1] + w[1]
[ ] (A[0]x[0] + B[0]u[0] + F[0]p[0] + w[0])
B[1]u(l] + F{1]p[1] + w[1]
[ JA[0]x[0] + A[1]B[0]u[0] + A[1]F[0]p[0]
AlJw[0] + B[1Ju[t] + F[1]p[1] + w[1]. (9)

Propagate once more to obtain the expression for x at k = 3

x[3] =A[2]x[2] + B[2]u[2] + F[2|p[2] + w[2]
A[2] (A[1JA[0]x[0] + A[1]B[0u[0] + A[1]F[0]p[0]
Fllp]

+ A[l]W[ | + B[Hull] + F[1]p[1] + w(1])
B[2Ju[2] + F[2]p[2] + w[2]
[2]A[1]A[ [x[0] + A[2]A[1]B[0]u[0]
A2JA[1JF[0]p[0] + A[2]A[1]w[0] + A[2]B[1]u[1]
A2JF[1]p[1] + A[2]w[1] + B[2Ju[2] + F[2]p[2] + w(2] (10)

Subsequently, the same procedure can be carried out to obtain the entire time history of x from k£ = 1 to k
= ky. Equation (11) is a compact representation of the LTV global dynamics. The natural or free-response
is represented by the first term on the RHS, subsequent terms denotes the forced responses. The various
terms in Eq. (11) are expanded in Eqs. (12) - (17).

X = Mx[0] + S1U + SoP + S; W, (11)
where

[ x[1] ]

X = c an(Nfl)xl7 (12)
[ x[V —1]]
Cou0] ]

U= : € R (N=Dx1, (13)
|[u[N — 2]

p[0]

P= : e R (N-Dx1 (14)
[p[V —2[]
w(0] ]

W= : € R (VDXL (15)
w[N — 2]




and the global dynamic matrices take the form

AJ0]
AT1]A[0]
M= A[Q]A[l]A[O] c an(Nfl)an (16)
I Al
and
I B(0] 0 0 0 ]

A[1B[0] B[1] 0 0
S A[2]A[1]BI0] A[2]BJ[1] B[0] 0

_(Hj-ViAm)B[O] (HEM)BM (Hj-i;QA[j])Bm BN

and Sy € R (N=1)xnp(N=1) and §3 € R« (N=1)xn:(N=1) are obtained by swapping out B[k] in Eq. (17) for
F[k] and 1 respectively.



2 3 DoF Rocket Dynamics

The heart of solving optimization-based trajectory planning problems is the theory of optimal controls
as described by Problem 4 of Ref. [6]. The goal is to find a set of inputs that minimizes a cost function
while satisfying the system dynamics and various constraints. Hence, the dynamics of the vehicle must
be embedded into the optimization problems. However, continuous-time dynamics result in an infinite-
dimensional optimization problem which is not tractable to be implemented on a computer. Therefore,
the trajectory of the vehicle must be discretized into a finite number of temporal nodes and Problem 4 in
Ref. [6] is solved as a parameter optimization exercise via numerical optimization. This necessitates the use
of discrete-time dynamics to propagate the vehicle state from one node to the next. In order to obtain the
discrete-time dynamics of the rocket, first the continuous-time trajectory of the rocket is divided into NV
temporal nodes connected by N — 1 time segments of length At, the discretized sample time. These nodes
are identified by their index, k € [0, k], where k = 0 is the initial time of the trajectory and ky = N —1
represents the end of the trajectory.

The continuous-time 3 DoF dynamics are described in Problem 1 of Ref. [1]. While the zeroth-order-
hold is frequently used in the discretization of continuous-time systems, Ref. [1] makes use of a first-order
approximation on the acceleration of the vehicle in order to improve the fidelity of the discrete-time dynamic
equations. At time ¢, the acceleration of the rocket is expressed as,

s (10 - Jo0Colv bV ) +5 (19)

where m is the vehicle mass, T is the thrust vector, p is the density of the atmosphere, Sp and Cp are the
vehicle cross-sectional area and drag coefficient, respectively, v is the vehicle velocity and g is the acceleration
due to gravity. This expression of the acceleration accounts for a rocket with time-varying mass being acted
on by engine thrust, drag, and gravity. Note: Ref. [1] uses a crude approximation of C'p by assuming the
rocket is a sphere which makes incorporation of aerodynamic drag into the 3 DoF dynamics tractable.

The first-order approximation assumes that, at some time ¢ € [0, At] seconds after t;, but before ¢ =
t, + At (the times that mark the beginning and end of the k*" time segment of length At), the acceleration
can be found through,
a(tpt1) —a(ts)
At
Integrating this expression gives the change in velocity resulting in,

vty +1t) = v(tx) + /0 {WT + a(tk)] dr

la(ty1) —al(ty)
2 At

a(tk —l—t) ~ t+a(tk). (19)

=v(ty) + t2 +a(ty)t, (20)

which describes the velocity during the k' time segment. Integrating the velocity gives the change in position
such that,

r(ty +1) = r(ty) + /0 [;Wﬁ +a(ty)T+ V(tk)] dr
- %%t_a(tk)t?’ + %a (tr) 4+ v(ti)t +r (t), (21)

which similarly describes the evolution of the vehicle position. Substituting ¢ = At to propagate the state
from t; to tpy1 = tp + At gives

V(tein) = v(te + At) = % (a(t) +a (tes1)) At + v (£) (22)

while repeating the same process with Eq. (21) gives

r (tk+1) = I‘(tk + At) = % (a (tk) + ;a(tkﬂ)) At? +v (tk) At +r (tk) . (23)



Substituting the notation x[k] = x (t;) gives

vik+1] = % (alk] + alk + 1)) At + v[k], (24)
and
1) = 5 (a[k] +galk+ 1]) AP + VKA + 1K, (25)
where
alt] = = (TlK] = JpSoCollviHIVA) +e, (26)

which will serve as the discrete-time dynamic model used to optimize the eventual trajectory. It should be
noted that these dynamics are nonlinear due to the time-varying mass term, as well as the squared velocity
in the formulation of the drag term. Additionally, as this is a free final time optimization problem, products
of At also introduce nonlinearities.

The mass of the vehicle is considered as a state along with position and velocity, and is depleted at a
rate dependent on the commanded thrust magnitude. In continuous time, the mass-depletion dynamics are
given by

mi(t) = —af|T(1)|| — riwp. (27)

The thrust-dependent fuel depletion rate is given by,

1

A

a= 28

Ispgo ’ ( )
where I, is the specific impulse of the rocket engine and gy is standard gravity. The term that compensates
for back-pressure losses due to the engine operating in atmosphere is found through,

N PambAnozzle

29
Ispgo ( )

Mpp
where P, is the ambient pressure, which is assumed constant, and A,.,.i. is the area at the exit of the
engine nozzle.

The thrust is interpolated linearly between temporal nodes. As a result, throughout a time segment,
mass will be depleted at a rate equal to the average of the rate at the beginning and end of a time segment,
or,
mlk] + m[k + 1]

2
Integrating this rate over a time segment leads to the discrete mass-depletion dynamics given by,

Tauglk] = = — |5 (TR + 1Tk + 111D + 7y | (30)

mik + 1] = mik] = [ (ITIK]|| + 1Tk + 1][) + 1y | At (31)

The discrete time dynamics presented here can also be seen in Problem 2 of Ref. [1]. Subsequently,
in Problem 3 lossless convexification was applied to the non-convex thrust magnitude constraint and the
slack variable I" was introduced. In order to utilize these dynamics within a convex optimization scheme,
they must first be linearized. The linearization is accomplished differently between the first and subsequent
iterations corresponding to Problems 4 and 5 in Ref. [1], which will be discussed in Sec. 3 and 4.



3 First Iteration

In the absence of an a-priori estimate of the trajectory, the initial iteration in the trajectory optimiza-
tion problem solves Problem 4 as described in Ref. [1]. This chapter describes, in detail, the process of
implementing the Problem 4 optimization problem in MATLAB using the coneprog.m solver.

While the equations of motion in Eqs. (24)-(26) and (31) are in discrete time, which is required to
propagate the states of the vehicle from one node to another, they are nonlinear and cannot be incorporated
into a convex optimization format without modification. The typical approach would be to linearize these
equations about a reference trajectory. However, for the first iteration of the optimization algorithm, no such
trajectory is available. Instead, the nonlinearities are removed by assuming linear variations in the mass and
|[v]] with a guess in the time-of-flight as described in Sec. III.C.4 of Ref. [1] which are denoted by the terms
u[k] and s[k] respectively.

These simplifications result in a linear discrete-time representation of the dynamics. However, this model
relies on a guess of the final time, which can result in infeasibility as the vehicle may not be able to reach
the desired final state in the allotted time due to state and control constraints. Artificial infeasibility can
also arise due to the use of a linearization to approximate the dynamics. In order to avoid infeasibility, the
dynamics are relaxed through the addition of a synthetic acceleration, ag[k], which can push the vehicle
toward the desired final state.

The first iteration yields a set of thrust commands and the resulting trajectory that takes the rocket to
the desired terminal conditions. However, as a result of the guess on the time-of-flight and the potentially
non-zero synthetic acceleration, the resultant trajectory may not be dynamically feasible. Furthermore, due
to the assumptions and simplifications made in linearizing the dynamics, the optimal thrust commands will
not guide the vehicle along the desired trajectory when propagated through the nonlinear dynamics.

The trajectory obtained in the first iteration serves as a reference about which the dynamics will be
linearized about during the second iteration. Thereafter, the final time of the trajectory will be freed and
included as an optimization variable in order to obtain the optimal final time and a dynamically feasible
trajectory by penalizing the use of synthetic acceleration in the cost function.

3.1 Dynamics

Linearization and Convexification Equations (24)-(26) and (31) represent the discrete-time nonlinear
dynamics of the system. However, due the nonlinearities they cannot be restructured into a format required
by a convex optimization solver. One source of nonlinearity is the presence of At, which is an optimization
variable for the free-final-time problem. This nonlinearity is removed in the first iteration by replacing At
with A7, a constant, hence converting the free-final-time problem to a fixed-final-time problem. The value
of A7 comes from an initial guess of the time of flight, ¢, using the following relationship

ty
AT = . 32
N1 (32)
Furthermore, as discussed in earlier literature [12,13], rocket engines have some minimum and maximum
throttle/thrust magnitude constraints. The minimum thrust constraint is considered non-convex and can be
convexified through the use of a slack variable T'[k] where

[IT[R][] < Tk). (33)

It can be shown that for an optimal solution, I'[k] = ||T[£]|| and that an optimal solution for the convexified
problem recovers the optimal solution to the original, non-convex problem. Therefore, I' can be used as a
proxy for ||T|| in the mass depletion dynamics shown in Eq. (31).

In order to remove the nonlinearity due to time-varying mass, m[k] in Eq. (26) is replaced with p[k], the
mass along the reference trajectory used in linearization. Similarly, in order to remove the nonlinearity due
to aerodynamic drag, ||v[k]|| is replaced with s[k], the velocity magnitude along the reference trajectory.

10



By fixing the final time, removing nonlinearities due to drag and time-varying mass, convexifying the
minimum thrust constraints, and inclusion of the synthetic acceleration term leads to a new set of lin-
ear discrete-time equations of motion shown in Egs. (34) — (37) that can be incorporated into a convex
optimization solver:

mlk+ 1] = m{t] — [5(C[k] + Tl + 1]) + 1, | A7, (34)
rlk + 1] = r[k] + v[E]AT + % (a[k] + %a[k + 1]) AT?, (35)
[k +1] = v[k] + % (alk] + alk + 1)) A, (36)

alk] = ﬁ (T[k] _ ;pSDCDs[kz]v[k‘D + aglk] + g, (37)

alk+1] = m (T[k+ 1] — %pSDCDs[m vik+ 1}) +aplk+1]+

Velocity Propagation To propagate the velocity forward by one time segment, Eq. (37) is substituted
into Eq. (36) such that

[k+1]—v[k]+§<ak]+a[k+ 1) Ar
+% <u[1k { - *PSDCDS[ Jv [k]} + g +ag[k]
1
+ MUES { [k+1] — *PSDCDS[k’—Fl] [k—|—1]} +g+aR[k_|_1]) AT

Collecting terms gives

1

1 AT AT (1
(1 = WpSDCDS[k‘]AT> VI + 5 (aglk] + aglk + 1)) + Arg + =~ (MT[’C] +

2 pulk +1]
which can be written as
cyvlk 1 - - Tk
v[k + 1] dv[[k}] 1v[k] + 0 {Qﬁ[k]l ml} {T[ku 1]] (38)
1 ras ; ag|k] At
o lEr Y {aR[lZ + 1]] PR
=A,[k]v[k] + By[k]u[k] + Fy[k]pev]k] + Wy [K], (39)

11



where
cv[k] =
dy [k] =

A, [k] =

wy k] =
ulk] =
Prv[k] =

1
1— — kA RIx!
( aulr PSP Osl > SR

1
14+ ——— 1]A RIx!
( + 4/1,[/€+1]pSDCDS[k+ ] T) € R

Cv [k]

R3><3
dy Uf]

3x6
€ R°*°,

dvk[ QMMJ}

e e

ge RBXI

Uf]
+ ] ] €R6X1,
aR k+1] ] e ROxT,

Position Propagation In a similar way to deriving the velocity propagation equation, Eq. (37) is substi-

tuted into Eq. (35) giving

rlk + 1] = r[k] + v[k]AT + % <a[k] + %a[k + 1]) At?

= r[k] + v[k]AT + % (

(1
2 \ ulk +1]
Collecting terms gives

rm+u:rm+<1_

AT? AT?

GJ[HPSDCDSUC]AT) AT1v[K]
W+ Lagk+1) + 27 (Lp !
+g+<aR[ ]+§aR[ + ])+3(#[/ﬂ [ ]+2M[T
AT?
C12pfk + 1]

1
plk

{T[k +1] - %psDch[k + 1)v[k + 1]} +g+aglk+ 1])) AT

which, after substituting Eq. (39), can be written as

r[k+1] =[1 cx[k]] [f}{iﬂ + [?ﬁfk]l o] 1} [T[rl/;[-lﬂ 1]}

+ [Agzl A 1} [

7_2
~ s 1ySoCosll 1] (ALY + Byt g | Fpe ] 4w 1)
which simplifies to
[k+]:unmﬂﬁg]+B4mmm+F4qum+w4m

aplk+1

ap[k] ]] +A772g

2

12

1
] [T[k‘] — 2pSDCDSU€]VU€]:| +g+aglk]

HTm+u>

pSDCDS[k‘ + 1]V[kj + 1},



where

c.[k] = (1 - 6:[k]pSDCDs[l-ﬁ]AT> ATl € R3*3, (50)
dr[k] = _A[Iz.j_l]pSDCDS[k' +1] € R, (51)
k] =[1 k] + de[K]AV[K]] € R3S, (52)
K] = {3%3 1 AT ] + do[K|By [k] € R3S, (53)
[A3721 A 1} + dp[k]Fy € R3*C, (54)

wy[k] = ig+ dywy k] € R (55)

Mass Propagation To write the mass dynamics in a useful form, all that is required is factoring Eq. (34)
to obtain

mik + 1] =m[k] + [~aAr/2 —aAr/2] [F[I;[f_] 1]} — Ariing, (56)
= m[k] + FnPum[k] + w0y, (57)
where
F,, = [-aA7/2 —aAT/2] € RT*? (58)
pmlkl = [T Tk +1]]" € R, (59)
W = —ATring, € RV, (60)

Full State Dynamics Obtaining the dynamics of the full state of the vehicle simply requires stacking
Egs. (39), (49) and (56) yielding

x[k + 1] = Alk]x[k] + B[k]u[k] + F[k]|p[k] + w[k] (61)
where

[m[k]

x[k] = | r[k] | € R™!, (62)
| v[K]
1 0

Akl = |0 ALK]| e R™*T, (63)
0 A[K]
[0

B[k] = |B,| € R™¢, (64)
_Bv
[F,, ©

Flk]=| 0 F] € R™*8, (65)
0 F,

T'[k]
_ | Pm| _ [k + 1] x
p[k] N _pI‘V:| n aR[k] Rg 17 (66)
aR[k:+ }
wlk] = z:vm R7*1 (67)
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These local dynamics are used for the first iteration of the optimization algorithm to propagate the vehicle
state between one temporal node and the next. The local dynamics are used to construct the global dynamics
of the form described by Eq. (11) in Sec. 1.3, which are needed to write state constraints and embed the
dynamics into the optimization problem.

3.2 Optimization Problem

The first iteration of the optimization algorithm aims to solve the optimization problem laid out in
Problem 4. This has the objective,

min —wyn, ymlks] + wea vl Ragl| (68)

where Wy, y and wy a,g are tuning weights related to the final mass of the vehicle at the end of the trajectory,
mlky], and the 2-norm of the vector containing the synthetic acceleration slack variables, respectively. This
objective function is minimized subject to boundary conditions, state, control, and other constraints.

For the first iteration, the vector containing all of the free parameters over which the objective function
is optimized is x which consists of

~ ~ ~ T
x=|T7 I7 AL wlp Fjeun mi,| € ROV (69)

where mathb fT is a stack of thrust vectors at each temporal node

T =[T[0]" - T[N-1T] e R?V*! (70)

and T contains all of the slack variables associated with the convexification of the thrust magnitude and
pointing constraints
T=[r0 - TN-1]]" eRV*, (71)

Similarly to the thrust vectors, the synthetic accelerations at each node are stacked to form A R,
Ap=[ag[0] - ag[N-1]]" e RN*L (72)

In order to embed the penalty associated with the use synthetic acceleration into the objective function, the
magnitude of the synthetic acceleration is bounded point-wise in time by additional slack variables, ka g[k],

lar[k]l] < Ka,r[k] (73)
These point-wise bounds are stacked to form
T
Kar = [ka,rl0] -+ kKagr[N—1]]" € RV*L (74)

An optimization variable, Z|., .|, is added to bound the norm of ka r and penalize the use of synthetic
acceleration through
|Ka,rll < Z)jka nll- (75)

Finally, in order to optimize the trajectory with respect to fuel usage, an additional variable, Z,, x,, which
will later be constrained to be equal to the final mass of the vehicle through the dynamics, is included as an
optimization variable.

With x defined, the objective function in Eq. (68) is bounded from above by Eq. (1) where

T

f= [01><8N Wg,a,R *wm,f] (76)

Minimizing this objective function results in a tight upper bound on Eq. (68).
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3.2.1 Boundary Condition Constraints

Several constraints are needed to ensure that the terminal conditions are satisfied subject to the dynamics.
For instance, it desired that the vehicle touches down at the desired landing site with zero velocity and at
an upright attitude as described in Eq. (62) of Ref. [1].

Final Position In order for the vehicle to land at the desired position at the final time, the optimization
must be constrained to only produce solutions where the final position matches the desired. The vector
X contains all of the vehicle states throughout the entire trajectory. Therefore the final position, at index
kf = N — 1, can be extracted from X using

I‘[kf] = 1\/]:1,‘7]”}(7 (77)
where
Mk, = [035n.(N—2)41] Laxz Osxs] € R*me@V=1), (78)

For this problem, n, = 7. Next, the expression for the global dynamics given by Eq. (11) can be substituted
for X
I‘[kjf] = Mmkf (MXO +S:U + SoP + SgW) R (79)

where U and P are constructed from optimization variables contained in % according to Eqgs. (13), (14), (46)
and (66). The vector U can be obtained through

U= Tux, (80)
where Yy is of the form
[ 1543 Osx3 --- ceeeee et Osxs T
O3x3 13x3 Osxz -+ -+ -+ Ozx3
O3x3 13x3 Osxz -+ -+ -+ Oszx3
Yy=| 0x3 O3x3 laxz Osxz -+ -+ Osx3 | Ogv—1)x(sn42) || (81)
033 - coeii 13y3 O3x3
| O35 - coe e O3x3 laxs |
which can be constructed as
o= [Thy o Thyo) emoDxev, )
where
Yur = [O6xsr Lloxe Opxfgn_sk_a)] € REENT, (83)
Similarly, P is obtained through
P = Tpx, (84)
where
T _
TP — [Tg,o ‘rg,N—Q] c RS(N 1)><(8N+2)) (85)
Yo = Ooxsvin]  laxz  O2xsn—g c REX(BN+2). (86)

© O6xan+3k]  Lloxe  Opx[aN—3k—a]
Substituting Eqgs. (80) and (84) into (79) yields the final position in terms of the optimization vector as

I‘[kf] = Mr,kf (Mxp 4+ S1Yux + S Ypx + S3W) (87)
= My, (Mx0 + [S1Tu + S2Yp|X + S3W). (88)

In order to write a constraint, the final position is set equal to the desired final position through

I‘[k}f] =Tq. (89)

15



Substituting Eq. (87) for r[ks] yields
rg = M; g, (Mxo + [S1Yu + S2Yp]x + S3W), (90)
which is rearranged to obtain
M, ; (S1 YU +S2Yp) X =15 — My, (Mx0 +S3W), (91)
which matches the form described in Eq. (4) and compatible with coneprog.m.
Final Velocity Following the same approach for the equality constraint on the final position, the final
velocity, at index k; = N — 1, can be extracted from X using
viks] =My, X, (92)

where
My ik, = [O3x[n, (N—2)+4) 13xs] € R3*na(N=1), (93)

Next, the dynamics given by Eq. (11) can be substituted for X along with Egs. (80) and (84) to obtain

V[kf] = MVJff (MXQ + SlU + SQP + SgW) s (94)
= Mr,k:f (MXO + [SlTU + SQTp}f{ + SgW) . (95)

In order to write a constraint, the final velocity is set equal to the desired final velocity through

vikys] = va. (96)
Substituting Eq. (94) for v([k,] yields
vi =My i, (Mxg + [S1 YU + S Yp]x + S3W), (97)
which is rearranged to obtain
My, (S1 YU +S2Yp)X = vy — My, (Mxg + S3 W), (98)

which matches the form described in Eq. (4) and is compatible with coneprog.m.

Initial Thrust Magnitude The thrust magnitude at the beginning of the trajectory is a user-defined
value. This boundary condition is enforced through an equality constraint on I'[0], as this slack variable is
equal to the thrust magnitude for an optimal solution [14]. This constraint has the form,

I'[0] = T, (99)
which must be written in terms of the optimization vector, x. This is accomplished by using
P[o] = Yro%, (100)

where
Yro=[0ixsn 1 Oixpniy] € RI*(BN+2) (101)

to extract T'[0] from x. Substituting this expression into the constraint yields
Yrox =Ty, (102)

the final form of the equality constraint, matching Eq. (4).
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Initial and Final Thrust Direction Due to the limitation of the 3 DoF dynamics, the direction of the
thrust vector can be used as a proxy for the vehicle attitude dynamics. To ensure that the vehicle lands
upright, the direction of the thrust vector at the end of the trajectory is constrained to be in the vertical
direction. Additionally, the initial thrust direction can also be constrained to match the initial attitude. For
the initial thrust direction constraint, the thrust vector must satisfy

T|[0] = I'[0] 5y, (103)

where ng is the unit vector specifying the direction of the initial thrust vector. To write this equation in
terms of X, the initial thrust vector can be extracted through

Ty = Yo X, (104)

where
Yro=[l3xz Osysn_1)| € R¥*ENT2), (105)

This expression is substituted into Eq. (103) along with Eq. (102) to obtain
Yr,0x =YXy, (106)
which can be rearranged into the form of an equality constraint described by Eq. (4)
(Yoo — Yreng)x =0, (107)

Similarly, the final thrust must satisfy
T[ks] = T[ks]ny, (108)

where k; = N — 1 is the index of the node at the end of the trajectory and ny is the unit vector specifying
the desired final direction of the thrust vector. Again, this equation is expressed in terms of x through

Tlks] = Yrp, % (109)

where
Yok, = [O3x3v—1) 13x3 Osxjsn2)] € R3* (8N +2) (110)

and rearranged into the form of an equality constraint described by Eq. (4),

(Yox, — Yrg,np)x =0, (111)

where
Tlks] = Tr, %, (112)
Yri, = [Oixan—1 1 Oixpunio] € RIX(BN+2), (113)

3.2.2 State Constraints

Minimum Mass To ensure that the vehicle consumes less fuel than it is available, the mass of the vehicle
is constrained to be larger than the dry mass at each temporal node. The mass at the k*" temporal node
can be written as

mlk] = My, 1 X, (114)
where
Mok = [Oixngb-1) 1 Oixfn,(v—ry-1]] € R, (115)
The mass m[k] must satisfy
mdry S m[k] (116)

at nodes k € [1, k¢| where ky = N — 1. Following a process similar to that used to derive Eq. (91) yields
_Mm,k (SlTU + SQTP) x; < Mm,k (MiXO + SgW) — Mdry, (117)

a linear inequality constraint which is enforced at each k.
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Minimum Glideslope For safety reasons and avoiding flying too close to the surface, the vehicle is
constrained to remain inside of a prescribed glideslope cone with a half-angle of v4,, shown graphically in
Fig. 1.

e IelK] cos g,

et (-

Vgs
Vgs

Figure 1: The vertical component of the vehicle position at temporal node k, ézr[k] must be larger
than ||r[k]|| cosv4s to ensure that the vehicle is within the minimum glide slope cone (grey).
In order for the vehicle to remain inside the glideslope cone,
[[e[k]ll cos vgs < &, r[K], (118)
Eq. (118) must be satisfied for nodes k € [1, N — 2]. The position at the k" node is obtained through
r[k] = M, 1 X (119)

where
Mg = [Osxpno(b-1)+1] 13x3  Oaxno(N—k—1)+3] € R¥™=(N=1), (120)

Substituting the dynamics and position at k leads to

LHSys 1, < RHSys 1 (121)
where
LHSgS,k = ||Mr,k(SITU + SQTP))N( + Mr,k (MXQ + SgW)H (122)
and 1 1
RHS 1 = el M, 1(S1Yu + S X)X + é. M, j, (Mxo + S3W) (123)
COS Ygs COS Ygs

which constitutes an SOC constraint in the form described by Eq. (2).

3.2.3 Control Constraints

Convexification of Thrust Constraints The minimum thrust magnitude and thrust pointing con-
straints are convexified by enforcing
IT[K]|| < T[k] (124)

and
Tmin < F[k] < Tmax- (125)

These expressions can be written in terms of the optimization vector x through
T[k] = Yo iX (126)

and
k] = Yrpx (127)
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where

Yo = [03x3c lsxs On—sk—1)] € R3*(BN+2), (128)
and
Yrg=[O1x@ner) 1 Oixsn—kin] € REXENT2, (129)
which results in
[IXr kx| < Yr X, (130)

a second order cone constraint in the form given by Eq. (2). Enforcing this constraint for k € [0, N — 1]
yields NV SOC constraints. The minimum and maximum thrust constraints can be enforced by bounding the
optimization variables in the same format as Eq. (5) resulting in

—ool3nx1 ocol3nx1
Tmin1N><1 S X S Tmax]-le . (131)
—00l(4n+2)x1 00l (an+2)x1

Maximum Tilt Angle The direction of the thrust vector is constrained to be within an angle, 6.y, of
the vertical. This constraint is satisfied when

['[k] cos Omax < €L TI[k]. (132)
Substituting Eqgs. (126) and (127) and rearranging yields
(Y €0 Omax — € Xrj) X <0, (133)

a linear inequality constraint of the form described by Eq. (3). This constraint is enforced for k € [1, N — 2]
as the initial and final thrust directions are prescribed.

AT
=

Figure 2: The vertical component of the thrust vector at temporal node k, égT[k], must be larger
than P[k:] cosOmax to ensure that the vehicle is within the maximum thrust pointing angle.
This figure assumes an optimal solution where ||T[k]|| = ['[k].

Thrust Rate In order to prevent the rate of change in thrust magnitude from exceeding the throttle rate
capabilities of the engine, which is assumed to be constant over a time segment, the following expression is
used

< Thnaxs (134)
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where Tiax and Tl are constants. Assuming Tonin = —Tmax, Eq. (134) can be re-written as

T[k] — Tk + 1] Tinax
< .
[r[k | el U (135)
Defining
[[k] =Tk + 1] = YarsX, (136)
where,
Yark = [Oix@antry 1 —1 Oigin-p)] € RIX(BN+2), (137)
allows the throttle rate constraint to be written as
TAF,]{? o Tmax
|:_TAF,]§ x < AT o | (138)

which is enforced for k € [0, N — 2].

3.2.4 Objective Function Constraints

Final Mass The optimization variable Z,, ;s included in X in order to include the final mass of the
vehicle in the objective function. This variable is constrained to be equal to the final mass of the vehicle
subject to the dynamics according to

Tty = mlkg]. (139)

The final mass, m[ky], is extracted from the concatenated state vector, X, using the definition in Eq. (115)
while Ty, k, is extracted from x through
Fky = Lo, X (140)

where
Yok, = [O1xniny 1] € REXENT2), (141)

Substituting the dynamics and rearranging yields the linear equality constraint,
(Yonk; — Mok, [S1 YU + S2Yp]) X = My, i, (Mxg + SsW) (142)
in a form matching Eq. (4).
Synthetic Acceleration In order to penalize the use of synthetic acceleration in the objective function,
the vector ag[k] is bounded at each temporal node by ka, r[k]
lar(k]|] < Ka,r[k], (143)

where ka rlk] are included as optimization variables in X. Substituting the following expressions for ag[k]
and Ka r[k]

aplk] = Ya, kX (144)
kar[k] = Xr, kX, (145)
where
Yank = [O3x@an+sr) 13xs Osxan—se—1)] € R3*(BN+2) (146)
Yrup b = [O1xrnek)y 1 Ory(v—kin)] € RIXENT2) (147)
leads to
[ ar X < Yrop 1%, (148)

an SOC constraint in the form described by Eq. (2) which is enforced for k € [0, N — 1].
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Next, define Kk, g as the vector containing ka r[k| at all the temporal nodes,

Iia’R[O]
Ka,R = : € RV*L, (149)
Ha’R[N — 1]
the 2-norm of kK, g is bounded by
|Ka,rl| < kol (150)

where iHNaRII is an optimization variables that penalizes the use of synthetic acceleration in the objective
function. ka,r can be extracted from x by

Kar = Ye, X, (151)

F-‘/BR

where
Yra, = [Onx7n  Inxn Onxe] € RN*(N+2), (152)

Similarly, ‘%IINSRII can be extracted from x via
Liwagll = Yllrag 1% (153)

where
Yjinnyl = [O1xsn 1 0] € RVXENHD (154)

resulting in the SOC constraint in the form described by Eq. (2)

[ PP 3 T 3 (155)

K;aR
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4 Swuccessive Iterations

The first iteration of the trajectory optimization algorithm in Ref. [1] is performed by solving Problem
4. All subsequent iterations are performed by solving Problem 5. This chapter outlines the details involved
in implementing Problem 5 in MATLAB using the built-in coneprog.m solver.

As described in Sec. 3, Problem 4 is solved as a fixed final time problem, which introduces artificial in-
feasibility that is circumvented by relaxation of the dynamics, via introduction of the synthetic acceleration
term. Subsequent iterations are solved as a free final time problem, which enables the generation of dy-
namically feasible trajectories. Unlike Problem 4, the size of the time segment, At becomes an optimization
variable in Problem 5.

Furthermore, in Problem 5 the dynamics are linearized about the trajectory obtained from the previous
iteration yielding more accurate solutions so long as the trajectory stays close to the one used in linearization.
To ensure that the trajectory of a particular iteration does not stray too far from the reference trajectory
used to linearize the dynamics, trust regions are added that penalize large changes in time segment size and
thrust commands between iterations shown in Egs. 51) and 52) of Ref. [1].

4.1 Dynamics

For convenience to the reader, the discretized dynamics of Problem 5 is represented in Eqgs. (156) to
(167). In order to linearize the nonlinear dynamics described by Eqs. (24)-(26) and (31), first the quantity
U, [k] is defined in Eq. (156)

k) 2 [ak] alk+1)]", (156)

which describes the value of a quantity at two adjacent nodes. This is required due to the first order
hold assumption made on the acceleration terms, a[k], which results in the state evolution of the vehicle
depending on information both at the beginning and end of a time segment. Equation (157) shows a compact
representation of the state, control, and slack variables that the dynamics are dependent on

O] = [At WK Wk Wk WhiK el k] (157)

The discrete-time nonlinear dynamics of the vehicle are shown in Egs. (158) to (163)
m[k + 1] = m[k] + fm (®[K]) (158)
rlk + 1] = r[k] + £, (T[k]) (159)
vik + 1] = v[k] + £, (T[k)) (160)

where

fon (K] = = |5 (ClK] + Tk + 1) + 1y | A, (161)
f. (W[k]) = v[k]At + é <a[k] + %a[k: + 1]) At?, (162)
£, (W[k]) = % (alk] + alk + 1]) At, (163)
alt] =~ (T = JoSoColvHIVH) +anli + (161

and functions f,,, f and £, represent the dynamics of mass, position, and velocity. The equations given in
Egs. (158)-(160) are then linearized by replacing Eqs. (161)-(163) with first-order Taylor series expansions
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about the previous trajectory shown in Eqgs. (165) to (167)

ml[k + 1] = ml[k‘} + fm (‘I’i—l[k‘}) + % — (S‘I’Z[k‘] (165)
vilk + 1) = ri[k] + £ (i1 [K]) + gflj o 5%, K] (166)
vilk + 1] = vi[k] + £, (¥, _1[K]) + gi‘lj - 5%, [k] (167)

where 6®;[k] = W,[k] — ¥,;_;[k] describes how the trajectory has changed at the k" node between the i‘h
and (i — 1)*® iterations. These dynamics involve evaluating f,,, f. and f, and their partial derivatives about
the previous trajectory, represented by ¥,;_1[k]. Because of the inclusion of At in ¥[k], the equations are
linearized about the size of the time segments. This enables At to be included as an optimization variable.
As the number of time segments, IV, is fixed, changing At is equivalent to changing the final time. Through
successive iterations, the final time is adjusted such that no use of synthetic acceleration is required and final
optimized trajectory is therefore, dynamically feasible.

Using Eq. (157), the partial derivative of an arbitrary function, f,, with respect to the state, control,
and slack variables are shown in Eq. (168)

5fm(‘1’[k]):[% Ofe  0fe  Ofs Ofe em}

a‘I’ 8At a‘I’m B\I’r a‘I’v a‘I’T a‘I’aR ) (168)

Using the definition for §U, the last last terms on the RHS of Egs. (165) to (167) that involves the partials
can be expanded and shown in Eq. (169),

For clarity and implementation considerations, Egs. (165) to (167) can be expanded as follows

mik + 1] m[k] Sm (¥i-1[k])

rilk+1] | = | rilk] | + | fe (®i_1[K])
vilk +1] vilk] fu (Pi-1[k])
OAL;
O Ofm  Ofm  Ofm  Ofm  Ofm ] | 0,k
At 9%, 0¥y 0W, 0By 0¥,g _
ofy ofy of, ofy of, of, 5lIIF,1 [k} 170
t|2at 29, 9er 29, 9¥r .z | | 5w (K | (170)
of, Of,  Oof,  Ofy of, of, vsi
9At DW¥,, 0¥y 0¥, 0¥y 0W.rp 0P ;K]
6\IIaR7i[k]

an expression for the linearized dynamics for the full state vector of the vehicle where the partial derivatives
are evaluated at W;_1[k]. Furthermore, the equation above can be further expanded by grouping terms that
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involve the states, control, and slack variables

m;[k + 1] m;[k] [ fom (1K)
vilk+1] | = | rilk] | + | fe (i 1[k])
vilk +1] vilk] | £ (®ioa[k])
'Bfm 6f1n
Wl o | [t
+ | omm O 6\:t[k] or; (K]
ofy, o Ot o[k
L omlk] ov|[k]
- Ofm O fm
aglf[%# 0 85}%;]1] dm;k + 1]
Flm 0 v | e
Lomper] O avier vilk+1]
[ Ofm Ofm

+ 85&]@] aT(y;:‘j»l] |: (STZ [k} :|
Bt TR | [Tk 1]

| Tk]  9T[k+1]

[0fm  Ofm _Ofm O fm Ofm 04t
oAt DU OTEIT]  Dap(k]  Janliti] o[k
afr 8 r fr (9f,- 3f,- 61—\[k + 1]
+ | 2a¢ OU[F]  OT[ETT]  DanlHl  JanlirT] i
of,  _of, £, Ot Oty Sap.q[k]
OAt 1) or'[k darlk Oarlk )
L At F[k] F[k"l‘l] R[k] R[k+1] (5aR7iU€ + 1]
Defining the various matrices involving the partials:
 Ofm Ofm
, A 1] -
Akl = | 50m O 6\:f[kj € R™,
of,_ o Oty
L 9m[k] vkl
afnL O af'm
i | BT o T
— r r X
Agilk] = o] 0 OvELT] e R,
ofy O fy
L Om[k+1] ov(k+1]
[ O _Ofm
s | B TR
B[] = | 57 arprr | €R 7,
of, £,
| 9T[K]  OT[k+1]
[Ofm Ofm Ofm Ofm Ofm
R OAt DI OT[L+T]  Danlk]  Danlh+T]
F [k] — ofy of, fe of, of, c R7><9
i OAr DR OTIL+T]  Danlk]  Danlh+] )
of,  _Of, £, Oty Oty
| 9At  BT[k] OT[k+1] ODaglk] Odag[k+1]

(171)

(172)

(173)

(174)

(175)

where all partial derivatives are evaluated about W;_;[k], representing a linearization about the trajec-
tory obtained from the previous iteration. Expressions of all the Jacobians are available in the Appendix.

Substituting these definitions allows the dynamics to be expressed as,
Xz[k’ + 1] = Xl[l{?] + fz (‘I’ifl) + Al)i[k]chi [k] + Ag,z[k]éx[k: + 1] + Bl[k‘}éuz[kz] + I'A“Z(Spl[k:],

where,

T

)

x[k] = [m[k] r[k]" v[k]"]
ulk] = [T T+ "]
plk] = [At T[k] Tk+1] aglk]" aglk+1]"]
After applying the definition for §¥, the dynamics become
Xilk + 1] =xi[k] + fo (Rim1) + Akl (k] + Az [Kxilk + 1] + Bi[k]w[k] + Fip;[k]
— Ay [K]xi_1[k] — Ag[k]xi—1 [k + 1] — By[kJu;_1[k] — Fypi_1[k].
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(176)

(177)

(178)
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All terms that are purely a function of the previous trajectory are grouped into

VAVZ[k‘] = fgL (\I’i—l) — A17i[k‘]Xi_1[kJ] — AQJ[k]Xi_l[k + 1] — Bi[k]ui_l[k} — Fipi_l[kj], (181)

which, after substituting into Eq. (180) yields,

xillo 1] = (14 Avilk]) xalk] + Az alklxilk + 1] + Bilk]ws[k] + Fipilk] + wilk]. (182)
The final form of the local dynamics is shown in Eq. (183)
X[k + 1] = A;[k]x;[k] + Bi[k]u;[k] + Fi[k]ps[k] + wi[k], (183)

where

B (1 + A, i[k]) ) (184)

( )
B.fk = (1 An i) BKL (185)
( ) k], (186)

R -1

wilk] = (1 - AQJ[k]) wilk]. (187)
These dynamics are used to propagate the state of the vehicle from one temporal node to the next for the "
iteration of the optimization algorithm where ¢ > 1. Additionally, the local dynamics are used to construct

the global dynamics described in Sec. 1) which is required to express the state constraints and embed the
dynamics into the optimizer.

4.2 Optimization Problem

Subsequent iterations of the optimization algorithm aim to solve the optimization problem laid out in
Problem 5. This has the objective,

min_ —wp, ymlks] + wn,AtnlAt,i + wn,T||77'/I‘,z' | + We.a,r||Kag,il (188)

At,T,T
where two additional terms, involving U’Am and nir’i, are added compared to the objective function for
Problem 4 shown in Eq. (68). These are referred to as trust region constraints in order to penalize large
changes in At and T[k] between iterations. Note: due to the limitations of coneprog.m, n’At’i and 77!r,z' differ
from the definitions of na;; and nr; in Ref. [1] as discussed in Sec. 4.2.4.

For subsequent iterations, the vector containing all of the free parameters over which the objective
function is optimized is x which consists of
- - - T
%; = [T? LY AL wls mEs At Fleaglli Flmglls Tmkga| € ROV (189)
which includes all of the optimization variables present in Problem 4 and listed in Eq. (69). The size of
the time segments, At;, is added as an optimization variable in order to optimize over the duration of the
trajectory. The variables fr)irﬂ- and Z,, | are added in order to include the radii of the trust regions on

the thrust commands in the objective function while n’Ati is used similarly for the trust region on the time
segment size, At;.

With % defined, the objective function in Eq. (188) can be written as
7%, (190)

where

17, (191)

f= [01X(9N+1) Wy At Wga,R WnT —Wn,f

which matches the form specified by Eq. (1).
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4.2.1 Boundary Condition Constraints

The optimization problem stated in Problem 5 of Ref. [1] is subject to the same boundary condition
constraints as Problem 4, used for the first iteration of the algorithm. However, the optimization vector, X,
is different for Problem 5 as compared to Problem 4. As a result, the matrices used to extract appropriate
variables from the optimization vector are updated to reflect the new form of x and are expressed as follows:

Yu=[Yuo - TZ,N—z]T € ROWN-Dx(ON+5)

Yok = [06><3k g6 06><(9N—3k—1)} c RGX(9N+5),

Te = [y YD o] € RON-DXON+5)

01><9N 1 014
Ypr=|02x3Nn+k)  loxz  Ooxen—ky3) | € ROX(ON+5)
06><(4N+3k) 1«6 O6><(5N_3k_1)
Yo = [legN 1 01X(6N+4)] c RIX(9N+5)7
Yro=[laxs Osxon4a)| € R¥¥ONTD),
Yok, = [03><3(N 1) 13xs 03X[6N+5ﬂ c R3X(ON+5)
[

Yrg, = [Oixan—1) 1 Oixnis)| € RPXONTD),

and replace the corresponding matrices in Sec. 3.2.1.

4.2.2 Control Constraints

To reflect the change in the form of X between Problem 4 and Problem 5, the matrices

Yo = [03x3r 1lsxs Oon_zhyo)] € RIEONTD)

Yrg = [Oranie) 1 Orx(n_kis] € RIXONT),

TAF,k = [01X(3N+k) 1 -1 01><(6ka+3)} c Rlx(9N+5)’

(192)
(193)
(194)

(200)
(201)
(202)

replace the corresponding matrices in Sec. 3.2.3 while the lower and upper bounds on X are changed to

—0ol3nx1 oolznx1
Tmin1N><1 S 5(1 S Tmax1N><1 )
_001(5N+5)><1 001(5N+5)><1

for all iterations following the first.

4.2.3 Objective Function Constraints

For Problem 5, the corresponding matrices in Sec. 3.2.4 are replaced with

c RIX(ON+5)

Yok, = [O1xon+a) 1]

O1x(7n+k) 1 Oix(an—jray] € RIXONTS)

Ka

=

Yapk = [03x@an+3r) 13xs Osxan—se—1)] €
ok =
=

Onx7n Inxn 0N><(N+5)]€RNX(9N+5)’

K‘aR

Ynyl| = [O1xon+2) 1 O1cz] € RONTD),

to reflect the change in X between Problem 4 and Problem 5.
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4.2.4 Trust Region Constraints

Time Segment Size, At; The discretization time, At;, is allowed to vary in order to optimize the
trajectory as a free-final-time problem. However, if At¢; deviates too much compared to the time segment
size of the previous trajectory, At;_, the linearized dynamics will become increasingly inaccurate and the
problem may become unbounded. In order to avoid this issue, the change in the time segment size, JAt;

SAL; = Aty — Aty (209)
can be bounded through Eq. (51) of Ref. [1] in the form of a quadratic constraint:
SAL? < naci (210)

However, coneprog.m does not allow for constraints of this form. Therefore, the quadratic constraint is
modified to the form
0L < s (211)

The trust region radius, 7, ;, can be extract from X; as follows

Naei = Lo arXi, (212)
where
Yoar= [Oixont1) 1 Oixz] € REXONTD), (213)
The discretization time can be extracted from X; in a similar fashion:
At; = Y aeX; (214)
where
YTar = [le(gN) 1 01><4] € RIXON+5) (215)

Substituting Eqgs. (209), (212), and (214) into (211) leads to the expression,
XA — Ati—q|| < Yo aeXy, (216)

which is equivalent to Eq. (211) and in the form of an SOC constraint.

Thrust Commands, T;[k] If the thrust commands change too much between iterations, the resultant
trajectory from the current iteration could differ significantly from the previous iteration, which the dynamics
are linearized about. As a result, the accuracy of the linear model will degrade compared to the nonlinear
dynamics. Hence, certain constraints may be violated when the solution is propagated through the nonlinear
dynamics.

To prevent the thrust command at a particular node, T;[k], from changing too much compared to the
value from the previous iteration, T;_1[k], the difference is bounded by nr[k] shown in Eq. (217):

T[] 0T, [k] < nrlk] (217)

for nodes k € [0, N — 1] where
0T [k] = Ti[k] — T;_1[k]. (218)

Again, because coneprog.m is not compatible with quadratic constraints, the constraint is modified to an
SOC constraint:
[0, [K][| < np[k]. (219)

The thrust command at a particular node can be extracted from X; through
Ti[k] = Yo kX, (220)

where Yt ) is given by Eq. (200). Likewise, the point-wise bound on the thrust command is extracted
through
nrlk] = Loy kX (221)

27



where
Yo = [O1xsnery 1 Onw(vaa—i)) s (222)
which enables Eq. (219) to be expressed as
XX — Tica[K]]] < Yo ki, (223)
a group of N number of SOC constraints in the form shown in Eq. (2).

In order to include the trust region radii in the objective function, the norm of 771177147 the vector containing
all of the point-wise trust region radii on the thrust vectors, is bounded by )|y through

7l | < g - (224)
The point-wise bounds, nt; can be extract through x; as follows
N = Lo X (225)

where
Yo = [Onxsy  Inxn  Onxs) (226)

similarly, |, || can be extracted through x; as follows
lngl| = Lg% (227)

where
Yl = [O1xonssy 1 0] (228)

which allows the constraint in Eq. (224) to be written as
s Xil] < X)X (229)

a single SOC constraint of the form shown in Eq. (2).
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5 Results

For verification purposes, independently-generated simulation results of the example provided in Ref. [1]
are shown. Coordinate system, simulation parameters, initial /terminal conditions, state/control constraints,
and cost function weights are provided in Sec.IV.A of Ref. [1]. Similar to Ref. [1], 10 SCP iterations and 30
discretization points are used. Note: to make the results match the paper, the specified min/max values of
the provided vacuum thrust were multiplied by a factor of 0.83. Furthermore, due to the modifications of
the At; and T;[k] trust regions from a form of a quadratic to SOC constraint shown in Egs. (211) and (219),
the corresponding weights wy A+ and w, T where changed to 0.1 and le-6 respectively.

Results from solving Problem 4, not available in Ref. [1], are shown in Figs. 3 to 6. Figure 3 is a 3-D
profile of the trajectory with the linearized trajectory with scaled thrust vector at each temporal node shown
in blue. Subsequently, the sequence of thrust inputs derived from the linear dynamics were propagated
through the nonlinear dynamics and illustrated by the pink dashed curve. Due to the large errors in the
linear approximation, the nonlinear results fail to reach the desired terminal condition with the fixed time-
of-flight of 15 s. Components of the position and velocity vectors are shown in Fig. 4. Magnitude of thrust
and the slack variable, I", is shown in the top plot of Fig. 5 and the bottom plot illustrates the magnitude
of the synthetic acceleration with the corresponding slack variable, k, r[k]. The trajectory is dynamically
infeasible without the additional “assistance” from the synthetic accelerations. Mass time history is shown
in Fig. 6.
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With the availability of an initial trajectory, procedures laid out in Sec. 4 were carried out to obtain
the optimal trajectory. Results from the final iteration of Problem 5 are shown in Figs. 7 to 10. Note:
weighting term on the thrust trust region differs from the value provided in paper due to the limitations
of coneprog.m. Figure 7 is a 3-D profile of the trajectory with the linearized dynamics and corresponding
scaled thrust vector at each temporal node shown in red. Subsequently, the sequence of thrust inputs
derived from the linear dynamics were propagated through the nonlinear dynamics and illustrated by the
black dashed curve. It is apparent that at the final iteration, the linear system closely approximates the
nonlinear dynamics. Components of the position and velocity vectors are shown in Fig. 8. The resultant
optimal trajectory closely matches Figs. 1 and 2 of Ref. [1] with a time-of-flight of 37.75 s. The noticeable
“hop” manuever is apparent in the vertical channel.
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Figure 8: Problem 5 Up, East, and North components of position and velocity

Plots of the thrust magnitude, thrust magnitude rate, synthetic acceleration, tilt angle, azimuth angle,
and glidescope angle are shown in Fig. 9. The “bang-coast-bang” nature of the throttle profile is consistent
with the top left plot of Fig. 3 in Ref. [1]. The tilt angle starts and ends at the vertical orientation and
operates at the maximum prescribed limit of 15 deg for majority of the trajectory with the exception of the
slight dip around 27 sec. The throttle rate and azimuth profiles follows the paper with the exception that
the throttle rate doesn’t quite reach the saturation limit of 100 kN/s at around 30 sec. The glidescope angle,
not shown in the paper, stays below the prescribed limit of 80 deg. The synthetic acceleration is driven close
to zero. Mass time history is shown in Fig. 10. The final mass at touchdown is 12381 kg and appears to be
consistent with Fig. 4 of Ref. [1]
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6 Comparison with Quickshot™

To compare the SCP results to a traditional direct optimization approach using nonlinear programming
methods, a QuickShot™ simulation was developed to solve the same continuous-time fuel-optimal powered
landing problem described by Problem 1 of Ref. [1]. QuickShot™ [15] is a commercial trajectory optimization
software developed by SpaceWorks Enterprises, Inc. which utilizes multi-threaded computing techniques and
stochastic optimization routines to solve a variety of 3-4 DoF nonlinear trajectory optimization problems.
Standout features include no initial guess being required and the software’s ability to find global optimum
solutions in multi-modal spaces.

Simulation inputs from Sec.IV.A of Ref. [1] were used along with assumptions of a flat Earth and constant
gravity vector. Similar to the SCP results, the min/max values of vacuum thrust provided in Ref. [1] were
scaled by a factor of 0.83. The trajectory was discretized into 45 segments with At = 1s for all segments.
The vehicle’s thrust magnitude, tilt, and azimuth angle were optimized at the beginning and end of each
time segment. Furthermore, thrust and attitude angles (using direction of thrust as a proxy) were assumed
to vary linearly across each segment. A control variable was used to trigger the end of the simulation as a
function of vehicle mass effectively allowing the time of flight to be optimized. While QuickShot™ doesn’t
require an initial guess, the user must provide bounds for each control variable. Table 1 provides the bounds
used for thrust, attitude, and final mass control variables. Table 2 summarizes the objective function and
constraints.

Table 1: Control Variable Bounds

Parameter Minimum Maximum Units

[|T] 83 207.5 KN
0 0 15 deg
Az 0 360 deg
m(ty) 12000 15000 kg

Table 2: Objective Function and Constraints

Objective Function
Maximize m/(ty)

Terminal Constraints

r(ty) =0
’l)(tf) =0
0(ty) =0

State Constraints
||r(t)]] cosvgs < €Xr(t), where 45 = 80 deg

Control Constraints
-100 kN/s < 4||T|| < 100 kN/s

The thrust magnitude and tilt angle control variable bounds were chosen such that the min/max thrust
magnitude and tilt from vertical constraints would always be satisfied. Additionally, the vehicle’s initial
thrust magnitude and tilt angle were set to 145.25 kN and 0 deg respectively. Figure 11 compares the
components of the position and velocity vectors from the SCP and QuickShot trajectory solutions. The
optimized mass at the final time, m(ty), is comparable between Quickshot and SCP (12383 kg vs. 12381
kg). QuickShot’s time-of-flight was 37.72 s, electing to not use all of the 45 trajectory segments available.
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Figure 11: Comparisions of Position and Velocity Profiles

Figure 12 shows a comparison of the control variables, glideslope angle, and vehicle mass time histories.
QuickShot exhibits the same “bang-coast-bang” nature in the throttle profile and stays well within the thrust
rate saturation limits. The tilt and azimuth angle profiles are comparable between the two approaches with
tilt angle holding close to the 15 deg limit for a large portion of the trajectory then turning toward vertical
for touchdown. QuickShot’s glideslope profile deviates from the SCP solution at around 30 s and exhibits a
shallower approach to the landing site.
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One of the main benefits of SCP is the fast convergence characteristics which is ideal for real-time
applications. Whereas QuickShot™ is an off-line tool which uses a stochastic optimization routine. The
user guide recommends running multiple trials of the same problem with a unique random number seed for
each trial and it is the user’s responsibility to determine the best combination of trials, runtime cap, and
convergence criteria for the problem of interest. Figure 13 shows trial final mass and runtime values with
trial 4 being the best solution in the set. Each trial yielded a feasible solution and terminated either due to a
runtime cap of 45 minutes or by satisfying a stringent convergence criterion. QuickShot’s total runtime was
445 minutes compared to SCP’s total runtime of 4 s on a HP EliteBook 840 G7 notebook with four 1.6-4.2

Hz processor.
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7 Comparison with E-guidance

In this Section, the SCP solution for the example problem presented in Ref. [1] is compared with the
polynomial approach phase guidance used during the Apollo missions [16,17]. The acceleration profile is
restricted to a quadratic form described by Eq. (230). The coefficients can be determined by solving a system
of linear equations that involves the current position and velocity, target position, velocity, and acceleration,
along with the time-of-flight, t4,. For this example, ¢4, was set to the time-of-flight determed by SCP.

a=cy+ it + cot? (230)
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Position, velocity, thrust magnitude, and tilt angle comparisons are provided in Figs. 14 and 15. It is
apparent that early on in the E-guidance solution, the thrust magnitude and tilt angle requirements are
violated. This is expected since the solution does not take into consideration state or control constraints.
Furthermore, the “bang-coast-bang” thrust profile exhibited by SCP provides a more fuel optimal solution
compared to E-guidance.

8 Conclusion

This technical memorandum details the implementation in MATLAB of a successive convexification
algorithm for powered descent from the literature, including how the problem is parsed for compatibility
with MATLAB’s built-in second-order cone programming solver. The MATLAB implementation was used
to recreate the results from the original paper then compared to the commercial trajectory optimization
software QuickShot™ and Apollo-heritage E-guidance. While QuickShot™ was able to produce nearly
the same trajectory and satisfied the state and control constraints, the computation time was orders of
magnitude longer than the successive convexification algorithm. E-guidance produced a trajectory using
very little computational effort, but was not optimal and violated constraints on the state and control input.
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10 Appendix: Partial Derivatives

Acceleration, 85“[5}
oalk]
oA~ ° (231)
Oalk a Salk
3\1,[773 = [é?m[{% az[iy«ﬂu} (232)
= [t (T0] = 5pSpColVIHIIVE) O] (233)
Oalk o -
aqE . [gF% ag[k@u] (234)
=0 (235)
Oalk a o
aq[lv] - [gv%ﬁ af[k@ﬂ} (236)
= [33%’2% 0} (237)
oalk] 0 1
ovik] ~ VIR <2m[k] pSDCD"’[k]'V[’f]) (238)
1 9 9
= _mpSDOD [V[k] (WHV[HH) + [|v[k]|| (Wv[ko} (239)
__ L v[k]v" [] v
- 2m[k}pSDCD ( Vel +1]| [k]||> (240)
Oalk a -
6\IET] - [;‘?T[['Z]] 8%1?-1]11} (241)
= |7 ©) (242)
Oalk o -
3\;1{ = [aaaa[l[cl]c] aai[gckj-l]} (243)
=[t o (244)
Mass Update, %‘P[k]
Ofmlk]
ow, 0 (246)
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