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- Traditional material models often require idealizations of complex microstructures to
develop closed-form solutions, e.g., Gurson [1], Cocks-Ashby [2]

- Relaxation of these assumptions can introduce stochastic variables
 Random inclusions or voids

- Models can represent these stochastic responses through UQ
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| [1] A. L. Gurson. Continuum theory of ductile rupture by void nucleation and growth: Part i—yield criteria and flow rules for porous ductile media.
[2] F. Cocks and M. F. Ashby, “Creep fracture by coupled power-law creep and diffusion under multiaxial stress,” no. September, pp. 395-402, 1980.
31 A. A. Benzerca. J.-B. Leblond. A. Needleman. and V. Tvercaard. Ductile failure modeling. International Journal of Fracture. 201(1):29-80 2016. doi: 10.1007/s10704-016-0142-6.
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Symbolic regression searches space of known equations via
combinations of variables and weights

Genetic programming evolves equations based on fitness with

data
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[3] G. Bomarito, T. Townshend, J. Hochhalter, E. Adams, K. Esham, and D. Vera, “Bingo,” 2018. [Online]. Available: https://github.com/nasa/bingo.
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U iEdicuaaems  GPSR for Implicit Equations

. Implicit models of the form f(X) = C prevent the use of traditional
error metrics due to arbitrary solutions,e.g., x; —x; +C =C

. Instead, fitness is defined as the difference in partial derivatives
between the model and data

Implicit Fitness Function
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[4] G. Bomarito, T. Townsend, K. Stewart, K. Esham, J. Emery, and J. Hochhalter. Development of interpretable, data-driven plasticity models with symbolic regression.
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- Bayes’ theorem gives the posterior probability of parameters, 6, given
observations, D, and model, f

. Compute marginal likelihood using sequential Monte Carlo (SMC)
. Has been shown to decrease model complexity and overfitting [5]

2
L1 61 10
2= 05 1
g 1 93 5 100 -
2 k-
Q 1 _ %2
= = 102 4/
/ Bayesian GPSR
===
J\/ \\ I 1 T 1
0 - 0.0 0.2 0.4 0.6 0.8 1.0
—5 0 Noise o

'
[5] G. Bomarito, P. Leser, N. Strauss, K. Garbrecht, and J. Hochhalter. Bayesian model selection for reducing bloat and overfitting in genetic programming for symbolic regression.
[6] Anthony O’Hagan. Fractional bayes factors for model comparison.
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Multi-objective approach using implicit fitness and computed
marginal likelihood

Algorithm 1 Multi-objective Implicit SMC-GPSR Algorithm

1. Propose a model, f(X) .

2. Calculate model fitness, ®(f(X)), based on implicit fitness.

3. Calculate marginal likelihood, L = 7 (f|X) using SMC with y = C', where C' is the
constant for the proposed implicit model, f(X) = C.

4. Normalize the marginal likelihood, L € {0, 1}.

5. Calculate final model fitness, F(f(X)) = ® + L.
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- Circle with added noise, (0, 0.1) -f = (xo — 23)2 + (x; +3.4)°% =1

Implicit Algorithm Implicit + SMC Algorithm
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[7] M. Schmidt and H. Lipson. Symbolic regression of implicit equations. In Genetic Programming Theory and Practice VII, pages 73—85. Springer, 2010. ISBN 9781441916266. doi: 10.1007/978- 1-4419-1626-6. 8
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- Elliptic curve with added noise, M (0,0.05) f=x5—2xq—x?+1=0

Implicit Algorithm Implicit + SMC Algorithm
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[7] M. Schmidt and H. Lipson. Symbolic regression of implicit equations. In Genetic Programming Theory and Practice VII, pages 73—85. Springer, 2010. ISBN 9781441916266. doi: 10.1007/978- 1-4419-1626-6. 9
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« Harmonic oscillator with added noise, N (0,0.05) - f = 6—0.10 +36 =0

Implicit Algorithm Implicit + SMC Algorithm
f = 678470 + 226.166% + 77.866% — 227.166 — 1026.27 = 0 f=0-0116+296 =0

*  Training Data
*  Training Data *  Predicted
*  Predicted

[7] M. Schmidt and H. Lipson. Symbolic regression of implicit equations. In Genetic Programming Theory and Practice VII, pages 73—85. Springer, 2010. ISBN 9781441916266. doi: 10.1007/978- 1-4419-1626-6. 10
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. Testing on von Mises surface first demonstrated by Bomarito et al. [4]
- Data generated from a FE modeled RVE
- von Mises material with hardening £

- Adding Gaussian noise, IV (0, 0.1), scaled to data -
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[4] G. Bomarito, T. Townsend, K. Stewart, K. Esham, J. Emery, and J. Hochhalter. Development of interpretable, data-driven plasticity models with symbolic regression.
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- Increased dataset size and larger models lead to much slower
training times than the test cases

.- Testing with parallel evaluations, fitness predictors, pytorch c++
implementations

Target Equations
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Multi-objective approach enables UQ for implicit models, enabling
learning of yield surface models

SMC approach enables algorithm to fit noisy data better than
conventional implicit approach in test cases

Future work
Speeding up the algorithm for larger datasets/models

Training on datasets generated from random void representative volume
elements (RVEs)
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