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Analytical Design and Performance Estimation Methods for 
Aircraft Permanent Magnet Synchronous Machines 

Thomas F. Tallerico, Aaron D. Anderson, Matthew G. Granger, and Jonathan M. Gutknecht 
National Aeronautics and Space Administration 

Glenn Research Center 
Cleveland, Ohio 44135 

Abstract 
The design of an electric motor drivetrain is a complex multiphysics problem. Low fidelity motor 

drivetrain sizing can be a key tool in the design cycle of an electric motor drivetrain and for system level 
studies of aircraft configurations. However, low fidelity sizing can lead to misleading results if all the 
physics involved in a motor design are not properly accounted for. This paper provides details on 
modeling approaches for initial design and sizing of permanent magnet synchronous electric machines. 
The goal of this paper is to provide the reader an understanding of the key principles of motor design and 
some modeling approaches to perform initial sizing of an electric motor and its inverter. 

1.0 Introduction 
The design of an electric motor drivetrain is a multiphysics problem that couples electromagnetics, 

heat transfer, fluid flow, structural mechanics, rotordynamics, materials, and power electronics. 
Neglecting any one of these disciplines in the design or sizing of an electric motor can lead to misleading 
or unrealistic performance predictions. Recently, increased interest in electric motors has been driven by 
their expected use in electric aircraft applications (Refs. 1 and 2). Electric aircraft sizing, control, system 
design, and system performance models all require some form of electric motor model or sizing 
methodology.  

Commonly, vehicle sizing codes rely on motor sizing correlations based on torque scaling (Refs. 3 
and 4) or constant power density (Ref. 5). These correlations neglect the effects of motor speed on mass 
and assign constant efficiencies not related to the mass of the motor. A number of analytical motor sizing 
examples for aircraft have been published (Refs. 6 to 10). These models frequently only focus on the 
electromagnetic performance of the machine and neglect motor thermal and/or structural performance and 
constraints. High fidelity motor drivetrain design codes similar to the ones developed at NASA’s Glenn 
Research Center (Refs. 11 to 13) have significant computation cost that makes them impractical for 
aircraft system level studies or initial motor sizing. 

In this paper, analytical sizing equations for permanent magnet synchronous machines and inverters 
are presented. Modeling details and trades are discussed to provide a reader who is not a motor designer 
some insight and understanding of the various models and equations. The models presented here are low 
fidelity models only intended for initial sizing and performance predictions. More complete discussions of 
motor design covering multiple machine topologies can be found in References 14 to 16. Mechanical 
gears are often used to reduce required motor torque and overall motor drivetrain weight but are not 
covered in this paper. Reference 17 gives a commonly used correlation for gear weight, (Ref. 18) gives a 
genetic optimization design procedure for mechanical gearboxes, and Reference 19 gives a detailed 
discussion of gearing theory. 
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This paper is organized such that Section 2.0 shows a reference motor geometry, Section 3.0 
discusses motor electromagnetic analytical sizing, Section 4.0 discusses motor thermal considerations, 
Section 5.0 discusses motor mechanical considerations, Section 6.0 discusses inverter design, and  
Section 7.0 has a brief conclusion.  

2.0 Motor Geometry 
The motor topology discussed in this paper is a permanent magnet synchronous machine (PMSM). 

Figure 1 shows the basic geometry of a concentrated wound, in-runner motor of this type. The depicted 
example machine uses a Halbach array for its magnetic rotor and retains the magnets with a carbon fiber 
retaining hoop. A finned water jacket heat sink is used to cool the machine. The basic dimensions of the 
machine are labeled to provide clarity for how the machine dimensions are defined in this paper. 
 

 
Figure 1.—Example Geometry for a Halbach array permanent magnet inner rotor machine. 

Definitions of various geometric parameters defining a machine are provided.  
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3.0 Electromagnetic Motor Sizing 
3.1 The Basic Motor Sizing Equation 

A common equation used in the sizing of an electric motor is the D2L sizing equation (Ref. 14): 

𝑃𝑃 = 𝜔𝜔𝜔𝜔 = 𝜔𝜔
𝜋𝜋
2

(𝐵𝐵��̅�𝐴)𝐷𝐷2𝐿𝐿 (1) 

where P is motor power, 𝜔𝜔 is rotor angular velocity, 𝜔𝜔 is torque, 𝐵𝐵�  is the average magnitude of the radial 
flux density produced by the rotor, �̅�𝐴 is the stator electrical loading, D is the stator inner diameter, and L 
is the motor stack length (Ref. 14).  

The above equation can be understood in the following manner: 
 
• 𝜔𝜔 is the speed term that determines the power produced by a given torque. The remaining terms 

in the equation define the torque produced by the motor. 
• 𝐷𝐷

2
 can be factored out as the radius of the rotor which is the lever arm the motor uses to produce 

torque.  
• The remaining terms, 𝜋𝜋(𝐵𝐵��̅�𝐴)𝐷𝐷𝐿𝐿, is the force generated between the rotor and the stator and is 

equivalent to 𝐵𝐵 × 𝐼𝐼𝐿𝐿, the force generator on a wire of length L perpendicular to a field B and 
carrying current I. How B and L translate in between the two forms of this force expression is 
apparent. The remaining terms, 𝜋𝜋�̅�𝐴𝐷𝐷, are equivalent to I, the current, in the 𝐵𝐵 × 𝐼𝐼𝐿𝐿 formulation. 

• �̅�𝐴 the electrical loading is the current per unit circumference that interacts with the B field to 
create force. �̅�𝐴 is given by 

�̅�𝐴 =
𝑘𝑘𝑤𝑤𝐼𝐼𝑡𝑡𝑡𝑡𝑡𝑡
𝜋𝜋𝐷𝐷

 (2) 

Where 𝐼𝐼𝑡𝑡𝑡𝑡𝑡𝑡 is the total current that passes through the stator in both axial directions and 𝑘𝑘𝑤𝑤 is the 
winding factor.  

• The winding factor defines the percent of the flux produced by a given stator winding that 
interacts with the rotor flux to produce torque. Put another way, it defines how well a given 
winding layout produces flux with the same matching spatial harmonic order as the pole count of 
the rotor. 𝑘𝑘𝑤𝑤 typically has values in the range of 0.85 to 1. It can be calculated manually or is 
readily available in various publications for most motor slot pole combinations. Table 1 gives 
some typical values for 𝑘𝑘𝑤𝑤  from Reference 20. 

 
TABLE 1.—COMMON SLOT POLE COMBINATIONS AND WINDING FACTOR VALUES 

Slots per pole per phase 𝑘𝑘𝑤𝑤 Slots per pole per phase 𝑘𝑘𝑤𝑤 

1/2 and 1/4 0.866 3/8 and 3/10 0.945 

3/7 and 3/11 0.902 5/14 and 5/16 0.951 

2/5 and 2/7 0.933 Distributed full pitch windings 0.95 to 1.00 
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Lipo (Ref. 15) provides a slightly different formulation of Equation (1) 

 𝑃𝑃 =  𝜔𝜔 𝜋𝜋
4

(𝐵𝐵𝑔𝑔1𝐾𝐾𝑠𝑠1)𝐷𝐷2𝐿𝐿 (3) 

Where 𝐵𝐵𝑔𝑔1 is the peak magnetic flux density of the fundamental harmonic produced by the rotor and 𝐾𝐾𝑠𝑠1 
is the peak fundamental value of the linear current density. For a permanent magnet machine with full 
magnet surface fill on the rotor 𝐵𝐵𝑔𝑔1 relates to 𝐵𝐵�  (a uniform magnitude magnetic field) 

𝐵𝐵𝑔𝑔1 =
4𝐵𝐵�
𝜋𝜋

 (4) 

𝐾𝐾𝑠𝑠1 relates to �̅�𝐴 by accounting for the difference between peak and average current of a sinusoidal waveform 

𝐾𝐾𝑠𝑠1 = �̅�𝐴
𝜋𝜋
2

 (5) 

3.1.1 Power and Torque Density 
Equation (1) is frequently used to roughly size a machine to maximize torque per unit volume (torque 

density) or power per unit rotor volume (power density) and can be rewritten as 

𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝐷𝐷𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 = 𝜔𝜔 ∗ 𝑇𝑇𝑃𝑃𝑃𝑃𝑇𝑇𝑇𝑇𝑃𝑃𝐷𝐷𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 = 𝜔𝜔
1
2

(𝐵𝐵��̅�𝐴)𝐷𝐷 (6) 

Both power density and torque density, while relevant metrics, are not as important to aircraft applications 
as specific power or specific torque (power and torque per unit mass). Optimizing for volume and 
optimizing for mass are typically competing objectives in the design of an electric machine. Maximizing 
power density or torque density will favor maximizing the amount of magnetic material in a volume which 
is typically not mass optimum for a motor. This trade is especially true for permanent magnet machines 
since magnets get less mass efficient at producing flux as they get thicker (see Section 3.2.1.1).  

From Equation (1), 𝐵𝐵��̅�𝐴 is often referred to as the magnetic shear stress of a motor and is frequently 
used as a rating metric for machines. Maximizing it will maximize the power/torque density of a machine 
at a given diameter and speed. As a result, aircraft machines which target high specific power, will have 
lower magnetic shear stresses than terrestrial machines designed to maximize power/torque density if 
designed with the same technologies. In general, for aviation machines it is best to calculate metrics per 
unit mass directly. Calculating machine mass requires explicit design or explicit assumptions about the 
geometry of the machine.  

3.1.2 Efficiency and Power Factor 
Equation (1) is commonly written with efficiency and/or power factor in the formulation. Whether to 

include efficiency is a matter of how the equations are implemented. Equation (1) defines torque and 
power in the absence of magnetic losses and mechanical losses. Magnetic losses (eddy currents and stator 
iron losses) reduce the flux density produced by the rotor and stator in the airgap and result in reduced 
torque production. Mechanical losses (windage and bearing losses) act as drag on the rotor and reduce the 
available output torque of the motor at the shaft. Both of these power losses result in a need to increase 
stator electrical loading to meet the output power target of the machine. This can be accounted for by 
rewriting Equation (1) as 

𝑃𝑃𝑡𝑡𝑜𝑜𝑡𝑡 + 𝐿𝐿𝑃𝑃𝑃𝑃𝑃𝑃𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 = 𝜔𝜔 �𝜔𝜔𝑡𝑡𝑜𝑜𝑡𝑡 +
𝐿𝐿𝑃𝑃𝑃𝑃𝑃𝑃𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠

𝜔𝜔
� = 𝜔𝜔

𝜋𝜋
2

(𝐵𝐵��̅�𝐴)𝐷𝐷2𝐿𝐿 (7) 
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where 𝐿𝐿𝑃𝑃𝑃𝑃𝑃𝑃𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 are the sum of the magnetic and mechanical power losses at the rotational speed 𝜔𝜔. 
They are labeled 𝐿𝐿𝑃𝑃𝑃𝑃𝑃𝑃𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 because they are predominantly a function of the rotational speed of the rotor 
in permanent magnet machines; however, magnetic losses will have some dependance on the electrical 
loading of the machine as stator current increases the amount of time varying flux in the machine’s 
magnetic components. 

Power factor defines the ratio between real power and apparent power and is defined as 

𝑃𝑃𝑃𝑃 =
𝑃𝑃
𝑆𝑆

 (8) 

where 𝑃𝑃 represents real power and 𝑆𝑆 represents apparent power. Real power is what the machine outputs 
and is the time average of the instantaneous electrical input power, given by 

𝑃𝑃 =
1
𝑇𝑇
� 𝑃𝑃 𝑣𝑣 𝑑𝑑𝑃𝑃
𝑇𝑇

0
 (9) 

where 𝑃𝑃 and 𝑣𝑣 are time-varying current and voltage functions, 𝑃𝑃 is time, and 𝑇𝑇 is the total time average 
power is being calculated over. Apparent power is the product of the amplitudes of applied current (I) and 
voltage (V) given by 

𝑆𝑆 = 𝐼𝐼𝐼𝐼 (10) 

Reactive power, Q, is power that goes into stored energy in the machine as each coil is excited and then is 
returned to the supply as the coil is de-energized. Real, apparent, and reactive power are related by 

𝑆𝑆2 = 𝑃𝑃2 + 𝑄𝑄2 (11) 

Equation (1) only accounts for real power. The required power supply to drive a given machine is sized 
based on apparent power, so power factor should be accounted for when doing system level sizing of 
motor drivetrains to accurately size the components on the aircraft. Power factor will directly affect the 
inverter switching losses and required size of DC link capacitors in the inverter (Section 6.0). Power 
factor can be calculated using per phase circuit analysis of the real and reactive power. For initial sizing 
of a motor however it can be sufficient to estimate the power factor using common values for different 
machine types. Power factors for permanent magnet synchronous machines are typically greater than 0.90. 

3.2 Calculation of the Average Magnitude of the Radial Flux Density Produced by the 
Rotor, 𝑩𝑩�   

The average value of the radial flux density produced by the rotor, 𝐵𝐵�  in Equation (1), can be 
calculated in low fidelity sizing of permanent magnet machines using either magnetic reluctance networks 
or closed form analytical solutions to Maxwell’s equations. The following sections discuss magnet 
reluctance networks and provide an example closed form solution. Higher fidelity finite element analysis 
(FEA) calculations can also be used to calculate B with higher accuracy, example models and methods of 
sizing machines with FEA based calculations are given in References 11 to 13.  

3.2.1 Magnetic Reluctance Networks 
Magnetic reluctance networks or equivalent magnetic circuits discretize a motor into magnetic 

resistances and source (magnetomotive force) terms so that the flow of flux in the motor can be solved for 
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in the same way current is solved for in an electric circuit. The basic equation of magnetic reluctance 
networks is 

𝜑𝜑 =
𝑀𝑀𝑀𝑀𝑃𝑃
𝑅𝑅

 (12) 

where 𝜑𝜑 is the magnetic flux through the reluctance path, MMF is magnetomotive force applied to the 
reluctance path, and R is the magnetic reluctance of the path (Ref. 14). 𝜑𝜑, the magnetic flux, relates to B, 
the magnetic flux density, by 

𝐵𝐵 =  
 𝜑𝜑 
𝐴𝐴

 (13) 

where A is the cross-sectional area of the reluctance path.  
MMF for a coil is defined as 

𝑀𝑀𝑀𝑀𝑃𝑃 = 𝑁𝑁𝐼𝐼 (14) 

where 𝑁𝑁 is the number of turns and I is the current in each turn.  
MMF for a magnet is defined as 

𝑀𝑀𝑀𝑀𝑃𝑃 =
𝐵𝐵𝑃𝑃
𝜇𝜇0𝜇𝜇𝑟𝑟

𝑙𝑙𝑚𝑚 (15) 

where 𝐵𝐵𝑃𝑃 is remnant flux density, 𝜇𝜇0 is the permeability of free space, 𝜇𝜇𝑟𝑟 is the relative permeability of 
the magnetic material, and 𝑙𝑙𝑚𝑚 is the thickness of the magnet or the size of the element if multiple 
elements span a magnet. R, the reluctance of a given path or given reluctant element is given as 

𝑅𝑅 =
𝑙𝑙

𝐴𝐴𝜇𝜇0𝜇𝜇𝑟𝑟
 (16) 

where 𝑙𝑙 is the length of the path and 𝐴𝐴 is the cross-sectional area of the path perpendicular to length 𝑙𝑙. 
Reluctance networks can be made as simple or as complex as necessary depending on whether the 

objective of the sizing is fast computational time or high accuracy. The iron in a machine can often be 
treated as infinitely permeable in these models since it has a relative permeability orders of magnitude 
greater than that of air and permanent magnet materials. Notable examples where iron cannot be modeled 
as infinitely permeable would be in machines that are saturated, stator tooth tips that are often saturated, 
and the design of buried permanent magnet machines where saturating the rotor iron is necessary to get 
field across the airgap of the machine (Ref. 7).  

3.2.1.1 Simple Example of North South Array 
The simplest magnetic network that can be used to represent a permanent magnet machine and define 

the flux in the magnetic airgap of the machine is depicted in Figure 2. The model is for a traditional north 
south rotor magnetic array. A single flux path is assumed. All leakage flux paths are neglected and only 
the field produced by the rotor magnets is accounted for. 
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Figure 2.—Simple Magnetic Reluctance Network for a N-S Magnet Array. Left shows full geometry. Right shows 

the simplified model that can result from the use of symmetry. 
 

The reluctance of the path is assumed to be the sum of the magnet and airgap reluctance. The 
reluctance of the iron is neglected. For the full model (without symmetry) the reluctance can be written as 

𝑅𝑅 = 2 ∗ 𝑅𝑅𝑎𝑎𝑔𝑔 + 2 ∗ 𝑅𝑅𝑚𝑚𝑎𝑎𝑔𝑔 =
2𝑙𝑙𝑔𝑔
𝐴𝐴𝑚𝑚𝜇𝜇0

+
2𝑙𝑙𝑚𝑚

𝐴𝐴𝑚𝑚𝜇𝜇0𝜇𝜇𝑟𝑟
 (17) 

where 𝑙𝑙𝑔𝑔 is the airgap size and 𝐴𝐴𝑚𝑚 is the magnet area.  
The magnetomotive force in the circuit is equal to 

𝑀𝑀𝑀𝑀𝑃𝑃 = 2
𝐵𝐵𝑃𝑃
𝜇𝜇0𝜇𝜇𝑟𝑟

𝑙𝑙𝑚𝑚 (18) 

The flux in the path is then given by 

𝜑𝜑 =
𝑀𝑀𝑀𝑀𝑃𝑃
𝑅𝑅

=
2 𝐵𝐵𝑃𝑃
𝜇𝜇0𝜇𝜇𝑟𝑟

𝑙𝑙𝑚𝑚
2𝑙𝑙𝑔𝑔
𝐴𝐴𝑚𝑚𝜇𝜇0

+ 2𝑙𝑙𝑚𝑚
𝐴𝐴𝑚𝑚𝜇𝜇0𝜇𝜇𝑟𝑟

=

𝐵𝐵𝑃𝑃
𝜇𝜇𝑟𝑟
𝑙𝑙𝑚𝑚𝐴𝐴𝑚𝑚

𝑙𝑙𝑔𝑔 + 𝑙𝑙𝑚𝑚
𝜇𝜇𝑟𝑟

 (19) 

The last form of the above equation is equivalent to the simpler magnetic circuit depicted in Figure 2 
as symmetry enables simplification of the model. The field in the gap produced by the magnets can then 
be defined as 

𝐵𝐵𝑚𝑚 =
𝐵𝐵𝑃𝑃𝑙𝑙𝑚𝑚

𝑙𝑙𝑔𝑔𝜇𝜇𝑟𝑟 + 𝑙𝑙𝑚𝑚
 (20) 

Where 𝐵𝐵𝑚𝑚 is the airgap field produced by the magnets. For rotors where magnets span the full 
magnetic pole 𝐵𝐵𝑚𝑚 will be equal to 𝐵𝐵� . For rotors where the magnets do not span the full magnetic pole, 
Lipo (Ref. 15), provides an expression for 𝐵𝐵𝑔𝑔1, 

𝐵𝐵𝑔𝑔1 =
4
𝜋𝜋
𝐵𝐵𝑚𝑚 sin �

𝛼𝛼𝑚𝑚
2
� (21) 

where 𝐵𝐵𝑔𝑔1 is the peak flux density magnitude of the fundamental harmonic, 𝛼𝛼𝑚𝑚 is the magnet’s pole span 
angle in electrical degrees. Equations (20) and (21) are reasonably accurate for an initial motor sizing as 
long as the iron in the machine is operated below saturation and the airgap is at least an order of 
magnitude smaller than the pole-to-pole distance in the machine. Because leakage is neglected, 
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Equations (20) and (21) will always overpredict B and result in some underprediction of the required 
current in the stator.  

Equation (20) can provide some good insight into the effect or magnet thickness on the performance 
of a motor. Figure 3 shows B versus magnet thickness for a 1 mm air gap, a magnet with a remnant flux 
density of 1.2 T, and a magnet relative permeability of 1.05. In Figure 3, increasing magnet thickness 
results in increased gap flux density, but the marginal gains that result from increasing magnet thickness 
decrease rapidly at larger magnet thicknesses. Magnetic field density per magnet thickness is also plotted 
in Figure 3. Field density per magnet thickness is shown to always decay with increasing magnet 
thickness. This decay is the result of magnet material having a permeability similar to that of air. 
Correspondingly, increasing magnet thickness increases the reluctance of the flux path and reduces the 
effectiveness of the magnet material.  

Field density per magnet thickness is analogous to the specific flux (flux per mass) of a magnet. 
Specific flux per magnet thickness always decays as magnet thickness increases. The most mass efficient 
magnet in terms of specific flux is infinitely thin. In the design of a machine, the weight of the other 
components in the machine and efficiency goals will cause some magnet thickness greater than zero to be 
optimum. The trend of magnets becoming less mass effective as they increase in thickness is important to 
understand and as mentioned previously is a key difference between volume and mass optimization of 
motors.  

More complex reluctance networks can be created to capture field leakage or obtain more information 
about the field in the magnetic components of the motor (Refs. 10 and 7). For buried permanent magnet 
rotors, saturation effects and non-linear solvers are needed to capture the field leakage through the bridges 
of the rotor iron. At some point, as the fidelity of a reluctance network increases, the relative 
computational cost associated with a finite element solution becomes insignificant, and the benefit of a 
low fidelity model is diminished.  
 

 
Figure 3.—Effect of magnet thickness on airgap flux density based on the simple 

reluctance model of Figure 2. 
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3.2.1.2 Stator Inductance Calculation  
The inductance of a stator coil can also be estimated using reluctant networks. For the geometry in 

Figure 4 paths across the tooth tips and to-and-from the rotor back iron can be accounted for and summed 
as resistors in parallel, so that the reluctance one coil sees is given by 

𝑅𝑅 =
1

2
𝑅𝑅𝑡𝑡𝑡𝑡𝑠𝑠

+ 1
𝑅𝑅𝑟𝑟𝑡𝑡𝑡𝑡𝑡𝑡𝑟𝑟

=
1

2𝐴𝐴𝑡𝑡𝑡𝑡𝑠𝑠𝜇𝜇0
𝑙𝑙𝑡𝑡𝑡𝑡𝑠𝑠

+ 3
2
𝑊𝑊𝑠𝑠𝑠𝑠𝑆𝑆𝑃𝑃𝑆𝑆𝑆𝑆𝑘𝑘𝜇𝜇0
𝑙𝑙𝑚𝑚 + 𝑙𝑙𝑔𝑔

 (22) 

where 𝐴𝐴𝑡𝑡𝑡𝑡𝑠𝑠 is the tooth tip area (tooth tip thickness times stack length), 𝑙𝑙𝑡𝑡𝑡𝑡𝑠𝑠 is the tooth tip gap width, and 
𝑊𝑊𝑠𝑠𝑠𝑠 is the stator pole width. The self-inductance of a single coil can then be calculated as 

𝐿𝐿𝑚𝑚 =
𝑁𝑁 ∗ 𝜑𝜑
𝐼𝐼

=
𝐼𝐼 ∗ 𝑁𝑁2

𝐼𝐼 ∗ 𝑅𝑅
= 𝑁𝑁2 ∗ �

2𝐴𝐴𝑡𝑡𝑡𝑡𝑠𝑠𝜇𝜇0
𝑙𝑙𝑡𝑡𝑡𝑡𝑠𝑠

+
3
2
𝑊𝑊𝑠𝑠𝑠𝑠𝑆𝑆𝑃𝑃𝑆𝑆𝑆𝑆𝑘𝑘𝜇𝜇0
𝑙𝑙𝑚𝑚 + 𝑙𝑙𝑔𝑔

� (23) 

where N is the number of turns in the active coil.  
Equation (23) is the self-inductance of a single stator coil. Mutual inductance to each of the adjacent 

coils can be approximated as half of self-inductance for the geometry in Figure 4 assuming all the coils 
have the same number of turns. The inductance of the motor is a key variable for motor drive sizing as 
discussed in Section 6.0. The field produced by the stator coils can also be included in the sizing of a 
motor’s iron components and the corresponding iron loss predictions (Section 3.3). Equation (23) only 
accounts for the magnetizing inductance of the motor. Additional leakage inductance will exist in a 
motor, especially in the end windings of the machine. Leakage inductance can be neglected, accounted for 
based on correlations for different machine types, or calculated using more complex 3D reluctance or 
FEA models of the motor.  

 

 
Figure 4.—Flux Paths for Low Fidelity Stator Inductance Calculation.  
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3.2.2 Closed Form Field Solutions 
Closed form solutions for the field produced by permanent magnet rotors can be found in the 

literature or derived using Maxwell’s equations. One example case for Halbach arrays is given in 
Reference 21. Multiple solutions for different machine types are summarized. The solution for the radial 
airgap field from iron cored Halbach machines is 

𝐵𝐵𝑟𝑟(𝑃𝑃,𝜃𝜃) =
𝐵𝐵𝑃𝑃 � 𝑝𝑝

𝑝𝑝 + 1� �1 − �𝑅𝑅𝑟𝑟𝑅𝑅𝑚𝑚
�
𝑠𝑠+1

�

1 − 𝑅𝑅𝑟𝑟
𝑅𝑅𝑠𝑠

2𝑠𝑠 ��
𝑃𝑃
𝑅𝑅𝑠𝑠
�
𝑠𝑠−1

�
𝑅𝑅𝑚𝑚
𝑅𝑅𝑠𝑠
�
𝑠𝑠+1

+ �
𝑅𝑅𝑚𝑚
𝑃𝑃
�
𝑠𝑠+1

� cos(𝑝𝑝𝜃𝜃) (24) 

where p is pole count, 𝑅𝑅𝑚𝑚 is the magnet outer radius, 𝑅𝑅𝑟𝑟 is the magnet inner radius, and 𝑅𝑅𝑠𝑠 is the stator 
inner radius. The average airgap field from this equation can be calculated as 

𝐵𝐵� =
2
𝜋𝜋
𝐵𝐵𝑃𝑃(𝑅𝑅𝑠𝑠, 0) (25) 

Equation (24) assumes infinite iron permeability and a magnet permeability equal to 1. It does account for 
airgap field leakage and is correspondingly more accurate than the simple reluctance network presented in 
the prior section. Equation (24) can also be used to compute the field that interacts with the windings in 
an air-core stator. In that case Equation (1) is not as easily applied and it is more appropriate to integrate 
B × IL in the winding domain to calculate tangential magnetic forces.  

3.2.3 Magnet Remnant Flux Density Br 
Magnet remanent flux density is a material property of permanent magnets. It depends on the magnet 

grade and the temperature the magnet operates at. Magnet grade/material must be selected such that 
sufficient temperature margin is maintained in a worst-case operating condition for the machine. Once a 
magnet material is selected, Br at operating temperature will be given by 

𝐵𝐵𝑃𝑃𝑇𝑇 = 𝐵𝐵𝑃𝑃20𝐶𝐶 − 𝛼𝛼𝑚𝑚𝑎𝑎𝑔𝑔(𝑇𝑇 − 20𝐶𝐶)𝐵𝐵𝑃𝑃20𝐶𝐶 (26) 

where 𝐵𝐵𝑃𝑃𝑇𝑇 is the magnet remnant flux density at temperature, 𝐵𝐵𝑃𝑃20𝐶𝐶  is the remnant flux density at 20 °C, 
T is temperature in Celsius, and 𝛼𝛼𝑚𝑚𝑎𝑎𝑔𝑔 is a material property related to the specific magnet grade 
(Ref. 22).  

If designing for continuous operation with cooling of the rotor through the stator only, the magnets 
may be at a temperature greater than the stator and the magnets must be designed for that condition. If 
designing for transient mission profiles, the magnet temperature will lag the temperature of the stator and 
can be designed for a lower temperature. In general, SmCo magnets are a good option to avoid 
demagnetization of the magnets in operation while NdFeB magnets offer higher performance at moderate 
operating temperatures. With temperature and magnet fill knockdowns for laminations and tolerances, Br 
will generally be in the 1 to 1.1 Tesla range.   

3.2.4 Airgap Size 
Typically, the mechanical airgap in a motor is around 1 mm. The magnetic gap in the machine is the 

sum of the mechanical airgap and the needed non-magnetic mechanical components to retain the magnets 
centripetal loading (Section 5.1). Smaller than 1 mm airgaps can be beneficial when the pole-to-pole 
distance is on the same order of magnitude as the gap size. Smaller gap sizes can enable a reduction in 



NASA/TM-20230010737 11 

magnet thickness needed to reach a desired 𝐵𝐵� , but since the magnet thickness is a part of the magnetic 
airgap, the reduction in needed thickness is only significant for a thin magnetic array. Mechanical 
tolerance stack ups, mechanical deflections, and thermal expansion/contraction limit how small of an 
airgap can practically be used in a machine. Additionally, windage loss (Section 5.2) may result in a 
larger airgap being optimal for very high speed machines.  

3.3 Magnetic Losses 

With the field from the rotor known, magnetic losses in the stator iron can be calculated. Iron losses 
are typically the largest loss other than stator resistive losses in a motor. Other magnetic losses like rotor 
magnet loss, rotor iron loss, and winding proximity loss are difficult to calculate unless a time stepping 
magnet model is used to compute the time varying fields in the components. Neglecting them in an initial 
sizing for an aircraft motor is not a major source of error since rotor losses can be suppressed to very low 
values using fine laminations and winding proximity losses can be suppressed by using fine gage or litz 
wire in the stator windings. Rotor iron loss is generally small in a synchronous permanent magnet 
machine since most of the flux the rotor iron sees comes from the rotor magnets which rotates with it.  

Stator iron losses relate to the motion of electrons in the iron as it magnetizes. Iron loss is typically 
estimated using the Steinmetz equation 

𝑃𝑃𝑣𝑣 = 𝑘𝑘𝑓𝑓𝛼𝛼𝐵𝐵𝛽𝛽 (27) 

where 𝑃𝑃𝑣𝑣 is the iron loss per volume, 𝑓𝑓 is the frequency of the magnetic field, B is the peak magnetic flux 
density, and 𝑘𝑘, 𝛼𝛼, and 𝛽𝛽 are the Steinmetz coefficients (Ref. 23). The coefficients 𝑘𝑘, 𝛼𝛼, and 𝛽𝛽 are found 
by completing a curve fit to iron loss data found in electrical steel data sheets. The loss data in these data 
sheets is collected by testing magnetic cores of the material using unidirectional fields. ASTM A697  
(Ref. 24) is the typical standard governing the testing. Because of the idealized scenario with which 
magnetic material loss data is collected, it is not uncommon for iron losses to be greater than predicted 
using the Steinmetz equation (Ref. 23). 

Other equations with more terms can be used to fit to manufacturer provided data. A common 
alternative form is the Bertotti expression  

𝑃𝑃𝑣𝑣 = 𝑘𝑘ℎ𝑓𝑓𝐵𝐵𝛽𝛽 + 𝑘𝑘𝑐𝑐𝑓𝑓2𝐵𝐵2 + 𝑘𝑘𝑠𝑠𝑓𝑓1.5𝐵𝐵1.5 (28) 

where loss terms are broken out to hysteresis, eddy, and excess loss components each with their own 
coefficients (Ref. 25). The added terms can make it easier to curve fit to the iron loss data over a larger 
range. At higher frequencies the eddy current loss term in this formulation can be corrected to account for 
skin depth (Ref. 26). Either form of curve fit can work for iron losses as long as it accurately matches the 
available experimental data in the range relevant to the field magnitude and electrical frequency of the 
machine. Many other iron loss models exist. A comparison of some of the most common models can be 
found in Reference 27.  

The iron losses of a stator are broken into back iron and tooth iron losses since the rate of 
magnetization and the magnitude of peak magnetic field is different in each component. For the back iron, 
the peak field in the back iron can be calculated as 

𝐵𝐵𝑏𝑏𝑎𝑎𝑐𝑐𝑏𝑏 =
𝜑𝜑𝑏𝑏𝑎𝑎𝑐𝑐𝑏𝑏
𝐴𝐴𝑏𝑏𝑎𝑎𝑐𝑐𝑏𝑏

=
𝐵𝐵�

𝐿𝐿 ∗ 𝑃𝑃𝑏𝑏𝑎𝑎𝑐𝑐𝑏𝑏
∗

2𝜋𝜋𝑅𝑅𝑠𝑠
2𝑝𝑝

∗ 𝐿𝐿 =
𝐵𝐵�

𝑃𝑃𝑏𝑏𝑎𝑎𝑐𝑐𝑏𝑏
∗

2𝜋𝜋𝑅𝑅𝑠𝑠
2𝑝𝑝

 (29) 
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where 𝐵𝐵𝑏𝑏𝑎𝑎𝑐𝑐𝑏𝑏 is the peak field in the stator back iron, 𝜑𝜑𝑏𝑏𝑎𝑎𝑐𝑐𝑏𝑏 is the peak flux in the stator back iron, 𝐴𝐴𝑏𝑏𝑎𝑎𝑐𝑐𝑏𝑏 
is the back iron cross sectional area, 𝐿𝐿 is stack length, and 𝑅𝑅𝑠𝑠 is stator inner radius. Here 2𝜋𝜋𝑅𝑅𝑠𝑠

𝑠𝑠
𝐿𝐿𝐵𝐵�  

represents the flux per pole that is produced in the airgap by the rotor. The frequency of magnetization in 
back iron is equivalent to the fundamental frequency in the machine.  

The peak field in the tooth iron can be estimated as 

𝐵𝐵𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡ℎ =
𝜑𝜑𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡ℎ
𝐴𝐴𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡ℎ

=

⎩
⎪
⎨

⎪
⎧ 𝐵𝐵�
𝑃𝑃𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡ℎ

∗
2𝜋𝜋𝑅𝑅𝑠𝑠
𝑝𝑝

,                                    𝑆𝑆𝑙𝑙𝑃𝑃𝑃𝑃𝑃𝑃 < (2 ∗ 𝑝𝑝)

𝐵𝐵�
𝑃𝑃𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡ℎ

∗
2𝜋𝜋𝑅𝑅𝑠𝑠
𝑝𝑝

∗ �
𝑝𝑝

𝑆𝑆𝑙𝑙𝑃𝑃𝑃𝑃𝑃𝑃 − 𝑝𝑝
� , 𝑆𝑆𝑙𝑙𝑃𝑃𝑃𝑃𝑃𝑃 ≥ (2 ∗ 𝑝𝑝)

 (30) 

where 𝐵𝐵𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡ℎ is the peak field in the stator tooth iron, 𝜑𝜑𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡ℎ is the peak flux in the stator tooth iron, and 
𝐴𝐴𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡ℎ is the tooth iron cross sectional area Stator teeth magnetize at a faster rate than the back iron and 
then stay at peak magnetic field or zero magnetic field for some amount of time. The flux density in the 
tooth can be assumed to have a trapezoidal shape with time. The effective frequency of magnetization of 
the tooth is equivalent to the tooth passage frequency relative to the rotor. It can be calculated as 

𝑓𝑓𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡ℎ = 𝑓𝑓𝑛𝑛𝑡𝑡𝑚𝑚 ∗
𝑆𝑆𝑙𝑙𝑃𝑃𝑃𝑃𝑃𝑃
2 ∗ 𝑝𝑝

 (31) 

This frequency accounts for the increased rate of magnetization, but since the frequency of the machine is 
still 𝑓𝑓𝑛𝑛𝑡𝑡𝑚𝑚 a correction must be applied to the iron loss equations such that the loss in the stator teeth per 
unit volume is given as  

𝑃𝑃𝑣𝑣𝑡𝑡ℎ𝑜𝑜𝑜𝑜𝑡𝑡ℎ =
𝑓𝑓𝑛𝑛𝑡𝑡𝑚𝑚
𝑓𝑓𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡ℎ

𝑘𝑘𝑓𝑓𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡ℎ𝛼𝛼 𝐵𝐵𝛽𝛽 (32) 

in the Steinmetz formulation of the loss equation.  

3.4 Calculating Current and Resistive Losses 

Once 𝐵𝐵�  from the rotor is calculated, the dimensions of a machine and the speed losses can be used to 
solve for �̅�𝐴 using Equation (7) for a desired output torque. Equation (2) can then be used to solve for the 
total current in the machine 𝐼𝐼𝑡𝑡𝑡𝑡𝑡𝑡. The average current per slot per winding layer can then be calculated as 

𝐼𝐼𝑎𝑎𝑣𝑣𝑔𝑔,𝑙𝑙𝑎𝑎𝑙𝑙𝑠𝑠𝑟𝑟 =
𝐼𝐼𝑡𝑡𝑡𝑡𝑡𝑡

𝑆𝑆𝑙𝑙𝑃𝑃𝑃𝑃𝑃𝑃 ∗ 𝐿𝐿𝑆𝑆𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃
 (33) 

where 𝐼𝐼𝑎𝑎𝑣𝑣𝑔𝑔,𝑙𝑙𝑎𝑎𝑙𝑙𝑠𝑠𝑟𝑟 is the average current per winding layer, Slots is the number of winding slots, and 
𝐿𝐿𝑆𝑆𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 is the number of winding layers per slot. Typically, layers will be 2 for concentrated wound 
machines or 1 for distributed wound machines.  

For a 3-phase motor with sinusoidal supply currents the peak current per winding layer can be 
calculated as 

𝐼𝐼𝑠𝑠𝑠𝑠𝑎𝑎𝑏𝑏,𝑙𝑙𝑎𝑎𝑙𝑙𝑠𝑠𝑟𝑟 =
𝜋𝜋
2
𝐼𝐼𝑎𝑎𝑣𝑣𝑔𝑔,𝑙𝑙𝑎𝑎𝑙𝑙𝑠𝑠𝑟𝑟 (34) 

where 𝐼𝐼𝑠𝑠𝑠𝑠𝑎𝑎𝑏𝑏,𝑙𝑙𝑎𝑎𝑙𝑙𝑠𝑠𝑟𝑟 is the peak current per winding layer. The root mean squared current per layer can be 
calculated as  

𝐼𝐼𝑟𝑟𝑚𝑚𝑠𝑠,𝑙𝑙𝑎𝑎𝑙𝑙𝑠𝑠𝑟𝑟 =
1
√2

𝐼𝐼𝑠𝑠𝑠𝑠𝑎𝑎𝑏𝑏,𝑙𝑙𝑎𝑎𝑙𝑙𝑠𝑠𝑟𝑟 (35) 
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The resistive losses in the motor can then be estimated as  

𝐿𝐿𝑃𝑃𝑃𝑃𝑃𝑃𝐼𝐼2𝑅𝑅 = 𝑆𝑆𝑙𝑙𝑃𝑃𝑃𝑃𝑃𝑃 ∗ 𝐿𝐿𝑆𝑆𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 ∗ 𝜌𝜌𝑐𝑐𝑡𝑡𝑠𝑠𝑠𝑠𝑠𝑠𝑟𝑟 ∗
𝐿𝐿𝐿𝐿𝑎𝑎𝑙𝑙𝑠𝑠𝑟𝑟

𝑆𝑆𝑃𝑃 ∗ 𝐴𝐴𝐿𝐿𝑎𝑎𝑙𝑙𝑠𝑠𝑟𝑟
𝐼𝐼𝑟𝑟𝑚𝑚𝑠𝑠,𝑙𝑙𝑎𝑎𝑙𝑙𝑠𝑠𝑟𝑟
2  (36) 

where 𝜌𝜌𝑐𝑐𝑡𝑡𝑠𝑠𝑠𝑠𝑠𝑠𝑟𝑟 is the resistivity of copper, 𝐿𝐿𝐿𝐿𝑎𝑎𝑙𝑙𝑠𝑠𝑟𝑟 is the length of a layer, 𝐴𝐴𝐿𝐿𝑎𝑎𝑙𝑙𝑠𝑠𝑟𝑟 is the layer cross-
sectional area, and 𝑆𝑆𝑃𝑃 is the copper slot fill. 𝐿𝐿𝐿𝐿𝑎𝑎𝑙𝑙𝑠𝑠𝑟𝑟 is equal to the stack length of the machine plus the 
average length of one end turn of the machine. SF, the copper slot fill, will typically fall in the range of 35 
to 55 percent for motors wound with round conductors. Higher fill factors can be achieved with hairpin or 
bar windings, but AC losses need to be accounted for when designing windings of that type. As a 
conservative first estimate 40 percent can be used for winding fill in initial sizing.  

Copper resistivity variation with temperature should be accounted for when calculating loss. The 
resistivity of copper at a given temperature can be calculated based on its resistivity at 20 °C and the 
assumed temperature of the winding. 

𝜌𝜌𝑐𝑐𝑡𝑡𝑠𝑠𝑠𝑠𝑠𝑠𝑟𝑟,𝑇𝑇 = 𝜌𝜌𝑐𝑐𝑡𝑡𝑠𝑠𝑠𝑠𝑠𝑠𝑟𝑟,20𝐶𝐶 ∗ �1 + 0.00393(𝑇𝑇 − 20°C )� (37) 
If a motor is being designed for multiple mission design points magnetic, mechanical, and resistive losses 
can be calculated for each mission point by repeating the calculations for each operating condition. 
Similarly, efficiency maps can be built by repeating the calculation for all relevant operating conditions.  

3.4.1 AC Winding Loss 
AC winding losses can be a major loss component in a machine and can drive the design of the 

winding in terms of wire size, number of wire strands wound in parallel, and twist/transposition of the 
wire strands. Typically, good winding design can minimize AC losses to less than 1 percent of total 
machine losses. Correspondingly, it is typical to neglect AC winding losses in initial machine sizing, 
especially since design of individual conductors is required to estimate loss. A few equations for AC 
winding losses are provided here for completeness. 

AC winding losses can be separated into two orthogonal components: skin effect and proximity effect 
(Ref. 28). For round conductors, the AC resistance due to skin effect can be related to the DC resistance 
of the winding by 

𝑅𝑅𝑎𝑎𝑐𝑐 =
𝑅𝑅𝑠𝑠𝑐𝑐

2
∗
𝛾𝛾�𝑏𝑏𝑃𝑃𝑃𝑃(𝛾𝛾)𝑏𝑏𝑃𝑃𝑃𝑃′(𝛾𝛾) − 𝑏𝑏𝑃𝑃𝑃𝑃(𝛾𝛾)𝑏𝑏𝑃𝑃𝑃𝑃′(𝛾𝛾)�

𝑏𝑏𝑃𝑃𝑃𝑃′2(𝛾𝛾) + 𝑏𝑏𝑃𝑃𝑃𝑃′2(𝛾𝛾)  (38) 

where bei and ber equations are Kelvin functions (Ref. 29) and 𝛾𝛾 is defined as  

𝛾𝛾 =
𝑑𝑑
𝛿𝛿√2

 (39) 

where 𝑑𝑑 is the diameter of the conductor and 𝛿𝛿 is the skin depth in the material at the frequency current is 
being applied to the conductor (Ref. 28). The proximity loss per unit stack length in a conductor can be 
written as 

𝑃𝑃𝑠𝑠𝑟𝑟𝑡𝑡𝑝𝑝 =
2𝜋𝜋𝛾𝛾
𝜎𝜎

�𝑏𝑏𝑃𝑃𝑃𝑃2(𝛾𝛾)𝑏𝑏𝑃𝑃𝑃𝑃′(𝛾𝛾) + 𝑏𝑏𝑃𝑃𝑃𝑃2(𝛾𝛾)𝑏𝑏𝑃𝑃𝑃𝑃′(𝛾𝛾)�
𝑏𝑏𝑃𝑃𝑃𝑃2(𝛾𝛾) + 𝑏𝑏𝑃𝑃𝑃𝑃2(𝛾𝛾) 𝐻𝐻𝑠𝑠2 (40) 

where 𝜎𝜎 is the material conductivity and 𝐻𝐻𝑠𝑠  is the peak value of the applied external magnetic field  
(Ref. 28). When the source of external field on the conductors in a winding is the field from the other   
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conductors in the same slot of the machine Equation (38) and (40) can be integrated into a single 
expression for the AC resistivity of the mth layer of conductors in the slot 

𝑅𝑅𝑎𝑎𝑐𝑐 =
𝑅𝑅𝑠𝑠𝑐𝑐

2
𝛾𝛾(
�𝑏𝑏𝑃𝑃𝑃𝑃(𝛾𝛾)𝑏𝑏𝑃𝑃𝑃𝑃′(𝛾𝛾) − 𝑏𝑏𝑃𝑃𝑃𝑃(𝛾𝛾)𝑏𝑏𝑃𝑃𝑃𝑃′(𝛾𝛾)�

𝑏𝑏𝑃𝑃𝑃𝑃′2(𝛾𝛾) + 𝑏𝑏𝑃𝑃𝑃𝑃′2(𝛾𝛾) − 

                            2𝜋𝜋(2𝑚𝑚 − 1)2
�𝑏𝑏𝑃𝑃𝑃𝑃2(𝛾𝛾)𝑏𝑏𝑃𝑃𝑃𝑃′(𝛾𝛾) + 𝑏𝑏𝑃𝑃𝑃𝑃2(𝛾𝛾)𝑏𝑏𝑃𝑃𝑃𝑃′(𝛾𝛾)�

𝑏𝑏𝑃𝑃𝑃𝑃2(𝛾𝛾) + 𝑏𝑏𝑃𝑃𝑃𝑃2(𝛾𝛾) ) 
(41) 

where m is the layer number (Ref. (28).  
Often, to suppress AC losses, wire gage is selected such that d< 𝛿𝛿. However, when small strand size 

is used, a number of wires have to be wound in parallel and circulating currents between phases due to 
uneven magnetic potential can cause additional AC losses. The most common solution to this problem is 
to twist the small strands that are in parallel together so that their magnetic potential is balanced over the 
length of the wire. This type of wire construction is often referred to as litz wire. Reference (30) gives a 
design guide for litz wire windings. The AC resistance of the winding with d< 𝛿𝛿 is expressed as 

𝑅𝑅𝑎𝑎𝑐𝑐 = 𝑅𝑅𝑠𝑠𝑐𝑐 �1 +
(𝜋𝜋𝑃𝑃𝑁𝑁𝑠𝑠)2𝑑𝑑6

192 ∗ 𝛿𝛿4𝑏𝑏2
� (42) 

where n is the number of strands, 𝑁𝑁𝑠𝑠 is the number of turns, and 𝑏𝑏 is the winding width. 
One particular case where twist cannot be used to balance the magnetic potential between parallel 

paths in the same winding is hairpin windings. In this case careful conductor placement has to be used to 
balance the potential between windings. Reference (31) provides a design guide for hairpin windings.   

For external sources that produce a time varying field on round conductors, the proximity loss per 
unit length generated in a round conductor can be written as 

𝑃𝑃𝑠𝑠𝑟𝑟𝑡𝑡𝑝𝑝 =
𝜋𝜋2𝜎𝜎𝑑𝑑4

32
(𝑓𝑓𝐵𝐵)2  (43) 

when d< δ (Ref. (32). 

3.5 Voltage and Turn Count 

Outside of the discussion of power factor, voltage has not been mentioned in any of the above 
equations, because its impact on machine mass and efficiency is only through secondary effects on slot 
fill and ac winding loss. Machine voltage does have significant effects on the sizing of the inverter 
(Section 6.0) and the DC bus of a vehicle. In most cases, motor winding turn count can be increased or 
decreased to match the voltage requirements of a given vehicle and motor drive without significantly 
effecting the mass and efficiency of the motor. The voltage of a machine can be expressed in the d-q 
frame of the machine as 

𝐼𝐼𝑠𝑠ℎ = �𝐼𝐼𝑞𝑞2 + 𝐼𝐼𝑠𝑠2 (44) 

where 𝐼𝐼𝑠𝑠ℎ is the peak per phase motor voltage, 𝐼𝐼𝑞𝑞  is the q axis voltage of the machine, and 𝐼𝐼𝑠𝑠  is the d 
axis voltage of the machine (Ref. 16). The d-q reference frame of a machine is a reference frame of a 
motor where the 3-phase circuit components of a machine appear to be invariant with time. For 
synchronous machines, the d-q reference frame aligns with the rotating frame of the rotor. The d or direct 
axis aligns with rotor poles and the q or quadrant axis is orthogonal to the d axis. A Park transformation 
can be used to translate the per phase circuit variables to the d-q frame (Ref. 33).  

𝐼𝐼𝑞𝑞  and 𝐼𝐼𝑠𝑠  can be written as 
𝐼𝐼𝑞𝑞 = 𝐸𝐸𝑀𝑀𝑃𝑃𝑡𝑡 + 𝑋𝑋𝑠𝑠𝐼𝐼𝑠𝑠 + 𝑅𝑅𝑠𝑠𝐼𝐼𝑞𝑞 (45) 

𝐼𝐼𝑠𝑠 = 𝑋𝑋𝑞𝑞𝐼𝐼𝑞𝑞 + 𝑅𝑅𝑠𝑠𝐼𝐼𝑠𝑠 (46) 
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where 𝐸𝐸𝑀𝑀𝑃𝑃𝑡𝑡 is the per phase back electromotive force of the motor, 𝑋𝑋𝑠𝑠 is the d axis reactance of the 
motor, 𝑋𝑋𝑞𝑞 is the q axis reactance, 𝑅𝑅𝑠𝑠 is the stator resistance, 𝐼𝐼𝑞𝑞 is the q axis current, and 𝐼𝐼𝑠𝑠 is the d axis 
current. For surface permanent magnet synchronous machines without rotor saliency, max torque per 
ampere is achieved when 𝐼𝐼𝑠𝑠 is zero. Correspondingly, 𝐼𝐼𝑞𝑞, 𝐼𝐼𝑠𝑠, and 𝐼𝐼 can be reduced to  

𝐼𝐼𝑞𝑞 = 𝐸𝐸𝑀𝑀𝑃𝑃𝑡𝑡 + 𝑅𝑅𝑠𝑠𝐼𝐼𝑠𝑠 (47) 
𝐼𝐼𝑠𝑠 = 𝑋𝑋𝑞𝑞𝐼𝐼𝑠𝑠 (48) 

𝐼𝐼𝑠𝑠ℎ = �(𝐸𝐸𝑀𝑀𝑃𝑃𝑡𝑡 + 𝑅𝑅𝑠𝑠𝐼𝐼𝑠𝑠)2 + �𝑋𝑋𝑞𝑞𝐼𝐼𝑠𝑠�
2
 (49) 

where 𝐼𝐼𝑠𝑠 is the motor supply current.  

3.5.1 Back EMF 
The back EMF of the motor can be derived by putting Equation (1) into terms of supply current and 

voltage 

𝑃𝑃 =
3
2
𝐸𝐸𝑀𝑀𝑃𝑃𝑡𝑡𝐼𝐼𝑠𝑠 =

2
𝜋𝜋
𝜔𝜔𝐷𝐷𝐿𝐿𝑘𝑘𝑤𝑤𝐵𝐵�𝑁𝑁𝑡𝑡𝑁𝑁𝑠𝑠𝐼𝐼𝑠𝑠 =

𝜔𝜔𝐷𝐷𝐿𝐿𝑘𝑘𝑤𝑤𝐵𝐵𝑔𝑔1
2

𝑁𝑁𝑡𝑡𝑁𝑁𝑠𝑠𝐼𝐼𝑠𝑠 (50) 

where 𝐸𝐸𝑀𝑀𝑃𝑃𝑡𝑡  is the per phase back emf, 𝐼𝐼𝑠𝑠 is the motor supply current, 𝑁𝑁𝑡𝑡 is the number of series 
connected turns per phase, and 𝑁𝑁𝑠𝑠 is number of phases (Ref. 16). Solving for EMF with 𝑁𝑁𝑠𝑠 = 3 using 
Equation (50) gives 

𝐸𝐸𝑀𝑀𝑃𝑃𝑡𝑡 =
4
𝜋𝜋
𝜔𝜔𝐷𝐷𝐿𝐿𝑘𝑘𝑤𝑤𝐵𝐵�𝑁𝑁𝑡𝑡 = 𝜔𝜔𝐷𝐷𝐿𝐿𝑘𝑘𝑤𝑤𝐵𝐵𝑔𝑔1𝑁𝑁𝑡𝑡 (51) 

Equation (51) can be understood as equivalent to the flux cutting form of Faraday’s law:  
𝐸𝐸 = 𝐵𝐵𝑙𝑙𝑣𝑣 (52) 

where 𝑙𝑙 is wire length and 𝑣𝑣 is velocity (Ref. 14). 𝑣𝑣 in Equation (52) is equivalent to the surface velocity 
of the machine in Equation (51) (𝜔𝜔𝐷𝐷

2
). 𝑙𝑙 in Equation (52) is equivalent to the machine stack length times 

the turn count times two (2𝐿𝐿𝑁𝑁𝑡𝑡) in Equation (51). 𝑘𝑘𝑤𝑤 in Equation (51) accounts for the effectiveness of 
the winding at linking to the flux from the rotor to produce voltage.  

3.5.2 Reactance 
For surface permanent magnet machines, the d and q axis reactance’s are approximately equal (𝑋𝑋𝑠𝑠 ≈

𝑋𝑋𝑞𝑞). Reactance should be modeled to include both the motor reactance and any AC phase filtering 
between the motor and its inverter. For an inductive load, reactance is given as 

𝑋𝑋 = 𝐿𝐿 ∗ 2𝜋𝜋𝑓𝑓𝑠𝑠𝑙𝑙𝑠𝑠𝑐𝑐 (53) 
Since 𝑋𝑋𝑠𝑠 ≈ 𝑋𝑋𝑞𝑞 for a surface permanent magnet machine 𝐿𝐿𝑠𝑠 ≈ 𝐿𝐿𝑞𝑞 as long as the machine is not saturated. 
The inductance matrix of a machine can be written as 

𝐿𝐿 = �
𝐿𝐿𝑎𝑎𝑎𝑎 𝐿𝐿𝑎𝑎𝑏𝑏 𝐿𝐿𝑎𝑎𝑐𝑐
𝐿𝐿𝑎𝑎𝑏𝑏 𝐿𝐿𝑏𝑏𝑏𝑏 𝐿𝐿𝑏𝑏𝑐𝑐
𝐿𝐿𝑎𝑎𝑐𝑐 𝐿𝐿𝑏𝑏𝑎𝑎 𝐿𝐿𝑐𝑐𝑐𝑐

� (54) 

where 𝐿𝐿𝑝𝑝𝑝𝑝 are the self-inductances and 𝐿𝐿𝑝𝑝𝑙𝑙 are the mutual inductances. For a balanced and symmetric 3 
phase system with no rotor salience, L can be written as 

𝐿𝐿 =

⎣
⎢
⎢
⎢
⎢
⎡𝐿𝐿𝑙𝑙 + 𝐿𝐿𝑚𝑚 −

𝐿𝐿𝑚𝑚
2

−
𝐿𝐿𝑚𝑚
2

−
𝐿𝐿𝑚𝑚
2

𝐿𝐿𝑙𝑙 + 𝐿𝐿𝑚𝑚 −
𝐿𝐿𝑚𝑚
2

−
𝐿𝐿𝑚𝑚
2

−
𝐿𝐿𝑚𝑚
2

𝐿𝐿𝑙𝑙 + 𝐿𝐿𝑚𝑚⎦
⎥
⎥
⎥
⎥
⎤

 (55) 
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Where 𝐿𝐿𝑚𝑚 is the magnetizing inductance and 𝐿𝐿𝑙𝑙 is the leakage inductance References 16 and 34. For the 
motor geometry discussed here 𝐿𝐿𝑚𝑚 can be approximated using Equation (15). Using a Park transform of 
the induction matrix to get to the d-q frame, 𝐿𝐿𝑠𝑠, if no external filtering is used, can be written as 

𝐿𝐿𝑠𝑠 = 𝐿𝐿𝑙𝑙 +
3
2
𝐿𝐿𝑚𝑚 (56) 

Neglecting the leakage inductance and using Equation (23), 𝐿𝐿𝑠𝑠 can be expanded to  

𝐿𝐿𝑠𝑠 =
𝑆𝑆𝑙𝑙𝑃𝑃𝑃𝑃𝑃𝑃 ∗ 𝐿𝐿𝑆𝑆𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃

2 ∗ 𝑁𝑁𝑠𝑠
3
2
𝑁𝑁2 ∗ �

2𝐴𝐴𝑡𝑡𝑡𝑡𝑠𝑠𝜇𝜇0
𝑙𝑙𝑡𝑡𝑡𝑡𝑠𝑠

+
3
2
𝑊𝑊𝑠𝑠𝑠𝑠𝑆𝑆𝑃𝑃𝑆𝑆𝑆𝑆𝑘𝑘𝜇𝜇0
𝑙𝑙𝑚𝑚 + 𝑙𝑙𝑔𝑔

�

=
2 ∗ 𝑁𝑁𝑠𝑠

𝐿𝐿𝑆𝑆𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 ∗ 𝑆𝑆𝑙𝑙𝑃𝑃𝑃𝑃𝑃𝑃
3
2
𝑁𝑁𝑡𝑡2 ∗ �

2𝐴𝐴𝑡𝑡𝑡𝑡𝑠𝑠𝜇𝜇0
𝑙𝑙𝑡𝑡𝑡𝑡𝑠𝑠

+
3
2
𝑊𝑊𝑠𝑠𝑠𝑠𝑆𝑆𝑃𝑃𝑆𝑆𝑆𝑆𝑘𝑘𝜇𝜇0
𝑙𝑙𝑚𝑚 + 𝑙𝑙𝑔𝑔

� 
(57) 

where the relation between N and 𝑁𝑁𝑡𝑡 is given by 

𝑁𝑁𝑡𝑡 = �
𝑆𝑆𝑙𝑙𝑃𝑃𝑃𝑃𝑃𝑃 ∗ 𝐿𝐿𝑆𝑆𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 ∗ 𝑁𝑁

2 ∗ 𝑁𝑁𝑠𝑠
� (58) 

3.5.3 Resistance 
𝑅𝑅𝑠𝑠 in Equations (46) and (47) is equivalent to the per phase resistance of the machine. Assuming all 

the machine turns are wound in series. 𝑅𝑅𝑠𝑠 can be written as  

𝑅𝑅𝑠𝑠 = 𝜌𝜌𝑐𝑐𝑡𝑡𝑠𝑠𝑠𝑠𝑠𝑠𝑟𝑟 ∗
𝐿𝐿𝐿𝐿𝑎𝑎𝑙𝑙𝑠𝑠𝑟𝑟 ∗ 2 ∗ 𝑁𝑁𝑡𝑡

𝑃𝑃𝑃𝑃𝑙𝑙𝑙𝑙 ∗ 𝐴𝐴𝐿𝐿𝑎𝑎𝑙𝑙𝑠𝑠𝑟𝑟 ∗ 𝑆𝑆𝑙𝑙𝑃𝑃𝑃𝑃𝑃𝑃 ∗ 𝐿𝐿𝑆𝑆𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃
2 ∗ 𝑁𝑁𝑡𝑡𝑁𝑁𝑠𝑠

= 𝜌𝜌𝑐𝑐𝑡𝑡𝑠𝑠𝑠𝑠𝑠𝑠𝑟𝑟 ∗
𝐿𝐿𝑡𝑡𝑜𝑜𝑟𝑟𝑛𝑛 ∗ 𝑁𝑁𝑡𝑡 

𝐴𝐴𝑡𝑡𝑜𝑜𝑟𝑟𝑛𝑛
 

(59) 

where 𝐿𝐿𝑡𝑡𝑜𝑜𝑟𝑟𝑛𝑛 is the length of one turn (equal to 2𝐿𝐿𝐿𝐿𝑎𝑎𝑙𝑙𝑠𝑠𝑟𝑟) and 𝐴𝐴𝑡𝑡𝑜𝑜𝑟𝑟𝑛𝑛 is the turn area 

𝐴𝐴𝑡𝑡𝑜𝑜𝑟𝑟𝑛𝑛 =
𝑃𝑃𝑃𝑃𝑙𝑙𝑙𝑙 ∗ 𝐴𝐴𝐿𝐿𝑎𝑎𝑙𝑙𝑠𝑠𝑟𝑟

𝑁𝑁
=
𝑃𝑃𝑃𝑃𝑙𝑙𝑙𝑙 ∗ 𝐴𝐴𝐿𝐿𝑎𝑎𝑙𝑙𝑠𝑠𝑟𝑟 ∗ 𝑆𝑆𝑙𝑙𝑃𝑃𝑃𝑃𝑃𝑃 ∗ 𝐿𝐿𝑆𝑆𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃

2 ∗ 𝑁𝑁𝑡𝑡 ∗ 𝑁𝑁𝑠𝑠
 (60) 

3.5.4 Current 
Assuming all the turns of a phase are in series, 𝐼𝐼𝑠𝑠 can be written in terms of the current in Section 3.4 

as 

𝐼𝐼𝑠𝑠 =
𝐼𝐼𝑠𝑠𝑠𝑠𝑎𝑎𝑏𝑏,𝑙𝑙𝑎𝑎𝑙𝑙𝑠𝑠𝑟𝑟

𝑁𝑁 
=
𝑆𝑆𝑙𝑙𝑃𝑃𝑃𝑃𝑃𝑃 ∗ 𝐿𝐿𝑆𝑆𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 ∗ 𝐼𝐼𝑠𝑠𝑠𝑠𝑎𝑎𝑏𝑏,𝑙𝑙𝑎𝑎𝑙𝑙𝑠𝑠𝑟𝑟

2𝑁𝑁𝑠𝑠𝑁𝑁𝑡𝑡
=
𝜋𝜋
2

𝐼𝐼𝑡𝑡𝑡𝑡𝑡𝑡
2𝑁𝑁𝑠𝑠𝑁𝑁𝑡𝑡

 (61) 

3.5.5 Turn Count 
Substituting Equations (51), (57), (59), and (61) into Equation (49), gives 

𝐼𝐼𝑠𝑠ℎ =

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
�⃓
�𝜔𝜔𝐷𝐷𝐿𝐿𝑘𝑘𝑤𝑤𝐵𝐵𝑔𝑔1𝑁𝑁𝑡𝑡 + 𝑃𝑃𝑐𝑐𝑡𝑡𝑠𝑠𝑠𝑠𝑠𝑠𝑟𝑟 ∗

𝐿𝐿𝐿𝐿𝑎𝑎𝑙𝑙𝑠𝑠𝑟𝑟 ∗ 2 ∗ 𝑁𝑁𝑡𝑡
𝑃𝑃𝑃𝑃𝑙𝑙𝑙𝑙 ∗ 𝐴𝐴𝐿𝐿𝑎𝑎𝑙𝑙𝑠𝑠𝑟𝑟

𝐼𝐼𝑠𝑠𝑠𝑠𝑎𝑎𝑏𝑏,𝑙𝑙𝑎𝑎𝑙𝑙𝑠𝑠𝑟𝑟�
2

+�
3
2
𝑁𝑁𝑡𝑡 ∗ �

2𝐴𝐴𝑡𝑡𝑡𝑡𝑠𝑠𝜇𝜇0
𝑙𝑙𝑡𝑡𝑡𝑡𝑠𝑠

+
3
2
𝑊𝑊𝑠𝑠𝑠𝑠𝑆𝑆𝑃𝑃𝑆𝑆𝑆𝑆𝑘𝑘𝜇𝜇0
𝑙𝑙𝑚𝑚 + 𝑙𝑙𝑔𝑔

� 𝐼𝐼𝑠𝑠𝑠𝑠𝑎𝑎𝑏𝑏,𝑙𝑙𝑎𝑎𝑙𝑙𝑠𝑠𝑟𝑟�
2  (62) 

From Equation (62) it can be shown that 𝐼𝐼 ∝ 𝑁𝑁𝑡𝑡. Correspondingly the voltage of the machine can be 
scaled by changing turn count. Output power stays constant with changing turn count as 

𝑃𝑃 =
3
2
𝐸𝐸𝑀𝑀𝑃𝑃𝑡𝑡𝐼𝐼𝑠𝑠 =

1
2

4
𝜋𝜋
𝜔𝜔𝐷𝐷𝐿𝐿𝑘𝑘𝑤𝑤𝐵𝐵�𝑁𝑁𝑡𝑡𝑁𝑁𝑠𝑠𝐼𝐼𝑠𝑠 =

𝜔𝜔𝐷𝐷𝐿𝐿𝑘𝑘𝑤𝑤𝐵𝐵�
2

𝐼𝐼𝑡𝑡𝑡𝑡𝑡𝑡 (63) 
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In the absence of any effects of turn count on slot fill, efficiency also stays constant as resistive losses are 
independent of turn count 
𝐼𝐼2𝑅𝑅𝐿𝐿𝑡𝑡𝑠𝑠𝑠𝑠 = 𝑁𝑁𝑠𝑠𝑅𝑅𝑎𝑎𝐼𝐼𝑟𝑟𝑚𝑚𝑠𝑠2

= 𝑁𝑁𝑠𝑠𝑃𝑃𝑐𝑐𝑡𝑡𝑠𝑠𝑠𝑠𝑠𝑠𝑟𝑟 ∗
𝐿𝐿𝐿𝐿𝑎𝑎𝑙𝑙𝑠𝑠𝑟𝑟 ∗ 4 ∗ 𝑁𝑁𝑠𝑠𝑁𝑁𝑡𝑡2

𝑆𝑆𝑙𝑙𝑃𝑃𝑃𝑃𝑃𝑃 ∗ 𝐿𝐿𝑆𝑆𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 ∗ 𝑃𝑃𝑃𝑃𝑙𝑙𝑙𝑙 ∗ 𝐴𝐴𝐿𝐿𝑎𝑎𝑙𝑙𝑠𝑠𝑟𝑟
�
𝑆𝑆𝑙𝑙𝑃𝑃𝑃𝑃𝑃𝑃 ∗ 𝐿𝐿𝑆𝑆𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 ∗ 𝐼𝐼𝑠𝑠𝑠𝑠𝑎𝑎𝑏𝑏,𝑙𝑙𝑎𝑎𝑙𝑙𝑠𝑠𝑟𝑟

2𝑁𝑁𝑠𝑠𝑁𝑁𝑡𝑡√2
�
2

= 𝑆𝑆𝑙𝑙𝑃𝑃𝑃𝑃𝑃𝑃 ∗ 𝐿𝐿𝑆𝑆𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 ∗ 𝑃𝑃𝑐𝑐𝑡𝑡𝑠𝑠𝑠𝑠𝑠𝑠𝑟𝑟 ∗
𝐿𝐿𝐿𝐿𝑎𝑎𝑙𝑙𝑠𝑠𝑟𝑟

𝑃𝑃𝑃𝑃𝑙𝑙𝑙𝑙 ∗ 𝐴𝐴𝐿𝐿𝑎𝑎𝑙𝑙𝑠𝑠𝑟𝑟
𝐼𝐼𝑟𝑟𝑚𝑚𝑠𝑠,𝑙𝑙𝑎𝑎𝑙𝑙𝑠𝑠𝑟𝑟
2  

(64) 

3.5.6 Power Factor 
Power Factor in the case discussed here for a surface permanent magnet synchronous machine 

without salience is given by 

𝑃𝑃𝑃𝑃 =
𝑃𝑃
𝑆𝑆

=
3
2𝐸𝐸𝑀𝑀𝑃𝑃𝑡𝑡 ∗ 𝐼𝐼𝑠𝑠
3
2𝐼𝐼𝑠𝑠ℎ ∗ 𝐼𝐼𝑠𝑠

=
𝐸𝐸𝑀𝑀𝑃𝑃𝑡𝑡
𝐼𝐼𝑠𝑠ℎ

 (65) 

3.5.7 Modulation Index 
Modulation index relates motor voltage to the DC bus supply voltage. It is an important parameter for 

calculating current ripples and inverter switching losses when a motor is supplied by an inverter. 
Modulation index, 𝑚𝑚𝑎𝑎 , is defined as 

𝑚𝑚𝑎𝑎 =
2𝐼𝐼𝑠𝑠ℎ
𝐼𝐼𝑏𝑏𝑜𝑜𝑠𝑠

 (66) 

4.0 Thermal Considerations 
Thermal performance is the primary constraint that limits the achievable specific power of a motor. 

Correspondingly, any motor sizing or design that neglects thermal modeling will yield a compromised or 
flawed solution. For an analytical thermal model of a motor, a basic modeling approach is a thermal 
reluctance network model. Similar to magnetic reluctance models, this modeling approach creates thermal 
equivalent circuits of the motor. The fundamental equation of this modeling approach is 

𝑄𝑄 =
∆𝑇𝑇
𝑅𝑅

 (67) 

where Q is the heat through a thermal path, ∆𝑇𝑇 is the temperature difference across the thermal path, and 
R is the thermal resistance of the path (Ref. 35). 

4.1 Conductive Path Thermal Resistances 

For conductive paths, thermal resistance, R is given by  

𝑅𝑅 =
𝑙𝑙
𝑘𝑘𝐴𝐴

 (68) 

where 𝑙𝑙 is the length of the path, 𝑘𝑘 is the thermal conductivity of the material the path is composed of, and 
A is the cross sectional area of the path.  

It is important to note that typically the stator iron and the stator windings are composite materials 
made up of metal, polymer insulations, and epoxies. Their thermal conductivities can be approximated by 
the rule of mixtures. For windings composed of copper, polymer insulators, and epoxy, thermal 
conductivity along the winding path will typically be in the range of 100 to 200 W/(mK). Thermal 
conductivity in the plane perpendicular to the winding path will be in the range of 0.4 to 3.0 W/(mK) 
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depending on slot fill and the thermal conductivity of the insulation and the epoxy. The in plane thermal 
conductivity of the iron will be around 20 to 50 W/(mK) while the out of plane thermal conductivity will 
be around 5 W/(mK). 

Other important thermal resistances in the stator of the machine are the interface resistance between 
the winding and the iron and the iron and the housing of the machine. Between the winding and the iron 
of the machine there is typically a slot liner with thickness in the range of 0.05 to 0.76 mm. Aromatic 
polyamide paper is a common material for motor slot liners with a thermal conductivity around 
0.12 W/(mK) (Ref. 36). Between the iron and the housing of the stator there is typically a bonded gap. 
This gap will have a thickness based on the manufacturing tolerances of the machine. A rough value of 
0.1 mm can be used for initial sizing. Epoxy thermal conductivity is generally in the range of 0.2 to 
1.2 W/(mK). 

4.2 Fluid Flow Thermal Resistances 

For convective paths, thermal resistance, R is given by 

𝑅𝑅 =
1
ℎ𝐴𝐴

 (69) 

where h is the convection coefficient of the flow at a liquid to solid interfaced. Values for h are typically 
found through experimentally derived Nusselt numbers.  

𝑁𝑁𝑇𝑇 =
ℎ𝐿𝐿
𝑘𝑘𝑓𝑓

 (70) 

where Nu is the Nusselt number, L is the characteristic length of the flow, and 𝑘𝑘𝑓𝑓 is the fluid thermal 
conductivity (Ref. 35).  

For motors cooled by a propellor wake on a smooth outer mold line, the convection on the outer 
surface of the motor can be approximated using flat plate correlations for laminar or turbulent flow as a 
first approximation. 

𝑁𝑁𝑇𝑇 = � 0.453𝑅𝑅𝑃𝑃
1
2𝑃𝑃𝑃𝑃

1
3, 𝑙𝑙𝑆𝑆𝑚𝑚𝑃𝑃𝑃𝑃𝑆𝑆𝑃𝑃 𝑓𝑓𝑙𝑙𝑃𝑃𝑃𝑃

0.0308𝑅𝑅𝑃𝑃
4
5𝑃𝑃𝑃𝑃

1
3 , 𝑃𝑃𝑇𝑇𝑃𝑃𝑏𝑏𝑇𝑇𝑙𝑙𝑆𝑆𝑃𝑃𝑃𝑃 𝑓𝑓𝑙𝑙𝑃𝑃𝑃𝑃

 (71) 

where Re is the Reynolds number of the flow and Pr is the Prandtl number (Ref. 35).  
For cooling flow in rectangular ducts (either finned heat sinks or cooling channels), the Nusselt 

number is given by  

𝑁𝑁𝑇𝑇 =

⎩
⎪⎪
⎨

⎪⎪
⎧1.051 ln�

ℎ𝑓𝑓𝑡𝑡𝑛𝑛
𝑃𝑃𝑐𝑐ℎ𝑎𝑎𝑛𝑛𝑛𝑛𝑠𝑠𝑙𝑙

� + 2.89, 𝑅𝑅𝑃𝑃𝑠𝑠 < 3000

�𝑓𝑓8� (𝑅𝑅𝑃𝑃𝑠𝑠 − 1000)𝑃𝑃𝑃𝑃

1 + 12.7 �𝑓𝑓8�
1
2
�Pr

2
3 − 1�

 , 𝑅𝑅𝑃𝑃𝑠𝑠 ≥ 3000
 (72) 

where ℎ𝑓𝑓𝑡𝑡𝑛𝑛 is the height of the duct, 𝑃𝑃𝑐𝑐ℎ𝑎𝑎𝑛𝑛𝑛𝑛𝑠𝑠𝑙𝑙 is the width of the duct, and 𝑓𝑓 is the Moody friction factor 
(Ref. 35). Moody friction factor for fully developed flow is given by  

𝑓𝑓 = �
64
𝑅𝑅𝑃𝑃

                    , 𝑙𝑙𝑆𝑆𝑚𝑚𝑃𝑃𝑃𝑃𝑆𝑆𝑃𝑃 𝑓𝑓𝑙𝑙𝑃𝑃𝑃𝑃

(0.79 ln(𝑅𝑅𝑃𝑃) − 1.64)−2, 𝑃𝑃𝑇𝑇𝑃𝑃𝑏𝑏𝑇𝑇𝑙𝑙𝑆𝑆𝑃𝑃𝑃𝑃 𝑓𝑓𝑙𝑙𝑃𝑃𝑃𝑃
 (73) 
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Flow pressure drop can be estimated as 

∆𝑃𝑃𝑓𝑓𝑙𝑙𝑡𝑡𝑤𝑤 =
(𝑓𝑓𝜌𝜌 𝑣𝑣2)

2𝐷𝐷ℎ
𝐿𝐿𝑐𝑐ℎ𝑎𝑎𝑛𝑛𝑛𝑛𝑠𝑠𝑙𝑙 (74) 

where ∆𝑃𝑃𝑓𝑓𝑙𝑙𝑡𝑡𝑤𝑤 is the pressure drop, 𝐷𝐷ℎ is the hydraulic diameter, 𝜌𝜌 is the fluid density, v is the flow 
velocity, and 𝐿𝐿𝑐𝑐ℎ𝑎𝑎𝑛𝑛𝑛𝑛𝑠𝑠𝑙𝑙  is the length of the channel. Flow loss is given by 

𝐿𝐿𝑃𝑃𝑃𝑃𝑃𝑃𝑐𝑐𝑡𝑡𝑡𝑡𝑙𝑙𝑡𝑡𝑛𝑛𝑔𝑔 = ∆𝑃𝑃𝑓𝑓𝑙𝑙𝑡𝑡𝑤𝑤�̇�𝐼 (75) 
Where 𝐿𝐿𝑃𝑃𝑃𝑃𝑃𝑃𝑐𝑐𝑡𝑡𝑡𝑡𝑙𝑙𝑡𝑡𝑛𝑛𝑔𝑔 is the power needed to pump the fluid and �̇�𝐼 is the volumetric flow rate. 

Flow losses are important to track in the design of an electric motor drivetrain for aircraft 
applications, because  
 

• Flow losses directly heat the fluid and correspondingly reduce the effectiveness of the cooling 
flow and increasing the amount of heat that needs to be rejected through a heat exchanger.  

• Larger flow losses add mass to the aircraft in terms of the size of the pump needed to drive the 
cooling flow. 

• Larger flow loss is wasted energy that reduces vehicle efficiency and requires increased energy 
storage to fly the same mission.  

 
Generally laminar flow in a fine finned heat sink or direct stator cooling slots will be sufficient to cool a 
motor while keeping the cooling flow losses relatively small.  

Convection inside the rotor cavity can have a contribution to stator cooling and is typically the 
primary source of rotor cooling. Estimates of rotor loss are typically neglected in initial motor sizing so it 
may be convenient to neglect the convective heat transfer in the internal air volume in initial motor sizing. 
Basic correlations for internal airgap convection are summarized here, but more complex cooling flows 
may be needed to maintain rotor magnet temperatures. Convection between the rotor and the stator can be 
broken into airgap and end space convection. For the airgap convection, the Nusselt number is given as 

𝑁𝑁𝑇𝑇 = �
2                , 𝑇𝑇𝑆𝑆 < 41

  0.202𝑇𝑇𝑆𝑆0.63𝑃𝑃𝑃𝑃0.27 , 41 < 𝑇𝑇𝑆𝑆 < 100
0.386𝑇𝑇𝑆𝑆0.5𝑃𝑃𝑃𝑃0.27 , 100 < 𝑇𝑇𝑆𝑆

 (76) 

where Ta is Taylor number (Ref. 37). 
Convection in the end space of the motor or in the airgap of an axial flux motor can be approximated 

using the correlations found in Reference 38. For laminar flow Re<1E5 

𝑁𝑁𝑇𝑇 = �
7.46𝑅𝑅𝑃𝑃0.32                , 𝐺𝐺 = 0.01

  0.5(1 + 5.47 ∗ 10−4 ∗ 𝑃𝑃112𝐺𝐺)𝑅𝑅𝑃𝑃0.5 , 𝐺𝐺 = 0.02 − 0.06
0.35 ∗ 𝑅𝑅𝑃𝑃0.5               , 𝐺𝐺 > 0.06

 (77) 

where G is the ratio of the axial gap to the radius of the rotor. For turbulent flow 

𝑁𝑁𝑇𝑇 = �
0.044𝑅𝑅𝑃𝑃0.75                , 𝐺𝐺 = 0.01

  0.5(12.57𝑃𝑃−33.18𝐺𝐺)𝑅𝑅𝑃𝑃0.6+25𝐺𝐺
12
7  , 𝐺𝐺 = 0.02 − 0.06

0.0151 ∗ 𝑅𝑅𝑃𝑃0.6               , 𝐺𝐺 > 0.06

 (78) 
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4.3 Example Thermal Reluctance Network 

Often a 2D thermal reluctance network of a single half of one slot of the stator is sufficient for initial 
sizing of an electric motor. Figure 5 shows an example thermal reluctance model from Reference 11. The 
values used for the reluctances in terms of stator geometry and material conductivities are given in 
Table 2. For this level of model, some conservativism needs to be considered when sizing a motor for 
steady-state operation because the mesh resolution of the thermal reluctance network may not be 
sufficient to capture the exact hot spot of the machine and the end windings of the machine are neglected 
in the model. 

 

 
Figure 5.—Analytical Thermal Resistance Network. 

 
TABLE 2.—THERMAL RESISTANCE DEFINITION IN ANALYTICAL THERMAL RESISTANCE NETWORK 

Resistance Definition Resistance Definition 

𝑹𝑹𝒘𝒘𝒘𝒘  
ℎ𝑠𝑠𝑙𝑙𝑡𝑡𝑡𝑡

3 ∗
2

𝑘𝑘𝑤𝑤2 ∗ 𝑊𝑊𝑐𝑐𝑡𝑡𝑡𝑡𝑙𝑙 ∗ 𝑆𝑆𝑃𝑃𝑆𝑆𝑆𝑆𝑘𝑘
 𝑅𝑅𝑏𝑏𝑟𝑟  

𝑃𝑃𝑏𝑏𝑎𝑎𝑐𝑐𝑏𝑏

𝑘𝑘𝑡𝑡 ∗
2𝜋𝜋𝜋𝜋𝑅𝑅
8𝑆𝑆𝑙𝑙𝑃𝑃𝑃𝑃𝑃𝑃 ∗ 𝑆𝑆𝑃𝑃𝑆𝑆𝑆𝑆𝑘𝑘

 

𝑹𝑹𝒘𝒘𝒘𝒘 
𝑊𝑊𝑐𝑐𝑡𝑡𝑡𝑡𝑙𝑙

3 ∗
2

𝑘𝑘𝑤𝑤2 ∗ ℎ𝑠𝑠𝑙𝑙𝑡𝑡𝑡𝑡 ∗ 𝑆𝑆𝑃𝑃𝑆𝑆𝑆𝑆𝑘𝑘
 𝑅𝑅𝑏𝑏𝑡𝑡  

2𝜋𝜋𝜋𝜋𝑅𝑅
8𝑆𝑆𝑙𝑙𝑃𝑃𝑃𝑃𝑃𝑃 ∗

1

𝑘𝑘𝑡𝑡 ∗
𝑃𝑃𝑏𝑏𝑎𝑎𝑐𝑐𝑏𝑏

2 ∗ 𝑆𝑆𝑃𝑃𝑆𝑆𝑆𝑆𝑘𝑘
 

𝑹𝑹𝒘𝒘𝒘𝒘  
ℎ𝑠𝑠𝑙𝑙𝑡𝑡𝑡𝑡

3 ∗
2

𝑘𝑘𝑡𝑡 ∗ 𝑊𝑊𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡ℎ ∗ 𝑆𝑆𝑃𝑃𝑆𝑆𝑆𝑆𝑘𝑘
 𝑅𝑅𝑠𝑠𝑟𝑟  

𝑃𝑃𝑠𝑠𝑡𝑡𝑛𝑛𝑏𝑏

𝑘𝑘𝑎𝑎𝑙𝑙 ∗
2𝜋𝜋𝜋𝜋𝑅𝑅
8𝑆𝑆𝑙𝑙𝑃𝑃𝑃𝑃𝑃𝑃 ∗ 𝑆𝑆𝑃𝑃𝑆𝑆𝑆𝑆𝑘𝑘

 

𝑹𝑹𝒘𝒘𝒘𝒘  
𝑊𝑊𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡ℎ

3 ∗
2

𝑘𝑘𝑡𝑡 ∗ ℎ𝑠𝑠𝑙𝑙𝑡𝑡𝑡𝑡 ∗ 𝑆𝑆𝑃𝑃𝑆𝑆𝑆𝑆𝑘𝑘
 𝑅𝑅𝑠𝑠𝑡𝑡  

2𝜋𝜋𝜋𝜋𝑅𝑅
8𝑆𝑆𝑙𝑙𝑃𝑃𝑃𝑃𝑃𝑃 ∗

1
𝑘𝑘𝑎𝑎𝑙𝑙 ∗ 𝑃𝑃𝑠𝑠𝑡𝑡𝑛𝑛𝑏𝑏 ∗ 𝑆𝑆𝑃𝑃𝑆𝑆𝑆𝑆𝑘𝑘

 

𝑹𝑹𝒘𝒘𝒕𝒕𝒕𝒕  
𝑊𝑊𝑐𝑐𝑡𝑡𝑡𝑡𝑙𝑙

3 ∗
2

𝑘𝑘𝑡𝑡 ∗ 𝑃𝑃𝑃𝑃𝑝𝑝𝑡𝑡 ∗ 𝑆𝑆𝑃𝑃𝑆𝑆𝑆𝑆𝑘𝑘
 ---- --------------------------------- 
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5.0 Mechanical Considerations 
Major mechanical considerations in the design of a permanent magnet synchronous machine are 

magnet retention, windage losses, bearing sizing, rotor dynamics, and coil mechanical stress. The 
following sections discuss these considerations in order.  

5.1 Magnet Retention 

Magnet retention analysis typically needs to be the first step in the sizing of inner rotor permanent 
magnet electric motor since the size of the magnet retention system effects the reluctances of the magnetic 
circuit for the machine. For inner rotor surface permanent magnet machines, the thickness of the retaining 
hoop is designed to react the centrifugal forces from the magnet. The thickness of the retaining hoop is a 
part of the magnetic gap as shown in Figure 1. The retaining hoop’s size must be accounted for in the 
electromagnetic sizing of the machine. Similarly for buried or interior magnet permanent magnet 
machines, the rotor iron is commonly used for mechanical retention of the magnets and in doing so 
creates leakage paths for the flux from the magnets that must be accounted for in magnetic sizing of the 
machines.  

For the case of a surface permanent magnet retaining hoop, the peak hoop stress can be estimated as 

𝜎𝜎 = 𝑃𝑃 ∗
𝑅𝑅22 + 𝑅𝑅12

𝑅𝑅12 − 𝑅𝑅22
 (79) 

where P is the internal pressure created by the magnets on the hoop, 𝑅𝑅1 is the hoop outer radius, and 𝑅𝑅2 is 
the hoop inner radius. Since Equation (79) is non-linear, it can be convenient to use the thin-walled hoop 
stress approximation:  

𝜎𝜎 = 𝑃𝑃 ∗
𝑅𝑅1
𝑃𝑃

 (80) 

where t is the radial thickness of the hoop. The pressure P in both equation forms can be estimated as 

𝑃𝑃 =
𝜔𝜔2𝑅𝑅𝑐𝑐𝑔𝑔𝑀𝑀𝑚𝑚𝑎𝑎𝑔𝑔

2𝜋𝜋𝑅𝑅2 ∗ 𝐿𝐿
 (81) 

where 𝑅𝑅𝑐𝑐𝑔𝑔 is the radius of the center of gravity of a magnet in the array and 𝑀𝑀𝑚𝑚𝑎𝑎𝑔𝑔 is the total magnet 
mass. Often some amount of additional pressure is added when winding the hoop around the magnets so 
that they are compressed to the rotor and do not fracture their bond to the rotor body at high rotational 
speeds. At very high rotational speeds, the magnet retaining hoop may also need to preload the rotor iron 
so that it does not facture under its own rotationally induced stresses.  

Carbon fiber hoops are common for magnet retention in aerospace motors. Design strengths for these 
hoops can fall in the range of 800 Mpa to 1 Gpa and enable a small magnetic airgap. Alternatively 
metallic hoops can be used to shield the rotor from stator current harmonics and provide better radial 
thermal performance from the magnets to the airgap of the machine (Ref. 39). 

For sizing the rotor iron in buried or interior magnet permanent magnet machines, the calculation of 
stress is dependent on the geometry. For rotors with a continuous iron hoop around the magnets, the 
above hoop stress calculation can be used to roughly size the thickness of the iron rim around the 
magnets. The mass of the iron should also be included in the pressure calculation. For rotors with no outer 
iron rim and only an inner iron back iron. The minimum thickness of the back iron can be estimated using 
hoop stress calculations. Tensile stress on the iron dovetails holding the magnets in can be estimated as 

𝜎𝜎 =
𝜔𝜔2�𝑀𝑀𝑚𝑚𝑎𝑎𝑔𝑔 + 𝑀𝑀𝑡𝑡𝑟𝑟𝑡𝑡𝑛𝑛�𝑅𝑅𝑐𝑐𝑔𝑔

𝑃𝑃 ∗ 𝑆𝑆𝑃𝑃𝑆𝑆𝑆𝑆𝑘𝑘 ∗ 𝑃𝑃
𝑘𝑘𝑡𝑡 (82) 
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where 𝑀𝑀𝑡𝑡𝑟𝑟𝑡𝑡𝑛𝑛 is the weight of the iron tabs, P is pole count, t is the minimum thickness of the tabs, and 𝑘𝑘𝑡𝑡 
is a stress concentration factor for the geometry of the thinnest section of the rotor tab. A value between 2 
and 3 for 𝑘𝑘𝑡𝑡 is likely to provide a conservative first approximation.  

5.2 Windage Losses 

Windage loss is the aerodynamic drag on the rotor that results from the churning of air inside the 
motor. Windage loss, along with magnet retention considerations, are the two primary constraints that 
limit the tip speed of an electric motor. Windage loss can be included as a part of speed losses in 
Equation (7) for a more accurate prediction of machine efficiency. For a radial airgap, the windage power 
loss can be approximated as 

𝐿𝐿𝑃𝑃𝑃𝑃𝑃𝑃𝑤𝑤𝑡𝑡𝑛𝑛𝑠𝑠 = 𝑘𝑘𝐶𝐶𝑓𝑓𝜋𝜋𝜌𝜌𝜔𝜔3𝑃𝑃4𝑆𝑆𝑃𝑃𝑆𝑆𝑆𝑆𝑘𝑘 (83) 
where 𝐿𝐿𝑃𝑃𝑃𝑃𝑃𝑃𝑤𝑤𝑡𝑡𝑛𝑛𝑠𝑠 is the power loss due to windage k is a roughness coefficient, 𝐶𝐶𝑓𝑓 is the skin friction 
coefficient, and 𝜌𝜌 is the air density (Ref. 32). 𝐶𝐶𝑓𝑓 can be estimated as 

𝐶𝐶𝑓𝑓 =

⎩
⎪
⎨

⎪
⎧

0.515 ∗
�𝑆𝑆𝑎𝑎𝑅𝑅 �

0.3

𝑅𝑅𝑃𝑃𝑎𝑎𝑔𝑔0.5    , 𝑙𝑙𝑆𝑆𝑚𝑚𝑃𝑃𝑃𝑃𝑆𝑆𝑃𝑃 𝑓𝑓𝑙𝑙𝑃𝑃𝑃𝑃

0.0325 ∗
�𝑆𝑆𝑎𝑎𝑅𝑅 �

0.3

𝑅𝑅𝑃𝑃𝑎𝑎𝑔𝑔0.2  , 𝑃𝑃𝑇𝑇𝑃𝑃𝑏𝑏𝑇𝑇𝑙𝑙𝑆𝑆𝑃𝑃𝑃𝑃 𝑓𝑓𝑙𝑙𝑃𝑃𝑃𝑃 (𝑅𝑅𝑃𝑃𝑎𝑎𝑔𝑔 > 104)

 (84) 

where 𝑆𝑆𝑎𝑎 is the size of the machine’s mechanical airgap, 𝑅𝑅 is the rotor radius, and 𝑅𝑅𝑃𝑃𝑎𝑎𝑔𝑔  is the airgap 
Reynolds number (Ref. 40). 𝑅𝑅𝑃𝑃𝑎𝑎𝑔𝑔  is given by 

𝑅𝑅𝑃𝑃𝑎𝑎𝑔𝑔 =
𝜔𝜔 ∗  𝑅𝑅 ∗ ag

𝜐𝜐
 (85) 

where 𝜔𝜔 is the angular velocity of the machine and 𝜐𝜐 is the kinematic viscosity of the air in the airgap. 
For the windage loss at the rotor ends 𝐿𝐿𝑃𝑃𝑃𝑃𝑃𝑃𝑤𝑤𝑡𝑡𝑛𝑛𝑠𝑠 is defined as  

𝐿𝐿𝑃𝑃𝑃𝑃𝑃𝑃𝑤𝑤𝑡𝑡𝑛𝑛𝑠𝑠 = 0.5𝐶𝐶𝑓𝑓𝜌𝜌𝜔𝜔3(𝑃𝑃25 − 𝑃𝑃15) (86) 
where 𝑃𝑃1 is the rotor inner radius and 𝑃𝑃2  is the rotor outer radius. For radial motors the skin friction factors 
for rotors in open air can be used to approximate the windage at the rotor ends (Ref. 40).  

𝐶𝐶𝑓𝑓 =

⎩
⎪
⎨

⎪
⎧ 3.87
𝑅𝑅𝑃𝑃𝑅𝑅0.5    , 𝑙𝑙𝑆𝑆𝑚𝑚𝑃𝑃𝑃𝑃𝑆𝑆𝑃𝑃 𝑓𝑓𝑙𝑙𝑃𝑃𝑃𝑃

0.146
𝑅𝑅𝑃𝑃𝑅𝑅0.2  , 𝑃𝑃𝑇𝑇𝑃𝑃𝑏𝑏𝑇𝑇𝑙𝑙𝑆𝑆𝑃𝑃𝑃𝑃 𝑓𝑓𝑙𝑙𝑃𝑃𝑃𝑃 (𝑅𝑅𝑃𝑃𝑅𝑅 > 3𝐸𝐸5)

 (87) 

where 𝑅𝑅𝑃𝑃𝑅𝑅  is the tip speed Reynolds number of the machine given by 

𝑅𝑅𝑃𝑃𝑅𝑅 =
𝜔𝜔 ∗  𝑅𝑅2

𝜐𝜐
 (88) 

5.3 Bearing Sizing 

In aircraft applications, the accelerations of the aircraft and gyroscopic moments caused by the 
aircraft turning can lead to appreciable load on the motor bearings. Additionally, if the motor is used to 
direct drive a propellor, the motor bearings will be responsible for transferring the propellor loads to the 
rest of the aircraft structure. A free body diagram of the rotor of the motor and propellor if appropriate 
enables the estimation of the loads at the bearing locations. Higher accuracy can be achieved through a 
model that accounts for the shaft deflection. Reference 41 discusses FAA loading requirements and gives 
an example of aircraft load cases developed based on those requirements.   
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Gyroscopic moments can be a driving load for high speed aircraft motor bearing sizing. The moment 
can be approximated as 

𝑀𝑀𝑔𝑔𝑙𝑙𝑟𝑟𝑡𝑡 = 𝐼𝐼𝑔𝑔𝑔𝑔𝜔𝜔𝑚𝑚𝑡𝑡𝑡𝑡𝑡𝑡𝑟𝑟𝜔𝜔𝑎𝑎𝑡𝑡𝑟𝑟𝑐𝑐𝑟𝑟𝑎𝑎𝑓𝑓𝑡𝑡 (89) 
where 𝑀𝑀𝑔𝑔𝑙𝑙𝑟𝑟𝑡𝑡 is the gyroscopic moment, 𝐼𝐼𝑔𝑔𝑔𝑔 is the mass moment of inertia of the motor rotor assembly 
about its axis of rotations, 𝜔𝜔𝑚𝑚𝑡𝑡𝑡𝑡𝑡𝑡𝑟𝑟 is the rotational speed of the motor in rad/s, and 𝜔𝜔𝑎𝑎𝑡𝑡𝑟𝑟𝑐𝑐𝑟𝑟𝑎𝑎𝑓𝑓𝑡𝑡 is the pitch 
or yaw rate of the aircraft in rad/s. 

Once loads are calculated at the bearing locations, bearing life with 90 percent reliability can be 
estimated as 

𝐿𝐿10 =
106

60 ∗ 𝑃𝑃
�
𝐶𝐶
𝑃𝑃
�
𝑏𝑏

 (90) 

where 𝐿𝐿10 is bearing life in hours, 𝑃𝑃 is rotational speed in rpm, 𝐶𝐶 is the dynamic load rating of the 
bearing, 𝑃𝑃 is the equivalent dynamic bearing load, and k is a coefficient that is equal to 3 for ball bearings 
and 10/3 for roller bearings (Ref. 42). Equivalent dynamic load is calculated from the radial and axial 
load of the bearing as well as calculation factors based on the geometry of the bearing (Ref. 42). More 
complex equations can adjust Equation (90) to account for the lubrication condition, cleanliness, and how 
close the bearing is being operated to its fatigue rating (Ref. 43). 𝐿𝐿10 can be adjusted to 𝐿𝐿1 (life with 
99 percent reliability) by multiplying 𝐿𝐿10 by 1/4.  

Sizing the bearings can be completed in an analytical design process by generating a database of 
bearings from a manufacturer catalog. Life can then be calculated for each bearing in the database and a 
bearing can be selected based on mass and reliability.  

Often it is necessary to come up with a loading profile for the bearings and not assume their entire life 
is spent at peak loading conditions. In this case, total life for a bearing can be defined as 

1
𝐿𝐿10

=
𝑥𝑥𝑎𝑎
𝐿𝐿𝑎𝑎

+
𝑥𝑥𝑏𝑏
𝐿𝐿𝑏𝑏

+ ⋯ (91) 

where 𝑥𝑥𝑙𝑙 is the percent of the bearing’s life spent at a given loading condition and 𝐿𝐿𝑙𝑙 is the lifetime the 
bearing has at that loading condition (Ref. 43). 

When selecting bearings to minimize mass, shaft size should also be accounted for to achieve 
optimum results. The solved for loads in the free body diagram for the bearing can be used in Euler beam 
bending equations to approximate the stress in a shaft and size its thickness for a given bearing size. 
Stresses generated due to torque can be incorporated using linear superposition. A Von Mises yield stress 
calculation gives a convenient way to incorporate the multidirectional stress state into a single stress 
number for shaft sizing. For high speed machines, rotor dynamics, discussed in the next section, are more 
likely to size the shaft than mechanical stresses.  

Bearing losses can be approximated using the method described in Reference 44 and incorporated as 
a speed loss in Equation (7). Alternatively, a simpler prediction of the friction moment can be obtained by 
using the equation 

𝑀𝑀𝑓𝑓 = 𝜇𝜇𝑅𝑅𝑚𝑚𝑃𝑃 (92) 
where 𝜇𝜇 is an experimentally derived bearing friction factor based on the bearing type, 𝑅𝑅𝑚𝑚 is the mean 
radius in the bearing, and 𝑃𝑃 is the equivalent dynamic bearing load. For ball bearings, 𝜇𝜇 will fall in the 
range of 0.001 to 0.0015. For roller bearings, 𝜇𝜇 can be estimated in the range of 0.0011 to 0.0018  
(Ref. 45).  

Bearing DN-number is defined as the bearing mean diameter times its rotational speed in RPM. It is 
an important number to track when sizing bearings as it relates to the feasibility of cooling the bearing 
with different lubrication options. Generally, grease lubrication is limited to DN-numbers less than 
500,000 for lightly loaded bearings and less than 200,000 for highly loaded bearing since the grease 
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relubrication interval will be impractically small (Ref. 43). Oil lubrication is typically limited to less than 
2 million for DN-number (Ref. 42). Bearing catalogs typically provide a reference speed and a speed 
limit. The reference speed is based on thermal limitations of the bearing under fairly idealized scenarios 
(lightly loaded) (Ref. 43). The limiting speed estimates the absolute mechanical speed limit where some 
portion of the bearing will fail due to centrifugal loading (Ref. 43). Designing for operation below both 
these bearing speeds, while a good reference for initial design, does not guarantee the bearing will 
perform reliably in a given application since higher loads will produce additional heat and mechanical 
stress in the bearings. A common pit fall in electric aircraft propulsor design are hubless rim drive motors. 
These are often proposed without accounting for bearing speed limits or by considering the reference/ 
limit speeds without understanding the idealized conditions under which those speeds were quantified.  

Bearing shafts and housings must be machined to precision tolerances and provide additional stiffness 
to the raceways of the bearings to prevent deformation under load (Refs. 42 and 43). Not meeting these 
criteria can make quantification of bearing life a challenging problem. A number of known bearing failure 
modes result from poor fits or mounting of bearings (Ref. 46). Thermal expansion mismatch between 
bearing raceways and their seats and housings can lead to excess stresses or clearances in the bearing. The 
bearing seat tolerances generally require grinding which cannot be completed on aluminum. 
Correspondingly steel housings and shafts or steel sleeves/inserts will be required for bearing housings 
and shaft seats to enable the right tolerances, reduce thermal expansion issues, and provide adequate 
stiffness to the bearing raceways. Run out tolerance recommendations between different bearing seats and 
housings that share a common shaft is a key parameter to note when designing a motor. The 
recommended tolerance generally requires that all seats on a shaft or housing bearing surfaces be 
machined in a single setup. These considerations can drive the mechanical layout of a motor and 
correspondingly may improve fidelity of a motor sizing if accounted for in analytical sizing of motor 
drivetrains. 

5.4 Rotor Dynamics 

Rotor dynamics can often be the primary driver of the sizing of an electric motors shaft, bearings, and 
surrounding support structure. For high power machines, limits on shaft critical frequencies and bearing 
DN-number can limit the maximum speed a motor can be designed to operate at Reference 32.  

Dunkerley (Ref. 47) developed a method for estimating shaft critical speed that can be used for a first 
check or sizing of the motor rotor’s shaft. Special cases relevant to aircraft motors are that of a disk rotor 
at the center of a shaft supported at both ends and that of a shaft on its own supported at both ends. For 
the case of a disk rotor at the center of the shaft 

𝑁𝑁𝑐𝑐 =
60
2𝜋𝜋

∗ �
192𝐸𝐸𝐼𝐼
𝑚𝑚𝐿𝐿3

 (93) 

where 𝑁𝑁𝑐𝑐 is shaft critical speed, E is the modulus of the shaft material, 𝐼𝐼 is the second area moment of 
inertia of the shaft, m is the mass of the disk, and L is the length of the shaft between the two supports. 
For the shaft by itself, critical speed can be estimated as 

𝑁𝑁𝑐𝑐 = 60 ∗ 1.57
�𝐸𝐸𝐼𝐼𝑚𝑚
𝐿𝐿2

 
(94) 

The two critical speeds can be combined to give the critical speed of the combined case as 
1
𝑁𝑁𝑐𝑐2

=
1
𝑁𝑁𝑐𝑐,1
2 +

1
𝑁𝑁𝑐𝑐,2
2 … (95) 
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Generally, it is a safe choice for initial motor sizing to keep the shaft first critical speed at least 2 
times higher than the nominal rotational speed of the motor. It should be noted that the above assumes 
stiff bearings and stiff structure supporting the bearings. The critical speed is likely to drop when the 
stiffness of these components is accounted for in a more detailed design process. For motors not 
responsible for reacting propellor loads, the stiffness needed in the end bells and motor housing will likely 
drive their size more than stress in the components.  

If there is a net radial magnetic force on a motor rotor, critical speed will be reduced since that force 
acts as a negative stiffness on the rotor body (force in the outward radial direction increases as deflection 
increases). Symmetry in the stator layout relative to the rotor can suppress this force nominally. 
Symmetry can be achieved through choosing slot pole combinations that have symmetry (Ref. 20). 
Tolerance stack-up errors will create some net radial magnetic force regardless of the symmetry in the 
machine. Additionally, if designing a fault tolerant machine, faulted operation will typically result in loss 
of symmetry in the motor and generate relatively high radial magnetic forces that will need to be 
accounted for in both bearing and shaft design.  

5.5 Coil Thermo-Mechanical Stress 

For aircraft motors, thermo-mechanical stress cycles of the motor winding insulation are potentially 
more limiting for the design and achievable performance of the motor than thermo-chemical aging which 
defines the typical insulation thermal classes. The relatively short duration and higher power associated 
with takeoff and climb portions of aircraft missions relative to the cruise portion limits time at maximum 
temperature and correspondingly can limit thermo-chemical aging of the windings while each cycle to 
peak temperature will generate a mechanical fatigue cycle (Refs. 11, 12, and 48). Mechanical aging and 
stress limits for motor winding insulation is not well defined in the open literature and is an ongoing 
research effort at NASA and other research institutions (Ref. 48). Regardless, a first approximation of the 
shear stresses generated in the motor winding insulation can be used to guide analytical machine sizing. 

For the shear stress generated at the ground wall insulation the difference in coefficient of thermal 
expansion (CTE) and average temperature of the motor winding and the stator iron can be used to 
approximate the force generated at the winding to iron interface as 

𝑃𝑃𝑠𝑠ℎ𝑠𝑠𝑎𝑎𝑟𝑟 = 𝐴𝐴𝑤𝑤𝐸𝐸𝑤𝑤(𝛼𝛼𝑤𝑤(𝑇𝑇𝑤𝑤 − 𝑇𝑇0) − 𝛼𝛼𝑡𝑡(𝑇𝑇𝑡𝑡 − 𝑇𝑇0)) (96) 
where 𝑃𝑃𝑠𝑠ℎ𝑠𝑠𝑎𝑎𝑟𝑟 is the shear force at the stator iron to winding interface, 𝐴𝐴𝑤𝑤 is the cross sectional area of the 
winding, 𝐸𝐸𝑤𝑤 is the effective modulus of the winding, 𝛼𝛼𝑤𝑤 is the effective CTE of the winding, 𝑇𝑇𝑤𝑤 is the 
average temperature of the winding, 𝑇𝑇0 is the reference temperature for the stator (the temperature the 
stator was cured at), 𝛼𝛼𝑡𝑡 is the CTE of the iron, and 𝑇𝑇𝑡𝑡 is the iron average temperature. A shear stress 
number can be calculated as 

𝜎𝜎𝑠𝑠ℎ𝑠𝑠𝑎𝑎𝑟𝑟 =
𝑃𝑃𝑠𝑠ℎ𝑠𝑠𝑎𝑎𝑟𝑟
𝐴𝐴𝑠𝑠

 (97) 

where 𝐴𝐴𝑠𝑠 is the surface area between the winding and the stator iron and 𝜎𝜎𝑠𝑠ℎ𝑠𝑠𝑎𝑎𝑟𝑟 is a shear stress number 
and not an accurate prediction of stress. The above can be used as a first approximation of the stress, but 
higher fidelity models and/or structural FEA will be needed to obtain an accurate prediction of the stress 
in the stator winding. The above assumes the entire winding deflects the same amount, in actuality there 
will be a gradient of deflection in the winding that will result in stresses in the iron to winding interface 
being higher near the free ends of the contact between the two components. The stress in the turn-to-turn 
insulation can be approximated using a similar approach assuming the surrounding insulation and epoxy 
is limited in its expansion by the copper wire.  
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6.0 Inverter Sizing 
Inverter design is one of the main constraints on the design of a high performance motor. An inverter 

transforms the DC power on an aircraft’s electrical bus to current and voltage of the correct frequency and 
waveform for a given motor drive. Its ability to do so without creating excessive additional motor losses 
due to current ripple depends on the fundamental frequency of the electric motor, the switching frequency 
of the inverter, the impedance of the motor, and the impedance of the passive filters both between the 
inverter and the motor and between the inverted and the aircraft bus. Correspondingly, separate design of 
the motor and inverter for a given drive system can result in excessive added losses leading to a drive 
system that does not close thermally or fails to meet efficiency goals. Co-design of both will generally 
lead to a more optimum solution, but at a minimum design of a motor relative to the constraints of a target 
inverter will provide a system that closes. 

The following sections discuss sizing and losses in an inverter for a given motor design. Example 
optimizations of inverters using similar sets of equations can be found in References 49 to 53. 

6.1 MOSFET Losses 

Metal-Oxide-Semiconductor Field-Effect Transistors (MOSFET) are the common switching devices 
used in inverters for transformation of DC bus voltage to sinusoidal currents waveforms for an electric 
machine via pulse width modulation (PWM). MOSFET losses are composed primarily of conduction and 
switching losses. Conduction losses account for the loss incurred by the switch while it is on, while 
switching losses account for the loss incurred during the transition between the on and off states. The 
methods for calculating these losses presented below can be used as a simple first approximation. 

A method for calculating conduction loss based on the data sheet information of a given switching 
device is provided in Reference 54. Conduction loss for a single switch can be stated simply as 

𝑃𝑃𝑐𝑐𝑡𝑡𝑛𝑛𝑠𝑠 =
1
2
𝐼𝐼𝑅𝑅𝑅𝑅𝑅𝑅2 𝑅𝑅𝐷𝐷𝑅𝑅,𝑡𝑡𝑛𝑛 (98) 

where 𝑅𝑅𝐷𝐷𝑅𝑅,𝑡𝑡𝑛𝑛 is the drain-source on-state resistance and 𝐼𝐼𝑅𝑅𝑅𝑅𝑅𝑅 is the RMS of the motor phase current. 
Although the motor phase current includes switching harmonics, a good approximation is to only use the 
fundamental frequency component. Another factor that has influence on the total conduction loss is the 
loss incurred by conduction through the body diode during deadtime. For increased accuracy, this can be 
accounted for as shown in Reference 54; however, inverters are often controlled to minimize dead time 
and correspondingly body diode conduction loss is typically small enough to be neglected.  

The switching loss is composed as the sum of the turn-on and turn-off losses. The turn-on loss is 
given as 

𝑃𝑃𝑡𝑡𝑛𝑛 = 𝑓𝑓𝑠𝑠𝑤𝑤
�√2
𝜋𝜋 𝐼𝐼𝑅𝑅𝑅𝑅𝑅𝑅�𝐼𝐼𝑏𝑏𝑜𝑜𝑠𝑠

𝐼𝐼𝐷𝐷𝑅𝑅,𝑡𝑡𝑠𝑠𝑠𝑠𝑡𝑡𝐼𝐼𝐷𝐷𝑅𝑅,𝑡𝑡𝑠𝑠𝑠𝑠𝑡𝑡
𝐸𝐸𝑡𝑡𝑛𝑛,𝑡𝑡𝑠𝑠𝑠𝑠𝑡𝑡 

(99) 

where 𝑓𝑓𝑠𝑠𝑤𝑤 is the inverter’s switching frequency, and 𝐼𝐼𝑏𝑏𝑜𝑜𝑠𝑠 is the DC link voltage. The turn-on energy loss 
𝐸𝐸𝑡𝑡𝑛𝑛,𝑡𝑡𝑠𝑠𝑠𝑠𝑡𝑡, test current 𝐼𝐼𝐷𝐷𝑅𝑅,𝑡𝑡𝑠𝑠𝑠𝑠𝑡𝑡, and test voltage 𝐼𝐼𝐷𝐷𝑅𝑅,𝑡𝑡𝑠𝑠𝑠𝑠𝑡𝑡 are given in the device datasheet for a specific bus 
voltage and load current. The above expression uses the datasheet values to normalize the switching loss 
to adapt to the motor drive’s operating conditions. This expression relies on the assumption that switching 
loss is linearly dependent on the bus voltage and load current. If increased accuracy is needed, the 
switching loss figures given in the device datasheet can be curve-fit to better represent nonlinear behavior 
not captured in these equations. 
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Similarly, the turn-off loss can be expressed as 

𝑃𝑃𝑡𝑡𝑓𝑓𝑓𝑓 = 𝑓𝑓𝑠𝑠𝑤𝑤
�√2
𝜋𝜋 𝐼𝐼𝑅𝑅𝑅𝑅𝑅𝑅�𝐼𝐼𝑏𝑏𝑜𝑜𝑠𝑠

𝐼𝐼𝐷𝐷𝑅𝑅,𝑡𝑡𝑠𝑠𝑠𝑠𝑡𝑡𝐼𝐼𝐷𝐷𝑅𝑅,𝑡𝑡𝑠𝑠𝑠𝑠𝑡𝑡
𝐸𝐸𝑡𝑡𝑓𝑓𝑓𝑓,𝑡𝑡𝑠𝑠𝑠𝑠𝑡𝑡 

(100) 

where 𝐸𝐸𝑡𝑡𝑓𝑓𝑓𝑓,𝑡𝑡𝑠𝑠𝑠𝑠𝑡𝑡 is the turn-off energy loss at the specified test conditions. 
Finally, the reverse recovery loss of the body diode can also be taken into consideration. From 

Reference 55, the reverse recovery loss can be expressed as  

𝑃𝑃𝑟𝑟𝑟𝑟 =
1
4
𝑄𝑄𝑟𝑟𝑟𝑟𝐼𝐼𝑏𝑏𝑜𝑜𝑠𝑠𝑓𝑓𝑠𝑠𝑤𝑤 (101) 

where 𝑄𝑄𝑟𝑟𝑟𝑟 is the reverse recovery charge which can be obtained from the device datasheet. 
The sum of all losses for a single switching device is the total of all the conduction and switching 

losses 
𝑃𝑃𝑙𝑙𝑡𝑡𝑠𝑠𝑠𝑠,𝑠𝑠𝑤𝑤 = 𝑃𝑃𝑐𝑐𝑡𝑡𝑛𝑛𝑠𝑠 + 𝑃𝑃𝑡𝑡𝑛𝑛 + 𝑃𝑃𝑡𝑡𝑓𝑓𝑓𝑓 + 𝑃𝑃𝑟𝑟𝑟𝑟 (102) 

and the total loss for a conventional six switch motor drive (2 switches per phase on a three phase motor) 
is simply 6𝑃𝑃𝑙𝑙𝑡𝑡𝑠𝑠𝑠𝑠,𝑠𝑠𝑤𝑤. 

6.2 Ripple Current 

For a purely inductive load, ripple current at the output of the inverter can be estimated as 

𝐼𝐼𝑟𝑟𝑡𝑡𝑠𝑠𝑠𝑠𝑙𝑙𝑠𝑠 =
𝐼𝐼𝑏𝑏𝑜𝑜𝑠𝑠

2
∗
𝑚𝑚𝑎𝑎

2√3𝐿𝐿
∗

1
𝑓𝑓𝑠𝑠𝑤𝑤

 (103) 

where 𝑚𝑚𝑎𝑎 is modulation index, L is the phase inductance, and 𝑓𝑓𝑠𝑠𝑤𝑤 is the switching frequency (Ref. 56). A 
target 𝐼𝐼𝑟𝑟𝑡𝑡𝑠𝑠𝑠𝑠𝑙𝑙𝑠𝑠 can be used to define the size of the filters at the outputs of the inverter. Magnetic reluctance 
circuit analysis can be used to define the inductors size and loss. Typically, some number of distributed 
small airgaps or a tuned ferrite core material is used for these inductors to reduce the permeability of the 
core and enable the design of the core to be practical without exceeding current density limits in the 
winding around the core. Nawawi et al. (Ref. 53) give equations defining the minimum winding area 
within a core needed for a given inductance, core max field, max per turn current, winding fill percentage, 
and core cross sectional area.  

𝑊𝑊𝑎𝑎 ≥ (2 ∗ 𝐿𝐿 ∗
𝐼𝐼0𝐴𝐴𝑤𝑤

(𝐵𝐵𝑚𝑚𝑎𝑎𝑝𝑝 ∗ 𝑃𝑃𝑃𝑃𝑙𝑙𝑙𝑙 ∗ 𝐴𝐴𝑐𝑐)) (104) 

where, 𝑊𝑊𝑎𝑎 is winding area, 𝐼𝐼0 is the phase peak current in the inductor, 𝐴𝐴𝑤𝑤 is the area of the wire, 𝐵𝐵𝑚𝑚𝑎𝑎𝑝𝑝 is 
the maximum flux density allowed in the core material, 𝑃𝑃𝑃𝑃𝑙𝑙𝑙𝑙 is the winding fill factor, and 𝐴𝐴𝑐𝑐 is the core 
cross sectional area. The number of turns can then be calculated as  

𝑁𝑁 =
𝐼𝐼0𝐿𝐿

𝐵𝐵𝑚𝑚𝑎𝑎𝑝𝑝𝐴𝐴𝑐𝑐
=
𝐼𝐼0𝐿𝐿
𝜑𝜑

 (105) 

The relationship between required inductance, inductor effective permeability, and inductor flux path 
length is given by 

𝐿𝐿 =
𝐴𝐴𝑐𝑐𝜇𝜇𝑁𝑁
𝑙𝑙𝑠𝑠𝑎𝑎𝑡𝑡ℎ

 (106) 

where 𝜇𝜇 is the effective permeability of the inductor accounting for airgaps and 𝑙𝑙𝑠𝑠𝑎𝑎𝑡𝑡ℎ is the length of the 
flux path in the iron. 𝑙𝑙𝑠𝑠𝑎𝑎𝑡𝑡ℎ relates to 𝑊𝑊𝑎𝑎 through the geometry of the inductor. For a toroidal path, 𝑙𝑙𝑠𝑠𝑎𝑎𝑡𝑡ℎ 
solves to 

𝑙𝑙𝑠𝑠𝑎𝑎𝑡𝑡ℎ = 2𝜋𝜋
1
2𝑊𝑊𝑎𝑎

1
2 (107) 
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The above relation between 𝐿𝐿 and 𝜇𝜇 assumes that all the flux is contained within the core. Leakage 
flux will contribute some additional inductance to the inductor depending on the geometry of the winding 
(Ref. 57). If the value of 𝜇𝜇 is not significantly larger than that of air or large airgaps are used to reduce 𝜇𝜇 
to a target value, flux leakage will be significant and a more complex magnetic reluctance network may 
be needed to compute inductance.  

The length of the wire used to form a turn in the inductor relates to 𝐴𝐴𝑐𝑐 through the assumed geometry 
of the inductor. The minimum length being given by the perimeter of the assumed core cross section. The 
resistive loss per inductor in the winding can be estimated as 

𝐿𝐿𝑃𝑃𝑃𝑃𝑃𝑃𝐼𝐼2𝑅𝑅 = 𝑁𝑁 ∗ 𝑃𝑃𝑐𝑐𝑡𝑡𝑠𝑠𝑠𝑠𝑠𝑠𝑟𝑟
𝑙𝑙𝑤𝑤
𝐴𝐴𝑤𝑤

𝐼𝐼02

2
 (108) 

where 𝑙𝑙𝑤𝑤 is the length of each turn around the inductor. AC winding losses will contribute some 
additional loss to the inductor winding especially if large amounts of leakage flux are present. They are 
neglected here as the use of litz wire and good inductor design can minimize them to relatively small 
values. The possibility of additional AC losses should be noted when completing inductor sizing with the 
above method.  

Iron losses in the inductor will result from both the ripple current and the fundamental component of 
the current. Equation (27) or (28) for iron loss above can be used to approximate the iron loss in the 
inductors; however, the likely large difference in the switching frequency and the fundamental frequency 
may require two separate curve fits to supplier provided iron loss data. In general, it is likely that the 
switching frequency will be sufficiently high such that the skin depth of the eddy currents in the iron is 
less than the size of the iron laminations. Corrections for skin effect like those presented in Reference 26 
may be used to adjust iron loss equations to account for skin effect.  

The above inductor sizing equations are for a purely inductive AC filter on the output of the inverter. 
LCL filters are also a common choice for AC filters at the output of voltage source inverters (Refs. 50, 53, 
and 51). Nawawi (Ref. 53) provides a sizing methodology for filters of this type.  

Current ripple will couple into the motor and cause additional AC resistive, iron, and magnet losses. 
For initial sizing, neglecting those losses is reasonable; however, a more detailed analysis is typically 
needed for a final motor design. To fully capture the effect of stator current ripple harmonics on the losses 
in the motor, a transient FEA model is likely required as the ripple frequency may result in a skin depth 
well below the size of the magnetic components in the motor. A first approximation of the current ripple 
effect on the field in the magnets and the stator iron can be made using the model for stator inductance in 
Section 3.2.1.2. Reference 58 provides an example of analytical co-design of a motor and inverter 
accounting for ripple current effects on motor losses.   

6.3 DC Link Capacitor 

The current in the DC link capacitor can be estimated as  

𝐼𝐼𝑐𝑐,𝑟𝑟𝑚𝑚𝑠𝑠 = �𝐼𝐼𝐼𝐼𝑛𝑛,𝑟𝑟𝑚𝑚𝑠𝑠
2 − 𝐼𝐼𝐼𝐼𝑛𝑛,𝑎𝑎𝑣𝑣𝑔𝑔

2  (109) 

where 𝐼𝐼𝑐𝑐,𝑟𝑟𝑚𝑚𝑠𝑠 is the root meant squared capacitor current, 𝐼𝐼𝐼𝐼𝑛𝑛,𝑟𝑟𝑚𝑚𝑠𝑠
  is the root mean squared inverter input 

current, and 𝐼𝐼𝐼𝐼𝑛𝑛,𝑎𝑎𝑣𝑣𝑔𝑔
  is the average inverter current (Ref. 59). 𝐼𝐼𝐼𝐼𝑛𝑛,𝑟𝑟𝑚𝑚𝑠𝑠

  can be estimated as 

𝐼𝐼𝐼𝐼𝑛𝑛,𝑟𝑟𝑚𝑚𝑠𝑠
 = 𝐼𝐼𝑠𝑠ℎ,𝑟𝑟𝑚𝑚𝑠𝑠�

2√3
𝜋𝜋

𝑚𝑚𝑎𝑎(𝑃𝑃𝑃𝑃2 +
1
4

) (110) 
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where 𝐼𝐼𝑠𝑠ℎ,𝑟𝑟𝑚𝑚𝑠𝑠 is the motor phase root mean squared current and PF is the power factor of the motor 
circuit accounting for external passive filters. 𝐼𝐼𝐼𝐼𝑛𝑛,𝑎𝑎𝑣𝑣𝑔𝑔

  is given as 

𝐼𝐼𝐼𝐼𝑛𝑛,𝑎𝑎𝑣𝑣𝑔𝑔
 =

3
4
𝐼𝐼0 ∗ 𝑚𝑚𝑎𝑎 ∗ 𝑃𝑃𝑃𝑃 (111) 

The needed capacitance to limit voltage ripple on the supply side to a desired value can be defined as 

𝐶𝐶 =
𝐼𝐼𝑐𝑐,𝑟𝑟𝑚𝑚𝑠𝑠

𝑑𝑑𝐼𝐼 ∗ 𝑓𝑓𝑠𝑠𝑤𝑤
 (112) 

where 𝑑𝑑𝐼𝐼 is the target max voltage ripple on the capacitor. In general, the desired maximum voltage 
ripple limit on the capacitor is system design dependent. Capacitor voltage ripple will cause additional 
electrical stresses on other components that share a bus with the motor drive. Additionally, the resulting 
current ripple on the bus caused by the ripple at the capacitor can generate electromagnetic interference 
throughout the aircraft’s electrical systems. Bus/supply filters will work with the capacitors to limit the 
current ripple on the bus but may not be sized/designed at the start of initial motor drivetrain design. If no 
system level requirement or supply design is defined for initial sizing, 1 percent voltage ripple may be a 
good starting point.  

Losses in the capacitor due to the current ripple it experiences can be estimated as 
𝐿𝐿𝑃𝑃𝑃𝑃𝑃𝑃𝑐𝑐𝑎𝑎𝑠𝑠 = 𝑅𝑅𝑐𝑐𝑎𝑎𝑠𝑠𝐼𝐼𝑐𝑐,𝑟𝑟𝑚𝑚𝑠𝑠

2  (113) 
where 𝑅𝑅𝑐𝑐𝑎𝑎𝑠𝑠 is the equivalent series resistance of the capacitor.  

A method for estimating capacitor size, mass, and equivalent series resistance is to build a database of 
off the shelf capacitors with the required voltage rating and stack them in series and parallel (Refs. 50 and 
51). 𝑅𝑅𝑐𝑐𝑎𝑎𝑠𝑠 depends on frequency as is shown in the data in Reference 60. Lockett and He (Ref. 50), 
provide a method for estimating 𝑅𝑅𝑐𝑐𝑎𝑎𝑠𝑠 at a given frequency based on data sheet available capacitor 
dissipation factors as 

𝑅𝑅𝑐𝑐𝑎𝑎𝑠𝑠,𝑓𝑓 =
tan(𝛿𝛿)

2𝜋𝜋𝑓𝑓 ∗ 𝐶𝐶
 (114) 

where 𝑅𝑅𝑐𝑐𝑎𝑎𝑠𝑠,𝑓𝑓 is the capacitor’s equivalent series resistance at frequency 𝑓𝑓 and tan(𝛿𝛿) is the dissipation 
factor of the capacitor. With the single assumed current value above, 𝐼𝐼𝑐𝑐,𝑟𝑟𝑚𝑚𝑠𝑠, 𝑓𝑓 should be assumed to be 
the switching frequency. A more complete estimation of all DC-link capacitor current harmonics can be 
computed by following the method in Reference 61. As is shown in Reference 50, accounting for all 
harmonics changes Equation (114) into a sum over all frequencies.  

6.4 Thermal Modeling 

Inverter component thermal limits constrain the maximum specific power of an inverter and in some 
instances heat sink mass can be a dominant source of mass in an inverter design. Inverter switches in 
particular represent small, localized heat sources with thermal limits in the 120 °C range for silicon 
carbide. If cooled by a heat sink, the thermal resistance internal to the switch (junction to case resistance) 
and the contact resistance between the switches and their heat sink (case to sink resistance) can be the 
dominant thermal resistances. Simple one-dimensional thermal network models are commonly used to 
size heatsinks for inverter switches (Refs. 49, 50, 51, and 53). Figure 6 shows a common layout of this 
one-dimensional model. 

Ts in Figure 6 is the switch temperature while Ta is the coolant temperature. Inverter data sheets will 
define junction to case thermal resistance 𝑅𝑅𝑗𝑗−𝑐𝑐 and provide switch dimensions that can be used to design 
the thermal interface between the switch and the sink and its thermal resistance 𝑅𝑅𝑐𝑐−𝑠𝑠. Sink to coolant 
thermal resistance can be defined by sizing a heatsink design using the equations in Section 4.2. Due to  
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Figure 6.—Common One-Dimensional Thermal Network Model for Inverter 

Switch Temperature. 
 
the small size of switching devices, care must be taken to appropriately account for conduction through 
the heat sink when calculating the heated area of the sink. Commonly heat pipes are used as heat 
spreaders in inverter heatsinks to improve the heated area of the sink by the switch.  

Both absolute temperature and thermal cycling contribute to the failure of inverter switching devices. 
Differential thermal expansion of components within a switching device can cause mechanical failure of 
joints within the switching device (Refs. 50 and 62). An estimate of device lifetime as a function of 
junction average temperature, temperature change during a power cycle, and switch on time can be found 
in Reference 62. The model depends on a number of device specific constants that may not be available at 
the sizing stage of an inverter since determining the constants requires specific lifetime testing a given 
device.  

DC link capacitors also are a known cause of thermal failure of inverters. Typically, capacitors will 
have a defined case limit temperature in their data sheet. This temperature along with a thermal contact 
model and heat sink design can be used in a one-dimensional thermal model of the capacitors.  
Reference 50 provides an equation for estimating capacitor lifetime as a function of operating temperature 
and the applied electrical stress. Even with good thermal design, as is noted in Reference 50, it may be 
necessary to stack multiple redundant capacitors in parallel to achieve sufficient reliability in an aircraft 
motor drive. 

Inverter inductor thermal performance can be modeled using a one or two-dimensional thermal 
reluctance networks. Similar to the motor thermal modeling, the inductor’s windings thermal conductivity 
can be approximated using rule of mixtures. The inductor iron’s thermal property can also be 
approximated with rule of mixtures. The assumed geometry of the inductor will determine how the 
inductor thermal model should be developed. Similar to what was done for the motor, thermal contacts 
between the inductor and the heat sink should be accounted for as well as the ground wall insulation 
between the core and the winding. Generally, since inductors will have much greater max use 
temperatures, similar to the temperature limits of the motor winding, it is unlikely that the inductor will 
have thermal design issues if designed to share a heat sink with the switches and the capacitors of the 
inverter. 

7.0 Conclusions 
This paper presents models and discusses aspects for consideration relative to the preliminary sizing 

and design of electric motors and inverters in the context of application to aircraft propulsion systems. 
The paper is intended as an aid for developing an understanding of basic electric motor sizing and design 
principles. Ongoing research and the corresponding follow on publications by the authors will cover 
design tool examples, different electric motor topologies, and more advanced motor/inverter technologies.  
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