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1 Introduction

The Prognostics Models package offers several different physics-based models for systems
such as batteries and valves [21]. While these models offer a high degree of accuracy and
minimize computation time, they can still present computational challenges, especially
when needed for repeated simulations such as in the inner loop of an optimization or
when immediate, real-time updates are needed.

Surrogate models, also know as response surface models or metamodels, are commonly
used to reduce the complexity of a model, though possibly at the expense of some accuracy.
Taking a black-box approach to the problem, these models map inputs to outputs by fitting
a response surface for the model, which is particularly useful when relationships between
variables may be unknown or are computationally expensive to compute [14, 24]. Such
models can be used to emulate the behavior of a physical system and in optimization.

Developing a surrogate model feature for generating quick, low-fidelity models for the
Prognostics Models package could offer significant speedups in many applications. Specif-
ically, the Data and Reasoning Fabric, which is working toward developing services to
enable enhanced air mobility such as trajectory and system health services, may find
this feature useful in performing trajectory simulations with the battery model to quickly
provide updates on the capabilities of an aircraft battery.

This document contains a summary of some initial work toward developing this feature
for the Prognostics Model package. In particular, we discuss features of different samplers
and model types, as well as some initial thoughts on how the input and output of a such
a model may be structured. We also include an overview of an initial implementation of a
simple surrogate for the electrochemistry-based battery model through linear regression,
and conclude with some thoughts on next steps toward the design of surrogates for the
models in the package.
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2 Background

There are three parts to generating a surrogate model: sampling the input variable space,
training the model, and evaluating accuracy. In sampling, input values for training are
sampled from specified ranges, and then used in simulation to create input/output pairs
for training. After choosing a model type, associated parameters must be optimized based
on the training data. Accuracy of the model is then quantified using a separate set of test
data to determine the utility of the model [22, 24]. Here, we focus on common sampling
methods for training data followed by the model cores.

2.1 Samplers

Sampling is an important part of the model development because sample vectors should
accurately represent the input variable space. To achieve this, values should cover the
space uniformly [24]. Many methods have been designed to provide such sampling,
varying in complexity and effectiveness.

2.1.1 Random/Monte Carlo Sampling

Implementing Monte Carlo sampling is very straightforward. Values from desired ranges
are selected randomly for each dimension of the sample vectors [24, 25]. However,
the simplicity and speed of this method comes with the trade off of low efficiency and
potentially poor coverage of the parameter space with increased dimensionality [13, 25].

2.1.2 Latin Hypercube Sampling

Latin hypercube sampling (LHS) employs a simple randomized structure as that of the
Monte Carlo sampler; however, in order to minimize repeatedly sampling the same region,
the LHS sampler splits the domain of each input variable into disjoint subsets and takes
a sample from each subset [22]. While providing a more uniform sampling than Monte
Carlo with little sacrifice to speed and ease of implementation, there is still no guarantee
of a representative sample in higher dimensions[13].

2.1.3 Hammersley Sampling

Hammersley sampling is a quasi-Monte Carlo method based on low-discrepancy se-
quences, meaning that as the sample size grows the samples become increasingly equidis-
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tant [10, 13]. In general, it is efficient and shows better uniformity in n-dimensional
problems; however, in high dimensions, samples can have spurious correlations [13, 23].

2.1.4 Sobol Sampling

Sobol sampling is another popular quasi-Monte Carlo technique that produces a low
discrepancy sequence [15]. Similar to Hammersley sampling, it attempts to create more
uniform samples, but in higher dimensions it is prone to spurious correlations [13], and
based on experiments in [22], it may not provide much of an advantage over LHS in terms
of the final results of a surrogate model.

Many other sampling techniques exist with the goal of producing uniform samples, in-
cluding variations on those listed above [13, 18, 24] and gradient-based methods [11].

2.2 Surrogate Models

There are numerous methods for creating the core of the model. Covered here are basis
functions, machine learning, and neural network based approaches.

2.2.1 Basis functions

Basis function models are a form of regression that model the response surface as the
linear combination of basis functions corresponding to each input variable [24]. Basis
functions can come in a variety of forms including polynomials [14, 18, 24], Kriging basis
functions [14, 18], and radial basis functions [12, 14, 18]

In the polynomial basis function models, the degree of the polynomial depends on the
problem. Frequently, a second degree polynomial is used and has the form

f̂ (x) = β0 +

n∑
i=1

βixi +

n∑
i=1

n∑
j≤i

βi jxixi,

where f̂ is the output corresponding to the input vector x, n is the dimension of the design
space, and β are parameters to be estimated [18, 24]. Note that for an n-dimensional design
space, there are (n + 1)(n + 2)/2 coefficients that need to be estimated [14, 24]. Combined
with the need for higher polynomials to fit non-linear response surfaces, the number of
parameters to be estimated can become unwieldy [24].

Kriging basis functions, named for the South African mining engineer D. G. Krige [18], are
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a popular approach to surrogate modeling due to their ability to fit non-linear response
surfaces [24]. Simply put, the Kriging method estimates the value of output at a new
sample as the sum of a linear model, such as a polynomial, and a component reflecting
variations around the trend. These variations are assumed to have correlation depending
only on the distance between them [18]. In particular, this model estimates a function

f (x) = µ + ε(x), E(ε) = 0

cov(ε(xi), ε(x j)) , 0, ∀i, j,

where µ represents the mean output of the sample vectors and ε is error. The error term
should have covariance that is a function of the distance between sample vectors. One
possible correlation between two sample vectors xi and x j is

cov(ε(xi)) = exp

− N∑
ℓ=1

θ(ℓ)
∣∣∣∣x(ℓ)

i − x(ℓ)
j

∣∣∣∣pℓ
where θ(ℓ) and pℓ are parameters that would need to be estimated. In the case where pℓ = 2
and the data is normally distributed, this is equivalent to a Gaussian process [18, 24].

Estimates for unsampled points are given by

f̂ (x) = µ + r⊤R−1(f − 1µ)

where variables with bars denote estimates, r is the correlation vector between the set of
prediction points and the points used to construct the model, R is the correlation matrix
from the N samples, f is the vector of outputs corresponding to the sample vectors, and 1 is
an N-dimensional vector of ones [14, 18]. While popular, a major drawback of the Kriging
approach is the computation of the covariance matrix, which is N × N [24]. In addition,
Dı́az et al. report that, compared to other approaches such as support vector regression
and radial basis functions, while Kriging performs favorably at low dimensions, in higher
dimensions its accuracy is diminished [12].

Radial basis functions are a third common approach to surrogate models. The response
surface is approximated with a linear combination of M radially symmetric functions, hi,
where

hi(x) = h(∥xi − x∥)

for some radial, monotonic function h [18]. Specifically, we write

f (x) =
M∑

i=1

wihi(x) + ϵi

where ϵi is independent error with variance σ2 [7, 14, 18]. Parameters to be selected for
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radial basis functions are their centers, distance scaling, and shape. An example of a
common radial basis function with scalar input is the Gaussian

hi(x) = exp
(
−

(x − xi)2

δ2

)
which would have center xi and radius δ [18]. One way to express this problem in order
to solve for the parameters wi is in matrix form as

f = Hw

where f is the collection of sampled outputs, H is a matrix with entries Hji = hi(xj), and w
is a vector containing the weights. Then,

ŵ = A−1H⊤f

where A = (H⊤H)−1. The final prediction for an unsampled x is given by

f̂ (x) = h⊤ŵ

where h is a vector with entries hi = hi(x) [18].

Results from Dı́az et al. [12] and Cook et al. [7] suggest that radial basis functions can be
more accurate than other methods, even in higher dimensions.

2.2.2 Machine Learning

Other common approaches to surrogate modeling have their roots in machine learning.
Two in particular are random forests and support vector machines.

Random forests combine the results of several decision trees and are flexible enough to
be used for both classification and regression problems. First introduced by Breiman [4],
random forests have become popular for their flexibility and relatively limited number of
parameters to be tuned [2].

Biau and Scornet offer an introduction to the theoretical foundations of random forests
[2]. Let X denote the parameter space and consider a collection of training points, D =
{(x1, y1), . . . , (xN, yN)} and suppose the forest to be generated will have M regression trees.
For the jth tree, we select m observations from the sampled data set D; call this collection
A j. These are the values that will be used to create the tree. The space is split into two
smaller “cells” along one of the dimensions in the design space using a splitting criterion
based on the sample A j. This process is repeated within each cell until each cell contains
fewer than a specified number of points from the set A j. For a given unsampled input
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vector x, the jth decision tree predicts an output given by

f̂ j(x) =
∑

(xi,yi)∈A j

χxi∈C(x)yi

|C(x) ∩ A j|

where C(x) is the final cell containing the input x and |C(x) ∩ A j| is the number of pre-
selected points from A j that share the same cell as x. That is, the predicted value of x from
a given tree is the average of the outputs from the pre-selected sample points it shares a
cell with.

This process is used across the M trees, each based on a different initial sample A j of data
points. The final prediction produced by the forest is the average of all these predictions
and is given by

f (x) =
1
M

M∑
j=1

f̂ j(x).

Many studies indicate that random forests can outperform other methods in various
contexts [5, 8, 22]. However, a comprehensive study by Williams et al. covering a wide
variety of surrogate modeling techniques suggests that random forests can be slow and
inaccurate, though they were highly effective at determining optimums in surrogate-based
optimization [22].

Support vector machines (SVM) are extremely popular approaches to surrogate modeling
and can also be used for either classification or regression. They are part of a class of meth-
ods called kernel methods, in which a data set is embedded in a higher dimensional space
called a feature space in which to build a linear algorithm (which would not necessarily
be linear with respect to the original data space) [24, 19].

When using SVM for regression, given training data D = {(x1, y1), . . . , (xN, yN)}, we look to
find a function f (xi) that that deviates from true output yi by at most ϵ. In the linear case,
the function can be written as

f (xi) = ⟨w, xi⟩ + b

such that 1
2∥w∥

2 is minimized [19, 20]. We further introduce “slack variables” to ensure
such a function may exist. The problem becomes

minimize
1
2
∥w∥2 + C

N∑
i=1

(ξi + ξ
∗

i )

subject to

yi − ⟨w, xi⟩ − b ≤ ξi + ϵ

−yi + ⟨w, xi⟩ + b ≤ ξ∗i + ϵ

where ξi, ξ∗i > 0 deal with training samples that result in error larger than ϵ. The constant
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C is set by the user and measures the trade off between minimizing error and the regular-
ization term [19, 20]. Solving the SVR problem incorporates several different strategies,
including introducing Lagrange multipliers αi, α∗i , and the prediction is given by

f̂ (x) =
N∑

i=1

(αi − α
∗

j)K(x, xi) + b

where K is a kernel function.

Ciccazzo et al. found SVMs to be “promising” for use with surrogate modeling, particu-
larly in the context of working with circuits [6]. However, studies performed by Williams
et al. [22] and Caruana et al [5] suggest that compared to other methods based on basis
functions and neural networks, SVMs are not as accurate or robust, and Criminisi notes
that for classification purposes, SVMs are not as flexible as random forests for adapting to
multi-class problems [8].

2.2.3 Neural Networks

Finally, neural networks are currently one of the most popular approaches to surrogate
modeling. Neural networks try to mimic the behavior of the brain through a system of
activation functions with corresponding weights. The first layer in the neural network is
given by the sample vectors. Next are hidden layers comprised of the weighted activation
functions followed by an output layer that gives the prediction. To define the neural
network, we must choose the number of layers, the number of neurons within each layer,
the activation functions for each neuron, and a method to check accuracy while training
the model [22, 24].

Activation functions are commonly smooth sigmoid functions, such as logistic or hy-
perbolic tangent functions, as well as radial basis functions [7, 17]. The weights for the
activation functions are optimized during training based on the sampled data. A popu-
lar method for training the weights is Levenberg-Marquadt back-propagation due to its
computational efficiency [17, 22, 24].

Several studies suggest that neural networks form robust, accurate surrogate models,
even in high dimensions [5, 7, 22, 24]. However, lack of interpretability is considered to
be a significant downside to working with neural networks [8].
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3 Methods

In this section, we identify tools that can be used for generating different types of surrogate
models in Python, the approach to the overall structure of the model, and the initial
implementation of a simple surrogate model for the electrochemistry battery model [9, 21].

There are three main tools that can be used to implement a surrogate model in Python:
Surrogate Modeling Toolbox (SMT) [3], SciKit-Learn [16], and TensorFlow [1]. SMT is
designed to provide tools for use with developing surrogate models, including samplers,
model cores, and several test problems. Though it provides many general approaches,
it is notable for its emphasis on derivative based methods. Models provided in SMT are
primarily regression-based, including polynomial and Kriging basis functions. Sci-Kit
Learn offers several different classification, regression, and clustering models, as well as
methods for reducing dimensionality, preparing data sets, and benchmarking models.
Sci-Kit Learn offers the widest variety of models, including regression, SVM, and random
forests. TensorFlow is the most specialized of the three, designed to develop and train
neural networks. Generating a surrogate model might be best approached using a com-
bination of the tools available, as the SMT provides samplers and Sci-Kit Learn provides
several benchmarking methods.

In regards to the model structure, the desired input and output need to be determined. In
general, it is assumed that the model configuration is fixed. That is, intrinsic properties
about the model are known and constant. For example, in the case of the electrochemistry
battery model, we assume that model configuration parameters such as nominal voltage,
mobile ions, resistance, etc. are known and fixed. Variables to be considered for input
are then state parameters, load(s) to be applied, event states, or time cutoffs. Output can
take many forms, such as future states, events, or model outputs such as temperature or
voltage, with each of these having a different structure. Output could be a scalar in the
case of events or model outputs, have vector value in the case of future states, or even be
binary if one simply wanted to determine if an event threshold was reached.

To begin exploring possible input/output structures, a very simple surrogate model was
built for the electrochemistry-based battery model in Python. For this implementation,
the battery was assumed to have full charge and the default configuration was used, with
the exception of setting the process noise to 0 [21]. Input was a constant load applied
(current, A) and output was the state of charge (SOC) at a fixed point in time.

Using a random number generator, 1,000 input values were sampled uniformly from the
range (0A, 5A). Simulations were ran with each input value as a constant applied load for
t seconds. The resulting data set had entries of the form (iapp, SOC after t seconds), where
t is fixed throughout. This was done for t = 250s, 500s, 750s, 1, 000s, and 1, 250s

Of these data points, 200 of them were randomly selected to be reserved as test data; the
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remaining 800 were used to train the model. Figure 1 shows the graph of the training data
when the cutoff time is 1000s. Since the data is linear, the model will be fit using linear
regression with Sci-Kit Learn.

Figure 1: Training data for load vs final SOC after 1000s

4 Initial Results

Here, we describe the results from the initial implementation of the surrogate model for
the electrochemistry-based battery model. Fixing the cutoff time for the simulations to be
1,000s, the linear model describing the data is given by

y = −0.1316x + 1.0000

with r2 = 1.0000, as seen in Figure 2. Clearly, the model fits the data very well. The mean
squared error for this model was nearly zero, specifically 3.569 × 10−28.

These nearly exact linear models can be observed for the data from all time cutoffs, as can
be seen in Figure 3. The corresponding models and errors for each are listed in Table 1.
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Figure 2: Model for load vs final SOC after 1000s

Note that all of them have an intercept of 1.0000, except the case where t = 1, 250s. This
makes sense as it corresponds to applying no load, which would result in no change in
state of charge. The exception to the data being fit nearly perfectly with the simple linear

Time (s) Model r2 MSE
250 y = −0.0329x + 1.0000 1.0000 3.7459 × 10−31

500 y = −0.0658x + 1.0000 1.0000 2.1107 × 10−29

750 y = −0.0987x + 1.0000 1.0000 1.67218 × 10−23

1, 000 y = −0.1316x + 1.0000 1.0000 3.569 × 10−28

1, 250 y = −0.1661x + 1.0028 0.9970 8.319 × 10−5

Table 1: Linear model, r2, and mean squared error (MSE) for load versus final SOC after
different times t

model is the case where the cutoff time is 1,250s. This is likely because this time frame is
long enough that when the higher loads are applied, the battery is sufficiently depleted
for the voltage to be used in the computation of the state of charge, causing the sharp
drop.

Looking at the linear portion of the data, however, these models can also be derived using
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Figure 3: Training data for load vs final SOC after 1000s

equations that the state of charge is based on [9, 21]. In particular, we have

SOC = qn/(0.6qmax)

where q represents Lithium ions. Specifically, qn is the number of Lithium ions in the
negative electrode and qmax is the total number of Lithium ions. The movement of Lithium
ions is described with the equations:

qp = qs,p + qb,p

q̇s,n = q̇bs,n − iapp

q̇b,n = −q̇bs,n + iapp − iapp

where q̇bs,i =
1
D (cb,i − cs,i) gives the diffusion rate between the bulk and surface volumes
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with D as the diffusion constant. Therefore,

q̇n = q̇s,p + q̇b,p

= (−q̇bs,n + iapp − iapp) + (q̇bs,n − iapp)
= −iapp

Integrating with respect to time, we obtain

qn = −iappt + qn0,

where qn0 = 0.6qmax is the initial number of ions in the negative electrode. Substituting
this expression into the SOC equation gives

SOC = (−iappt + 0.6qmax)/(0.6qmax) = −t/(0.6qmax)iapp + 1

which is a linear equation in iapp. With the exception of the model corresponding to the
data with the cutoff time of 1,250s, this equation yields the linear models given in Table 1.

5 Future Work

Moving forward, key things to look at are input and output structure, comparing accuracy
and efficiency of model cores, and eventually incorporating the surrogate model as a
feature in the Prognostics Models package [21].

In regards to the input structure, as previously mentioned, possible inputs could include
model states. One way to allow these to vary would be to sample input values from the
distribution generated by the state estimator. That is, given a model and state estimates
with uncertainties, a surrogate model could be generated specific to the estimated state
by sampling from the associated distribution.

Another thing to consider is how to deal with inputs that may be a function of time, in
particular the applied load. In practical application, the load is not constant. Methods
for dealing with a varied load could include treating it as constant by working with an
average load or approximating the load with a step function and then using the surrogate
model on each individual “step”. However, to do this, the surrogate model would have
to produce intermediate state vectors as output, which may hinder the goal of reduced
complexity.

Once an input and output structure is determined for the surrogate model, different
approaches can be compared for accuracy and computational efficiency. Based on the
seemingly disparate results from different studies [5, 6, 7, 22], the best surrogate model
core may vary by model, and there may not be one optimal surrogate model.
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Eventually, the surrogate model could be incorporated as a feature in the Prognost-
icsModel class in the Prognostics Models package [21]. This could either be in the form
of a single model core that was determined to be best, or perhaps a variety of choices for
samplers and cores could be made available to the user.
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