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Energy Systems and Materials Simulation

Consider a battery consisting of a p-type mixed lithium/electronic conducting cathode,

solid-state lithium conducting electrolyte, and a lithium metal anode.

1 Open Circuit Cell Potential vs SOC

The reaction sequence is:

Li
x
Li,a +V

0
Li,e ↵ V

x
Li,a + Li

x
Li,e + e

0
a (1)

at the anode-electrolyte interface and

Li
x
Li,e +V

0
Li,c ↵ V

0
Li,e + Li

x
Li,c (2)

at the cathode-electrolyte interface. Additionally there are the electronic reactions

e
0
a ↵ e

0
cc,a (3)

at the anode-current collector interface and

h
·
c + e

0
cc,c ↵ nil (4)

at the cathode current collector. Combining these reactions the overall cell reaction is

Li
x
Li,a +V

0
Li,c + h

·
c + e

0
cc,c ↵ V

x
Li,a + Li

x
Li,c + e

0
cc,a (5)

From this overall reaction the Nernst potential (or open-circuit potential) of the cell follows:

V = ��µecc,a

F
= �cc,c � �cc,a =

µ
0
vc + µ

0
h � µ

0
va

F
+

RT

F
ln
��vc�h

�va

�
+

RT

F
ln

h
⇣vc⇣h(1� ⇣va)

(1� ⇣vc)(1� ⇣h)⇣va

i
(6)

Electroneutrality in the cathode yields ⇣h = ⇣vc, meaning that the last term in (6) depends

only on the SOC.

2 Transport in the Anode

Transport in the anode is driven by the gradient in the chemical potential of lithium vacan-

cies:

µva = µ
0
va +RT ln �va +RT ln

� ⇣va

1� ⇣va

�
(7)

with a corresponding flux

fva = �na
✏a

⌧a
⇣vauva

@µva

@x
(8)

and governing equation

na
@⇣va

@t
= � @

@x
fva (9)
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Electroneutrality in the cathode yields ⇣h = ⇣vc, meaning that the last term in (6) depends

only on the SOC.

2 Transport in the Anode

Transport in the anode is driven by the gradient in the chemical potential of lithium vacan-
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2.1 (Aside)

Note that a degradation model – the development of porosity at the anode due to the

clustering of vacancies in lithium – might appear as a source term in the governing equation

above:
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3 Anode-Electrolyte Interface
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Transition state theory (TST) provides a means of calculating forward and backward rate

constants for any elementary chemical reaction. Butler-Volmer theory applies TST to charge
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Observing that the expression (12) admits two degrees of freedom from the three field vari-

ables (concentrations and electrostatic potentials), we may choose the concentration variables

to set freely while drawing a distinction between the equilibrium potential di↵erence ��
0
ae

and the out-of-equilibrium ��ae. This yields the classic form of the Butler-Volmer equation:
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where
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0⇤
ae = k

0
f ⇣ve(1� ⇣va) = k

0
b⇣va(1� ⇣ve) (16)

and the terms k
0
f and k

0
b refer to the expressions in (13) and (14) evaluated at ��

0
ae as

calculated by (11) given ⇣ve and ⇣va.

2

transport / governing equations in the anode

SOC = fc(⇣vc) = fa(⇣va) (1)

�SOC(⇣vc, T ) (2)

exp [�uva(⇣va, T )] (3)
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Consider a battery consisting of a p-type mixed lithium/electronic conducting cathode,

solid-state lithium conducting electrolyte, and a lithium metal anode.

1 Open Circuit Cell Potential vs SOC

The reaction sequence is:

Li
x
Li,a +V

0
Li,e ↵ V

x
Li,a + Li

x
Li,e + e

0
a (1)

at the anode-electrolyte interface and

Li
x
Li,e +V

0
Li,c ↵ V

0
Li,e + Li

x
Li,c (2)

at the cathode-electrolyte interface. Additionally there are the electronic reactions

e
0
a ↵ e

0
cc,a (3)

at the anode-current collector interface and

h
·
c + e

0
cc,c ↵ nil (4)

at the cathode current collector. Combining these reactions the overall cell reaction is

Li
x
Li,a +V

0
Li,c + h

·
c + e

0
cc,c ↵ V

x
Li,a + Li

x
Li,c + e

0
cc,a (5)

From this overall reaction the Nernst potential (or open-circuit potential) of the cell follows:
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Electroneutrality in the cathode yields ⇣h = ⇣vc, meaning that the last term in (6) depends

only on the SOC.

2 Transport in the Anode

Transport in the anode is driven by the gradient in the chemical potential of lithium vacan-

cies:

µva = µ
0
va +RT ln �va +RT ln

� ⇣va

1� ⇣va

�
(7)

with a corresponding flux

fva = �na
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⇣vauva
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(8)

and governing equation
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fva (9)

1

SOC = fc(⇣vc) = fa(⇣va) (1)

�SOC(⇣vc, T ) (2)

exp [�uva(⇣va, T )] (3)

�ae(⇣va, ⇣ve, T ) (4)
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Consider a battery consisting of a p-type mixed lithium/electronic conducting cathode,

solid-state lithium conducting electrolyte, and a lithium metal anode.
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The reaction sequence is:

Li
x
Li,a +V

0
Li,e ↵ V

x
Li,a + Li

x
Li,e + e

0
a (1)

at the anode-electrolyte interface and

Li
x
Li,e +V

0
Li,c ↵ V

0
Li,e + Li

x
Li,c (2)

at the cathode-electrolyte interface. Additionally there are the electronic reactions

e
0
a ↵ e

0
cc,a (3)

at the anode-current collector interface and

h
·
c + e

0
cc,c ↵ nil (4)

at the cathode current collector. Combining these reactions the overall cell reaction is

Li
x
Li,a +V

0
Li,c + h

·
c + e

0
cc,c ↵ V

x
Li,a + Li

x
Li,c + e

0
cc,a (5)

From this overall reaction the Nernst potential (or open-circuit potential) of the cell follows:

V = ��µecc,a

F
= �cc,c � �cc,a =

µ
0
vc + µ

0
h � µ

0
va

F
+

RT

F
ln
��vc�h

�va

�
+

RT

F
ln

h
⇣vc⇣h(1� ⇣va)

(1� ⇣vc)(1� ⇣h)⇣va

i
(6)

Electroneutrality in the cathode yields ⇣h = ⇣vc, meaning that the last term in (6) depends

only on the SOC.

2 Transport in the Anode

Transport in the anode is driven by the gradient in the chemical potential of lithium vacan-

cies:
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2.1 (Aside)

Note that a degradation model – the development of porosity at the anode due to the

clustering of vacancies in lithium – might appear as a source term in the governing equation

above:
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3 Anode-Electrolyte Interface

At the anode-electrolyte interface, an equilibrium constant describes reaction 1:
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Transition state theory (TST) provides a means of calculating forward and backward rate

constants for any elementary chemical reaction. Butler-Volmer theory applies TST to charge

transfer reactions, with the idea being that the TST relation
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Detailed balance – expressed as  = kf/kb – yields a corresponding expression for the back-

ward rate constant:
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Observing that the expression (12) admits two degrees of freedom from the three field vari-

ables (concentrations and electrostatic potentials), we may choose the concentration variables

to set freely while drawing a distinction between the equilibrium potential di↵erence ��
0
ae

and the out-of-equilibrium ��ae. This yields the classic form of the Butler-Volmer equation:
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2.1 (Aside)
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Consider a battery consisting of a p-type mixed lithium/electronic conducting cathode,

solid-state lithium conducting electrolyte, and a lithium metal anode.

1 Open Circuit Cell Potential vs SOC

The reaction sequence is:

Li
x
Li,a +V

0
Li,e ↵ V

x
Li,a + Li

x
Li,e + e

0
a (1)
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at the cathode-electrolyte interface. Additionally there are the electronic reactions
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at the cathode current collector. Combining these reactions the overall cell reaction is
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From this overall reaction the Nernst potential (or open-circuit potential) of the cell follows:
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Electroneutrality in the cathode yields ⇣h = ⇣vc, meaning that the last term in (6) depends

only on the SOC.

2 Transport in the Anode

Transport in the anode is driven by the gradient in the chemical potential of lithium vacan-

cies:
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with a corresponding flux
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and governing equation
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2.1 (Aside)

Note that a degradation model – the development of porosity at the anode due to the

clustering of vacancies in lithium – might appear as a source term in the governing equation

above:
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3 Anode-Electrolyte Interface

At the anode-electrolyte interface, an equilibrium constant describes reaction 1:
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Transition state theory (TST) provides a means of calculating forward and backward rate

constants for any elementary chemical reaction. Butler-Volmer theory applies TST to charge

transfer reactions, with the idea being that the TST relation
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for the forward rate constant of an elementary charge transfer step changes in response to

the potential di↵erence between phases:
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Detailed balance – expressed as  = kf/kb – yields a corresponding expression for the back-

ward rate constant:
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Observing that the expression (12) admits two degrees of freedom from the three field vari-

ables (concentrations and electrostatic potentials), we may choose the concentration variables

to set freely while drawing a distinction between the equilibrium potential di↵erence ��
0
ae

and the out-of-equilibrium ��ae. This yields the classic form of the Butler-Volmer equation:
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where

k
0⇤
ae = k

0
f ⇣ve(1� ⇣va) = k

0
b⇣va(1� ⇣ve) (16)

and the terms k
0
f and k

0
b refer to the expressions in (13) and (14) evaluated at ��

0
ae as

calculated by (11) given ⇣ve and ⇣va.
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It is the “charge transfer coe�cient” or “symmetry coe�cient” ↵ that renders the theory

empirical for the case of an elementary step involving charge transfer. The theory succeeded

because despite its muddy physical meaning, ↵ is directly measurable (at least for the canon-

ical case of a liquid electrolyte cell with submerged reference electrode and metallic working

electrode) using a Tafel plot. For a true elementary step ↵ must be between 0 and 1 but there

is no reason to assume that it is independent of conditions at the interface. As such there is

little reason not to incorporate the overpotential ⌘ae = ��ae � ��
0
ae into an expression for

the forward rate constant of the reaction such that

k
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yielding the simplified expression:
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h
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RT
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(19)

It should be emphasized that the reaction as written in this model is not an elementary

step, since there are both transport and charge transfer steps encountered as a vacancy passes

through the space charge zone to the interface and then out again. Nonetheless the form of

the rate expression (19) may be flexible enough to replicate the behavior of the combined

process at the interface.

4 Transport in the Electrolyte

Transport in the electrolyte is ohmic, with a flux given by

fve = ��ve
@�e

@x
(20)

and corresponding governing equation

@
2
�e

@x2
= 0 (21)

5 Cathode-Electrolyte Interface

At the electrolyte-cathode interface, the kinetics of the charge transfer reaction (2) can be

represented in similar fashion to that of the anode-electrolyte interface:

rce = k
0
ce

h
1� exp

�F⌘ce

RT

�i
(22)

where

k
0
ce = exp

⇥
�kce(⇣vc, ⇣ve, ⌘ce, T )

⇤
⇣vc(1� ⇣ve) (23)

3

It is the “charge transfer coe�cient” or “symmetry coe�cient” ↵ that renders the theory

empirical for the case of an elementary step involving charge transfer. The theory succeeded

because despite its muddy physical meaning, ↵ is directly measurable (at least for the canon-

ical case of a liquid electrolyte cell with submerged reference electrode and metallic working

electrode) using a Tafel plot. For a true elementary step ↵ must be between 0 and 1 but there

is no reason to assume that it is independent of conditions at the interface. As such there is

little reason not to incorporate the overpotential ⌘ae = ��ae � ��
0
ae into an expression for

the forward rate constant of the reaction such that

k
0
f exp

h
�↵

F⌘ae

RT

i
= exp

⇥
�kae(⇣ve, ⇣va, ⌘ae, T )

⇤
(17)

and

k
0
ae = exp

⇥
�kae(⇣ve, ⇣va, ⌘ae, T )

⇤
⇣ve(1� ⇣va) (18)

yielding the simplified expression:

rae = k
0
ae

h
1� exp

�F⌘ae

RT

�i
(19)

It should be emphasized that the reaction as written in this model is not an elementary

step, since there are both transport and charge transfer steps encountered as a vacancy passes

through the space charge zone to the interface and then out again. Nonetheless the form of

the rate expression (19) may be flexible enough to replicate the behavior of the combined

process at the interface.

4 Transport in the Electrolyte

Transport in the electrolyte is ohmic, with a flux given by

fve = ��ve
@�e

@x
(20)

and corresponding governing equation

@
2
�e

@x2
= 0 (21)

5 Cathode-Electrolyte Interface

At the electrolyte-cathode interface, the kinetics of the charge transfer reaction (2) can be

represented in similar fashion to that of the anode-electrolyte interface:

rce = k
0
ce

h
1� exp

�F⌘ce

RT

�i
(22)

where

k
0
ce = exp

⇥
�kce(⇣vc, ⇣ve, ⌘ce, T )

⇤
⇣vc(1� ⇣ve) (23)

3

It is the “charge transfer coe�cient” or “symmetry coe�cient” ↵ that renders the theory

empirical for the case of an elementary step involving charge transfer. The theory succeeded

because despite its muddy physical meaning, ↵ is directly measurable (at least for the canon-

ical case of a liquid electrolyte cell with submerged reference electrode and metallic working

electrode) using a Tafel plot. For a true elementary step ↵ must be between 0 and 1 but there

is no reason to assume that it is independent of conditions at the interface. As such there is

little reason not to incorporate the overpotential ⌘ae = ��ae � ��
0
ae into an expression for

the forward rate constant of the reaction such that

k
0
f exp

h
�↵

F⌘ae

RT

i
= exp

⇥
�kae(⇣ve, ⇣va, ⌘ae, T )

⇤
(17)

and

k
0
ae = exp

⇥
�kae(⇣ve, ⇣va, ⌘ae, T )

⇤
⇣ve(1� ⇣va) (18)

yielding the simplified expression:

rae = k
0
ae

h
1� exp

�F⌘ae

RT

�i
(19)

It should be emphasized that the reaction as written in this model is not an elementary

step, since there are both transport and charge transfer steps encountered as a vacancy passes

through the space charge zone to the interface and then out again. Nonetheless the form of

the rate expression (19) may be flexible enough to replicate the behavior of the combined

process at the interface.

4 Transport in the Electrolyte

Transport in the electrolyte is ohmic, with a flux given by

fve = ��ve
@�e

@x
(20)

and corresponding governing equation

@
2
�e

@x2
= 0 (21)

5 Cathode-Electrolyte Interface

At the electrolyte-cathode interface, the kinetics of the charge transfer reaction (2) can be

represented in similar fashion to that of the anode-electrolyte interface:

rce = k
0
ce

h
1� exp

�F⌘ce

RT

�i
(22)

where

k
0
ce = exp

⇥
�kce(⇣vc, ⇣ve, ⌘ce, T )

⇤
⇣vc(1� ⇣ve) (23)

3

It is the “charge transfer coe�cient” or “symmetry coe�cient” ↵ that renders the theory

empirical for the case of an elementary step involving charge transfer. The theory succeeded

because despite its muddy physical meaning, ↵ is directly measurable (at least for the canon-

ical case of a liquid electrolyte cell with submerged reference electrode and metallic working

electrode) using a Tafel plot. For a true elementary step ↵ must be between 0 and 1 but there

is no reason to assume that it is independent of conditions at the interface. As such there is

little reason not to incorporate the overpotential ⌘ae = ��ae � ��
0
ae into an expression for

the forward rate constant of the reaction such that

k
0
f exp

h
�↵

F⌘ae

RT

i
= exp

⇥
�kae(⇣ve, ⇣va, ⌘ae, T )

⇤
(17)

and

k
0
ae = exp

⇥
�kae(⇣ve, ⇣va, ⌘ae, T )

⇤
⇣ve(1� ⇣va) (18)

yielding the simplified expression:

rae = k
0
ae

h
1� exp

�F⌘ae

RT

�i
(19)

It should be emphasized that the reaction as written in this model is not an elementary

step, since there are both transport and charge transfer steps encountered as a vacancy passes

through the space charge zone to the interface and then out again. Nonetheless the form of

the rate expression (19) may be flexible enough to replicate the behavior of the combined

process at the interface.

4 Transport in the Electrolyte

Transport in the electrolyte is ohmic, with a flux given by

fve = ��ve
@�e

@x
(20)

and corresponding governing equation

@
2
�e

@x2
= 0 (21)

5 Cathode-Electrolyte Interface

At the electrolyte-cathode interface, the kinetics of the charge transfer reaction (2) can be

represented in similar fashion to that of the anode-electrolyte interface:

rce = k
0
ce

h
1� exp

�F⌘ce

RT

�i
(22)

where

k
0
ce = exp

⇥
�kce(⇣vc, ⇣ve, ⌘ce, T )

⇤
⇣vc(1� ⇣ve) (23)

3



Energy Systems and Materials Simulation

where Df is the phase difference, l is the wavelength of the
incident electron, E is the constant depending on acceleration
voltage, DV is the electric potential difference, and t is the
thickness of the TEM sample. The thickness was 80 nm with
excellent uniformity in the observation area. Thus, the electric
potential difference was proportional to the phase shift, as
shown on the right vertical axis in Figure 2d. The electric
potential changes significantly near the Cu/LASGTP inter-
face. The maximum potential difference was 1.3 V and the
thickness of the region was 10 nm.

We measured the Li-ion concentration in LASGTP using
EELS. To obtain a reliable Li signal from LASGTP with
lower electron beam damage, we used SR-EELS operated in
TEM mode with parallel illumination. Figure 3a shows
a TEM image around the Cu/LASGTP interface region
where we obtained an SR-EELS image. Figure 3 b shows the
corresponding SR-EELS image around the Li-K edge (60 eV)
after the background intensity had been subtracted. The
spatial resolution in the horizontal direction is also about
1 nm. In the bulk of LASGTP (apart from the interface), the
Li-K edge intensity is uniform. However, the intensity
increases sharply toward the interface. Figure 3c shows the
Li-K edge intensity profile from the interface, where the
spectrum intensity between 60.2 and 62.2 eV was integrated
along the energy-loss direction. The thickness of the Li-rich

region, which had higher Li-ion concentration than the bulk,
was 13 nm near the interface, similar to the distribution of the
electric potential shown in Figure 2d. We suggest that this Li-
rich region with the potential gradient is the SCL. The results
indicate that the Li-rich SCL is intrinsically formed when the
Cu electrode and LASGTP solid electrolyte come into
contact with each other.

We measured the inner core binding energy in LASGTP
and Cu using XPS to confirm the change in the electronic
state of LASGTP upon contact with Cu. Figure 4a shows
sample configurations for XPS. We prepared two samples, one
having a 0.2-nm thick Cu layer on the LASGTP sheet and the
other a 2.0-nm thick Cu layer on the LASGTP sheet. The Cu
layers were deposited using electron beam evaporation. The
thickness was measured using a quartz crystal microbalance
method, which measures the average thickness of Cu on the
LASGTP sheet. The reason for using Cu electrodes with
different thicknesses was to calibrate the spectrum shift
affected by electric charging of LASGTP. We calibrated all
the spectra using the Cu-2p spectrum. Figures 4b–f show the
XPS spectra of Ge-3d, P-2p, Ti-2p, O-1s, and Cu-2p from the
0.2-nm Cu sample (red) and 2.0-nm Cu sample (blue). X-rays
generated from Al-Ka (1486.6 eV) were used for XPS
measurements. The escape depth of the photoelectron excited
by Al-Ka X-rays is several nanometers. Thus, we selected
a thickness of 2 nm for transmitting the photoelectron. When
the amount of deposited Cu is small (average thickness of
0.2 nm), Cu typically grows like islands on the LASGTP sheet
and can barely cover the entire LASGTP surface (Figure S1).
Thus, the spectrum obtained from the 0.2-nm thick Cu sample
mainly reflects the information of the bare LASGTP surface,
not of the Cu/LASGTP interface. The peak energies of Ge-
3d, P-2p, Ti-2p, and O-1s were located at 32.4, 133.3, 459.5,
and 531.0 eV, respectively (red spectra in Figure 4b–e). When
the Cu layer is 2.0 nm thick, Cu covers the LASGTP surface
(Figure S1). Therefore, we can obtain the spectra reflecting
the Cu/LASGTP interface. The Ge-3d, P-2p, Ti-2p, and O-1s
spectra clearly shift to higher energy by 0.4 eV (blue spectra
in Figure 4b–e), although the peak energies of Cu remain the
same (Figure 4 f). These results indicate that the contact
between LASGTP and Cu induces changes in the binding
energy of LASGTP near the interface: all the inner core
levels in LASGTP become 0.4 eV lower in energy. Note that
the shape of each XPS spectrum does not change. This
indicates that LASGTP does not chemically react with Cu but
simply comes into contact with it.

The present study reveals the actual distribution of the
ionic carriers and their potential in real space. We now discuss
the formation mechanism of the SCL at the Cu/LASGTP
interface. Figure 5a shows the electronic band diagrams of the
Cu electrode and LASGTP solid electrolyte before they come
into contact. This study suggests that the Fermi level (EF) of
Cu is lower than that of LASGTP. Figure 5b displays the band
diagram when Cu and LASGTP come into contact. The
LASGTP band bends near the interface so that the two Fermi
levels become equal. In the LASGTP region, the Li-ion
conductivity is much higher than the electron conductivity.
Thus, the Li ions move toward the Cu/LASGTP interface and
finally form the ionic SCL. The LASGTP and Cu regions near

Figure 3. Li-ion distribution acquired at the Cu/LASGTP interface from
SR-EELS. a) TEM image at the interface where the SR-EELS image was
acquired. b) SR-EELS image recorded at the interface in (a). c) Profile
of relative Li-K edge intensity, where the spectrum intensity between
60.2 and 62.2 eV was integrated along the direction of energy loss.
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Here is the Cahn-Hilliard formalism for the free energy of a solid electrolyte or mixed
ionic-electronic conducting material in a crystalline domain V bounded by a surface or in-
terface S. The extensive free energy functional – relative to that of the perfect/reference
crystal – is

F = FS(⇣S) + n

ˆ
V

n
F0(x, ⇣, {|r⇣j|2}, T ) +RT
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j

zj⇣j�� 1

2n
✏r✏0|r�|2

o
(1)

where FS is a surface free energy pertaining to the unique thermodynamics of the surface
or interfacial core, n is the molar concentration of formula units, ⇣ = {⇣j} is a set of defect
site fractions (with ⇣S their values at the surface), F0 is a component of the molar free
energy inside the crystal due to the interface that is an explicit function of distance from the
interface, Fx is the molar excess free energy of the bulk, zj is the formal charge per formula
unit of defect j, � is an electrostatic potential and F is Faraday’s constant.

The total variation of (1) is

�F = �FS + n
X
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where n̂ is the unit normal vector pointing outward from the domain. The function

µx,j =
@Fx

@⇣j
+RT ln

� ⇣j
1� ⇣j

�
(3)

is a bulk defect chemical potential of species j. The functions @Fx

�
@⇣j can be represented

via an appropriate function �Fx fit to grand canonical Monte Carlo simulations paired with
periodic DFT simulations. Once Fx is known the function F0 can be estimated via surface
simulations in the absence of adsorption on the surface or in the interfacial core, either
through DFT backed grand canonical Monte Carlo (fixed chemical potentials as a function of
changing concentration profiles) or molecular dynamics with DFT-trained potentials. Finally
when both F0 and Fx are known, FS can be estimated through simulations that include
adsorbates at the surface or in the interfacial core.
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changing concentration profiles) or molecular dynamics with DFT-trained potentials. Finally
when both F0 and Fx are known, FS can be estimated through simulations that include
adsorbates at the surface or in the interfacial core.
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transport / governing equations in the electrolyte

It is the “charge transfer coe�cient” or “symmetry coe�cient” ↵ that renders the theory

empirical for the case of an elementary step involving charge transfer. The theory succeeded

because despite its muddy physical meaning, ↵ is directly measurable (at least for the canon-

ical case of a liquid electrolyte cell with submerged reference electrode and metallic working

electrode) using a Tafel plot. For a true elementary step ↵ must be between 0 and 1 but there

is no reason to assume that it is independent of conditions at the interface. As such there is

little reason not to incorporate the overpotential ⌘ae = ��ae � ��
0
ae into an expression for

the forward rate constant of the reaction such that

k
0
f exp

h
�↵

F⌘ae

RT

i
= exp

⇥
�kae(⇣ve, ⇣va, ⌘ae, T )

⇤
(17)

and

k
0
ae = exp

⇥
�kae(⇣ve, ⇣va, ⌘ae, T )

⇤
⇣ve(1� ⇣va) (18)

yielding the simplified expression:

rae = k
0
ae

h
1� exp

�F⌘ae

RT

�i
(19)

It should be emphasized that the reaction as written in this model is not an elementary

step, since there are both transport and charge transfer steps encountered as a vacancy passes

through the space charge zone to the interface and then out again. Nonetheless the form of

the rate expression (19) may be flexible enough to replicate the behavior of the combined

process at the interface.

4 Transport in the Electrolyte

Transport in the electrolyte is ohmic, with a flux given by

fve = ��ve
@�e

@x
(20)

and corresponding governing equation

@
2
�e

@x2
= 0 (21)

5 Cathode-Electrolyte Interface

At the electrolyte-cathode interface, the kinetics of the charge transfer reaction (2) can be

represented in similar fashion to that of the anode-electrolyte interface:

rce = k
0
ce

h
1� exp

�F⌘ce

RT

�i
(22)

where

k
0
ce = exp

⇥
�kce(⇣vc, ⇣ve, ⌘ce, T )

⇤
⇣vc(1� ⇣ve) (23)
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It should be emphasized that the reaction as written in this model is not an elementary

step, since there are both transport and charge transfer steps encountered as a vacancy passes

through the space charge zone to the interface and then out again. Nonetheless the form of

the rate expression (19) may be flexible enough to replicate the behavior of the combined

process at the interface.
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5 Cathode-Electrolyte Interface
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Consider a battery consisting of a p-type mixed lithium/electronic conducting cathode,

solid-state lithium conducting electrolyte, and a lithium metal anode.

1 Open Circuit Cell Potential vs SOC
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Electroneutrality in the cathode yields ⇣h = ⇣vc, meaning that the last term in (6) depends
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6 Transport in the Cathode

Transport in the cathode assumes ambipolar di↵usion dominated by lithium vacancies. As

such the flux
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7 Electronic Species

Transport of electronic species in both electrodes are considered fast, yielding constant values

for the electrostatic potentials �a and �c. Both reactions (3) and (4) are also considered

fast, meaning that the potential di↵erence between the electrodes and current collectors is

equivalent to the standard contact potentials (e.g. the di↵erence in the Fermi levels).
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transport / governing equations in the cathode
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Here is the Cahn-Hilliard formalism for the free energy of a solid electrolyte or mixed
ionic-electronic conducting material in a crystalline domain V bounded by a surface or in-
terface S. The extensive free energy functional – relative to that of the perfect/reference
crystal – is

F = FS(⇣S) + n

ˆ
V

n
F0(x, ⇣, {|r⇣j|2}, T ) +RT

X

j

⇥
⇣j ln ⇣j + (1� ⇣j) ln (1� ⇣j)

⇤

+ Fx(⇣, T ) + F
X

j

zj⇣j�� 1

2n
✏r✏0|r�|2

o
(1)

where FS is a surface free energy pertaining to the unique thermodynamics of the surface
or interfacial core, n is the molar concentration of formula units, ⇣ = {⇣j} is a set of defect
site fractions (with ⇣S their values at the surface), F0 is a component of the molar free
energy inside the crystal due to the interface that is an explicit function of distance from the
interface, Fx is the molar excess free energy of the bulk, zj is the formal charge per formula
unit of defect j, � is an electrostatic potential and F is Faraday’s constant.

The total variation of (1) is

�F = �FS + n
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˛
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where n̂ is the unit normal vector pointing outward from the domain. The function

µx,j =
@Fx

@⇣j
+RT ln

� ⇣j
1� ⇣j

�
(3)

is a bulk defect chemical potential of species j. The functions @Fx

�
@⇣j can be represented

via an appropriate function �Fx fit to grand canonical Monte Carlo simulations paired with
periodic DFT simulations. Once Fx is known the function F0 can be estimated via surface
simulations in the absence of adsorption on the surface or in the interfacial core, either
through DFT backed grand canonical Monte Carlo (fixed chemical potentials as a function of
changing concentration profiles) or molecular dynamics with DFT-trained potentials. Finally
when both F0 and Fx are known, FS can be estimated through simulations that include
adsorbates at the surface or in the interfacial core.

Given (2) the chemical potential for species j at any given point in the domain is

µj =
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+RT ln
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1� ⇣j

�
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� 2
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Applying the principles of linear irreversible thermodynamics we calculate the flux of species
j as

⌘j = �nuj⇣jrµj (5)

where uj is a mobility calculable via MD or kinetic Monte Carlo simulations that is also
amenable to functional representation with a Gaussian process. The governing equation for
transport (in the absence of reactions taking place inside the crystal) becomes

@⇣j
@t

= r · (uj⇣jrµj) (6)

Boundary conditions will depend on any reactions / transport phenomena happening at the
surface, which may also be amenable to kMC / MD calculation.
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