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• For frequencies ≲100 kHz the observed beaming angle pattern is consistent with the 18 

predictions from linear mode conversion theory. 19 

• For frequencies ≳100 kHz another mechanism along with linear mode conversion is 20 

needed. 21 

 22 

Keywords: Linear Mode Conversion Theory, Nonthermal Continuum Radiation, Terrestrial 23 

Myriametric Radiation 24 

 25 

    26 



manuscript submitted to Journal of Geophysical Research 

 

Abstract 27 

The nonthermal continuum radiation (NTC) beaming angle is computed over the entire Van 28 

Allen Probes A mission when the spacecraft was in the dawn sector. The conditions in the dawn 29 

sector are favorable for the wave vector to lie near/in the spacecraft’s spin plan allowing a 30 

favorable estimate of the beaming angle, and the dawn sector is also advantageous in that 31 

previous studies show NTC occurrence to peak in this sector. We found that scatter plots, over 32 

the entire mission, of beaming angle versus magnetic latitude form a distinct inverted-V pattern, 33 

with the apex at/near the magnetic equator.  This pattern was sharpest for frequencies (f) ≲ 100 34 

kHz. Using the NTC beaming formula from the linear mode conversion theory (LMCT), we 35 

show that such an inverted-V pattern is expected due to the large variation in the plasmapause 36 

location over the entire mission. The theoretical derived pattern qualitatively reproduces the 37 

observed pattern but not quantitatively. The lack of quantitative agreement is discussed and is 38 

attributed to several factors, one factor is off-centered emissions from the radio window. The 39 

qualitative agreement strongly supports LMCT as being the dominant mechanism generating 40 

NTC for f ≲ 100 kHz.  For f ≳ 100 kHz the inverted-V pattern becomes less distinct, and strong 41 

near-equatorial beaming is observed. After considering contamination of our selections by left-42 

handed polarized AKR, our study suggests that besides LMCT another unidentified NTC 43 

generation mechanism becomes important for f ≳ 100 kHz. 44 

 45 

Plain Language Summary 46 

No summary given. Not required. 47 
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1. Introduction 48 

Non-thermal continuum (NTC) radiation (also called terrestrial myriametric radiation) is 49 

free space (f > fpe, where f and fpe are the wave and plasma frequencies respectively) 50 

electromagnetic (EM) radiation for waves in the left-handed ordinary (L-O) mode observed in 51 

and near the Earth’s magnetosphere and mainly outside the plasmasphere (Gurnett & Shaw, 52 

1973; Gurnett 1975). NTC is believed to be emitted at strong density gradients chiefly at the 53 

equatorial plasmapause and is associated with electrostatic (ES) waves near the upper hybrid 54 

frequency (Gough et al., 1979; Kurth et al., 1981) and electron injections (Gough, 1982). This 55 

radiation can be produced over a broad frequency range from ∼10 kHz to 100’s of kHz and is 56 

roughly divided into two categories 1) trapped continuum where f < fpe at the magnetopause and 57 

escaping continuum where f > fpe at the magnetopause (Kurth et al., 1981). For f ≳ 100 kHz, 58 

escaping radiation is often called kilometric continuum (KC) radiation (Hashimoto et al., 1999; 59 

Green et al., 2002; Green et al., 2004; Hashimoto et al., 2005).  60 

 61 

The widely accepted theory for the generation of NTC is linear mode conversion theory 62 

(LMCT) (Jones, 1976; Budden, 1980; Horne et al., 1989; Kim et al., 2013, Schleyer et al., 2014). 63 

In this theory electrostatic waves (ES) at frequencies of ∼(n+½) fce (Kurth et al., 1979), where fce 64 

is the electron cyclotron frequency, are generated by electron loss cone distributions (Gough et 65 

al., 1979; Rönnmark & Christiansen, 1981) or weak ring-like features in the electron distribution 66 

(Sentman et al., 1979; Kurth et al., 1980) at/near the magnetic equator. As these ES waves 67 

propagate toward the higher density plasmapause, they convert into EM Z-mode waves on the 68 

same dispersion branch (e.g., Oya, 1971). Mode conversion from incoming Z-mode to the free 69 

space L-O wave mode radiation occurs at the radio window, where the Z-mode frequency 70 



manuscript submitted to Journal of Geophysical Research 

 

matches the local electron plasma frequency. This process is depicted in Figure 4 of Jones (1980) 71 

and Figure 8 of Horne et al. (1989). 72 

 73 

 74 

The key prediction of LMCT by Jones (1976) is that the mode-converted L-O mode 75 

waves can form two symmetrical beams relative to the magnetic equator as they propagate away 76 

from the equatorial plasmapause into lower densities outside the plasmasphere. The LMCT 77 

beaming formula is.  78 

𝜃𝐵 = tan−1 √
𝑓𝑝𝑒_𝑤

𝑓𝑐𝑒_𝑤
.     (1) 79 

Here, 𝛳B is the beaming angle measured from the background magnetic field at the radio window 80 

B (k || +B) or -B (k || - B), k is a wave vector, fpe_w and fce_w are the electron plasma and cyclotron 81 

frequencies at the window, respectively, and at the radio window, f = fpe_w (Jones, 1980). The 82 

beaming formula holds at the window center where the waves experience no attenuation upon 83 

crossing. The window center is where the incoming Z-mode k is either parallel or anti-parallel to 84 

B. Therefore, if Z-mode waves are propagating into the window from both the +B and -B 85 

directions, two symmetric L-O mode free space beams about the magnetic equator will be 86 

emitted from the radio window. We note that 𝛳B is the predicted asymptotic refraction 87 

(propagating away from the radio window as the index of refraction →1) of k away from the B 88 

direction as it propagates into the lower plasma density. For a typical plasmapause density 89 

gradient, this refraction of k from 𝛳 of 0° at the radio window center to ~ 𝛳B will occur over a 90 

radial distance of less than ~0.1 RE, where RE is Earth’s radii (Jones, 1980; Horne, 1989). For 91 

off-centered emission’s the wave attenuation increases as the deviation of the beaming angle 92 
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away from 𝛳B increases (Budden, 1980). We note that studies often use the complement of 𝛳B; 93 

λB = tan-1(√ (fce_w / fpe_w)), which is a beaming angle between k and the magnetic equatorial plane. 94 

 95 

The acceptance of the LMCT theory is based primarily on Jones et al. (1987), where 96 

Dynamics Explorer-1 observed two symmetrical NTC beams in magnetic latitude (λM) as the 97 

spacecraft transverses the magnetic equator. Other follow-up studies seeking to further verify the 98 

LMCT interpretation have either negative or mixed results (Morgan & Gurnett, 1991; Grimald et 99 

al., 2007) on the beaming angle predictions. Two multi-event/case studies of KC using 100 

GEOTAIL (Hashimoto et al., 2005) and IMAGE (Boardsen et al., 2008) spacecraft concluded 101 

that the LMCT beaming formula predicted too small (too large if complement of beam angle is 102 

used instead) of a beam angle 𝛳B compared to the λM where the KC was observed. 103 

 104 

In this paper, using the Van Allen Probes-A High Frequency Receiver (HFR) dataset over 105 

the entire mission, we perform a statistical study of the observed beaming angle 𝛳B as a function 106 

of the spacecraft position and compare it with that predicted by LMCT. This paper is organized 107 

as follows. Section 2 describes the dataset and how 𝛳B is computed. Section 3 explores the 108 

statistical set of 𝛳B observations. Section 4 derives the theoretically predicted beaming angle 109 

using equation (1) as a function of satellite location, followed by a discussion and conclusion. 110 

 111 

2. Remote Measurement of the Observed Beaming Angle 112 

 113 

For observational studies cited in the introduction and this study, the electromagnetic 114 

radiation in the NTC frequency range was only sampled by one spin plane electric field antenna. 115 
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Therefore, the only approach to estimate the wave vector direction and the source beaming angle 116 

is from the analysis of the antenna’s spin modulation curve. The modulation curve is (e.g., Kurth 117 

et al., 1975) 118 

 119 

(
𝐸𝑖

𝐸0
)

2
= (1 −

𝑚

2
) −

𝑚

2
cos[2(𝛿𝑖 − 𝛿)], (2) 120 

 121 

where Ei is the component of the vector electric field E measured by the spacecraft antenna at 122 

time step i, E0 is the peak spin plane electric field, m is the modulation index, δ is the azimuthal 123 

angle of k in the spin plane, and δi is the antenna angle in the spin plane.  At the time of the null 124 

(δi = δ) the antenna is aligned with the projection of k onto the spin plane because k•E=0 for free 125 

space radiation. The modulation index m=1 corresponds to full modulation (k lies in the spin 126 

plane) and m =0 corresponds to no modulation.   127 

 128 

In this study, we use the High Frequency Receiver (HFR) on the Van Allen Probes A 129 

spacecraft (Kletzing et al., 2013) for which only one spin plane electric field antenna is sampled 130 

by the receiver for a given time interval. Because we want k to lie nearly in the spin plane to 131 

estimate 𝛳B, we need to analyze time intervals where the spin axis direction is nearly 132 

perpendicular to the radial direction of the Earth. The Van Allen Probes spin axis vector, which 133 

points to within ±28° of the Sun, is nearly perpendicular to the radial direction for MLTs around 134 

6 MLT and 18 MLT.  Continuum typically peaks around dawn (Gurnett & Frank, 1976). Fits 135 

were made only for periods when the angle between the spin axis and the radial position vector 136 

(Earth centered) was within ±15o of perpendicular orientation. In all, 6408 dawn sector time 137 

intervals were processed from 2012/10/15 to 2019/06/20. The onboard HFR spectral 138 
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measurements consist of 82 logarithmically spaced frequencies ranging from 10 to 487 kHz. The 139 

cadence of the frequency sweeps is 0.5 s, which is small compared to the spin period of ~11 s. 140 

For each dawn sector time interval, spin modulation curve fits were performed on the HFR 141 

spectra dataset (Kletzing et al., 2022). Fits were performed for each frequency over a time range 142 

covering 1&1/2 spin periods (~33 measurements, ~17 s), staggering each time step by the one-143 

time measurement between individual fits. We note that other approaches could had been 144 

performed like Fourier analysis over multiple spin periods of the spin modulation curve (Kurth et 145 

al., 1975). 146 

The analysis approach used in this study is that described in Morgan & Gurnett (1991). 147 

We rewrite the modulation equation (2) as  148 

𝜌𝑖(𝑓)  = C1 + C2 cos(2𝛿𝑖) + C3 sin(2𝛿𝑖) (3) 149 

where 𝜌𝑖(𝑓) is the measured electric field power spectral density at frequency f, 𝛿𝑖 is the antenna 150 

spin phase angle at time step i, respectively, and C1, C2, and C3 are the fit coefficients. Least 151 

squares fit of equation (3) are made over all data points within ±¾ of a spin period about the time 152 

of the center point i, solving for the fit coefficients C1, C2, and C3. A five-point smoothing is 153 

performed on 𝜌𝑖(𝑓) before fitting. The smoothing was performed to reduce the noise in the data, 154 

however smoothing complicates the meaning of modulation index discussed later in this section. 155 

The uncertainties of the fit coefficients ∆𝐶1, ∆𝐶2, and ∆𝐶3 are computed from the product of their 156 

variance with the diagonal elements of the covariance matrix (Bevington & Robinson, 1992). We 157 

found that the off-diagonal elements of this matrix are small relative to the diagonal elements, so 158 

the cross-correlations are set to zero when estimating the uncertainties in m, δ, and λ0. 159 

 160 
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From C1, C2, C3, ∆𝐶1, ∆𝐶2, and ∆𝐶3, one can compute m, δ, λ0, and their uncertainties 161 

Δm, Δδ, Δλ0 as 162 

 163 

𝑚 = 2√ C2
2  + C3

2/ ( C1  +  √C2
2  + C3

2)  (4) 164 

 165 

𝛿 =
1

2
tan−1(C3/C2),    (5) 166 

 167 

 cos2(𝜆0) = 𝑚.    (6) 168 

 169 

In equation (6) λ0 is the angle of k out of the spin plane. The uncertainties Δm, Δδ, Δλ0 are 170 

computed from square root of the square of differential form of equations (4-6) and setting the 171 

terms involving ∆𝐶1∆𝐶2, ∆𝐶2∆𝐶3, and ∆𝐶3∆𝐶1, to zero due to their small cross-correlations. We 172 

note that Fainberg (1979) uses a different representation of the modulation curve (
𝐸𝑖

𝐸1
)

2
= 1 −173 

𝑚′ cos[2(𝛿𝑖 − 𝛿)], where E1 is a constant and 0 ≤ 𝑚′ ≤ 1 is the modulation index, compared to 174 

equation (1) of this paper. The relation between the modulation index’s is 𝑚′ =
𝑚

2−𝑚
, λ0 would be 175 

given by 𝑐𝑜𝑠2(𝜆0) =
2𝑚′

1+𝑚′. Both approaches are equally valid. The representation by Fainberg 176 

(1979) was used by Menietti et al. (1998) to estimate the direction of Jovian radio emissions. 177 

 178 

Figure 1 is an example spin fit of the modulation curve for the frequency channel at 38.3 179 

kHz. The fit parameters and their uncertainties are listed in the figure. For this fit, the uncertainty 180 

in δ is 3.6°, in 0.5 s between spectral measurements the antenna rotates through angle of ~16°.   181 
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Using the spacecraft ephemeris (see Data Availability Statement) and the NAIF SPICE toolkit 182 

(Acton, 1996; Acton et al. 2017), the antenna orientation at the time of the null in modulation 183 

curve indicated by the blue curve in Figure 1 was computed. The antenna’s unit vectors are in 184 

Solar Magnetic (SM) coordinates (u, v, w), where u and v are in the spin plane, and w is along 185 

the spin axis. For SM coordinates, the origin is Earth centered and the Z-axis (ZSM) is parallel to 186 

the north magnetic pole. If the HFR is connected to u (or v) antenna, then projection of 187 

wavevector 𝒌 into the spin plane ( �̂�𝑠𝑝) is aligned with u (or v) to within a sign. The sign is 188 

chosen such that -k points Earthward (directed nearest to the ZSM axis). The beaming angle 𝛳B is 189 

estimated as an angle between �̂�𝑠𝑝  and ZSM if the spacecraft is in the northern hemisphere, and 190 

�̂�𝑠𝑝  and the -ZSM axis if the spacecraft is in the southern hemisphere. 191 

  192 

We retain only 𝛳B measurements for which a plasma density measurement (Kurth et al., 193 

2015) was available in the plasma density data set (Kurth et al., 2020) for each fit time interval.  194 

The local plasma density is needed to compute the local plasma frequency fpe to restrict the 195 

frequencies to the free space mode.  196 

 197 

The 6408 processed time intervals were filtered for NTC emissions with strong 198 

modulation using the following criteria: f > 1.2fpe, m>0.6, Δm/m < 0.2, 𝜒2/𝜒0
2<0.25. We use 199 

𝜒2/𝜒0
2 <0.25 in order that the sinusoidal fit is substantially improved over the constant offset fit 200 

(where the fit curve is a constant) given by 𝜒0
2.  We also removed data during intervals judged to 201 

be saturated, this removed about 4% of the data points. Applying this filter reduces our set of 𝛳B 202 

measurements to 1.6 107 frequency-time pixels. We found that the modulation index of type III 203 
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radio bursts was consistently < 0.4, so contamination of our selections by these radio bursts is 204 

minimal.  205 

 206 

Smoothing the signal will lower the modulation index because the dc component of the 207 

signal will not change, while the ac component will become smaller in amplitude. If the signal is 208 

a sine curve, the effect on m due to smoothing can be computed. The amplitude of a smoothed 209 

sine curve of unit amplitude is given by. 210 

  211 

  𝑏(𝛼, 𝑛) = (1 + 2 sin(𝑛𝛼) cos((𝑛 + 1)𝛼) / sin(𝛼))/(2𝑛 + 1),  (7) 212 

 213 

where 2n+1 is the amount of smoothing, and 𝛼 is the angular increment between measurements.  214 

For five-point smoothing n = 2 and from the antenna rotation angle between measurements 𝛼 = 215 

2⋅16°, 𝑏(𝛼, 𝑛) = 0.715. The relation between m from the smooth sine curve and the modulation 216 

index mc from the non-smoothed sine curve is. 217 

 218 

 𝑚𝑐 = 2𝑚/(2𝑏(𝛼, 𝑛) + 𝑚(1 − 𝑏(𝛼, 𝑛)).      (8) 219 

       220 

The value m = 0.6 used as the lower limit in filtering the data gives mc =0.750, which from 221 

equation (6) gives an out of spin plane angle estimate limit of 30° for the wave vector.  222 

 223 

Frequency-time spectrograms of two orbital segments where the spin modulation curves 224 

were fitted are shown in Figures 2 and 3 for (a) spectral power density, (b) the modulation index 225 

m, (c) the chi-squared ratios 𝜒2/𝜒0
2 and (d) selections that satisfied the selection criteria. The red 226 
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line in Figure 2(d) at 53.6 kHz between 4.5 and 5 RE are data points used in Figures 8, 9, and 10.  227 

For f > 100 kHz strong contamination of the selections can occur. Figure 3 shows an extreme 228 

example of selected emissions 200 < f < 500 kHz interpreted to be heavily contaminated by L-O 229 

mode AKR when the spacecraft is at 𝜆𝑀 > 10° and R > 5.3 RE in dawn sector (MLT ~ 6). Green 230 

et al. (1977) using ray tracing showed that L-O mode can propagate from the source (dusk sector 231 

auroral field lines) across the polar cap and down to λM of about 10° on the dawn sector (unlike 232 

R-X mode AKR (Green et al., 1977; Xiao et al., 2016) which can easily propagate to the dusk 233 

sector equatorial inner magnetosphere). Looking at the ray tracing results of Green et al. (1977) 234 

this contamination will decrease as the magnetic latitude decreases in the dawn sector. 235 

 236 

Histograms of the selected frequency-time pixels are presented in Figure 4 of (a) the radial 237 

distance (R), (b) λM for f < 100 kHz, (c) the magnetic local time (MLT), and (d) λM for f > 100 kHz. 238 

The y-axis is the number of selected frequency-time pixels per bin. Splitting the frequencies into 239 

those below and those above 100 kHz is because the emissions show a distinct change in the spatial 240 

characteristics as discussed in the next section. The magnetic latitude histograms are substantially 241 

different between f < 100 kHz (Figure 4(b)) and f > 100 kHz (Figure 4(d)). While the lower 242 

frequency case (f < 100kHz) shows a deep minimum (notch like feature) at the magnetic equator, 243 

the higher frequency case (f > 100kHz) shows a strong peak at the magnetic equator. The former f 244 

< 100 kHz is quantitatively consistent with LMCT in the sense that the beaming is predicted to be 245 

directed out of the equatorial plane, while the later f > 100 kHz is not consistent with LMCT and 246 

is more consistent with the findings of Hashimoto et al. (2005) and Boardsen et al. (2008) where 247 

stronger equatorial beaming was suggested than that predicted by LMCT. The counts pick up 248 

moving away from the magnetic equator for f > 100 kHz in Figure 4(d), and we interpret this to be 249 
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due to contamination of selections by L-O mode AKR which is predicted to become stronger as 250 

λM increases (Green et al. 1977). 251 

 252 

 253 

3. Observed Beaming Angles Versus Magnetic Latitude 254 

  255 

We explored scatter plots of the selections for each frequency as a function of various 256 

parameters against beaming angle (e.g., radial distance, magnetic latitude, etc.). For scatter plots 257 

of magnetic latitude, the scatter exhibited an inverted-V pattern with the apex at/near the magnetic, 258 

with the pattern clearer for frequencies below 100 kHz. Figure 5 shows scatter plots of 𝛳B versus 259 

λM when spacecraft is located at a radial distance between 4 and 5 RE (4RE < r < 5RE) for various 260 

frequency ranges, for a) f > 19 and < 51 kHz and b) f > 51 kHz and f < 100 kHz, c) f > 100 kHz 261 

and f < 147 kHz, and d) f >147 kHz and f < 500 kHz. Beyond the division at 100 kHz, the choice 262 

of frequency boundaries is arbitrary. For Figure 5(a) and (c), a distinct statistical inverted-V pattern 263 

is observed about the magnetic equator. Note that the gap in detections in Figure 5(a) is consistent 264 

with the notch in the histogram in Figure 4(a). For Figure 5(b) and (d), an inverted-V signature for 265 

| λM | < 10° is observed in the running median, while for | λM | > 10° we interpret the scatter to be 266 

strongly contaminated by L-O mode AKR.  267 

 268 

Scatter plots of 𝛳B versus MLAT for 5.5 RE < r < 6 RE are shown in Figure 6(a-d). For the 269 

lower frequency radiations (f < 100kHz), an inverted-V pattern is observed about the magnetic 270 

equator as shown in Figure 6(a-b), while no inverted-V pattern is discernable for the higher 271 

frequencies as shown in Figure 6(b, d), which is interpreted to be due to L-O mode AKR 272 
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contamination. Can the inverted-V structure of beaming angles versus magnetic latitude observed 273 

in scatter plots covering the entire seven-year mission be explained in terms on LMCT? This will 274 

be explored in the next section. 275 

4. Model Beaming Angle versus Spacecraft Position for Varying Plasmapause Location 276 

If LMCT is the principal generation mechanism, what is the predicted statistical 𝛳B pattern as a 277 

function of spacecraft position and detected NTC frequency f for a wide range of plasmapause 278 

locations? Figure 7(a) illustrates the meridian geometry used to interpret the results of our 279 

observational data analysis. To connect the source with the observation: we assume straight-line 280 

motion of the radiation once it leaves the source region at the asymptotic beaming angle. This 281 

means that we ignore refraction along the path between the source region and the observer. There 282 

are many observational studies that use this assumption (e.g., Jones, 1987, Morgan & Gurnett, 283 

1991; Grimald et al., 2007). Based on the comparison with the observations in this study it appears 284 

that this assumption is reasonable. Because of this assumption no density model is needed, if one 285 

was going to ray trace from the radio window, yes both a plasma density and magnetic field model 286 

are needed, but this is not a ray tracing study. The ray tracing (e.g., Jones 1980, Jones 1981, Horn, 287 

1989) using a reasonable density model shows a straight-line ray path for the emitted free-space 288 

mode with a beaming angle near the asymptotic radio window beaming angle. However, a future 289 

paper using ray tracing under various density profiles quantifying the effects of refraction should 290 

be made.  291 

 292 

The following assumptions are used: background magnetic field is an Earth center dipole anti-293 

aligned with the ZSM axis; the radio window is located at the equatorial plasmapause; the 294 

plasmapause is assumed to have local azimuthal symmetry; the emission is from the center of the 295 
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window. Under these assumptions, the ray lies in the meridian plane. In Figure 7(a), the radio 296 

window (W) is located at an equatorial plasmapause at 2.5RE, the blue line is the emitted NTC ray 297 

path for f = fpe_w from W to the spacecraft (SC). Knowing the location of the radio window and 298 

spacecraft the beaming angle can be computed as  299 

 tan 𝜃𝐵 =
𝜌𝑠𝑐−𝜌𝑤

𝑍𝑠𝑐
.          (9) 300 

The SC and W locations in the 𝜌 -z plane is given by (𝜌𝑠𝑐 , 𝑧𝑠𝑐) and (𝜌𝑤, 0) respectively, where 301 

𝜌 = √𝑥2 + 𝑦2 in units of RE. Using an Earth centered magnetic dipole fce_w is given as  302 

𝑓𝑐𝑒_𝑤 =
870

𝜌𝑤
3  Hz         (10) 303 

for a dipole moment of 3.11x10-5 T. For this example, from the SC and W location 𝜃𝐵 = 47.9°  304 

from equation (9) and from equation (1&10) f = fpe_w = 68.1 kHz. For variable W location in 305 

equatorial radius (Figure 7b) and fixed f and SC r the solution of equations (1&9&10) results in 306 

an inverted-V pattern for 𝛳B versus λM (Figure 7c). The 4 dots in Figure 7(b) would be the beaming 307 

values at 4 different frequencies if a sharp plasmapause was at 2.5 RE. The plasmapause could 308 

span 1 frequency only, 2 adjacent frequencies, etc., at different radial locations, giving various 309 

density profiles. As the plasmapause moves inwards or outwards from orbit to orbit under various 310 

geomagnetic conditions the pattern in Figure 7(c) would be traced out. 311 

 312 

 313 
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Figure 7(b) shows how 𝛳B varies for different source locations W in the equatorial radial 314 

distance for four different NTC waves of f = 33.2, 53.6, 68.1, and 121.0 kHz. For example, for a 315 

sharp plasmapause at 2.5RE, 𝛳B is equal to 37.7°, 44.4°, 47.9° and 55.7° for the four frequencies, 316 

indicated by the black dots in Figure 7(b) and the latitudes at which the SC will observe them in 317 

Figure 7(c). The increase in 𝛳B with increasing 𝜌𝑆𝑀 in Figure 7(b) is due to the increasing 318 

fpe_w/fce_w ratio with increasing 𝜌𝑆𝑀 for fixed fpe_w. Thus, as the magnetosphere becomes less 319 

active the geomagnetic Kp index decreases and the plasmapause moves outwards (e.g., Carpenter 320 

& Anderson, 1992; Moldwin et al., 2002) and 𝛳B will increase.  321 

Figure 7(c) presents the predicted model 𝛳B for an SC radial position at 4.75 RE as a function of 322 

magnetic latitude λM for plasmapause locations varying between 1.5 to 4.75 RE. For a sharp 323 

plasmapause at 2.5RE, the frequencies emitted at W (black dots in Figure 7(b) will be detected by 324 

the SC with a radial position RSC = 4.75RE at λM =  27.7°,  23.5°,  21.5°, and  17.0° (black 325 

dots in Figure 7c) for these four f respectively. For fixed radial position RSC of the SC, as the 326 

plasmapause location varies due to changing geomagnetic conditions, an inverted-V pattern of 327 

𝛳B versus λM with the apex located at the magnetic equator will be traced out as shown in Figure 328 

7(c). The source location coincides with the virtual spacecraft position at the apex of the 329 

inverted-V at 𝜆𝑀 → 0°. As noted, because the beaming formula is asymptotic 𝛳B does not equal 330 

the Z-mode angle of 0° at the radio window center. 331 

 332 

Figure 8 shows a comparison of the observations with the model of Figure 7, for the same 333 

f and SC radial distances that lie within 4.5 < r < 5 RE. A scatter plot of 𝛳B versus λM is shown in 334 

Figures 8(a-d) for these four f. The error bars for 𝛳B are plotted for 10 randomly selected points. 335 

To restrict the wave vector to lie closer to the spin plane, only points are plotted for which m > 336 
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0.8 (mc = 0.96). The three blue curves are the theory curves for SC positions at r of 4.5, 4.75, and 337 

5 RE. Comparing the observations with the blue theory curves, one can see that the observations 338 

are qualitatively consistent with the model but are not always quantitatively consistent. With the 339 

disagreement of observed 𝛳B with model the largest around λM of 0°, with the observations about 340 

10° larger than the model 𝛳B. Why quantitative agreement within measurement error is difficult 341 

and maybe impossible to obtain is discussed in the next section.  342 

 343 

For f = 33.2, 53.6, and 68.1 kHz a gap in the observations is observed straddling λM of 0° 344 

which would be expected from the off-equatorial beaming predicted by the theory.  No such gap 345 

is observed for the large clustering of points for f = 120 kHz which is not consistent with the 346 

theory. However, the lack of a gap could be due to by radiation produced by a second 347 

mechanism. 348 

 349 

Can we detect a Kp dependence related to changing plasmapause location over the entire 350 

mission mentioned earlier in this section? Figure 8(e-h) plots Kp (Papitashvili & King, 2020) 351 

versus λM for the selections of Figure 8(a-d). The red lines are linear fits for 1 ≤ Kp ≤ 4, and the 352 

number in each panel is the Spearman correlation coefficient. Unlike the linear fit, which is just a 353 

visual aid, this correlation is a nonlinear correlation which measures the degree that the data is 354 

monotonically related, a value of 1 indicates a strict monotonic increasing dependence, while a 355 

value of -1 indicates a strict monotonic decreasing dependence. The negative sign of the 356 

coefficients is consistent with the expected change in plasmapause position with 𝛳B. However, 357 

the correlation is weak for f = 33.2 kHz with a value of -0.29, moderate for f = 53.6 and 68.1 kHz 358 

with values of -0.43 and -0.51 respectively, and for f = 120 kHz the value of -0.21 is poor. So 359 
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below 100 kHz the correlation is moderate at best. We note that in the study of Moldwin et al. 360 

(2002) the non-linear correlation for the overall dataset of radial plasmapause position versus Kp 361 

is 0.55 (see Figure 4 of that study), we should not expect to get a better correlation than this 362 

value since Kp is a not a perfect indicator of the plasmapause location. The uncertainty in the 363 

measurement of 𝛳B will also degrade the correlation. 364 

 365 

 5. Discussion 366 

 367 

Qualitatively the observations for f < 100 kHz reproduce the inverted-V structure of 𝛳B 368 

vs. λM predicted by LMCT theory for the large variation in plasmapause location over the 369 

duration of the mission. However, the error bars of many measurements do not encompass the 370 

model curve, with a systematic bias, especially for observations near the magnetic equator. We 371 

discuss why one might not expect quantitative agreement. Three major simplifications are used 372 

in our analysis: 1) the dawn sector plasmapause in our model is azimuthally symmetric, it has no 373 

azimuthal dependence. This allows one to use the simple model shown in Figure 7 for 374 

comparison with data. 2) The out of spin plane component is not used in the computation of 𝛳B, 375 

we justify this by using only data points with a large modulation index m > 0.6. 3) The emissions 376 

not from the center of the radio window need to be considered. 377 

 378 

A radially directed plasmapause gradient used in this study is obviously an 379 

approximation. There are azimuthal variations in the plasmapause location as observed by the 380 

Extreme Ultraviolet Imager on the IMAGE spacecraft (e.g., Sandel et al., 2003). Here we make a 381 

back of the envelope estimate of how this could lead to a systematic offset of about 10°. To 382 
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simplify the argument the measurement of azimuthal angles in SM coordinate system is shifted 383 

to the SC location.  From Section 2, the lower limit used in the filter for the modulation index is 384 

m=0.8 (mc = 0.96) which after correcting for smoothing gives a maximum out of plane angle for 385 

k of about 10.7°.  Combining this angle with the requirement that the analyzed data segments are 386 

within ±15° of being radially directed gives an azimuthal angular range of ±26°. So, if the source 387 

is not radially outwards, but directed 26° in azimuth from the radial direction, the radial location 388 

of the azimuthally directed radio window of the source can be estimated. If the spacecraft is near 389 

the equator at a radial distance is 4.75 RE and the plasmapause is 2.5 RE (for a radially directed 390 

outward beam), using the law of cosines a radial distance of about 2.7 RE for the radio window is 391 

computed for the azimuthally directed beam. Looking at Figure 7(b) the model beaming angle 392 

for a window at 3 RE is about 5 degrees larger than the beaming angle for a window at 2.5 RE and 393 

this will lead to a systematic offset. We note that the magnitude of the systematic offset will 394 

diminish as the radially directed window moves outward in radius, because the slope of the curve 395 

in Figure 7(b) decreases with increasing radius.  396 

 397 

In principle, the modulation index m can be used to estimate the out of spin plane 398 

component of the wave vector direction. However, there are several factors that limit the 399 

interpretation of m and, therefore, its use in computing the out of spin plane component. 1) One 400 

factor is the variation of Z-mode radiation at the source over the time interval ~17 s of the fit. For 401 

example, the detected NTC in Figure 1 is not sinusoidal, and this could be due to variation of the 402 

Z-mode radiation at the source. The deviation of the observations from a sinusoidal curve limits 403 

the interpretation of m. 2) The smoothing of the data will lower the estimate of m, but this can 404 

somewhat be overcome by using the estimated correction given by equation (8). 3) The presence 405 
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of background radiation can also degrade that interpretation of m, leading to a lowering of its 406 

actual value.  407 

 408 

Many observations of NTC are not emissions from near the window center where the 409 

signal attenuation is near zero, but off centered where the signal experiences stronger 410 

attenuation. We will address attenuation using the f=53.6 kHz emissions from the orbit segment 411 

shown in Figure 2. The attenuation equation (23) of Budden (1980) will be used. This equation 412 

requires as input fce_w, f=fpe_w, S1, S2 and G; where S1 is the asymptotic direction cosine of the 413 

emitted radiation along B, S2=0 is the direction cosine normal to both B and the density gradient, 414 

here B is taken to be perpendicular to the density gradient, and the scalar of the density gradient 415 

is G. To estimate the location of the window we will use the nearest plasmapause (Figure 9(a)) 416 

where f intersects fpe_w, this occurs at 2016-07-12T18:37:06.482Z (red dots), where L=3.65, | λM 417 

= 7.18°, MLT=7 h and fce = 18.34 kHz. Projecting this location using a dipole field line to the 418 

magnetic equator gives fce_w =17.04 kHz. The density variation is assumed to be a function of 419 

only L-shell, and G is estimated to be -1971 m-4 from the gradient of the observed density 420 

variation with L-shell (Figure 9(b)). 421 

 422 

The radiation pattern from the radio window is shown in Figure 9(c), -10 dB corresponds 423 

to a decade decrease in power spectral density. The window center is indicated by the black dot 424 

where the attenuation is 0 dB (100% transmission) and 𝜙 is azimuthal angle measured from the 425 

window location, a 𝜙 of 0° is directed outwards.  We note that a spacecraft at 𝜙 of 30° will 426 

detect a 3 decade drop relative to the window center in the power spectral density. Using the 427 

same assumptions (𝜙 =0°) as that used in Figure 7 for f=53.6 kHz, we show in Figure 9(d) that 428 
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inverted-V pattern persists as a function of dB for a plasmapause varying from 1.5 to 4.75 RE. 429 

Including attenuation broadens the pattern in 𝜃B. The Budden (1980) formula is valid for any 430 

angle between B and ∇Ne (gradient of the electron density), except when they are within less 431 

than say 10° of being parallel or anti-parallel. We chose this angle to be 90° (Darrouzet et al., 432 

2006), therefore the dashed curves shown in the Figure 9(d) we interpreted to be non-valid 433 

solutions of the formula because the incoming wave would be free space instead of Z-mode. If 434 

this interpretation is correct this would also be a factor in contributing to the bias in the 435 

observations having beaming angles above the window center. As the angle between B and ∇Ne 436 

moves away from 90°, more and more of the dashed region becomes valid. 437 

 438 

 439 

For the NTC beam at 53.6 kHz (Figure 2) the scatter plot of its observed 𝜃B versus time is shown 440 

in Figure 10(a). The black curve is the beaming angle 𝜃BC computed from the orbital position 441 

and the equatorial location of the plasmapause (Figure 9b). Based on the earlier discussions it is 442 

not expected that the scatter plot of beaming angle and the beaming angle curve should 443 

quantitatively agree, but they show similar trends with 𝜃B decreasing as the plasmapause is 444 

approached. A scatter plot of its phase space density versus time is shown in Figure 10b. Using 445 

𝜃BC the attenuation (blue curve in Figure 10(b)) in dB on transmission through the radio window 446 

is computed using the parameters given in Figure 9(c). The shape of this curve is like the trend in 447 

the scatter, which is level near the window and decreasing moving toward larger radii; however, 448 

the decrease with power and distance from the window is not factored in. 449 

 450 
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The solid (dashed) curve is proportional to the product of the radio window attenuation times 451 

1/𝜌𝑤
2 (1/𝜌𝑤), 1/𝜌𝑤

2would be a point source (Fainberg, J., 1979), and 1/𝜌𝑤 would be a line 452 

source. Moving away from the plasmapause the power spectral density decreases by 3 orders of 453 

magnitude. Both the dotted-dashed and dotted curves drop off more rapidly than the observed 454 

scatter. This could be due to at least two factors 1) the true plasmapause of the radio window 455 

location is further outwards in radius than that of the proxy used (Figure 9b). 2) The power 456 

spectral density of the incoming Z mode does not peak at 0 or 180° but peaks at wave normal 457 

angles off 0 or 180 °, this would move the 1/𝜌𝑤
2 and 1/𝜌𝑤  curves to higher PSD moving 458 

outwards in radius. Figure 10(a, b) suggests that a significant fraction of the observations are 459 

emissions that are off centered from the window center. 460 

 461 

 For NTC with f > 100 kHz another mechanism along with LMCT must be occurring. At 462 

least three studies have suggested mechanisms for the direct generation of KC. Farrell (2001) 463 

suggested that weak energetic electron beams in a dense warm plasma (where fpe >> fce) can 464 

directly generate L-O emission with propagation nearly perpendicular. Cheng (1975) has 465 

proposed a mechanism that will lead to near perpendicular beaming using electron ring 466 

distributions as the source. Horky & Omura (2019) performed electromagnetic simulations with 467 

an electron ring beam source in a warm plasma with a density gradient and suggested it can 468 

produce NTC, we believe their figures show near perpendicular beaming. One thing we haven’t 469 

addressed is if refraction of the free space for waves with f>100 kHz, due to density structures 470 

near the radio window, say within a few tens of wavelengths, could focus these waves back 471 

toward the equator. This could be a future study; such a study would also have to explain why 472 

such a mechanism does not occur for the lower frequency waves. 473 
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 474 

 475 

6 Conclusion 476 

When the Earth’s radial vector lay within ±15° of the Van Allen Probes spin plane (in the 477 

dawn sector), spin modulation curve fits were made to the 0.5 s cadence HFR frequency-time 478 

spectra data. These fits were performed at all f over the entire mission while in the dawn sector, 479 

which covers a vast range of plasmapause locations. To select nonthermal continuum radiation 480 

NTC, frequency-time pixels where selected using the following criteria:  the frequency f was 481 

greater than 1.2 fpe, the modulation index m was greater than 0.6, the relative error in m was 482 

small, and the ratio of  𝜒2/𝜒0
2 for a sine wave to a constant offset fit was small. A m of 0.6 was 483 

chosen to ensure that the wave vector k lies with ~30° of the spin plane, given the limitation on 484 

the interpretation of m. The beaming angle 𝛳B was estimated as the angle between the wave 485 

vector direction in the spin plane and the ZSM axis.  486 

 487 

Below 100 kHz, for a given f and radial distance bin, the observed pattern of 𝛳B versus 488 

magnetic latitude λM forms an inverted-V pattern with the apex at the SM magnetic equator. 489 

Using the NTC beaming formula from LMCT, we show that such a pattern is predicted due to 490 

the large radial variation of the source equatorial plasmapause. Quantitatively the 𝛳B has a 491 

systematic shift above the theory curve near that magnetic equator. A back of the envelope 492 

computation was performed to show that if the plasmapause is not azimuthally symmetric at the 493 

window one expects a systematic offset of 5-10° toward larger 𝛳B. We discuss several factors 494 

that make the use of m in estimating the out-of-spin plane component difficult. Two of the 495 

factors are smoothing of data before fitting and variation in the Z-mode intensity at the radio 496 
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window over the fit interval. By taking attenuation into account (Budden, 1980), we showed that 497 

the model inverted-V becomes broadened in beaming angle by of about 10° near the window 498 

center (Figure 9d) at -20 db. This suggests that attenuation could be the major factor contributing 499 

to the spread in beaming angle. These factors make achievement of quantitative agreement 500 

between observations and theory difficult, if not impossible. 501 

 502 

We found (for 1 ≤ Kp ≤ 4) a negative Spearman correlation coefficient for the 3 503 

frequencies investigated below 100 kHz, one with a weak correlation value and two with 504 

moderate values. This trend is expected, because as Kp index decreases the plasmapause on 505 

average will move outwards and fce will decrease leading to a decrease 𝛳B from theory. We 506 

conclude that these two observations, 1) the observed inverted-V pattern of 𝛳B vs λM and 2) the 507 

weak to moderate Kp dependence, highly suggest that LMCT is the dominant mechanism for the 508 

generation of NCT for f < 100 kHz. 509 

 510 

For f >100 kHz, our selections become contaminated with L-O mode AKR, this contamination 511 

decreases for | λM | (< 10°). A partial inverted-V is observed at the low end of this f range, and no 512 

reliable trend of 𝛳B with Kp index is observed. Unlike emissions with f < 100 kHz, where the 513 

clustering of detections tends to lie off the magnetic equator consistent with beaming out the 514 

equatorial plane, in this frequency range these emissions are clustered around the magnetic 515 

equator. We conclude that LMCT can explain only a subset of these observations for f> 100 kHz 516 

and that another mechanism is also needed in this f range.  517 

 518 
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Figure 1. An example fit of the spin modulation curve for the frequency channel at 38.3 kHz. 709 

The fit parameters and their uncertainties are listed. The power spectral density PSDN is 710 

normalized to the peak value. χ2 is the chi squared of the spin modulation curve fit and χ2
0 is the 711 

chi squared for a constant offset fit. 712 

  713 
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 714 

 715 

Figure 2. Escaping continuum example. Panel (a) spectrogram of the phase space density, (b) 716 

spectrogram of the modulation index m, (c) χ2/ χ2
0 ratio, and (d) selections.  The black line is the 717 

UHF derived plasma frequency. The red lines in panel (d) correspond to selections at 53.6 kHz 718 

between 4.5 and 5 RE used in Figure 8, 9 & 10.  719 
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 721 

 722 

Figure 3. Emissions at f from 200 to 500 kHz are interpreted to be L-O mode AKR a source of 723 

contamination of the selections above 100 kHz. Panel (a) spectrogram of the phase space density, 724 

(b) spectrogram of the modulation index m, (c) χ2/ χ2
0 ratio, and (d) selections.  The black line is 725 

the UHF derived plasma frequency. 726 
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 728 

Figure 4. Histogram of the selections: (a) radial distance, (b) magnetic latitude for f < 100 kHz, 729 

(c) magnetic local time, and (d) magnetic latitude for f > 100 kHz.  730 
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 733 

Figure 5. Scatter plots for 4 RE < r < 5 RE of beaming angle 𝛳B versus magnetic latitude. For (a) f 734 

<50 kHz, (b) 50kHz < f < 100kHz, (c) 100kHz < f < 150kHz , and (d) 150kHz < f < 500kHz. The 735 

curves are the running percentiles, red 50th (median), blue 16th and 84th percentiles.  736 
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 739 

Figure 6. Scatter plots for r >5.5 RE of beaming angle 𝛳B versus magnetic latitude. For (a) f <50 740 

kHz, (b) 50kHz < f < 100kHz, (c) 100kHz < f < 150kHz , and (d) 150kHz < f < 500kHz. The 741 

curves are the running percentiles, red 50th (median), blue 16th and 84th percentiles. 742 

 743 
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 745 

Figure 7 (a) Illustration of the meridian beaming geometry. The blue line represents the NTC 746 

beam emitted at the radio window W (green circle). The satellite SC (red circle) is at a radial 747 

distance RSC and magnetic latitude λM. 𝛳B is measured from background magnetic field B (B || 748 

ZSM) at W. (b) 𝛳B as W changes with radial distance. 𝛳B (black circles) when W is located at 749 

L=2.5RE (i.e., the plasmapause is at 2.5RE). (c) The predicted 𝛳B for RSC at 4.75 RE versus 𝜆M for 750 
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plasmapause locations varying between 1.5 to 4.75 RE. For example, at f = 68.1 kHz emission 751 

from a plasmapause located at 2.5RE with a 𝛳B of 47.9° (b) will be observed by a spacecraft at 752 

4.75RE at 𝜆M of ±21.45°, indicated by the dashed horizontal line in panels (b) and (c).  753 
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 755 

Figure 8. Scatter plots for r between 4.5 and 5.0 RE; beaming angle (a-d) 𝛳B versus magnetic 756 

latitude and (e-i) Kp index, for frequencies of 33.2 kHz, 53.6 kHz, 68.1 kHz, and 121.0 kHz. The 757 
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blue curves (a-d) are the statistical LMCT theory curves for r of 4.5, 4.75, and 5.0 RE. Error bars 758 

indicated by red brackets are plotted for 10 randomly selected measurements. In (e-h) the red 759 

lines are linear fits, and the red numbers are the non-linear Spearman correlation coefficients, 760 

which lie in the (e) weak, (f) moderate, (g) moderate, and (h) poor range. 761 
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 764 

Figure 9 (a) The nearest plasmapause is indicated (red dots), where f = 53.6 kHz intersects fpe for 765 

the NTC emissions shown in Figure 2. The vertical lines are where the orbit goes from 5.0 to 4.5 766 

RE. (b) The intersection point is at L=3.65, magnetic latitude = 7.18°, MLT=7 h, the radial 767 

electron density gradient is G is -1971 m-4. (c) For f=53.6 kHz the radio window attenuation in 768 

decibels is shown as a function 𝜃B and 𝜙 (azimuthal angle measured from the plasmapause). 769 

The window center is indicated by the black dot where the attenuation is 0 dB (100% 770 

transmission). (d) The inverted-V pattern is shown for f = 53.6 kHz using same assumptions as in 771 

Figure 7, but attenuation of emissions that are off centered are included. Black curve is at the 772 
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window center, same as that of Figure 7, the red (blue) curves are for emissions attenuated by -773 

10 dB (-20 dB). The dashed curves are interpreted to be non-physical solutions (see text). 774 
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 776 

 777 

Figure 10. At a frequency of 53.6 kHz for the orbit segment shown in Figure 2 a scatter plot (red 778 

circles) is shown of (a) signal measured 𝜃B and (b) Power Spectral Density versus time.  The 779 

black curve in (a) is 𝜃B based on the spacecraft location and the estimated window location, and 780 

the blue curve for (b) is the attenuation of the signal in decibels given by equation (23) of 781 

Budden (1980) (right y-axis) for the curve in (a). The dashed and dotted lines are the PSD 782 

proportional to the power of the attenuation times 1/𝜌w
2 and 1/𝜌w respectively. The two vertical 783 

dashed lines are where the orbit goes from 5.0 to 4.5 RE. 784 
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