
1

Acoustic Signature Uncertainty Quantification for the X-59

Computational Aerosciences Branch

NASA Advanced Supercomputing Division, Ames Research Center

Marian Nemec

Joint work with

Michael Aftosmis, Tim Barth & Sriram Rallabhandi, NASA Ames


Garo Bedonian, RPI & Liam Smith, Georgia Tech

Wade Spurlock, STC 

ARMD Technical Seminar

September 19, 2023



2

Goal is to quantify uncertainty in the level of noise reaching ground due to 
uncertainty in flight conditions and the atmosphere during supersonic cruise



Outline
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1. Background & Motivation


2. Objectives

3. Methodology

• Uncertainty quantification


• Low-boom simulations


• Atmospheric uncertainty in propagation


4. Results

• Nearfield signature uncertainty estimates


• Uncertainty in atmospheric conditions


• Uncertainty in X-59 operating conditions and atmosphere


5. Summary & Outlook
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Sound characteristics are a function of the ground pressure 
signature 

• Classical signatures are N-waves
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Loudness metrics

• Perceived Loudness PL (dB)

• Weighted Sound Exposure Level: A/B/C/D/ESEL (dB)

• Indoor Sonic Boom Annoyance Predictor


‣  ISBAP = PL - 0.4201(CSEL-ASEL)

Sound characteristics are a function of the ground pressure 
signature 

• Classical signatures are N-waves
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X-59: Low-Boom Design

• Aerodynamic shaping to eliminate sonic booms

∆p

Time
✓Sonic Thumps

✓Rumble

• Strategy is to increase rise time, decrease amplitude, 
increase duration and smooth recovery


• Requires designing aircraft with signatures that do 
not coalesce into N-waves


• Extensive reliance on high-fidelity simulations based 
on Computational Fluid Dynamics for analysis and 
design

‣ Shock dominated, strongly nonlinear flowfield Image credit: 

NASA



Predicting En Route Noise
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GROUND SIGNATURES &

NOISE CARPET


CARPET WIDTH & LOCATION


• Low-boom characterization requires prediction of the primary loudness carpet

• Low-boom designs minimize loudness footprint subject to many sources of uncertainty

Image credit: NASA
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Aircraft shape (confi



GROUND SIGNATURES &

NOISE CARPET


• Low-boom characterization requires prediction of the primary loudness carpet

• Low-boom designs minimize loudness footprint subject to many sources of uncertainty

Image credit: NASA

CARPET WIDTH & LOCATION
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Aircraft shape (confi



Atmospheric conditions

(wind, temperature, humidity)

GROUND SIGNATURES &

NOISE CARPET


Terrain (Refl

• Low-boom characterization requires prediction of the primary loudness carpet

• Low-boom designs minimize loudness footprint subject to many sources of uncertainty

Image credit: NASA

CARPET WIDTH & LOCATION
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1. Characterizing effect of input uncertainties on low-boom outputs

• Mean, standard deviation and probability density function

‣ Nearfield and ground signatures

‣ Loudness metrics: Perceived Loudness, A/B/C/D/E SEL, ISBAP  

‣ Noise carpet and carpet width


• Input uncertainties include cruise conditions and the atmosphere

2. Assessing and minimizing sources of error

• Directly coupling UQ with high-fidelity simulations

• Tracking discretization error in simulations and numerical error in evaluation of statistics 

• Estimating model-form error

Toward En Route Noise Certification by Simulation-Based Analysis
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1. Background & Motivation


2. Objectives


3. Methodology

• Uncertainty quantification


• Low-boom simulations


• Atmospheric uncertainty in propagation


4. Results

• Nearfield signature uncertainty estimates


• Uncertainty in atmospheric conditions


• Uncertainty in X-59 operating conditions and atmosphere


5. Summary & Outlook
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Quantified Uncertainty with Error bias estimation Software Tools

• Developed by Tim Barth (ARC-TNP) in ARMD-TACP 
Transformational Tools and Technologies (TTT) project


• Implements comprehensive set of UQ methods

‣ Dense and sparse quadratures

‣ Multi-level Monte-Carlo

‣ Kernel density estimation for p.d.f. evaluation

‣ Specialized numerics to handle stochastic 

discontinuities, e.g. those due to shocks

• Intrinsic error estimates for multi-level quadratures and 

MLMC sampling

• Intrinsic post-processing of discretization errors

Non-Intrusive Implementation

• Agnostic of CFD solvers

Uncertainty Quantification with QUEST
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<latexit sha1_base64="Y66Hkx61BjKh55JATFC3RTPlegU="></latexit>

EN [JH ] =
NX

i=1

(w JH)i

<latexit sha1_base64="cBxFUeZzSZnnMM1RfznlQWL4dK8=">AAACIHicbVDLSgMxFM3UV62vqks3wSLUTZkpom6EggriqoJ9QDuUTOZOG5rJDElGLEM/wN/wB9zqH7gTl/oBfofpY2FbLyT35Jx7uTfHizlT2ra/rMzS8srqWnY9t7G5tb2T392rqyiRFGo04pFsekQBZwJqmmkOzVgCCT0ODa9/OdIbDyAVi8S9HsTghqQrWMAo0Ybq5AvXrdti+5Edu/gCt5nQePLEwST55jZVdskeB14EzhQU0DSqnfxP249oEoLQlBOlWo4dazclUjPKYZhrJwpiQvukCy0DBQlBuen4M0N8ZBgfB5E0x6wzZv92pCRUahB6pjIkuqfmtRH5n9ZKdHDupkzEiQZBJ4OChGMd4ZEz2GcSqOYDAwiVzOyKaY9IQrXxb2ZKEnclQH9ojHHmbVgE9XLJOS2V704KlaupRVl0gA5RETnoDFXQDaqiGqLoCb2gV/RmPVvv1of1OSnNWNOefTQT1vcvwX6hsA==</latexit>

E[J(⇠)] =

Z
J(⇠)f(⇠)d⇠

<latexit sha1_base64="kXuWlnbtwRMahGZh+9GRz6DNzG4=">AAACGHicbZDLSgMxFIYz9VbrbdRlN8EiuLHMFFE3QkEXpasK1hbaoWTSM21o5kKSKZShC1/DF3Crb+BO3LrzBXwOM+0sbOsPgS//OYeT/G7EmVSW9W3k1tY3Nrfy24Wd3b39A/Pw6FGGsaDQpCEPRdslEjgLoKmY4tCOBBDf5dByR7dpvTUGIVkYPKhJBI5PBgHzGCVKWz2z2B0TAZFkXN+S2hTf4Do+x/WUe2bJKlsz4VWwMyihTI2e+dPthzT2IVCUEyk7thUpJyFCMcphWujGEiJCR2QAHY0B8UE6yewTU3yqnT72QqFPoPDM/TuREF/Kie/qTp+ooVyupeZ/tU6svGsnYUEUKwjofJEXc6xCnCaC+0wAVXyigVDB9FsxHRJBqNK5LWyJo4EAGKXB2MsxrMJjpWxfliv3F6XqXRZRHhXRCTpDNrpCVVRDDdREFD2hF/SK3oxn4934MD7nrTkjmzlGCzK+fgEmAp/1</latexit>

"H = J � JH

<latexit sha1_base64="p2IjuNbAJTASapAKwcehfk3FonM=">AAACN3icbVDLSsNAFJ34flt16WawCIJQkiIqgiCoIK4q2AekoUymN+3QySTMTIQS8i/+hj/gVreu3BW3/oHTNos+PHDhzDn3cuceP+ZMadv+shYWl5ZXVtfWNza3tnd2C3v7NRUlkkKVRjySDZ8o4ExAVTPNoRFLIKHPoe73bod+/QWkYpF41v0YvJB0BAsYJdpIrcJV84VIiBXjkcDX+N6deLfSh8zDp3hKesrcx7HRKhTtkj0CnidOToooR6VVGDTbEU1CEJpyopTr2LH2UiI1oxyyjWaiICa0RzrgGipICMpLRzdm+NgobRxE0pTQeKROTqQkVKof+qYzJLqrZr2h+J/nJjq49FIm4kSDoONFQcKxjvAwMNxmEqjmfUMIlcz8FdMukYRqE+vUliTuSIBeZoJxZmOYJ7VyyTkvlZ/Oijd3eURr6BAdoRPkoAt0gx5QBVURRa/oHX2gT+vN+rYG1s+4dcHKZw7QFKzfP2x2rZo=</latexit>

" = E["H ] + "Q[JH ]

Input Random Variable, e.g. Mach Number
<latexit sha1_base64="cRSMnJpHHr6T44twlEJd/ycHNBM=">AAAB/nicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6jGgB48RzQOSJcxOejdDZh/MzIphCfgDXvUPvIlXf8Uf8DucJHswiQUNRVU33V1eIrjStv1trayurW9sFraK2zu7e/ulg8OmilPJsMFiEcu2RxUKHmFDcy2wnUikoSew5Q2vJ37rEaXicfSgRwm6IQ0i7nNGtZHuu0+8VyrbFXsKskycnJQhR71X+un2Y5aGGGkmqFIdx060m1GpORM4LnZThQllQxpgx9CIhqjcbHrqmJwapU/8WJqKNJmqfycyGio1Cj3TGVI9UIveRPzP66Tav3IzHiWpxojNFvmpIDomk79Jn0tkWowMoUxycythAyop0yaduS1pEkjE4dgE4yzGsEya1YpzUanenZdrN3lEBTiGEzgDBy6hBrdQhwYwCOAFXuHNerberQ/rc9a6YuUzRzAH6+sXvTWWtg==</latexit>

⇠
<latexit sha1_base64="VQLqz8bF37wzKEpPSaO3//yRT24=">AAACAXicbVDLTgJBEOzFF+IL9ehlIjHBC9klRj2S6MEjJgImsCGzQy+MzD4yM2skG07+gFf9A2/Gq1/iD/gdDrAHASvppFLVne4uLxZcadv+tnIrq2vrG/nNwtb2zu5ecf+gqaJEMmywSETy3qMKBQ+xobkWeB9LpIEnsOUNryZ+6xGl4lF4p0cxugHth9znjGojNf1y54mfdoslu2JPQZaJk5ESZKh3iz+dXsSSAEPNBFWq7dixdlMqNWcCx4VOojCmbEj72DY0pAEqN51eOyYnRukRP5KmQk2m6t+JlAZKjQLPdAZUD9SiNxH/89qJ9i/dlIdxojFks0V+IoiOyOR10uMSmRYjQyiT3NxK2IBKyrQJaG5LEvcl4nBsgnEWY1gmzWrFOa9Ub89KtessojwcwTGUwYELqMEN1KEBDB7gBV7hzXq23q0P63PWmrOymUOYg/X1C1PQl4s=</latexit>

f(⇠)
<latexit sha1_base64="NC1YDuj5BGz1OvoBezelCrdj6xU=">AAACAXicbVDLSgNBEOyNrxhfUY9eFoMQL2E3iHoM6EE8RTAPSJYwO+lNxszOLjOzYgg5+QNe9Q+8iVe/xB/wO5wkezCJBQ1FVTfdXX7MmdKO821lVlbX1jeym7mt7Z3dvfz+QV1FiaRYoxGPZNMnCjkTWNNMc2zGEknoc2z4g6uJ33hEqVgk7vUwRi8kPcECRok2Uv222H5ip518wSk5U9jLxE1JAVJUO/mfdjeiSYhCU06UarlOrL0RkZpRjuNcO1EYEzogPWwZKkiIyhtNrx3bJ0bp2kEkTQltT9W/EyMSKjUMfdMZEt1Xi95E/M9rJTq49EZMxIlGQWeLgoTbOrInr9tdJpFqPjSEUMnMrTbtE0moNgHNbUninkQcjE0w7mIMy6ReLrnnpfLdWaFynUaUhSM4hiK4cAEVuIEq1IDCA7zAK7xZz9a79WF9zlozVjpzCHOwvn4BJqSXbw==</latexit>

J(⇠) Exact Output, e.g. Perceived Loudness

Input Probability Density Function

Expectation (Mean) Numerical Approximation of Expectation

- point Numerical Quadrature

Cell-Size & Time-step

Approximate Outputs
<latexit sha1_base64="cv280YoBtxh/1KxXXMLr4NGBcVI=">AAACJXicbZDLSgMxFIYzXmu9VV26CRahBSkzRdRlQRfFhVSwF+iUIZOetqGZC0lGLMO8gq/hC7jVN3Angit3PodpO4tePBD4+P9zOCe/G3ImlWl+Gyura+sbm5mt7PbO7t5+7uCwIYNIUKjTgAei5RIJnPlQV0xxaIUCiOdyaLrD67HffAQhWeA/qFEIHY/0fdZjlCgtObnCrRNXk4L9xJzYSopnNrZ5N1BSw4xzlxSdXN4smZPCy2ClkEdp1Zzcr90NaOSBrygnUrYtM1SdmAjFKIcka0cSQkKHpA9tjT7xQHbiyY8SfKqVLu4FQj9f4Yk6OxETT8qR5+pOj6iBXPTG4n9eO1K9q07M/DBS4NPpol7EsQrwOB7cZQKo4iMNhAqmb8V0QAShSoc4tyUK+wJgmOhgrMUYlqFRLlkXpfL9eb5yk0aUQcfoBBWQhS5RBVVRDdURRc/oFb2hd+PF+DA+ja9p64qRzhyhuTJ+/gDfkKUJ</latexit>

JH(⇠1), . . . , JH(⇠N )

<latexit sha1_base64="lsh8SGK+GnswGB+eYDr29LkWqR4=">AAAB/HicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6jGghxwTMA9IljA76U2GzM4uM7NCCPEHvOofeBOv/os/4Hc4SfZgEgsaiqpuuruCRHBtXPfb2djc2t7Zze3l9w8Oj44LJ6dNHaeKYYPFIlbtgGoUXGLDcCOwnSikUSCwFYzuZ37rCZXmsXw04wT9iA4kDzmjxkr1aq9QdEvuHGSdeBkpQoZar/DT7ccsjVAaJqjWHc9NjD+hynAmcJrvphoTykZ0gB1LJY1Q+5P5oVNyaZU+CWNlSxoyV/9OTGik9TgKbGdEzVCvejPxP6+TmvDOn3CZpAYlWywKU0FMTGZfkz5XyIwYW0KZ4vZWwoZUUWZsNktb0mSgEEdTG4y3GsM6aZZL3k2pXL8uVh6yiHJwDhdwBR7cQgWqUIMGMEB4gVd4c56dd+fD+Vy0bjjZzBkswfn6Bet9la0=</latexit>

H

<latexit sha1_base64="JtsYMs3yK/fXsQOTAErckbNo8PE=">AAAB/HicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6jGgB0+SgHlAsoTZSScZMju7zMwKYYk/4FX/wJt49V/8Ab/DSbIHk1jQUFR1090VxIJr47rfztr6xubWdm4nv7u3f3BYODpu6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/WbT6g0j+SjGcfoh3QgeZ8zaqxUe+gWim7JnYGsEi8jRchQ7RZ+Or2IJSFKwwTVuu25sfFTqgxnAif5TqIxpmxEB9i2VNIQtZ/ODp2Qc6v0SD9StqQhM/XvREpDrcdhYDtDaoZ62ZuK/3ntxPRv/JTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZrOwJYkHCnE0scF4yzGskka55F2VyrXLYuUuiygHp3AGF+DBNVTgHqpQBwYIL/AKb86z8+58OJ/z1jUnmzmBBThfv/UNlbM=</latexit>

N

<latexit sha1_base64="JtsYMs3yK/fXsQOTAErckbNo8PE=">AAAB/HicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6jGgB0+SgHlAsoTZSScZMju7zMwKYYk/4FX/wJt49V/8Ab/DSbIHk1jQUFR1090VxIJr47rfztr6xubWdm4nv7u3f3BYODpu6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/WbT6g0j+SjGcfoh3QgeZ8zaqxUe+gWim7JnYGsEi8jRchQ7RZ+Or2IJSFKwwTVuu25sfFTqgxnAif5TqIxpmxEB9i2VNIQtZ/ODp2Qc6v0SD9StqQhM/XvREpDrcdhYDtDaoZ62ZuK/3ntxPRv/JTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZrOwJYkHCnE0scF4yzGskka55F2VyrXLYuUuiygHp3AGF+DBNVTgHqpQBwYIL/AKb86z8+58OJ/z1jUnmzmBBThfv/UNlbM=</latexit>

N

<latexit sha1_base64="K/sQ/h8It334GZsx0haAq+BnxQo=">AAACHnicbVDLSsNAFJ3Ud31VXboZLYIbSyKibgRBBelCKtgHpCFMprft0MkkzEyEErL2N/wBt/oH7sSt/oDf4fSxsK0HLhzOuZd77wlizpS27W8rNze/sLi0vJJfXVvf2CxsbddUlEgKVRrxSDYCooAzAVXNNIdGLIGEAYd60Lsa+PVHkIpF4kH3Y/BC0hGszSjRRvILe81HIiFWjEcCX+Abt+zhI3zjp3eZW/bT28zzC0W7ZA+BZ4kzJkU0RsUv/DRbEU1CEJpyopTr2LH2UiI1oxyyfDNREBPaIx1wDRUkBOWlw1cyfGCUFm5H0pTQeKj+nUhJqFQ/DExnSHRXTXsD8T/PTXT73EuZiBMNgo4WtROOdYQHueAWk0A17xtCqGTmVky7RBKqTXoTW5K4IwF6mQnGmY5hltSOS85p6fj+pHh5PY5oGe2ifXSIHHSGLtEtqqAqougJvaBX9GY9W+/Wh/U5as1Z45kdNAHr6xdrdKIx</latexit>

" = E[J ]� EN [JH ]

Numerical Error in Expectation

Error Decomposition Formula

Error in Expectation

Nearfield and Farfield Discretization

<latexit sha1_base64="NKGxBkccNNLspyKpVcHmM3mY9sQ="></latexit>

"Q[JH ] = E[JH ]� EN [JH ]

Error in Expectation

Statistics Quadrature

N - point Quadrature

Evaluation of Statistics for Outputs of Interest
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<latexit sha1_base64="Y66Hkx61BjKh55JATFC3RTPlegU="></latexit>

EN [JH ] =
NX

i=1

(w JH)i

<latexit sha1_base64="cBxFUeZzSZnnMM1RfznlQWL4dK8=">AAACIHicbVDLSgMxFM3UV62vqks3wSLUTZkpom6EggriqoJ9QDuUTOZOG5rJDElGLEM/wN/wB9zqH7gTl/oBfofpY2FbLyT35Jx7uTfHizlT2ra/rMzS8srqWnY9t7G5tb2T392rqyiRFGo04pFsekQBZwJqmmkOzVgCCT0ODa9/OdIbDyAVi8S9HsTghqQrWMAo0Ybq5AvXrdti+5Edu/gCt5nQePLEwST55jZVdskeB14EzhQU0DSqnfxP249oEoLQlBOlWo4dazclUjPKYZhrJwpiQvukCy0DBQlBuen4M0N8ZBgfB5E0x6wzZv92pCRUahB6pjIkuqfmtRH5n9ZKdHDupkzEiQZBJ4OChGMd4ZEz2GcSqOYDAwiVzOyKaY9IQrXxb2ZKEnclQH9ojHHmbVgE9XLJOS2V704KlaupRVl0gA5RETnoDFXQDaqiGqLoCb2gV/RmPVvv1of1OSnNWNOefTQT1vcvwX6hsA==</latexit>

E[J(⇠)] =

Z
J(⇠)f(⇠)d⇠

<latexit sha1_base64="kXuWlnbtwRMahGZh+9GRz6DNzG4=">AAACGHicbZDLSgMxFIYz9VbrbdRlN8EiuLHMFFE3QkEXpasK1hbaoWTSM21o5kKSKZShC1/DF3Crb+BO3LrzBXwOM+0sbOsPgS//OYeT/G7EmVSW9W3k1tY3Nrfy24Wd3b39A/Pw6FGGsaDQpCEPRdslEjgLoKmY4tCOBBDf5dByR7dpvTUGIVkYPKhJBI5PBgHzGCVKWz2z2B0TAZFkXN+S2hTf4Do+x/WUe2bJKlsz4VWwMyihTI2e+dPthzT2IVCUEyk7thUpJyFCMcphWujGEiJCR2QAHY0B8UE6yewTU3yqnT72QqFPoPDM/TuREF/Kie/qTp+ooVyupeZ/tU6svGsnYUEUKwjofJEXc6xCnCaC+0wAVXyigVDB9FsxHRJBqNK5LWyJo4EAGKXB2MsxrMJjpWxfliv3F6XqXRZRHhXRCTpDNrpCVVRDDdREFD2hF/SK3oxn4934MD7nrTkjmzlGCzK+fgEmAp/1</latexit>

"H = J � JH

<latexit sha1_base64="p2IjuNbAJTASapAKwcehfk3FonM=">AAACN3icbVDLSsNAFJ34flt16WawCIJQkiIqgiCoIK4q2AekoUymN+3QySTMTIQS8i/+hj/gVreu3BW3/oHTNos+PHDhzDn3cuceP+ZMadv+shYWl5ZXVtfWNza3tnd2C3v7NRUlkkKVRjySDZ8o4ExAVTPNoRFLIKHPoe73bod+/QWkYpF41v0YvJB0BAsYJdpIrcJV84VIiBXjkcDX+N6deLfSh8zDp3hKesrcx7HRKhTtkj0CnidOToooR6VVGDTbEU1CEJpyopTr2LH2UiI1oxyyjWaiICa0RzrgGipICMpLRzdm+NgobRxE0pTQeKROTqQkVKof+qYzJLqrZr2h+J/nJjq49FIm4kSDoONFQcKxjvAwMNxmEqjmfUMIlcz8FdMukYRqE+vUliTuSIBeZoJxZmOYJ7VyyTkvlZ/Oijd3eURr6BAdoRPkoAt0gx5QBVURRa/oHX2gT+vN+rYG1s+4dcHKZw7QFKzfP2x2rZo=</latexit>

" = E["H ] + "Q[JH ]

Input Random Variable, e.g. Mach Number
<latexit sha1_base64="cRSMnJpHHr6T44twlEJd/ycHNBM=">AAAB/nicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6jGgB48RzQOSJcxOejdDZh/MzIphCfgDXvUPvIlXf8Uf8DucJHswiQUNRVU33V1eIrjStv1trayurW9sFraK2zu7e/ulg8OmilPJsMFiEcu2RxUKHmFDcy2wnUikoSew5Q2vJ37rEaXicfSgRwm6IQ0i7nNGtZHuu0+8VyrbFXsKskycnJQhR71X+un2Y5aGGGkmqFIdx060m1GpORM4LnZThQllQxpgx9CIhqjcbHrqmJwapU/8WJqKNJmqfycyGio1Cj3TGVI9UIveRPzP66Tav3IzHiWpxojNFvmpIDomk79Jn0tkWowMoUxycythAyop0yaduS1pEkjE4dgE4yzGsEya1YpzUanenZdrN3lEBTiGEzgDBy6hBrdQhwYwCOAFXuHNerberQ/rc9a6YuUzRzAH6+sXvTWWtg==</latexit>

⇠
<latexit sha1_base64="VQLqz8bF37wzKEpPSaO3//yRT24=">AAACAXicbVDLTgJBEOzFF+IL9ehlIjHBC9klRj2S6MEjJgImsCGzQy+MzD4yM2skG07+gFf9A2/Gq1/iD/gdDrAHASvppFLVne4uLxZcadv+tnIrq2vrG/nNwtb2zu5ecf+gqaJEMmywSETy3qMKBQ+xobkWeB9LpIEnsOUNryZ+6xGl4lF4p0cxugHth9znjGojNf1y54mfdoslu2JPQZaJk5ESZKh3iz+dXsSSAEPNBFWq7dixdlMqNWcCx4VOojCmbEj72DY0pAEqN51eOyYnRukRP5KmQk2m6t+JlAZKjQLPdAZUD9SiNxH/89qJ9i/dlIdxojFks0V+IoiOyOR10uMSmRYjQyiT3NxK2IBKyrQJaG5LEvcl4nBsgnEWY1gmzWrFOa9Ub89KtessojwcwTGUwYELqMEN1KEBDB7gBV7hzXq23q0P63PWmrOymUOYg/X1C1PQl4s=</latexit>

f(⇠)
<latexit sha1_base64="NC1YDuj5BGz1OvoBezelCrdj6xU=">AAACAXicbVDLSgNBEOyNrxhfUY9eFoMQL2E3iHoM6EE8RTAPSJYwO+lNxszOLjOzYgg5+QNe9Q+8iVe/xB/wO5wkezCJBQ1FVTfdXX7MmdKO821lVlbX1jeym7mt7Z3dvfz+QV1FiaRYoxGPZNMnCjkTWNNMc2zGEknoc2z4g6uJ33hEqVgk7vUwRi8kPcECRok2Uv222H5ip518wSk5U9jLxE1JAVJUO/mfdjeiSYhCU06UarlOrL0RkZpRjuNcO1EYEzogPWwZKkiIyhtNrx3bJ0bp2kEkTQltT9W/EyMSKjUMfdMZEt1Xi95E/M9rJTq49EZMxIlGQWeLgoTbOrInr9tdJpFqPjSEUMnMrTbtE0moNgHNbUninkQcjE0w7mIMy6ReLrnnpfLdWaFynUaUhSM4hiK4cAEVuIEq1IDCA7zAK7xZz9a79WF9zlozVjpzCHOwvn4BJqSXbw==</latexit>

J(⇠) Exact Output, e.g. Perceived Loudness

Input Probability Density Function

Expectation (Mean) Numerical Approximation of Expectation

- point Numerical Quadrature

Cell-Size & Time-step

Approximate Outputs
<latexit sha1_base64="cv280YoBtxh/1KxXXMLr4NGBcVI=">AAACJXicbZDLSgMxFIYzXmu9VV26CRahBSkzRdRlQRfFhVSwF+iUIZOetqGZC0lGLMO8gq/hC7jVN3Angit3PodpO4tePBD4+P9zOCe/G3ImlWl+Gyura+sbm5mt7PbO7t5+7uCwIYNIUKjTgAei5RIJnPlQV0xxaIUCiOdyaLrD67HffAQhWeA/qFEIHY/0fdZjlCgtObnCrRNXk4L9xJzYSopnNrZ5N1BSw4xzlxSdXN4smZPCy2ClkEdp1Zzcr90NaOSBrygnUrYtM1SdmAjFKIcka0cSQkKHpA9tjT7xQHbiyY8SfKqVLu4FQj9f4Yk6OxETT8qR5+pOj6iBXPTG4n9eO1K9q07M/DBS4NPpol7EsQrwOB7cZQKo4iMNhAqmb8V0QAShSoc4tyUK+wJgmOhgrMUYlqFRLlkXpfL9eb5yk0aUQcfoBBWQhS5RBVVRDdURRc/oFb2hd+PF+DA+ja9p64qRzhyhuTJ+/gDfkKUJ</latexit>

JH(⇠1), . . . , JH(⇠N )

<latexit sha1_base64="lsh8SGK+GnswGB+eYDr29LkWqR4=">AAAB/HicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6jGghxwTMA9IljA76U2GzM4uM7NCCPEHvOofeBOv/os/4Hc4SfZgEgsaiqpuuruCRHBtXPfb2djc2t7Zze3l9w8Oj44LJ6dNHaeKYYPFIlbtgGoUXGLDcCOwnSikUSCwFYzuZ37rCZXmsXw04wT9iA4kDzmjxkr1aq9QdEvuHGSdeBkpQoZar/DT7ccsjVAaJqjWHc9NjD+hynAmcJrvphoTykZ0gB1LJY1Q+5P5oVNyaZU+CWNlSxoyV/9OTGik9TgKbGdEzVCvejPxP6+TmvDOn3CZpAYlWywKU0FMTGZfkz5XyIwYW0KZ4vZWwoZUUWZsNktb0mSgEEdTG4y3GsM6aZZL3k2pXL8uVh6yiHJwDhdwBR7cQgWqUIMGMEB4gVd4c56dd+fD+Vy0bjjZzBkswfn6Bet9la0=</latexit>

H

<latexit sha1_base64="JtsYMs3yK/fXsQOTAErckbNo8PE=">AAAB/HicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6jGgB0+SgHlAsoTZSScZMju7zMwKYYk/4FX/wJt49V/8Ab/DSbIHk1jQUFR1090VxIJr47rfztr6xubWdm4nv7u3f3BYODpu6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/WbT6g0j+SjGcfoh3QgeZ8zaqxUe+gWim7JnYGsEi8jRchQ7RZ+Or2IJSFKwwTVuu25sfFTqgxnAif5TqIxpmxEB9i2VNIQtZ/ODp2Qc6v0SD9StqQhM/XvREpDrcdhYDtDaoZ62ZuK/3ntxPRv/JTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZrOwJYkHCnE0scF4yzGskka55F2VyrXLYuUuiygHp3AGF+DBNVTgHqpQBwYIL/AKb86z8+58OJ/z1jUnmzmBBThfv/UNlbM=</latexit>

N

<latexit sha1_base64="JtsYMs3yK/fXsQOTAErckbNo8PE=">AAAB/HicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6jGgB0+SgHlAsoTZSScZMju7zMwKYYk/4FX/wJt49V/8Ab/DSbIHk1jQUFR1090VxIJr47rfztr6xubWdm4nv7u3f3BYODpu6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/WbT6g0j+SjGcfoh3QgeZ8zaqxUe+gWim7JnYGsEi8jRchQ7RZ+Or2IJSFKwwTVuu25sfFTqgxnAif5TqIxpmxEB9i2VNIQtZ/ODp2Qc6v0SD9StqQhM/XvREpDrcdhYDtDaoZ62ZuK/3ntxPRv/JTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZrOwJYkHCnE0scF4yzGskka55F2VyrXLYuUuiygHp3AGF+DBNVTgHqpQBwYIL/AKb86z8+58OJ/z1jUnmzmBBThfv/UNlbM=</latexit>

N

<latexit sha1_base64="K/sQ/h8It334GZsx0haAq+BnxQo=">AAACHnicbVDLSsNAFJ3Ud31VXboZLYIbSyKibgRBBelCKtgHpCFMprft0MkkzEyEErL2N/wBt/oH7sSt/oDf4fSxsK0HLhzOuZd77wlizpS27W8rNze/sLi0vJJfXVvf2CxsbddUlEgKVRrxSDYCooAzAVXNNIdGLIGEAYd60Lsa+PVHkIpF4kH3Y/BC0hGszSjRRvILe81HIiFWjEcCX+Abt+zhI3zjp3eZW/bT28zzC0W7ZA+BZ4kzJkU0RsUv/DRbEU1CEJpyopTr2LH2UiI1oxyyfDNREBPaIx1wDRUkBOWlw1cyfGCUFm5H0pTQeKj+nUhJqFQ/DExnSHRXTXsD8T/PTXT73EuZiBMNgo4WtROOdYQHueAWk0A17xtCqGTmVky7RBKqTXoTW5K4IwF6mQnGmY5hltSOS85p6fj+pHh5PY5oGe2ifXSIHHSGLtEtqqAqougJvaBX9GY9W+/Wh/U5as1Z45kdNAHr6xdrdKIx</latexit>

" = E[J ]� EN [JH ]

Numerical Error in Expectation

Error Decomposition Formula

Error in Expectation

Nearfield and Farfield Discretization

<latexit sha1_base64="NKGxBkccNNLspyKpVcHmM3mY9sQ="></latexit>

"Q[JH ] = E[JH ]� EN [JH ]

Error in Expectation

Statistics Quadrature

N - point Quadrature

Evaluation of Statistics for Outputs of Interest
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<latexit sha1_base64="Y66Hkx61BjKh55JATFC3RTPlegU="></latexit>

EN [JH ] =
NX

i=1

(w JH)i

<latexit sha1_base64="cBxFUeZzSZnnMM1RfznlQWL4dK8=">AAACIHicbVDLSgMxFM3UV62vqks3wSLUTZkpom6EggriqoJ9QDuUTOZOG5rJDElGLEM/wN/wB9zqH7gTl/oBfofpY2FbLyT35Jx7uTfHizlT2ra/rMzS8srqWnY9t7G5tb2T392rqyiRFGo04pFsekQBZwJqmmkOzVgCCT0ODa9/OdIbDyAVi8S9HsTghqQrWMAo0Ybq5AvXrdti+5Edu/gCt5nQePLEwST55jZVdskeB14EzhQU0DSqnfxP249oEoLQlBOlWo4dazclUjPKYZhrJwpiQvukCy0DBQlBuen4M0N8ZBgfB5E0x6wzZv92pCRUahB6pjIkuqfmtRH5n9ZKdHDupkzEiQZBJ4OChGMd4ZEz2GcSqOYDAwiVzOyKaY9IQrXxb2ZKEnclQH9ojHHmbVgE9XLJOS2V704KlaupRVl0gA5RETnoDFXQDaqiGqLoCb2gV/RmPVvv1of1OSnNWNOefTQT1vcvwX6hsA==</latexit>

E[J(⇠)] =

Z
J(⇠)f(⇠)d⇠

<latexit sha1_base64="kXuWlnbtwRMahGZh+9GRz6DNzG4=">AAACGHicbZDLSgMxFIYz9VbrbdRlN8EiuLHMFFE3QkEXpasK1hbaoWTSM21o5kKSKZShC1/DF3Crb+BO3LrzBXwOM+0sbOsPgS//OYeT/G7EmVSW9W3k1tY3Nrfy24Wd3b39A/Pw6FGGsaDQpCEPRdslEjgLoKmY4tCOBBDf5dByR7dpvTUGIVkYPKhJBI5PBgHzGCVKWz2z2B0TAZFkXN+S2hTf4Do+x/WUe2bJKlsz4VWwMyihTI2e+dPthzT2IVCUEyk7thUpJyFCMcphWujGEiJCR2QAHY0B8UE6yewTU3yqnT72QqFPoPDM/TuREF/Kie/qTp+ooVyupeZ/tU6svGsnYUEUKwjofJEXc6xCnCaC+0wAVXyigVDB9FsxHRJBqNK5LWyJo4EAGKXB2MsxrMJjpWxfliv3F6XqXRZRHhXRCTpDNrpCVVRDDdREFD2hF/SK3oxn4934MD7nrTkjmzlGCzK+fgEmAp/1</latexit>

"H = J � JH

<latexit sha1_base64="p2IjuNbAJTASapAKwcehfk3FonM=">AAACN3icbVDLSsNAFJ34flt16WawCIJQkiIqgiCoIK4q2AekoUymN+3QySTMTIQS8i/+hj/gVreu3BW3/oHTNos+PHDhzDn3cuceP+ZMadv+shYWl5ZXVtfWNza3tnd2C3v7NRUlkkKVRjySDZ8o4ExAVTPNoRFLIKHPoe73bod+/QWkYpF41v0YvJB0BAsYJdpIrcJV84VIiBXjkcDX+N6deLfSh8zDp3hKesrcx7HRKhTtkj0CnidOToooR6VVGDTbEU1CEJpyopTr2LH2UiI1oxyyjWaiICa0RzrgGipICMpLRzdm+NgobRxE0pTQeKROTqQkVKof+qYzJLqrZr2h+J/nJjq49FIm4kSDoONFQcKxjvAwMNxmEqjmfUMIlcz8FdMukYRqE+vUliTuSIBeZoJxZmOYJ7VyyTkvlZ/Oijd3eURr6BAdoRPkoAt0gx5QBVURRa/oHX2gT+vN+rYG1s+4dcHKZw7QFKzfP2x2rZo=</latexit>

" = E["H ] + "Q[JH ]

Input Random Variable, e.g. Mach Number
<latexit sha1_base64="cRSMnJpHHr6T44twlEJd/ycHNBM=">AAAB/nicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6jGgB48RzQOSJcxOejdDZh/MzIphCfgDXvUPvIlXf8Uf8DucJHswiQUNRVU33V1eIrjStv1trayurW9sFraK2zu7e/ulg8OmilPJsMFiEcu2RxUKHmFDcy2wnUikoSew5Q2vJ37rEaXicfSgRwm6IQ0i7nNGtZHuu0+8VyrbFXsKskycnJQhR71X+un2Y5aGGGkmqFIdx060m1GpORM4LnZThQllQxpgx9CIhqjcbHrqmJwapU/8WJqKNJmqfycyGio1Cj3TGVI9UIveRPzP66Tav3IzHiWpxojNFvmpIDomk79Jn0tkWowMoUxycythAyop0yaduS1pEkjE4dgE4yzGsEya1YpzUanenZdrN3lEBTiGEzgDBy6hBrdQhwYwCOAFXuHNerberQ/rc9a6YuUzRzAH6+sXvTWWtg==</latexit>

⇠
<latexit sha1_base64="VQLqz8bF37wzKEpPSaO3//yRT24=">AAACAXicbVDLTgJBEOzFF+IL9ehlIjHBC9klRj2S6MEjJgImsCGzQy+MzD4yM2skG07+gFf9A2/Gq1/iD/gdDrAHASvppFLVne4uLxZcadv+tnIrq2vrG/nNwtb2zu5ecf+gqaJEMmywSETy3qMKBQ+xobkWeB9LpIEnsOUNryZ+6xGl4lF4p0cxugHth9znjGojNf1y54mfdoslu2JPQZaJk5ESZKh3iz+dXsSSAEPNBFWq7dixdlMqNWcCx4VOojCmbEj72DY0pAEqN51eOyYnRukRP5KmQk2m6t+JlAZKjQLPdAZUD9SiNxH/89qJ9i/dlIdxojFks0V+IoiOyOR10uMSmRYjQyiT3NxK2IBKyrQJaG5LEvcl4nBsgnEWY1gmzWrFOa9Ub89KtessojwcwTGUwYELqMEN1KEBDB7gBV7hzXq23q0P63PWmrOymUOYg/X1C1PQl4s=</latexit>

f(⇠)
<latexit sha1_base64="NC1YDuj5BGz1OvoBezelCrdj6xU=">AAACAXicbVDLSgNBEOyNrxhfUY9eFoMQL2E3iHoM6EE8RTAPSJYwO+lNxszOLjOzYgg5+QNe9Q+8iVe/xB/wO5wkezCJBQ1FVTfdXX7MmdKO821lVlbX1jeym7mt7Z3dvfz+QV1FiaRYoxGPZNMnCjkTWNNMc2zGEknoc2z4g6uJ33hEqVgk7vUwRi8kPcECRok2Uv222H5ip518wSk5U9jLxE1JAVJUO/mfdjeiSYhCU06UarlOrL0RkZpRjuNcO1EYEzogPWwZKkiIyhtNrx3bJ0bp2kEkTQltT9W/EyMSKjUMfdMZEt1Xi95E/M9rJTq49EZMxIlGQWeLgoTbOrInr9tdJpFqPjSEUMnMrTbtE0moNgHNbUninkQcjE0w7mIMy6ReLrnnpfLdWaFynUaUhSM4hiK4cAEVuIEq1IDCA7zAK7xZz9a79WF9zlozVjpzCHOwvn4BJqSXbw==</latexit>

J(⇠) Exact Output, e.g. Perceived Loudness

Input Probability Density Function

Expectation (Mean) Numerical Approximation of Expectation

- point Numerical Quadrature

Cell-Size & Time-step

Approximate Outputs
<latexit sha1_base64="cv280YoBtxh/1KxXXMLr4NGBcVI=">AAACJXicbZDLSgMxFIYzXmu9VV26CRahBSkzRdRlQRfFhVSwF+iUIZOetqGZC0lGLMO8gq/hC7jVN3Angit3PodpO4tePBD4+P9zOCe/G3ImlWl+Gyura+sbm5mt7PbO7t5+7uCwIYNIUKjTgAei5RIJnPlQV0xxaIUCiOdyaLrD67HffAQhWeA/qFEIHY/0fdZjlCgtObnCrRNXk4L9xJzYSopnNrZ5N1BSw4xzlxSdXN4smZPCy2ClkEdp1Zzcr90NaOSBrygnUrYtM1SdmAjFKIcka0cSQkKHpA9tjT7xQHbiyY8SfKqVLu4FQj9f4Yk6OxETT8qR5+pOj6iBXPTG4n9eO1K9q07M/DBS4NPpol7EsQrwOB7cZQKo4iMNhAqmb8V0QAShSoc4tyUK+wJgmOhgrMUYlqFRLlkXpfL9eb5yk0aUQcfoBBWQhS5RBVVRDdURRc/oFb2hd+PF+DA+ja9p64qRzhyhuTJ+/gDfkKUJ</latexit>

JH(⇠1), . . . , JH(⇠N )

<latexit sha1_base64="lsh8SGK+GnswGB+eYDr29LkWqR4=">AAAB/HicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6jGghxwTMA9IljA76U2GzM4uM7NCCPEHvOofeBOv/os/4Hc4SfZgEgsaiqpuuruCRHBtXPfb2djc2t7Zze3l9w8Oj44LJ6dNHaeKYYPFIlbtgGoUXGLDcCOwnSikUSCwFYzuZ37rCZXmsXw04wT9iA4kDzmjxkr1aq9QdEvuHGSdeBkpQoZar/DT7ccsjVAaJqjWHc9NjD+hynAmcJrvphoTykZ0gB1LJY1Q+5P5oVNyaZU+CWNlSxoyV/9OTGik9TgKbGdEzVCvejPxP6+TmvDOn3CZpAYlWywKU0FMTGZfkz5XyIwYW0KZ4vZWwoZUUWZsNktb0mSgEEdTG4y3GsM6aZZL3k2pXL8uVh6yiHJwDhdwBR7cQgWqUIMGMEB4gVd4c56dd+fD+Vy0bjjZzBkswfn6Bet9la0=</latexit>

H

<latexit sha1_base64="JtsYMs3yK/fXsQOTAErckbNo8PE=">AAAB/HicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6jGgB0+SgHlAsoTZSScZMju7zMwKYYk/4FX/wJt49V/8Ab/DSbIHk1jQUFR1090VxIJr47rfztr6xubWdm4nv7u3f3BYODpu6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/WbT6g0j+SjGcfoh3QgeZ8zaqxUe+gWim7JnYGsEi8jRchQ7RZ+Or2IJSFKwwTVuu25sfFTqgxnAif5TqIxpmxEB9i2VNIQtZ/ODp2Qc6v0SD9StqQhM/XvREpDrcdhYDtDaoZ62ZuK/3ntxPRv/JTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZrOwJYkHCnE0scF4yzGskka55F2VyrXLYuUuiygHp3AGF+DBNVTgHqpQBwYIL/AKb86z8+58OJ/z1jUnmzmBBThfv/UNlbM=</latexit>

N

<latexit sha1_base64="JtsYMs3yK/fXsQOTAErckbNo8PE=">AAAB/HicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6jGgB0+SgHlAsoTZSScZMju7zMwKYYk/4FX/wJt49V/8Ab/DSbIHk1jQUFR1090VxIJr47rfztr6xubWdm4nv7u3f3BYODpu6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/WbT6g0j+SjGcfoh3QgeZ8zaqxUe+gWim7JnYGsEi8jRchQ7RZ+Or2IJSFKwwTVuu25sfFTqgxnAif5TqIxpmxEB9i2VNIQtZ/ODp2Qc6v0SD9StqQhM/XvREpDrcdhYDtDaoZ62ZuK/3ntxPRv/JTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZrOwJYkHCnE0scF4yzGskka55F2VyrXLYuUuiygHp3AGF+DBNVTgHqpQBwYIL/AKb86z8+58OJ/z1jUnmzmBBThfv/UNlbM=</latexit>

N

<latexit sha1_base64="K/sQ/h8It334GZsx0haAq+BnxQo=">AAACHnicbVDLSsNAFJ3Ud31VXboZLYIbSyKibgRBBelCKtgHpCFMprft0MkkzEyEErL2N/wBt/oH7sSt/oDf4fSxsK0HLhzOuZd77wlizpS27W8rNze/sLi0vJJfXVvf2CxsbddUlEgKVRrxSDYCooAzAVXNNIdGLIGEAYd60Lsa+PVHkIpF4kH3Y/BC0hGszSjRRvILe81HIiFWjEcCX+Abt+zhI3zjp3eZW/bT28zzC0W7ZA+BZ4kzJkU0RsUv/DRbEU1CEJpyopTr2LH2UiI1oxyyfDNREBPaIx1wDRUkBOWlw1cyfGCUFm5H0pTQeKj+nUhJqFQ/DExnSHRXTXsD8T/PTXT73EuZiBMNgo4WtROOdYQHueAWk0A17xtCqGTmVky7RBKqTXoTW5K4IwF6mQnGmY5hltSOS85p6fj+pHh5PY5oGe2ifXSIHHSGLtEtqqAqougJvaBX9GY9W+/Wh/U5as1Z45kdNAHr6xdrdKIx</latexit>

" = E[J ]� EN [JH ]

Numerical Error in Expectation

Error Decomposition Formula

Error in Expectation

Nearfield and Farfield Discretization

<latexit sha1_base64="NKGxBkccNNLspyKpVcHmM3mY9sQ="></latexit>

"Q[JH ] = E[JH ]� EN [JH ]

Error in Expectation

Statistics Quadrature

N - point Quadrature

Evaluation of Statistics for Outputs of Interest
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<latexit sha1_base64="Y66Hkx61BjKh55JATFC3RTPlegU="></latexit>

EN [JH ] =
NX

i=1

(w JH)i

<latexit sha1_base64="cBxFUeZzSZnnMM1RfznlQWL4dK8=">AAACIHicbVDLSgMxFM3UV62vqks3wSLUTZkpom6EggriqoJ9QDuUTOZOG5rJDElGLEM/wN/wB9zqH7gTl/oBfofpY2FbLyT35Jx7uTfHizlT2ra/rMzS8srqWnY9t7G5tb2T392rqyiRFGo04pFsekQBZwJqmmkOzVgCCT0ODa9/OdIbDyAVi8S9HsTghqQrWMAo0Ybq5AvXrdti+5Edu/gCt5nQePLEwST55jZVdskeB14EzhQU0DSqnfxP249oEoLQlBOlWo4dazclUjPKYZhrJwpiQvukCy0DBQlBuen4M0N8ZBgfB5E0x6wzZv92pCRUahB6pjIkuqfmtRH5n9ZKdHDupkzEiQZBJ4OChGMd4ZEz2GcSqOYDAwiVzOyKaY9IQrXxb2ZKEnclQH9ojHHmbVgE9XLJOS2V704KlaupRVl0gA5RETnoDFXQDaqiGqLoCb2gV/RmPVvv1of1OSnNWNOefTQT1vcvwX6hsA==</latexit>

E[J(⇠)] =

Z
J(⇠)f(⇠)d⇠

<latexit sha1_base64="kXuWlnbtwRMahGZh+9GRz6DNzG4=">AAACGHicbZDLSgMxFIYz9VbrbdRlN8EiuLHMFFE3QkEXpasK1hbaoWTSM21o5kKSKZShC1/DF3Crb+BO3LrzBXwOM+0sbOsPgS//OYeT/G7EmVSW9W3k1tY3Nrfy24Wd3b39A/Pw6FGGsaDQpCEPRdslEjgLoKmY4tCOBBDf5dByR7dpvTUGIVkYPKhJBI5PBgHzGCVKWz2z2B0TAZFkXN+S2hTf4Do+x/WUe2bJKlsz4VWwMyihTI2e+dPthzT2IVCUEyk7thUpJyFCMcphWujGEiJCR2QAHY0B8UE6yewTU3yqnT72QqFPoPDM/TuREF/Kie/qTp+ooVyupeZ/tU6svGsnYUEUKwjofJEXc6xCnCaC+0wAVXyigVDB9FsxHRJBqNK5LWyJo4EAGKXB2MsxrMJjpWxfliv3F6XqXRZRHhXRCTpDNrpCVVRDDdREFD2hF/SK3oxn4934MD7nrTkjmzlGCzK+fgEmAp/1</latexit>

"H = J � JH

<latexit sha1_base64="p2IjuNbAJTASapAKwcehfk3FonM=">AAACN3icbVDLSsNAFJ34flt16WawCIJQkiIqgiCoIK4q2AekoUymN+3QySTMTIQS8i/+hj/gVreu3BW3/oHTNos+PHDhzDn3cuceP+ZMadv+shYWl5ZXVtfWNza3tnd2C3v7NRUlkkKVRjySDZ8o4ExAVTPNoRFLIKHPoe73bod+/QWkYpF41v0YvJB0BAsYJdpIrcJV84VIiBXjkcDX+N6deLfSh8zDp3hKesrcx7HRKhTtkj0CnidOToooR6VVGDTbEU1CEJpyopTr2LH2UiI1oxyyjWaiICa0RzrgGipICMpLRzdm+NgobRxE0pTQeKROTqQkVKof+qYzJLqrZr2h+J/nJjq49FIm4kSDoONFQcKxjvAwMNxmEqjmfUMIlcz8FdMukYRqE+vUliTuSIBeZoJxZmOYJ7VyyTkvlZ/Oijd3eURr6BAdoRPkoAt0gx5QBVURRa/oHX2gT+vN+rYG1s+4dcHKZw7QFKzfP2x2rZo=</latexit>

" = E["H ] + "Q[JH ]

Input Random Variable, e.g. Mach Number
<latexit sha1_base64="cRSMnJpHHr6T44twlEJd/ycHNBM=">AAAB/nicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6jGgB48RzQOSJcxOejdDZh/MzIphCfgDXvUPvIlXf8Uf8DucJHswiQUNRVU33V1eIrjStv1trayurW9sFraK2zu7e/ulg8OmilPJsMFiEcu2RxUKHmFDcy2wnUikoSew5Q2vJ37rEaXicfSgRwm6IQ0i7nNGtZHuu0+8VyrbFXsKskycnJQhR71X+un2Y5aGGGkmqFIdx060m1GpORM4LnZThQllQxpgx9CIhqjcbHrqmJwapU/8WJqKNJmqfycyGio1Cj3TGVI9UIveRPzP66Tav3IzHiWpxojNFvmpIDomk79Jn0tkWowMoUxycythAyop0yaduS1pEkjE4dgE4yzGsEya1YpzUanenZdrN3lEBTiGEzgDBy6hBrdQhwYwCOAFXuHNerberQ/rc9a6YuUzRzAH6+sXvTWWtg==</latexit>

⇠
<latexit sha1_base64="VQLqz8bF37wzKEpPSaO3//yRT24=">AAACAXicbVDLTgJBEOzFF+IL9ehlIjHBC9klRj2S6MEjJgImsCGzQy+MzD4yM2skG07+gFf9A2/Gq1/iD/gdDrAHASvppFLVne4uLxZcadv+tnIrq2vrG/nNwtb2zu5ecf+gqaJEMmywSETy3qMKBQ+xobkWeB9LpIEnsOUNryZ+6xGl4lF4p0cxugHth9znjGojNf1y54mfdoslu2JPQZaJk5ESZKh3iz+dXsSSAEPNBFWq7dixdlMqNWcCx4VOojCmbEj72DY0pAEqN51eOyYnRukRP5KmQk2m6t+JlAZKjQLPdAZUD9SiNxH/89qJ9i/dlIdxojFks0V+IoiOyOR10uMSmRYjQyiT3NxK2IBKyrQJaG5LEvcl4nBsgnEWY1gmzWrFOa9Ub89KtessojwcwTGUwYELqMEN1KEBDB7gBV7hzXq23q0P63PWmrOymUOYg/X1C1PQl4s=</latexit>

f(⇠)
<latexit sha1_base64="NC1YDuj5BGz1OvoBezelCrdj6xU=">AAACAXicbVDLSgNBEOyNrxhfUY9eFoMQL2E3iHoM6EE8RTAPSJYwO+lNxszOLjOzYgg5+QNe9Q+8iVe/xB/wO5wkezCJBQ1FVTfdXX7MmdKO821lVlbX1jeym7mt7Z3dvfz+QV1FiaRYoxGPZNMnCjkTWNNMc2zGEknoc2z4g6uJ33hEqVgk7vUwRi8kPcECRok2Uv222H5ip518wSk5U9jLxE1JAVJUO/mfdjeiSYhCU06UarlOrL0RkZpRjuNcO1EYEzogPWwZKkiIyhtNrx3bJ0bp2kEkTQltT9W/EyMSKjUMfdMZEt1Xi95E/M9rJTq49EZMxIlGQWeLgoTbOrInr9tdJpFqPjSEUMnMrTbtE0moNgHNbUninkQcjE0w7mIMy6ReLrnnpfLdWaFynUaUhSM4hiK4cAEVuIEq1IDCA7zAK7xZz9a79WF9zlozVjpzCHOwvn4BJqSXbw==</latexit>

J(⇠) Exact Output, e.g. Perceived Loudness

Input Probability Density Function

Expectation (Mean) Numerical Approximation of Expectation

- point Numerical Quadrature

Cell-Size & Time-step

Approximate Outputs
<latexit sha1_base64="cv280YoBtxh/1KxXXMLr4NGBcVI=">AAACJXicbZDLSgMxFIYzXmu9VV26CRahBSkzRdRlQRfFhVSwF+iUIZOetqGZC0lGLMO8gq/hC7jVN3Angit3PodpO4tePBD4+P9zOCe/G3ImlWl+Gyura+sbm5mt7PbO7t5+7uCwIYNIUKjTgAei5RIJnPlQV0xxaIUCiOdyaLrD67HffAQhWeA/qFEIHY/0fdZjlCgtObnCrRNXk4L9xJzYSopnNrZ5N1BSw4xzlxSdXN4smZPCy2ClkEdp1Zzcr90NaOSBrygnUrYtM1SdmAjFKIcka0cSQkKHpA9tjT7xQHbiyY8SfKqVLu4FQj9f4Yk6OxETT8qR5+pOj6iBXPTG4n9eO1K9q07M/DBS4NPpol7EsQrwOB7cZQKo4iMNhAqmb8V0QAShSoc4tyUK+wJgmOhgrMUYlqFRLlkXpfL9eb5yk0aUQcfoBBWQhS5RBVVRDdURRc/oFb2hd+PF+DA+ja9p64qRzhyhuTJ+/gDfkKUJ</latexit>

JH(⇠1), . . . , JH(⇠N )

<latexit sha1_base64="lsh8SGK+GnswGB+eYDr29LkWqR4=">AAAB/HicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6jGghxwTMA9IljA76U2GzM4uM7NCCPEHvOofeBOv/os/4Hc4SfZgEgsaiqpuuruCRHBtXPfb2djc2t7Zze3l9w8Oj44LJ6dNHaeKYYPFIlbtgGoUXGLDcCOwnSikUSCwFYzuZ37rCZXmsXw04wT9iA4kDzmjxkr1aq9QdEvuHGSdeBkpQoZar/DT7ccsjVAaJqjWHc9NjD+hynAmcJrvphoTykZ0gB1LJY1Q+5P5oVNyaZU+CWNlSxoyV/9OTGik9TgKbGdEzVCvejPxP6+TmvDOn3CZpAYlWywKU0FMTGZfkz5XyIwYW0KZ4vZWwoZUUWZsNktb0mSgEEdTG4y3GsM6aZZL3k2pXL8uVh6yiHJwDhdwBR7cQgWqUIMGMEB4gVd4c56dd+fD+Vy0bjjZzBkswfn6Bet9la0=</latexit>

H

<latexit sha1_base64="JtsYMs3yK/fXsQOTAErckbNo8PE=">AAAB/HicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6jGgB0+SgHlAsoTZSScZMju7zMwKYYk/4FX/wJt49V/8Ab/DSbIHk1jQUFR1090VxIJr47rfztr6xubWdm4nv7u3f3BYODpu6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/WbT6g0j+SjGcfoh3QgeZ8zaqxUe+gWim7JnYGsEi8jRchQ7RZ+Or2IJSFKwwTVuu25sfFTqgxnAif5TqIxpmxEB9i2VNIQtZ/ODp2Qc6v0SD9StqQhM/XvREpDrcdhYDtDaoZ62ZuK/3ntxPRv/JTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZrOwJYkHCnE0scF4yzGskka55F2VyrXLYuUuiygHp3AGF+DBNVTgHqpQBwYIL/AKb86z8+58OJ/z1jUnmzmBBThfv/UNlbM=</latexit>

N

<latexit sha1_base64="JtsYMs3yK/fXsQOTAErckbNo8PE=">AAAB/HicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6jGgB0+SgHlAsoTZSScZMju7zMwKYYk/4FX/wJt49V/8Ab/DSbIHk1jQUFR1090VxIJr47rfztr6xubWdm4nv7u3f3BYODpu6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/WbT6g0j+SjGcfoh3QgeZ8zaqxUe+gWim7JnYGsEi8jRchQ7RZ+Or2IJSFKwwTVuu25sfFTqgxnAif5TqIxpmxEB9i2VNIQtZ/ODp2Qc6v0SD9StqQhM/XvREpDrcdhYDtDaoZ62ZuK/3ntxPRv/JTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZrOwJYkHCnE0scF4yzGskka55F2VyrXLYuUuiygHp3AGF+DBNVTgHqpQBwYIL/AKb86z8+58OJ/z1jUnmzmBBThfv/UNlbM=</latexit>

N

<latexit sha1_base64="K/sQ/h8It334GZsx0haAq+BnxQo=">AAACHnicbVDLSsNAFJ3Ud31VXboZLYIbSyKibgRBBelCKtgHpCFMprft0MkkzEyEErL2N/wBt/oH7sSt/oDf4fSxsK0HLhzOuZd77wlizpS27W8rNze/sLi0vJJfXVvf2CxsbddUlEgKVRrxSDYCooAzAVXNNIdGLIGEAYd60Lsa+PVHkIpF4kH3Y/BC0hGszSjRRvILe81HIiFWjEcCX+Abt+zhI3zjp3eZW/bT28zzC0W7ZA+BZ4kzJkU0RsUv/DRbEU1CEJpyopTr2LH2UiI1oxyyfDNREBPaIx1wDRUkBOWlw1cyfGCUFm5H0pTQeKj+nUhJqFQ/DExnSHRXTXsD8T/PTXT73EuZiBMNgo4WtROOdYQHueAWk0A17xtCqGTmVky7RBKqTXoTW5K4IwF6mQnGmY5hltSOS85p6fj+pHh5PY5oGe2ifXSIHHSGLtEtqqAqougJvaBX9GY9W+/Wh/U5as1Z45kdNAHr6xdrdKIx</latexit>

" = E[J ]� EN [JH ]

Numerical Error in Expectation

Error Decomposition Formula

Error in Expectation

Nearfield and Farfield Discretization

<latexit sha1_base64="NKGxBkccNNLspyKpVcHmM3mY9sQ="></latexit>

"Q[JH ] = E[JH ]� EN [JH ]

Error in Expectation

Statistics Quadrature

N - point Quadrature

Evaluation of Statistics for Outputs of Interest



Evaluation of Statistics for Outputs of Interest

18

<latexit sha1_base64="Y66Hkx61BjKh55JATFC3RTPlegU="></latexit>

EN [JH ] =
NX

i=1

(w JH)i

<latexit sha1_base64="cBxFUeZzSZnnMM1RfznlQWL4dK8=">AAACIHicbVDLSgMxFM3UV62vqks3wSLUTZkpom6EggriqoJ9QDuUTOZOG5rJDElGLEM/wN/wB9zqH7gTl/oBfofpY2FbLyT35Jx7uTfHizlT2ra/rMzS8srqWnY9t7G5tb2T392rqyiRFGo04pFsekQBZwJqmmkOzVgCCT0ODa9/OdIbDyAVi8S9HsTghqQrWMAo0Ybq5AvXrdti+5Edu/gCt5nQePLEwST55jZVdskeB14EzhQU0DSqnfxP249oEoLQlBOlWo4dazclUjPKYZhrJwpiQvukCy0DBQlBuen4M0N8ZBgfB5E0x6wzZv92pCRUahB6pjIkuqfmtRH5n9ZKdHDupkzEiQZBJ4OChGMd4ZEz2GcSqOYDAwiVzOyKaY9IQrXxb2ZKEnclQH9ojHHmbVgE9XLJOS2V704KlaupRVl0gA5RETnoDFXQDaqiGqLoCb2gV/RmPVvv1of1OSnNWNOefTQT1vcvwX6hsA==</latexit>

E[J(⇠)] =

Z
J(⇠)f(⇠)d⇠

<latexit sha1_base64="kXuWlnbtwRMahGZh+9GRz6DNzG4=">AAACGHicbZDLSgMxFIYz9VbrbdRlN8EiuLHMFFE3QkEXpasK1hbaoWTSM21o5kKSKZShC1/DF3Crb+BO3LrzBXwOM+0sbOsPgS//OYeT/G7EmVSW9W3k1tY3Nrfy24Wd3b39A/Pw6FGGsaDQpCEPRdslEjgLoKmY4tCOBBDf5dByR7dpvTUGIVkYPKhJBI5PBgHzGCVKWz2z2B0TAZFkXN+S2hTf4Do+x/WUe2bJKlsz4VWwMyihTI2e+dPthzT2IVCUEyk7thUpJyFCMcphWujGEiJCR2QAHY0B8UE6yewTU3yqnT72QqFPoPDM/TuREF/Kie/qTp+ooVyupeZ/tU6svGsnYUEUKwjofJEXc6xCnCaC+0wAVXyigVDB9FsxHRJBqNK5LWyJo4EAGKXB2MsxrMJjpWxfliv3F6XqXRZRHhXRCTpDNrpCVVRDDdREFD2hF/SK3oxn4934MD7nrTkjmzlGCzK+fgEmAp/1</latexit>

"H = J � JH

<latexit sha1_base64="p2IjuNbAJTASapAKwcehfk3FonM=">AAACN3icbVDLSsNAFJ34flt16WawCIJQkiIqgiCoIK4q2AekoUymN+3QySTMTIQS8i/+hj/gVreu3BW3/oHTNos+PHDhzDn3cuceP+ZMadv+shYWl5ZXVtfWNza3tnd2C3v7NRUlkkKVRjySDZ8o4ExAVTPNoRFLIKHPoe73bod+/QWkYpF41v0YvJB0BAsYJdpIrcJV84VIiBXjkcDX+N6deLfSh8zDp3hKesrcx7HRKhTtkj0CnidOToooR6VVGDTbEU1CEJpyopTr2LH2UiI1oxyyjWaiICa0RzrgGipICMpLRzdm+NgobRxE0pTQeKROTqQkVKof+qYzJLqrZr2h+J/nJjq49FIm4kSDoONFQcKxjvAwMNxmEqjmfUMIlcz8FdMukYRqE+vUliTuSIBeZoJxZmOYJ7VyyTkvlZ/Oijd3eURr6BAdoRPkoAt0gx5QBVURRa/oHX2gT+vN+rYG1s+4dcHKZw7QFKzfP2x2rZo=</latexit>

" = E["H ] + "Q[JH ]

Input Random Variable, e.g. Mach Number
<latexit sha1_base64="cRSMnJpHHr6T44twlEJd/ycHNBM=">AAAB/nicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6jGgB48RzQOSJcxOejdDZh/MzIphCfgDXvUPvIlXf8Uf8DucJHswiQUNRVU33V1eIrjStv1trayurW9sFraK2zu7e/ulg8OmilPJsMFiEcu2RxUKHmFDcy2wnUikoSew5Q2vJ37rEaXicfSgRwm6IQ0i7nNGtZHuu0+8VyrbFXsKskycnJQhR71X+un2Y5aGGGkmqFIdx060m1GpORM4LnZThQllQxpgx9CIhqjcbHrqmJwapU/8WJqKNJmqfycyGio1Cj3TGVI9UIveRPzP66Tav3IzHiWpxojNFvmpIDomk79Jn0tkWowMoUxycythAyop0yaduS1pEkjE4dgE4yzGsEya1YpzUanenZdrN3lEBTiGEzgDBy6hBrdQhwYwCOAFXuHNerberQ/rc9a6YuUzRzAH6+sXvTWWtg==</latexit>

⇠
<latexit sha1_base64="VQLqz8bF37wzKEpPSaO3//yRT24=">AAACAXicbVDLTgJBEOzFF+IL9ehlIjHBC9klRj2S6MEjJgImsCGzQy+MzD4yM2skG07+gFf9A2/Gq1/iD/gdDrAHASvppFLVne4uLxZcadv+tnIrq2vrG/nNwtb2zu5ecf+gqaJEMmywSETy3qMKBQ+xobkWeB9LpIEnsOUNryZ+6xGl4lF4p0cxugHth9znjGojNf1y54mfdoslu2JPQZaJk5ESZKh3iz+dXsSSAEPNBFWq7dixdlMqNWcCx4VOojCmbEj72DY0pAEqN51eOyYnRukRP5KmQk2m6t+JlAZKjQLPdAZUD9SiNxH/89qJ9i/dlIdxojFks0V+IoiOyOR10uMSmRYjQyiT3NxK2IBKyrQJaG5LEvcl4nBsgnEWY1gmzWrFOa9Ub89KtessojwcwTGUwYELqMEN1KEBDB7gBV7hzXq23q0P63PWmrOymUOYg/X1C1PQl4s=</latexit>

f(⇠)
<latexit sha1_base64="NC1YDuj5BGz1OvoBezelCrdj6xU=">AAACAXicbVDLSgNBEOyNrxhfUY9eFoMQL2E3iHoM6EE8RTAPSJYwO+lNxszOLjOzYgg5+QNe9Q+8iVe/xB/wO5wkezCJBQ1FVTfdXX7MmdKO821lVlbX1jeym7mt7Z3dvfz+QV1FiaRYoxGPZNMnCjkTWNNMc2zGEknoc2z4g6uJ33hEqVgk7vUwRi8kPcECRok2Uv222H5ip518wSk5U9jLxE1JAVJUO/mfdjeiSYhCU06UarlOrL0RkZpRjuNcO1EYEzogPWwZKkiIyhtNrx3bJ0bp2kEkTQltT9W/EyMSKjUMfdMZEt1Xi95E/M9rJTq49EZMxIlGQWeLgoTbOrInr9tdJpFqPjSEUMnMrTbtE0moNgHNbUninkQcjE0w7mIMy6ReLrnnpfLdWaFynUaUhSM4hiK4cAEVuIEq1IDCA7zAK7xZz9a79WF9zlozVjpzCHOwvn4BJqSXbw==</latexit>

J(⇠) Exact Output, e.g. Perceived Loudness

Input Probability Density Function

Expectation (Mean) Numerical Approximation of Expectation

- point Numerical Quadrature

Cell-Size & Time-step

Approximate Outputs
<latexit sha1_base64="cv280YoBtxh/1KxXXMLr4NGBcVI=">AAACJXicbZDLSgMxFIYzXmu9VV26CRahBSkzRdRlQRfFhVSwF+iUIZOetqGZC0lGLMO8gq/hC7jVN3Angit3PodpO4tePBD4+P9zOCe/G3ImlWl+Gyura+sbm5mt7PbO7t5+7uCwIYNIUKjTgAei5RIJnPlQV0xxaIUCiOdyaLrD67HffAQhWeA/qFEIHY/0fdZjlCgtObnCrRNXk4L9xJzYSopnNrZ5N1BSw4xzlxSdXN4smZPCy2ClkEdp1Zzcr90NaOSBrygnUrYtM1SdmAjFKIcka0cSQkKHpA9tjT7xQHbiyY8SfKqVLu4FQj9f4Yk6OxETT8qR5+pOj6iBXPTG4n9eO1K9q07M/DBS4NPpol7EsQrwOB7cZQKo4iMNhAqmb8V0QAShSoc4tyUK+wJgmOhgrMUYlqFRLlkXpfL9eb5yk0aUQcfoBBWQhS5RBVVRDdURRc/oFb2hd+PF+DA+ja9p64qRzhyhuTJ+/gDfkKUJ</latexit>

JH(⇠1), . . . , JH(⇠N )

<latexit sha1_base64="lsh8SGK+GnswGB+eYDr29LkWqR4=">AAAB/HicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6jGghxwTMA9IljA76U2GzM4uM7NCCPEHvOofeBOv/os/4Hc4SfZgEgsaiqpuuruCRHBtXPfb2djc2t7Zze3l9w8Oj44LJ6dNHaeKYYPFIlbtgGoUXGLDcCOwnSikUSCwFYzuZ37rCZXmsXw04wT9iA4kDzmjxkr1aq9QdEvuHGSdeBkpQoZar/DT7ccsjVAaJqjWHc9NjD+hynAmcJrvphoTykZ0gB1LJY1Q+5P5oVNyaZU+CWNlSxoyV/9OTGik9TgKbGdEzVCvejPxP6+TmvDOn3CZpAYlWywKU0FMTGZfkz5XyIwYW0KZ4vZWwoZUUWZsNktb0mSgEEdTG4y3GsM6aZZL3k2pXL8uVh6yiHJwDhdwBR7cQgWqUIMGMEB4gVd4c56dd+fD+Vy0bjjZzBkswfn6Bet9la0=</latexit>

H

<latexit sha1_base64="JtsYMs3yK/fXsQOTAErckbNo8PE=">AAAB/HicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6jGgB0+SgHlAsoTZSScZMju7zMwKYYk/4FX/wJt49V/8Ab/DSbIHk1jQUFR1090VxIJr47rfztr6xubWdm4nv7u3f3BYODpu6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/WbT6g0j+SjGcfoh3QgeZ8zaqxUe+gWim7JnYGsEi8jRchQ7RZ+Or2IJSFKwwTVuu25sfFTqgxnAif5TqIxpmxEB9i2VNIQtZ/ODp2Qc6v0SD9StqQhM/XvREpDrcdhYDtDaoZ62ZuK/3ntxPRv/JTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZrOwJYkHCnE0scF4yzGskka55F2VyrXLYuUuiygHp3AGF+DBNVTgHqpQBwYIL/AKb86z8+58OJ/z1jUnmzmBBThfv/UNlbM=</latexit>

N
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" = E[J ]� EN [JH ]

Numerical Error in Expectation

Error Decomposition Formula

Error in Expectation

Nearfield and Farfield Discretization

<latexit sha1_base64="NKGxBkccNNLspyKpVcHmM3mY9sQ="></latexit>

"Q[JH ] = E[JH ]� EN [JH ]

Error in Expectation

Statistics Quadrature

N - point Quadrature
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Approach: Nearfield-Farfield Decomposition

Geometric a
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JH(⇠1), JH(⇠2), . . . , JH(⇠N )
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"H(⇠1), "H(⇠2), . . . , "H(⇠N )

Realizations, e.g. noise metric
Discretization Error

QUEST

Noise Analysis

PL, ISBAP (dB)

Acoustic Signature Simulation
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Approach: Nearfield-Farfield Decomposition

Geometric a

Nearfield
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JH(⇠1), JH(⇠2), . . . , JH(⇠N )
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"H(⇠1), "H(⇠2), . . . , "H(⇠N )

Realizations, e.g. noise metric
Discretization Error

QUEST

Farfield

Noise Analysis

PL, ISBAP (dB)

Free Polar G
raph Paper from

 http://incom
petech.com

/graphpaper/polar/

20°

40°

Φ = 0°
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Approach: Nearfield-Farfield Decomposition

Geometric a

Nearfield
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JH(⇠1), JH(⇠2), . . . , JH(⇠N )
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"H(⇠1), "H(⇠2), . . . , "H(⇠N )

Realizations, e.g. noise metric
Discretization Error

QUEST

3D effects important

• Aircraft shape

• Boundary layers, plumes, secondary flow paths

Farfield

• Stratification


• Absorption

• Winds

Need to accurately simulate complex near-body shocks 
to predict nearfield signatures

Need to accurately propagate 
discontinuous pressure signatures to 
ground and predict loudness metrics

Pressure signatures are independent

• Geometric acoustics

• Propagation distances > 20 km

• State of atmosphere critical

Noise Analysis

PL, ISBAP (dB)



Nearfield Solver: Cart3D
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Flow Solver 
‣ Inviscid flow

‣ 2nd-order upwind method


- van Leer flux, Barth-Jespersen Limiter

‣ RK-5, Multigrid acceleration

‣ Domain decomposition: OpenMP & MPI

Automatic Meshing 
‣ Multilevel Cartesian mesh with embedded 

boundaries

‣ Handles arbitrarily complex vehicle shapes

Output-Driven Mesh Adaptation 
‣ Method of adjoint-weighted residuals

‣ Mesh is refined in locations with highest 

impact on pressure signatures

Every nearfield simulation includes

• Mesh refinement study to demonstrate mesh 

convergence

• Reliable bound on remaining discretization error

Credibility, Efficiency & User-Independent Results
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Farfield Solver: sBOOM
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Ray tracing coupled with augmented Burgers’ equation

• Includes nonlinearity, thermoviscous absorption and relaxation

• 2nd-order finite volumes: Godunov’s flux, van Leer Limiter, RK2, uniform mesh
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Signature ray tube

Ray tracing

• Atmospheric temperature 

profile and winds critical



Atmospheric Uncertainty in Propagation
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Detailed databases of atmospheric profiles for temperature, 
relative humidity, pressure and wind available


• Climate Forecast System Reanalysis v2 (CFSv2)

• European Centre for Medium-Range Weather Forecasts 

(ECMWF) Reanalysis v5 (ERA5)

Signature strongly influenced by local atmospheric conditions

• Ray tracing depends on temperature profile

• Relative humidity influences waveform attenuation via molecular relaxation

• Winds primarily affect arrival time and ground intercept  

Challenge is to accurately and efficiently model stochastic 
fluctuations in the atmosphere


• Atmospheric profiles are correlated fields, but we need 
independent random variables (as few as possible)


• Random process should approximate mean and standard deviation of observations

Image Credit: NASA/Carla Thomas



Atmospheric Observations
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Current focus is on variability in atmospheric profiles at Edwards AFB 

• Location for initial X-59 acoustic validation flights

• Historical observations from 2003 to 2022 from ERA5 dataset

• Profiles available every 6 hours every day

• Selected August at 18:00 UTC (10 am PT) as an example

‣ 620 atmospheric profiles


• This study considers temperature (T) and relative humidity (RH)

NASA Dryden 
Aeronautical Test Range

F-15 Probe Aircraft

LBFD Aircraft

Meteorological 
Data (ground)

GPS

Air Traffic Control
and Communications

Mission Control
and Telemetry

NASA Operations and 
Ground Facilities
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 &  C

ommunicatio
nsAir-to-Air 
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Data (balloon)
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Microphone

Microphone Arrays 
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ConOps Composite

Community Surveys
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Schlieren Imaging
(airborne)

Schlieren Imaging
(ground)

X-59 Acoustic Validation Flights 
Edwards AFB

Image Credit: NASA

Edwards AFB

18:00 UTC (10 am PT)

Dataset 2003 - 2022, 620 profiles

Cruise Altitude
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X-59



Parameterization of Atmospheric Profiles
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• Karhunen-Loeve expansion is used to model uncertainty in atmospheric data

‣ Ideal for centered, Gaussian random fields


• Main idea is to use the covariance of the observed data to anchor the parameterization

‣ Diagonalize discrete covariance matrix 

‣ Select largest eigenvalues to model fluctuations in atmospheric properties

Karhunen-Loeve (KL) Expansion

<latexit sha1_base64="g9MHkJlxMHi1bnoFE1U7leRLHJY="></latexit>

T(⇠) = T̄+
MX

m=1
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Many Verification and Validation Studies
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FA SBPW (2008)

First AIAA SBPW (2014)
Second AIAA SBPW (2017)

Third AIAA 
SBPW (2019)

Progress                                     
from nearfield-only                      

on-track simulations on    
simplified geometries with no 

propulsion to full ground noise 
carpet X-59 simulations with       

propulsive and secondary          
flow paths 

Image Credit: NASA/Carla Thomas



Outline
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1. Background & Motivation


2. Objectives


3. Methodology

• Uncertainty quantification


• Low-boom simulations


• Atmospheric uncertainty in propagation


4. Results

• Nearfield signature uncertainty estimates


• Uncertainty in atmospheric conditions


• Uncertainty in X-59 operating conditions and atmosphere


5. Summary & Outlook



Nearfield Signature Uncertainty Quantification
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• Comparison of wind tunnel 
measurements to deterministic 
simulation reveals significant 
discrepancies starting at the leading 
shock, through the rooftop and the 
recovery region


• Predicted signature misses shock 
amplitude and rise time



Nearfield Signature UQ
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• Consistent predictions between codes

• Higher modeling fidelity does not 

significantly improve agreement with 
measurements 


• All predicted signatures miss shock 
amplitude and rise time

Best Practices 2021



Experimental Measurements & Random Variables
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• Clenshaw-Curtis quadrature

• 81 realizations

Based on test data

Based on empty 
tunnel CFD studies
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Uncertain Measurements & Simulations
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Simulated Signatures
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• Similar to measured signatures, the mean reduces shock amplitude 
and relaxes shock rise-time


• Standard deviation mischaracterizes data spread at discontinuities

• Moment statistics characterize uncertainty well in smooth regions 
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Signature Probability Density Function
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•p.d.f. provides complete 
characterization of 
uncertainty


•computed from the same 
database (81 realizations) 
as moment statistics



Comparison of Mean Signatures
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Error Assessment

• Error distributions peak at shocks 


• Discretization error from Cart3D 
simulations is approximately order-of-
magnitude larger than error from 
statistics quadrature


‣ Reducing CFD discretization error 
(increasing mesh refinement) is more 
important than increasing the number 
of quadrature points


‣ Control of numerical errors critical for 
bounding model-form error

Error Decomposition for Mean Signature



Atmospheric Uncertainty in Propagation
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Characterize uncertainty in ground signature and loudness 
due to variability in state of the atmosphere


• Temperature (T) and relative humidity (RH) profiles only

• X-59 (C612A) nearfield signature, Mach number 1.4

• Location Edwards AFB

• Assume flights in August, around 10 am PT

UQ Inputs
• KL expansion with 6 eigenvalues (M=6) 

using temperature and dew-point 
temperature to model T and RH

‣ 6 independent normal variables (z1-z6 )


• L=4 sparse Gauss-Patterson quadrature

‣ 545 atmospheric profiles for T and RH -3 -2 -1 0 1 2 3

z1

-3

-2

-1

0

1

2

3

z 2
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RH = f(Tdb,Tdp)

KL Expansion for Combined T and RH

• RH distributions are skewed 
and bounded

‣ Poor fit for KL expansion


• Use conversion from RH to 
Dew Point Temperature 


• Fit both Dry Bulb and Dew 
Point Temperatures with one 
KL expansion 

<latexit sha1_base64="Ai1tOdwzWZo5RaEWMgk1qY64BY8="></latexit>

T(⇠) =


Tdb

Tdp

�
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• KL-6 parameterization

• Level 4 Gauss-Patterson sparse quadrature

• Good agreement between modeled and 

measured profiles

‣ Infrequent outliers not captured well

‣ Excellent agreement near the mean

Temperature

ERA5 Model

Edwards AFB

Cruise AltitudeCruise Altitude



Comparison of Modeled and Measured Profiles
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• KL-6 parameterization

• Level 4 Gauss-Patterson sparse 

quadrature

• Mean profiles agree exactly (by 

construction)

• Agreement in standard deviation 

is excellent

Cruise Altitude



Comparison of Modeled and Measured Profiles
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• KL-6 parameterization

• Level 4 Gauss-Patterson sparse quadrature

• Good agreement between modeled and 

measured profiles, especially at lower 
altitudes (below 25k ft)

‣ Outliers not captured well between 

40k-50k ft

‣ 8 profiles exceed 100% and need clipping

Overall, KL-6 parametrization is an excellent 
compromise for accurately capturing main 
features of T & RH data at relatively low 
computational cost



Propagation through Uncertain Atmosphere
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Distance Along Sensor (m)
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Altitude 52,026 ft

Ground Elevation 2,311 ft

Terrain Reflection Factor 1.9

X-59 Nearfield 
Signature

Sampling Frequency 100kHz 

sBOOM Propagation Inputs Ground signatures resulting from propagation 
through 545 T and RH atmospheric profiles

• Evaluate ground signature and loudness statistics 
from these realizations
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Normalized PDF

Most likely 
overpressure

Least likely 
overpressure
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Ground signature p.d.f. due to uncertain T and RH

• Atmosphere influences rise time, amplitude and 

signal duration

• Probability distribution is close to Gaussian


‣Leading pressure rise may be bimodal

Propagation through Uncertain Atmosphere
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Nominal Signature (Std. Atm.)

0 0.5 1

Normalized PDF

Propagation through Uncertain Atmosphere

Comparison of ground signature p.d.f. with a 
signature propagated through standard atmosphere


• Significant differences in signal duration and rise time

• Good agreement in amplitude



Perceived Loudness (PL) P.D.F.

47

Mean = 71.3 dB

𝝈 = 2.5 dB

Probability density function fully characterizes 
the uncertainty in PL due to variability in T 
and RH atmospheric profiles

• Distribution is skewed to the left

• One standard deviation is well below 75 dB

0 0.5 1

Normalized PDF



Perceived Loudness (PL) P.D.F.
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Mean = 71.3 dB

𝝈 = 2.5 dB

PL from propagation through Std. Atm.

• Atmospheric effects reduce mean PL by 6 dB

• Probability less than 0.05% of matching Std. 

Atm. PL at Edwards 

Probability density function fully characterizes 
the uncertainty in PL due to variability in T 
and RH atmospheric profiles

• Distribution is skewed to the left

• One standard deviation is well below 75 dB

0 0.5 1

Normalized PDF



PL, ESEL and ISBAP Distributions 
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Perceived Loudness

Indoor Sonic Boom 
Annoyance Predictor 

E-Weighted Sound 
Exposure Level

Std. Atm.Std. Atm.

Std. Atm.
• Unimodal distributions, skewed to the left


‣ Similar shapes

• Loudness values obtained from propagation through 

standard atmosphere are highly unlikely at Edwards



Uncertain Operating Conditions and Atmosphere
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Level 4 Sparse Gauss-Patterson Quadrature

X-59 (C612A)

Characterize uncertainty in X-59 ground signature and loudness due to 
uncertainty in cruise Mach number and altitude, and the atmosphere


• 8 independent random variables

‣ Assume normal distributions for Mach number (M∞) and altitude (Ac)

‣ Reuse KL-6 parameterization of T and RH profiles 


• Assume flights at Edwards AFB in August, around 10 am PT
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Simulation Details
• 8 input random variables

• L=4 sparse Gauss-Patterson quadrature


‣ 1,121 simulations required

• Separate variables into two groups: 

those that affect the nearfield and those 
that do not

‣ 15 nearfield CFD solutions

‣ 1,121 farfield propagations

Nearfield signatures due 
to uncertainty in Mach 
number (15 solutions)

Ground signatures due to 
uncertainty in Mach number, 
Altitude, and atmospheric 
profiles (1,121 propagations)



Influence of Operating Conditions on PL
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Nominal PL 
(std. atm.)

PL p.d.f. and mean 
for uncertain T and 
RH only

Perceived Loudness p.d.f. and mean due to 
uncertain Mach, Altitude, T and RH

Uncertain cruise Mach number and 
altitude shift p.d.f. to the right, 
increasing mean PL by 0.4 dB
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Ranking of Uncertain Inputs
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Perceived Loudness P.D.F. due to Uncertain Mach number, Altitude, T and RH
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• Fractional contribution 
to standard deviation


• Atmospheric uncertainty 
most dominant (KL1,4)


• Influence of Mach 
number is moderate


• Altitude rank among 
lowest in current 
problem formulation 

Parameter rank



Cumulative Distribution Function for PL
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0.92

• 92% chance of success

‣ Probability of exceeding 75 PL dB 

at Edwards AFB for flights in 
August at 18:00 UTC due to 
uncertainty in cruise Mach 
number, altitude and atmospheric 
conditions is 8%


• Estimate neglects variability in 
aircraft mass and trim, and 
atmospheric turbulence



Summary
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1. Demonstrated importance of evaluating the p.d.f. for nearfield signatures


‣ p.d.f. is bimodal at shocks, rendering moment statistics inappropriate


2. Showed significant improvement in predictions when test uncertainties are included in simulations 


‣ Important step toward assessing model-form errors


3. Developed an efficient parameterization of atmospheric profiles using Karhunen-Loeve expansion


‣ Demonstrated importance of including atmospheric uncertainty in loudness predictions

•Demonstrated efficient uncertainty quantification for loudness metrics under conditions 
expected during X-59 test flights

‣Affordable cost on real-world problems, despite direct coupling with high-fidelity simulations 
and complex aircraft geometry


•Enabling technology to improve confidence in predicted acoustic signatures of future 
supersonic transports
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QUEST  https://nas.nasa.gov/publications/software/quest/questresourcesV4.html

sBOOM & Cart3D  https://software.nasa.gov/


