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Abstract. Future space-based coronagraphs will rely critically on focal-plane wavefront sensing and control with13

deformable mirrors to reach deep contrast by mitigating optical aberrations in the primary beam path. Until now,14

most focal-plane wavefront control algorithms have been formulated in terms of Jacobian matrices, which encode15

the predicted effect of each deformable mirror actuator on the focal-plane electric field. A disadvantage of these16

methods is that Jacobian matrices can be cumbersome to compute and manipulate, particularly when the number of17

deformable mirror actuators is large. Recently, we proposed a new class of focal-plane wavefront control algorithms18

that utilize gradient-based optimization with algorithmic differentiation to compute wavefront control solutions while19

avoiding the explicit computation and manipulation of Jacobian matrices entirely. In simulations using a coronagraph20

design for the proposed Large UV/Optical/Infrared Surveyor (LUVOIR), we showed that our approach reduces overall21

CPU time and memory consumption compared to a Jacobian-based algorithm. Here, we expand on these results22

by implementing the proposed algorithm on the High Contrast Imager for Complex Aperture Telescopes (HiCAT)23

testbed at the Space Telescope Science Institute (STScI) and present initial experimental results, demonstrating contrast24

suppression capabilities equivalent to Jacobian-based methods.25
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1 Introduction28

Future space coronagraphs attempting to image and characterize Earth-like planets around nearby29

solar-type stars will rely critically on closed-loop wavefront sensing and control (WFS&C) us-30

ing deformable mirrors (DMs) to mitigate optical aberrations in the primary beam path. These31

aberrations, primarily mid-spatial frequency wavefront errors and optical misalignments in the32

telescope and coronagraph optics, give rise to a speckle floor that is coherent with the star and33

evolves slowly over time in response to miniscule drifts in the thermal and mechanical state of the34
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observatory. If uncorrected, the speckle floor overwhelms the faint image of the orbiting planet,35

which is expected to be 1010 times fainter than the host star at 0.1 arcseconds of separation or less at36

visible wavelengths.137

The current state-of-the-art wavefront control algorithms, stroke minimization (SM)2 and electric38

field conjugation (EFC),3 compute DM command solutions using a first-order approximation of the39

focal-plane electric field in an optimal control framework. In both cases, the optimal DM update40

is written down in closed form as the solution of a linear system of equations constructed from a41

Jacobian matrix that describes the influence of each DM actuator on the focal-plane electric field.42

Until recently, little attention has been paid to the computational demands of SM and EFC. The43

complexity of SM and EFC is dominated by the cost of computing and manipulating the Jacobian44

matrix, whose size is proportional to the product of the number of DM actuators and number of45

dark-zone pixels. In broadband imaging, this is compounded by the requirement to compute a46

separate Jacobian for each controlled wavelength. The Jacobian is most often model-based, in47

which case an optical diffraction model of the coronagraph is evaluated repeatedly to predict the48

focal-plane influence of each actuator. Moreover, the Jacobian is a linearization of the true, nonlinear49

behavior of the DMs and must be recalculated periodically as the state of the DMs evolves over50

time.51

As direct imaging missions demand DMs with ever-higher actuator density to enable wider52

and wider search areas, computational aspects will inevitably become a point of concern from a53

systems engineering standpoint. In on-orbit WFS&C, all sensing and control computations are54

processed by the flight computer; conversely, in ground-in-the-loop (GITL) scenarios, raw data55

is communicated to a ground-based computing node that calculates the DM correction and relays56

the correction back to the observatory. Though each approach has tradeoffs, a major advantage of57
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on-orbit WFS&C is the ability to update DM commands more frequently without relying on the58

continuous availability of communication links with the ground stations. On-orbit WFS&C can59

help to relax observatory-level wavefront stability requirements by enabling the high-contrast dark60

zone to be maintained over shorter time intervals. Successful deployment of an on-orbit architecture61

is predicated on the availability of sufficient computational resources; however, radiation-hard,62

space-qualified computing hardware lags behind conventional hardware by decades and is extremely63

resource-limited. This poses a substantial computation capability gap if the current algorithms64

are expected to be deployed on-orbit on a future direct imaging mission such as NASA’s planned65

Habitable Worlds Observatory (HWO).66

As a case in point, the current state-of-the-art testbed for coronagraph laboratory demonstra-67

tions, the Decadal Survey Testbed (DST) at NASA’s Jet Propulsion Laboratory, has successfully68

demonstrated 3.82× 10−10 instrumental contrast over a 10% fractional bandpass within an annular69

dark zone extending from 3 λ0/D to 8 λ0/D, where λ0 is the central imaging wavelength and70

D is the diameter of the telescope aperture, using two DMs each with 48 × 48 actuators.4 The71

baseline requirements for an HWO-like mission will be considerably steeper, using the Large72

UV/Optical/Infrared Surveyor (LUVOIR) and Habitable Exoplanet Observatory (HabEx) flagship73

mission concepts formulated for the Astro2020 Decadal Survey5, 6 as representative reference de-74

signs. The HabEx design features two 64× 64 DMs, and a search area with a maximal outer radius75

of 32 λ0/D over a 20% bandpass - nearly double the total actuator count, a factor of 4 increase76

in search radius, and a factor of two increase in control bandwidth. Meanwhile, the LUVOIR77

Architecture “A” reference design includes a pair of 128×128 DMs and a dark zone with a 64 λ0/D78

maximal outer radius over a 10% fractional bandpass or wider. Because the number of detector79

pixels in the dark zone scales with the area of the dark zone rather than its radius, these parameters80
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correspond to an increase by a factor of 32 (Habex) and 512 (LUVOIR-A) of the worst-case Jacobian81

dimensionality, for each control wavelength, compared to DST.82

In recent work, we formulated an alternative wavefront control framework that iteratively83

compute DM updates using gradient-based optimization techniques, which eliminates the need to84

calculate and manipulate the Jacobian.7 Our approach is based in part on a numerical technique85

known as algorithmic differentiation (AD),8 to calculate the gradients of the cost function for86

optimal control accurately and efficiently. We described an AD-based counterpart to SM, which we87

termed algorithmic differentiation penalty stroke minimization (AD-PSM), and compared it to SM88

in simulations with a small-angle LUVOIR design. Our results indicated superior computational89

efficiency with AD-PSM and comparable starlight suppression performance. While the CPU time90

and memory consumption of SM grew superlinearly with actuator count, the increase in both91

for AD-PSM was negligible (e.g., with 128× 128 actuators, AD-PSM utilized 95% less memory92

and CPU time), suggesting that iterative methods are a promising alternative to Jacobian-based93

techniques for on-orbit WFS&C with high actuator counts and large dark zones.94

In this paper, we report on the first experimental demonstration of AD-PSM as well as an95

AD-based counterpart to the EFC algorithm, termed AD-EFC, using the High Contrast Imager96

for Complex Aperture Telescopes (HiCAT) at the Space Telescope Science Institute (STScI) in97

Baltimore, Maryland. We benchmark the contrast performance of AD-PSM and AD-EFC as a98

function of several key parameters including regularization and the termination tolerance of the99

nonlinear optimizer, and compare it to SM and EFC.100

This paper is structured as follows. In Section 2, we review concepts from our earlier work,101

including algorithmic differentiation and the mathematical formulation of AD-PSM and AD-EFC.102

In Section 3, we provide an overview of HiCAT and discuss our experimental setup, including103
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algorithm implementation details that are pertinent to our demonstration. In Section 4, we present104

and discuss our experimental results. Finally, in Section 5, we provide our conclusions and briefly105

describe our planned future work.106

1.1 Notation107

In this paper, our principal concern is with algorithms that operate on discrete vector-valued108

quantities, which are represented in boldface. Many of these quantities vary as a function of control109

iteration, and are denoted with the subscript k. These may be truly discrete, such as the vector ak of110

DM actuator command updates, or may represent discretizations of functions of continuous spatial111

variables, such as electric fields. We denote x as a column vector, its transpose xT as a row vector,112

and ‖x‖ as its Euclidean length. For complex-valued quantities, † denotes the Hermitian transpose.113

Scalar quantities are denoted in ordinary (i.e., non-boldface) typographic weight.114

By convention, the derivative of a scalar with respect to a column vector is a row vector, i.e.,115

∂J

∂x
=

[
∂J

∂x[1]
. . .

∂J

∂x[N ]

]
, (1)

where x[n] is the nth element of x. Consequently, the derivative of a column vector with respect to116

another column vector is a matrix of row vectors:117

∂y

∂x
=


∂y[1]

∂x
...

∂y[M ]

∂x

 . (2)
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2 Wavefront control using algorithmic differentiation118

The goal of the WFS&C loop in coronagraphy is to drive starlight within the dark zone toward119

zero over time so that a faint orbiting companion becomes detectable against the reduced starlight120

background. Each iteration of the WFS&C loop, indexed by the integer k, consists of two steps: (1)121

an estimation step, in which an estimate Êab,k of the true aberrated electric field Eab,k is formed122

within the dark zone from focal-plane intensity measurements, and (2) a control step, in which the123

DM correction is updated to reduce the energy in Eab,k, as shown in Figure 1. In this paper, we124

focus principally on the control step.125

Modern model-based wavefront control algorithms find the DM correction update ak by mini-126

mizing some cost function Jk(ak; Êab,k) with respect to ak. Usually, Jk is constructed to trade off127

between minimizing starlight and minimizing the size of the correction, which helps to regularize128

the problem and stabilize the solution. In general, the true relationship between the starlight in the129

dark zone and the DM correction is highly nonlinear and nonconvex, owing to the fact that the DMs130

impart phase-only corrections of the form exp{iφDM} at or near the coronagraph entrance pupil.131

Optical system

Images

Stellar 
E-field

WFS&C

Controller

Model

Telescope

Estimator

CoronagraphDMs Detector

DM commands

Fig 1 Closed-loop coronagraphic WFS&C uses images from the science camera, rather than an external wavefront
sensing instrument, to estimate the electric field from the host star within the dark zone and drive it toward zero.
Model-based WFS&C algorithms use a numerical model of the coronagraph to solve an inverse problem for the
unknown electric field and corresponding DM correction, respectively.
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However, when the optical aberrations are small, we can approximate the true electric field in the132

coronagraph entrance pupil with a first-order Taylor series expansion about a small update to the133

DM commands. In this case, the corrected electric field in the dark zone has the form134

EDZ,k(ak) ≈ Êab,k + EDM,k(ak) , (3)

where Êab,k is the estimate of the aberrated dark-zone electric field produced by the estimation step,135

and EDM,k is the electric field resulting from the unknown update to the DM correction. We can136

also write EDZ,k in the form137

EDZ,k(ak) = Êab,k + Gkak , (4)

where Gk , ∂EDZ,k/∂ak is the Jacobian matrix with dimensions Npix ×Nact, Npix is the number138

of dark-zone pixels, and Nact is the total number of controllable DM actuators. The intensity from139

the corrected electric field, integrated over the dark zone, can be written in terms of the Jacobian as140

‖EDZ,k(ak)‖2 = ‖Gkak‖2 + ‖Êab,k‖2 + 2 Re
{

Ê†ab,kGk

}
ak . (5)

This is a quadratic function of ak, meaning that under this approximation, there exists a unique,141

optimal DM correction that minimizes the dark-zone starlight.142

SM and EFC utilize the relationship in Eq. (5) to derive closed-form expressions for this optimal143

correction in terms of Gk that can be evaluated by solving a linear system of dimension Nact×Nact,144

as illustrated in Figure 2. As we discuss in Appendix B, this is equivalent to minimizing the cost145

function using Newton’s method with an exact Hessian matrix. Alternatively, it is possible to find146
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the DM correction by minimizing the cost function Jk with respect to ak iteratively, rather than147

analytically, using gradient-based nonlinear optimization as shown in Figure 3. To do so eliminates148

the need to calculate the Jacobian matrix, but requires a way of calculating the gradient vector149

∂Jk/∂ak . RMAD provides a way of doing so that is both computationally efficient and accurate,150

in the sense that the derivatives computed by RMAD are accurate to machine precision and do151

not utilize finite-difference approximations.8 The basic principle of RMAD is that any function152

that can be written down as a sequence of differentiable operations, called the forward model,153

can be transformed mechanistically to construct a related function, called the adjoint model, that154

evaluates the derivative of the forward model with respect to any of the intermediate variables155

encountered during its evaluation, as well as its inputs. Figure 4 illustrates this procedure for the156

wavefront control cost function Jk. We refer the reader to our earlier work for a more comprehensive157

discussion of the principles of RMAD and its application to wavefront control.7158

Precompute

Jacobian
matrix

Forward 
model

Linear 
system

Linear 
solver

SM/EFC

Fig 2 In EFC and SM, the Jacobian matrix is precomputed by using a computer model of the coronagraph to predict the
effect of an update to each of the Nact DM actuators individually on the dark-zone electric field, here represented by
the Kronecker δ functions δn, where δn[i] = 1 if i = n and zero otherwise. The Jacobian Gk and the estimate of the
aberrated dark-zone electric field Êab,k together are used to construct a linear system of equations whose solution is
the desired DM update a∗k. We show in Appendix B that this is equivalent to minimizing the wavefront control cost
function using Newton’s method.
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OptimizerForward 
model

Adjoint 
model

Intermediate variables

Converged?

AD-PSM/AD-EFC

Fig 3 Our algorithmic differentiation-based wavefront controllers AD-PSM and AD-EFC use RMAD to differentiate the
wavefront control cost function Jk with respect to the DM correction update ak, yielding the gradient vector ∂Jk/∂ak
evaluated at the current iterate ank . A nonlinear optimization algorithm calculates a new iterate an+1

k that reduces the
value of the cost function, i.e., Jk(an+1

k ) ≤ Jk(ank ). This procedure is repeated until the gradient becomes sufficiently
small, indicating that the solution a∗k is at or near a local minimum of the cost function. A starting guess for the solution
a0k as well as the aberrated electric field Êab,k are the input parameters.

2.1 Stroke minimization: from Lagrange multipliers to penalty method159

SM finds the smallest DM correction that achieves a desired level of stellar intensity integrated over160

the dark zone, denoted by Itarget,k.2 It is solved by finding the stationary point of the Lagrangian161

DM surface

Coronagraph Cost function

Forward model
Adjoint model

DM surface

Split

Pupil-plane DM

Out-of-pupil DM

Fig 4 The forward model for the wavefront control problem maps DM command updates ak to a scalar cost function
Jk. The DM command vector is split into independent command vectors a1,k and a2,k for the pupil-plane and
out-of-pupil DM, respectively. These are mapped onto DM surfaces s1,k and s2,k using the model in Appendix C,
and propagated through an end-to-end coronagraph model to predict the resulting dark-zone electric field EDM,k.
Reverse-mode algorithmic differentiation transforms the forward model into an adjoint model that backpropagates the
partial derivatives of Jk with respect to each intermediate variable a1,k, a2,k, s1,k, s2,k, and EDM,k in reverse order,
starting from the output on the right. The derivatives with respect to the individual DM command vectors a1,k and a2,k

are concatenated to form the full gradient vector for optimization.
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function162

LSM,k = ‖ak‖2 + µk

(
‖EDZ,k(ak)‖2 − Itarget,k

)
, (6)

i.e., a point such that ∂LSM,k/∂a′k = 0, where ak is the DM actuator command update, EDZ,k is163

the corrected electric field in the dark zone, a′k ,

[
aT
k µk

]T
, and µk is the Lagrange multiplier.164

Because this stationary point is a saddle point, it cannot be reached by minimizing LSM,k with165

respect to a′k. Instead, one chooses a fixed starting value for the Lagrange multiplier, µ0
k, and166

minimizes LSM,k with respect to ak to find a corresponding DM solution a0
k. If the constraint167

‖EDZ,k(a0
k)‖2 ≤ Itarget,k is not satisfied, a larger value µ1

k > µ0
k is selected and this procedure is168

repeated. For any fixed value of µn
k , the minimum of Eq. (6) is given in closed form in terms of the169

Jacobian matrix Gk:170

an
k = −

(
Re
{

G†kGk

}
+

1

µn
k

I
)−1

Re
{

G†kÊab,k

}
, (7)

where I is the identity matrix and Êab,k is the estimate of the aberrated electric field.171

AD-PSM has the same goal, but instead iteratively minimizes the cost function172

JPSM,k = ‖ak‖2 + ηk
(
‖EDZ,k(ak)‖2 − Itarget,k

)2
, (8)

where ηk is a parameter that encodes the relative importance of minimizing actuator stroke and173

driving the integrated intensity toward the target value. The minimum of JPSM,k with respect to ak174

is coincident with the stationary point of LSM,k,9 meaning that the DM solutions obtained by SM175
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and AD-PSM are, in principle, identical. In this paper, we choose ηk in each WFS&C iteration as176

ηk =
η00(

‖Êab,k‖2 − Itarget,k

)2 , (9)

where η00, known as the penalty parameter, is a constant set by the experimenter. The denominator177 (
‖Êab,k‖2 − Itarget,k

)2
scales the cost function to be invariant to the energy in the dark-zone electric178

field, which helps in practice to obtain good solutions in all WFS&C iterations as Êab,k gradually179

converges toward zero.180

2.2 Electric field conjugation181

EFC attempts to drive the dark zone electric field toward zero, with Tikhonov regularization to182

mitigate ill-conditioning caused by the presence of actuators that are completely or partially obscured183

by pupil features. Its cost function for a single correction wavelength is given by184

JEFC,k = ‖EDZ,k(ak)‖2 + ‖Γkak‖2 , (10)

where Γk is the Tikhonov regularization matrix. In the most common case, one chooses Γk = αkI185

and Etarget,k = 0, making EFC identical to SM with a fixed Lagrange multiplier µk = 1/α2
k. For186

this case, its solution can be obtained using Eq. (7). The general solution for the Jacobian-based187

formulation of EFC is given by188

a∗k = −
(

Re
{

G†kGk

}
+ ΓT

k Γk

)−1

Re
{

G†kÊab,k

}
. (11)
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In AD-EFC, one iteratively minimizes a scaled version of the EFC cost function,189

J ′EFC,k =
1∥∥Êab,k

∥∥2JEFC,k . (12)

Similarly to AD-PSM, the scaling factor 1/
∥∥Êab,k

∥∥2 makes the AD-EFC cost function invariant to190

the energy in the dark-zone electric field to aid in obtaining numerical solutions in practice. The191

RMAD adjoint model for JEFC,k is provided in Appendix D.192

3 Experimental setup193

In this section, we provide an overview of the HiCAT testbed and provide details about the194

implementation of AD-PSM and AD-EFC, the reference Jacobian-based implementations of SM195

and EFC, and the electric field estimation algorithm used in the estimation step of the WFS&C loop.196

3.1 The HiCAT testbed197

HiCAT is a testbed dedicated to technology demonstrations for coronagraphy on segmented-aperture198

space observatories, with the intent of being directly traceable to a future LUVOIR-like mission.10–17
199

These technologies include Lyot coronagraphy, high-order WFS&C for generating and stabilizing200

dark zones, and low-order wavefront sensing (LOWFS).18 HiCAT operates in a mid-contrast regime201

(10−7 to 10−8) which approaches the limit achievable outside of a vacuum environment. The testbed202

is equipped with two Boston Micromachines Kilo-DMs for high-order sensing and control, with203

952 actuators each, making it suitable for our proof-of-concept demonstrations. One DM is placed204

in a plane conjugate to the HiCAT entrance pupil, while the second DM is placed approximately205

300 mm farther along the optical axis, corresponding to a Fresnel number NF ≈ 98 at a wavelength206

of 638 nm. This configuration enables simultaneous control of amplitude and phase aberrations over207
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a dark zone that extends over both halves of the image plane. We conducted our experiments using208

a Thorlabs MCLS1 laser diode source, which emits monochromatic light with a central wavelength209

λ0 = 638 nm.210

HiCAT additionally has an IrisAO segmented deformable mirror with 37 hexagonal segments,211

each with controllable piston/tip/tilt, to act as a telescope pupil simulator and to inform experimental212

efforts devoted to segment-level tolerancing and stabilization.19, 20 Figure 5 shows a simplified213

system layout of HiCAT including the primary imaging beam path as well as several additional214

beam paths used by the LOWFS and metrology subsystems.215

Our experiments on HiCAT utilized a classical Lyot coronagraph (CLC) design with a hexagonal216

entrance pupil mask designed to mask the extreme edges of the IrisAO, a circular focal-plane mask,217

and a circular Lyot stop. Figure 6 shows an overlay of the CLC pupil masks along with a simulated218

Zernike WFS and Tip/Tilt Sensing

"Science Instrument"

Laser diode
Monochromatic

Beam
Launcher

Pupil Mask
Iris-AO

Segmented DM

Segmented Telescope Simulator Apodizer

DM1DM2

FPM

Lyot Stop

Pupil
Camera

Imaging
Camera

Zernike WFS
Camera

Zernike
Mask Target Acq

Camera

Quad Cell

Supercontinuum
laser source Filter

Wheel
ND
Wheel

Linear
Polarizer

Coronagraph and Wavefront Control

Phase Retrieval
Camera

Flip Mirror

Light Sources

Broadband

Fig 5 Simplified, partially-unfolded layout of the HiCAT testbed. The elements encountered by the primary imaging
beam path are highlighted in bold. DM1 and DM2 indicate the in-pupil and out-of-pupil DMs, respectively. Our
experiments utilized a coronagraph configuration in which the apodizer is replaced with a flat mirror (see 3.1)
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stellar PSF. Figure 7 shows example experimental PSFs obtained before and after closed-loop219

WFS&C using SM along with the corresponding DM commands.220

3.2 Algorithm implementation221

We developed a differentiable model of HiCAT using Python, including a hand-derived adjoint222

model. To facilitate testing, our model was comprised of several sub-modules each with its own223

individual forward and adjoint models:224

1. A model to compute the DM surface resulting from a given set of actuator commands using a225

fast convolutional representation. This is described in further detail in Appendix C.226

2. A model to apply the phase corrections imparted by the in-pupil DM (DM1) and out-of-pupil227

DM (DM2), including the free-space propagation between the two DMs.228

3. A model to propagate the electric field after DM correction through the HiCAT CLC. We use229

the semi-analytical Lyot coronagraph model originally described in Ref. 21.230

We refer the reader to our earlier work for detailed descriptions of the operations in the forward and231

adjoint models for the latter two sub-modules.7 A pre-existing numerical model of HiCAT based on232

the POPPY framework22, 23 served as a reference for calibrating our differentiable model.233

3.2.1 Optimization algorithm234

We used the limited-memory Broyden-Fletcher-Goldfarb-Shanno (L-BFGS) algorithm,9 as imple-235

mented in the SciPy package,24 as the optimization algorithm for AD-PSM and AD-EFC. L-BFGS236

is a quasi-Newton algorithm, meaning that it uses the gradient vectors collected during optimization237
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Fig 6 (a) Overlay of HiCAT pupil masks projected onto the in-pupil DM plane, including the reflective area of the DM,
the IrisAO segmented aperture, the entrance pupil mask (with the same geometry, but slightly undersized relative to the
IrisAO) and the Lyot stop. (b) Simulated and (c) experimental coronagraphic PSFs with outline of the geometrical edge
of the focal-plane mask.

to approximate the inverse Hessian matrix H−1
k of second derivatives, involving substantially less238

effort than Newton’s method with an exact Hessian (see Appendix B).239

All numerical optimization algorithms have a termination criterion that determines when the240

algorithm has reached a location in the parameter space that is sufficiently close to a local optimum.241

In the L-BFGS implementation used by SciPy, the termination criterion is set by a tolerance242

parameter ε defined as the magnitude of the largest element of the gradient vector. As ε → 0,243

L-BFGS carries out a greater number of optimization iterations to terminate closer to the minimum.244

Choosing a larger value of ε reduces total computation with the tradeoff of a less-optimal DM245

solution. However, as our experiments showed, in certain instances this can help to regularize the246

solution by terminating before L-BFGS converges to an overly aggressive DM correction that would247

otherwise make the WFS&C loop unstable.248

The termination criterion presents an additional consideration not present in SM and EFC249

which exactly minimize their respective cost functions in each WFS&C iteration. The value of the250

tolerance parameter ε should be chosen to optimally trade off between accuracy and computational251

effort. We discuss this in further detail below.252
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3.3 Estimation algorithm253

We used the pairwise probe estimator3 for the estimation step in all experiments. The pairwise254

estimator forms a least-squares estimate Êab,k of the focal-plane electric field Eab,k by applying a255

series of P probing DM commands up to generate probing electric fields EDM,k(up) that interfere256

with Eab,k. The data vector for the least-squares estimate is formed by differencing the images257

resulting from EDM,k(up) and EDM,k(−up). The estimate of the mth pixel in the dark zone is then258
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Fig 7 Experimental on-axis images from HiCAT. (a) Non-coronagraphic image, (b) coronagraphic image prior to
the WFS&C loop, (c) coronagraphic image after 80 iterations of SM, and corresponding actuator commands for the
in-pupil DM (d) and out-of-pupil DM (e). In (b) and (c), the geometrical edge of the focal-plane mask (FPM) with
radius 3.34λ0/DLS is shown as well as the inner and outer edges of the dark zone at 5.8λ0/DLS to 9.8λ0/DLS ,
respectively, where DLS is the Lyot stop diameter and λ0 = 638 nm.
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found by finding the least-squares solution of the system259


I+
k,1[m]− I−k,1[m]

...

I+
k,P [m]− I−k,P [m]

 =


Re{EDM,k(u1)}[m] Im{EDM,k(u1)}[m]

...
...

Re{EDM,k(uP )}[m] Im{EDM,k(uP )}[m]


Re{Eab,k}[m]

Im{Eab,k}[m]

 , (13)

where I±k,p , |Eab,k + EDM,k(±up)|2.260

We generated four DM probe functions up that were optimized to produce probing fields of the261

form262

Ep
DM,k = sgn{θx} exp

{
iπ
p− 1

4
sgn{θx}

}
, (14)

where p ∈ {1, 2, 3, 4} and sgn{θx} is the sign of the focal-plane x coordinate. These probing fields,263

which have anti-Hermitian symmetry, correspond to purely real commands applied to the in-pupil264

DM, which we can calculate via a regularized least-squares approach for each p:265

arg min
uP
k

∥∥G1,ku
p
k − Ep

DM,k

∥∥2
+ α2

probe‖u
p
k‖

2 , (15)

where α2
probe is the Tikhonov regularization term for the probe calculation and G1,k is the Jacobian266

for the in-pupil DM. This is identical to the EFC problem in Eq. (10) but with the probing field267

Ep
DM,k on the right-hand side instead of −Êab,k, and has the solution268

up
k =

(
Re
{

G†1,kG1,k

}
+ α2

probeI
)

Re
{

G†1,kE
p
DM,k

}
. (16)
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For the experiments with SM and EFC, we applied Eq. (16) to compute probe commands for269

pairwise probe estimation. For experiments with AD-PSM and AD-EFC, we iteratively solved270

Eq. (15) using the AD-EFC framework. In all cases, we set the Tikhonov regularization parameter271

for probe generation as α2
probe = 0.7; for the iterative probes, we set the optimizer tolerance to272

ε = 10−5. Figure 8 shows the probe commands up along with the corresponding magnitude and273

phase of EDM,k(up).274

Probe command 1 Probe command 2 Probe command 3 Probe command 3

Fig 8 The probe commands up for pairwise estimation were optimized so that the resultant dark-zone electric field
EDM,k(up) = sgn{ρx} exp{iπ(p− 1) sgn{ρx}/4}, as described in Section 3.3. The inner and outer edges of the dark
zone are also shown for reference. The probe commands are close to the inverse Fourier transform of the dark zone
geometry (an annulus), modulated by a horizontal sinusoid whose phase angle is proportional to the desired piston
phase, and projected onto the DM actuator coordinates. Only the pupil-plane DM is modulated.
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4 Experimental results and discussion275

We conducted a series of experiments to compare the contrast performance of AD-PSM and AD-276

EFC relative to SM and EFC, respectively. All experiments used an annular control region extending277

from 5.8 λ0/DLS to 9.8 λ0/DLS , where λ0 = 638 nm is the central wavelength of the Thorlabs278

MCLS1 laser diode and DLS is the Lyot stop diameter. Each experiment consisted of 80 WFS&C279

iterations. For each experiment, we computed the median and 10-90th percentile values of the280

spatially averaged dark-zone contrast values for the final 50 iterations, which captures the steady-281

state performance of the WFS&C loop with each algorithm after converging to deepest-possible282

contrast. Figures 9 and 10 show example contrast vs. iteration time series with AD-PSM/SM283

and AD-EFC/EFC, respectively, as well as the PSF from the iteration with deepest contrast using284

AD-PSM and AD-EFC. In both cases, the convergence properties of AD-PSM and AD-EFC are285

nearly identical to their Jacobian-based counterparts, validating our proposed approach.286

For SM and AD-PSM, we chose Itarget,k = 0.5‖Êab,k‖2 as the contrast target, i.e., a factor of two287

improvement iteration-over-iteration in spatially-integrated dark zone contrast. For the Lagrange288

multiplier line search in SM, we let µn+1
k = 1.3 µn

k . For AD-PSM, we tested combinations of the289

penalty parameter η00 ∈ {10, 100, 1000} and the nonlinear optimization convergence tolerance290

ε ∈ {10−2, 10−3, 10−4}. We determined these values based on simulations and prior WFS&C291

experiments on HiCAT.292

For EFC and AD-EFC, we selected the Tikhonov regularization matrix as Γk = αkI, with α2
k ∈293

{10−2, 10−3, 10−4} for the first 30 WFS&C iterations and α2
k = 10−1 thereafter. We determined294

through previous experiments with EFC that maintaining an aggressive αk value throughout the295

experiment was detrimental to the stability of the control loop after reaching the steady-state regime.296
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For AD-EFC, we used the same set of ε values as AD-PSM.297

For AD-EFC and AD-PSM, we compared the value of the cost function for two different starting298

guesses for the DM correction: a0
k = a∗k−1, i.e., the solution of the previous WFS&C iteration, and299

a0
k = 0. The starting guess with the lower of the two cost function values was then selected. In all300

cases a0
k = 0 was ultimately chosen as the starting guess.301

Figures 11 and 12 show the statistics of the post-convergence spatially averaged dark-zone302

contrast achieved with AD-PSM and AD-EFC for each combination of regularization (η00 or αk)303

and optimization tolerance ε, respectively, compared to reference experiments with SM and EFC.304

For all parameter combinations, AD-PSM and AD-EFC equaled the contrast performance of SM305

and EFC, respectively. Moreover, we observed no strongly-identifiable trends in achievable contrast306

as a function of the algorithm parameters, indicating that in all cases, AD-PSM and AD-EFC307

reached the contrast floor imposed by environmental instabilities. For full contrast vs. iteration308

curves for all experiments, we refer to Figure 13 in Appendix A.309
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Fig 9 Left: spatially averaged dark-zone contrast vs. WFS&C iteration using AD-PSM with η00 = 10 and ε = 10−4,
compared to an experiment with SM. The median, 10th, and 90th percentile of the final 50 iterations, representing the
steady-state behavior after convergence, are shown in green. Right: the on-axis PSF corresponding to the iteration with
deepest contrast using AD-PSM.
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Fig 10 Left: spatially averaged dark-zone contrast vs. WFS&C iteration using AD-EFC with α2
k = 10−2 and ε = 10−4,

compared to an experiment with EFC using the same value for αk. The median, 10th, and 90th percentile of the
converged datapoints are shown in green. Right: the on-axis PSF corresponding to the iteration with deepest contrast
using AD-EFC experiment.

4.1 Discussion310

Our experiments were aimed at exploring a relevant subset of the space of free parameters for each311

algorithm, namely, the nonlinear optimization convergence tolerance ε, the Tikhonov regularization312

αk for AD-EFC, and the penalty parameter η00 for AD-PSM. In principle, each parameter affects313
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Fig 11 Median, 10th percentile and 90th percentile spatially averaged contrast values achieved by AD-PSM (dark blue)
as a function of optimizer tolerance, for three different values of the penalty parameter η00, compared to SM (light blue).
The contrast vs. iteration time series for the rightmost result in the left pane (η00 = 10, ε = 10−4) is illustrated in
Figure 9. In all cases, the contrast performance of AD-PSM was equivalent to that of SM within statistical uncertainty.
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Fig 12 Median, 10th percentile and 90th percentile spatially averaged contrast values achieved by AD-EFC (dark orange)
as a function of optimizer tolerance, for three different values of the Tikhonov regularization parameter αk. For each
αk, we also ran a reference experiment with EFC (light orange); the EFC experiment with α2

k = 10−4 diverged and
is not shown. The contrast vs. iteration time series for the rightmost result in the left pane (α2

k = 10−2, ε = 10−4)
is illustrated in Figure 10. The performance of AD-EFC was statistically equivalent to EFC for α2

k = 10−2 and
α2
k = 10−3. As discussed in Section 4.1, the optimizer tolerance prevented AD-EFC from diverging in this case.

the attainable contrast of the WFS&C loop, but in subtly different ways, which we discuss here.314

As discussed in Section 3.2.1, ε determines the effort that the nonlinear optimization algorithm315

will expend to find a solution close to the true minimum of the cost function. A smaller value of ε316

corresponds to a larger number of optimization iterations before termination, and ultimately a larger317

time interval between DM updates. In principle, on a system such as HiCAT where environmental318

disturbances cause the aberrated electric field to evolve over time scales on the order of seconds or319

faster, an excessive delay between the estimation step and application of the DM correction can320

cause a degradation in achievable contrast. However, we observed no meaningful degradation for321

smaller values of ε. In a real spaceborne system, this is unlikely to be a significant consideration322

because of the much greater electric field stability, and because the total duration of each WFS&C323

iteration will be dominated by the exposure times needed for the estimation step.324

The value ε can also serve as an auxiliary form of regularization, by terminating the optimization325
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algorithm before it reaches an overly aggressive DM correction caused by a noisy electric field326

estimate, insufficient regularization using αk or η00, or both. For instance, in Figure 12, with327

α2
k = 10−4 (rightmost panel), EFC diverged altogether whereas AD-EFC did not. On the other hand,328

choosing ε too large can impose an effective contrast floor by limiting the ability of the optimization329

algorithm to converge to appropriately strong corrections. We determined in simulation that this330

was the case for ε > 10−2.331

For EFC and AD-EFC, smaller values of the Tikhonov regularization αk correspond to more332

aggressive correction of the electric field, with the tradeoff of increased sensitivity to small perturba-333

tions in the estimated electric field, which reduces the stability of the WFS&C loop. For AD-PSM334

and SM, the aggressiveness of the WFS&C control loop is set first and foremost by the target335

contrast level Itarget,k. For SM, a smaller Itarget,k corresponds to a larger value of the Lagrange336

multiplier µk, and therefore more aggressive correction (recalling from Section 2.2 that µk = 1/α2
k).337

For AD-PSM, as η00 tends toward infinity, the goal of achieving the target contrast is enforced more338

strongly; η00 is interpretable as tuning the aggressiveness of the control loop up to a maximum339

level imposed by Itarget,k. Our experiments indicated that over the range of values considered, the340

performance of the WFS&C loop was insensitive to the value of η00.341

In principle, because αk and ε have similar effects on the performance of AD-EFC, there342

potentially exists a single combination of the two parameters that is optimal in terms of contrast, or343

perhaps a continuum of combinations with similar performance, with a change in αk compensated344

by a change to ε in the opposite direction. The same holds true for AD-PSM. Our experiments345

exhibited no strongly identifiable trend over the range of values that we considered, which we346

attribute to the fact that for all parameter contributions, the WFS&C loop was able to reach the347

contrast floor imposed by environmental, rather than algorithmic, factors.348
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5 Conclusions and future work349

In this paper, we reported the first experimental demonstrations of two algorithmic differentiation-350

based wavefront control algorithms, AD-PSM and AD-EFC, using the HiCAT testbed. To within351

statistical uncertainty, AD-PSM and AD-EFC equaled their Jacobian-based counterparts in dark-352

zone contrast for all combinations of parameters that we tested. These demonstrations pave the way353

for future experimental validation at higher contrast.354

The analysis in our earlier work indicated that the largest computational gains are realized for355

DMs with more than 64 × 64 actuators. The DMs currently in use on HiCAT have 34 actuators356

across the diameter of the active region, or 952 actuators per DM in total, which is comparatively357

low. Therefore, our goal was to validate the fundamental capability of AD-PSM and AD-EFC to358

reach deep contrast, rather than to demonstrate improved computational efficiency.359

In this work and in our earlier work, we utilized the L-BFGS optimization algorithm to minimize360

the wavefront control cost function because of its desirable convergence properties compared to361

first-order optimization methods and low storage requirements. Despite this, L-BFGS is known362

to converge slowly for poorly-conditioned problems compared to methods that utilize the exact363

Hessian matrix.9 However, there exist alternative methods such as truncated Newton algorithms,364

with excellent convergence properties for quadratic or nearly-quadratic cost functions, that require365

only the ability to evaluate Hessian-vector products, rather than the Hessian matrix itself.9 Hessian-366

vector products can be evaluated using algorithmic differentiation in a similar fashion to gradients.367

Future work will explore such methods as a potentially faster approach than L-BFGS.368
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Appendix A: Convergence data for all experiments369

In Section 4, we showed the time series of spatially averaged contrast vs. WFS&C iteration for an370

AD-PSM with η00 = 10 and ε = 10−4 compared to an experiment with SM (Figure 9), as well as371

an AD-EFC experiment with α2
k = 10−2 and ε = 10−4 compared to an EFC experiment with the372

same value of α2
k (Figure 10). We then summarized the steady-state time series statistics (median,373

10th percentile, 90th percentile) for a series of nine AD-PSM and nine AD-EFC runs with different374

combinations of (η00, ε) and (α2
k, ε), respectively (Figures 11 and 12). In this section, Figure 13375

shows the full time series of contrast vs. iteration for all 18 AD-PSM and AD-EFC experiments376

compared to their respective SM and EFC reference experiments.377

Appendix B: Equivalence of Jacobian-based solutions and Newton’s method378

Finding solutions for EFC and SM using the Jacobian matrix is equivalent to minimizing their379

respective cost functions with respect to ak using Newton’s method. Newton’s method is a second-380

order optimization technique that utilizes second-derivative information about the cost function,381

given by the local Hessian matrix Hk(an
k) at any point an

k in the DM command parameter space.382

Given an initial guess for the solution a0
k, the full Newton update is given by9

383

a1
k = a0

k −H−1
k (a0

k)
∂Jk
∂aT

k

∣∣∣∣
ak=a0

k

. (17)

For cost functions that are exactly quadratic, including EFC and SM, Newton’s method converges384

in a single iteration.385

For general numerical optimization problems, Newton’s method is rarely used in practice because386

forming the Hessian matrix explicitly is expensive. On the other hand, quasi-Newton methods387
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such as the Broyden-Fletcher-Goldfarb-Shanno (BFGS) algorithm, or the limited-memory BFGS388

(L-BFGS) variant, can approximate H−1
k using changes in ∂Jk

/
∂aT

k over successive optimization389

iterations. As a consequence, they are substantially less computationally expensive. Although390

quasi-Newton algorithms do not converge as rapidly as Newton’s method, and in particular can391

converge slowly for poorly-conditioned problems, they are nonetheless superior to purely first-order392

methods such as steepest descent.9393

As we show below, the Hessian matrix for EFC and SM has an analytic expression in terms of394

the Jacobian Gk given by Hk = 2
(

Re
{

G†kGk

}
+ C

)
, where C is a symmetric, positive-definite395

matrix given by ΓT
k Γk for EFC and I/µn

k for SM. Our approach is to replace this full Newton396

iteration, requiring computation of the Jacobian, by a series of cheaper quasi-Newton iterations397

instead, requiring only computation of the gradient ∂Jk
/
∂aT

k , which we achieve using algorithmic398

differentiation.399

The cost functions for the EFC algorithm described in Section 2 can be written in the form400

Jk(ak) = ‖bk‖2 + ‖Γkak‖2 , (18)

where Γk is a regularization matrix. For EFC, bk = EDZ,k(ak) − Etarget,k, while for SM, bk =401

EDZ,k(ak) and Γk = I/√µk. For now, we will restrict our attention to the EFC algorithm, but note402

that the result derived here applies equally as well to minimizing the Lagrangian function for SM403

with respect to the DM correction ak.404

Expanding Eq. (18) and recalling that EDZ,k = Gkak + Êab,k, the cost function has the form405

JEFC,k(ak) = aT
k

(
Re
{

G†kGk

}
+ ΓT

k Γk

)
ak + 2aT

k Re
{

G†kδEk

}
+ δE†kδEk , (19)
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where δEk , Êab,k−Etarget,k and where we use the fact that ak is purely real to discard Im
{

G†kGk

}
.406

The Jacobian-based solution is found by finding ak such that ∂JEFC,k/∂ak vanishes. We therefore407

begin by writing down the gradient:408

∂JEFC,k

∂aT
k

= 2
(

Re
{

G†kGk

}
+ ΓT

k Γk

)
ak + 2 Re

{
G†kδEk

}
= 0 . (20)

This is a linear system of equations that we can solve for the optimal correction a∗k:409

a∗k = −
(

Re
{

G†kGk

}
+ ΓT

k Γk

)−1

Re
{

G†kδEk

}
. (21)

The Hessian matrix is given by410

Hk =
∂2JEFC,k

∂ak∂aT
k

= 2
(

Re
{

G†kGk

}
+ ΓT

k Γk

)
. (22)

Since both terms in Hk are positive definite, Hk is positive definite as well, confirming that the411

solution is a minimum of the cost function.412

We will now show that the solution a∗k obtained above is the same as the solution obtained by413

applying a single iteration of Newton’s method to the EFC cost function. Let a0
k be an initial guess414

for the solution. Newton’s method produces an iterate of the form9
415

a1
k = a0

k −H−1
k

∂JEFC,k

∂aT
k

∣∣∣∣
ak=a0

k

. (23)
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Combining Eqs. (20) and (22):416

∂JEFC,k

∂aT
k

∣∣∣∣
ak=a0

k

= Hka
0
k + 2 Re

{
G†kδEk

}
. (24)

Inserting back into Eq. (23):417

a1
k = a0

k −H−1
k

(
Hka

0
k + 2 Re

{
G†kδEk

})
(25a)

= a0
k −H−1

k Hka
0
k − 2H−1

k Re
{

G†kδEk

}
(25b)

= a0
k − a0

k − 2H−1
k Re

{
G†kδEk

}
(25c)

= −2H−1
k Re

{
G†kδEk

}
. (25d)

Inserting the definition of the Hessian matrix from Eq. (22), we see that the Newton iterate a1
k is418

identical to the analytical solution in Eq. (21):419

a1
k = −2

[
2
(

Re
{

G†kGk

}
+ ΓT

k Γk

)]−1

Re
{

G†kδEk

}
(26a)

= −
(

Re
{

G†kGk

}
+ ΓT

k Γk

)−1

Re
{

G†kδEk

}
(26b)

= a∗k . (26c)

As we described earlier, the same result holds if minimizing LSM,k in Section 2.1 with respect to ak.420
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Appendix C: Fast convolutional deformable mirror model421

Consider a deformable mirror with NA actuators along each side (i.e., Nact = N2
A) whose surface422

s(x, y) can be modeled as a linear superposition of identical influence functions f(x, y)423

s(x, y) =

NA∑
m=1

NA∑
n=1

am,nf(x− xm, y − yn) . (27)

For fixed actuator spacing along the horizontal and vertical directions, we can rewrite the above424

summation as a convolution between a weighted Dirac comb function and the influence function:425

s(x, y) = f(x, y) ∗
NA∑
m=1

NA∑
n=1

am,nδ(x− xm, y − yn) . (28)

Fourier transforming both sides transforms the convolution operation into a multiplication:426

F{s(x, y)} = F{f(x, y)}
NA∑
m=1

NA∑
n=1

am,nF{δ(x− xm, y − yn)} , (29a)

= F{f(x, y)}
NA∑
m=1

NA∑
n=1

am,n exp{−i2π(xmfx + ynfy)} . (29b)

We define s̃(fx, fy) , F{s(x, y)} and f̃(fx, fy) , F{f(x, y)}:427

s̃(fx, fy) = f̃(fx, fy)

NA∑
m=1

NA∑
n=1

am,n exp{−i2π(xmfx + ynfy)} . (30)
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We next define the discretized surface and influence function arrays s̃ and f̃ such that428

s̃[p, q] = s̃(p∆fx, q∆fy) , (31a)

f̃ [p, q] = f̃(p∆fx, q∆fy) , (31b)

so that429

s̃ = f̃ ◦
NA∑
m=1

NA∑
n=1

am,n exp{−i2π(xmfx + ynfy)} , (32)

where ◦ denotes element-wise multiplication. Finally, we define the vectors of actuator center430

coordinates xc and yc such that xc[m] = xm and yc[n] = yn, as well as the array of actuator431

commands A for which A[m,n] = am,n:432

s̃[p, q] = f̃ [p, q] ◦
NA∑
m=1

NA∑
n=1

A[m,n] exp{−i2π(xc[m]fx[p] + yc[n]fy[q])} (33a)

= f̃ [p, q] ◦
NA∑
m=1

exp{−i2πxc[m]fx[p]}
NA∑
n=1

A[m,n] exp{−i2πyc[n]fy[q]} . (33b)

We can write this more succinctly as the following sequence of element-wise and matrix products:433

s̃ = f̃ ◦
(
exp
{
−i2πfxx

T
c

}
A exp

{
−i2πycf

T
y

})
(34)

where exponentiation is performed element-wise and abT denotes the outer product of the vectors434

a and b.435

The term in the parentheses is more commonly referred to as the matrix Fourier transform21 or436
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matrix triple product Fourier transform25 of A, which we denote as follows:437

MFT{A; xc,yc, fx, fy} , exp
{
−i2πfxx

T
c

}
A exp

{
−i2πycf

T
y

}
, (35)

yielding438

s̃ = f̃ ◦MFT{A; xc,yc, fx, fy} . (36)

The final step is to compute an inverse discrete Fourier transform to obtain the desired discrete DM439

surface s, which is carried out most efficiently using the inverse fast Fourier transform, yielding the440

final result:441

s = IFFT
{

f̃ ◦MFT{A; xc,yc, fx, fy}
}
. (37)

For DMs whose active actuators are a subset of the NA×NA grid modeled above, only the elements442

of A corresponding to active actuators are set to nonzero values.443

C.1 Adjoint model444

The algorithm described in the previous section computes the DM surface resulting from a two-445

dimensional array of actuator commands A, under the assumptions that the influence function is446

identical across all actuators and that the surface can be approximated as a linear superposition of the447

actuator influence functions. In the context of gradient-based nonlinear optimization using RMAD,448

we can derive an adjoint model for this algorithm that computes the derivative A , ∂J/∂AT for449

some scalar cost function J , given the derivative s with respect to the surface s.450
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To begin, we break the forward model into the following sequence:451

Ã = MFT{A; xc,yc, fx, fy} , (38a)

s̃ = f̃ ◦ Ã , (38b)

s = IFFT{s̃} . (38c)

This leads to the following adjoint model, following the RMAD adjoint variable rules in Refs.452

[7, 26]:453

s̃ = FFT{s} , (39a)

Ã = f̃∗ ◦ s̃ , (39b)

A = IMFT
{

Ã; fx, fy,xc,yc

}
, (39c)

where ∗ denotes element-wise complex conjugation and IMFT denotes the inverse matrix Fourier454

transform:455

IMFT
{

Ã; fx, fy,xc,yc

}
, exp

{
i2πxcf

T
x

}
Ã exp

{
i2πfyy

T
c

}
. (40)

Combining these expressions, the adjoint model is then456

A = IMFT
{

f̃∗ ◦ FFT{s}; fx, fy,xc,yc

}
. (41)
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Appendix D: Adjoint model for EFC cost function457

In Section 2.2, we describe the cost function for the EFC algorithm for a single correction wavelength.458

Here, we derive its RMAD adjoint model, which computes the derivative ∂JEFC,k/∂EDM,k .459

We begin by writing the cost function as a series of operations evaluated sequentially:460

EDZ,k = EDM,k + Êab,k , (42a)

∆Ek = EDZ,k − Etarget,k , (42b)

J∆E,k = ‖∆Ek‖2 , (42c)

ck = Γkak , (42d)

Jc,k = ‖ck‖2 , (42e)

JEFC,k = J∆E,k + Jc,k . (42f)

We now apply the RMAD gradient rules7, 26 to each step in reverse order to derive the adjoint model,461

33



letting x , ∂Jk
/
∂xT for any variable x:462

JEFC,k = 1 , (43a)

J∆E,k = Jc,k = JEFC,k , (43b)

ck = 2ckJc,k , (43c)

ak = ΓT
k ck , (43d)

∆Ek = 2∆EkJ∆E,k , (43e)

EDZ,k = ∆Ek , (43f)

EDM,k = EDZ,k . (43g)

Combining and simplifying, we see that the desired gradient is given by463

EDM,k = 2∆Ek . (44)

This gradient is passed to the next block of the adjoint model, which in this case is the adjoint model464

for propagation through the coronagraph, which, referring to Figure 4, evaluates the derivatives465

of JEFC,k with respect to the surfaces s1,k and s2,k, respectively. We refer to our earlier work for a466

derivation of the coronagraph propagation adjoint model.7467
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List of Figures630

1 Closed-loop coronagraphic WFS&C uses images from the science camera, rather631

than an external wavefront sensing instrument, to estimate the electric field from632

the host star within the dark zone and drive it toward zero. Model-based WFS&C633

algorithms use a numerical model of the coronagraph to solve an inverse problem634

for the unknown electric field and corresponding DM correction, respectively.635
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2 In EFC and SM, the Jacobian matrix is precomputed by using a computer model of636

the coronagraph to predict the effect of an update to each of the Nact DM actuators637

individually on the dark-zone electric field, here represented by the Kronecker δ638

functions δn, where δn[i] = 1 if i = n and zero otherwise. The Jacobian Gk and639

the estimate of the aberrated dark-zone electric field Êab,k together are used to640

construct a linear system of equations whose solution is the desired DM update a∗k.641

We show in Appendix B that this is equivalent to minimizing the wavefront control642

cost function using Newton’s method.643

3 Our algorithmic differentiation-based wavefront controllers AD-PSM and AD-EFC644

use RMAD to differentiate the wavefront control cost function Jk with respect to645

the DM correction update ak, yielding the gradient vector ∂Jk/∂ak evaluated at the646

current iterate an
k . A nonlinear optimization algorithm calculates a new iterate an+1

k647

that reduces the value of the cost function, i.e., Jk(an+1
k ) ≤ Jk(an

k). This procedure648

is repeated until the gradient becomes sufficiently small, indicating that the solution649

a∗k is at or near a local minimum of the cost function. A starting guess for the650

solution a0
k as well as the aberrated electric field Êab,k are the input parameters.651
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4 The forward model for the wavefront control problem maps DM command updates652

ak to a scalar cost function Jk. The DM command vector is split into independent653

command vectors a1,k and a2,k for the pupil-plane and out-of-pupil DM, respectively.654

These are mapped onto DM surfaces s1,k and s2,k using the model in Appendix C,655

and propagated through an end-to-end coronagraph model to predict the resulting656

dark-zone electric field EDM,k. Reverse-mode algorithmic differentiation transforms657

the forward model into an adjoint model that backpropagates the partial derivatives658

of Jk with respect to each intermediate variable a1,k, a2,k, s1,k, s2,k, and EDM,k in659

reverse order, starting from the output on the right. The derivatives with respect to660

the individual DM command vectors a1,k and a2,k are concatenated to form the full661

gradient vector for optimization.662

5 Simplified, partially-unfolded layout of the HiCAT testbed. The elements encoun-663

tered by the primary imaging beam path are highlighted in bold. DM1 and DM2664

indicate the in-pupil and out-of-pupil DMs, respectively. Our experiments utilized a665

coronagraph configuration in which the apodizer is replaced with a flat mirror (see666

3.1)667

6 (a) Overlay of HiCAT pupil masks projected onto the in-pupil DM plane, including668

the reflective area of the DM, the IrisAO segmented aperture, the entrance pupil669

mask (with the same geometry, but slightly undersized relative to the IrisAO) and670

the Lyot stop. (b) Simulated and (c) experimental coronagraphic PSFs with outline671

of the geometrical edge of the focal-plane mask.672
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7 Experimental on-axis images from HiCAT. (a) Non-coronagraphic image, (b) coro-673

nagraphic image prior to the WFS&C loop, (c) coronagraphic image after 80674

iterations of SM, and corresponding actuator commands for the in-pupil DM (d)675

and out-of-pupil DM (e). In (b) and (c), the geometrical edge of the focal-plane676

mask (FPM) with radius 3.34λ0/DLS is shown as well as the inner and outer edges677

of the dark zone at 5.8λ0/DLS to 9.8λ0/DLS , respectively, where DLS is the Lyot678

stop diameter and λ0 = 638 nm.679

8 The probe commands up for pairwise estimation were optimized so that the resul-680

tant dark-zone electric field EDM,k(up) = sgn{ρx} exp{iπ(p− 1) sgn{ρx}/4}, as681

described in Section 3.3. The inner and outer edges of the dark zone are also shown682

for reference. The probe commands are close to the inverse Fourier transform of683

the dark zone geometry (an annulus), modulated by a horizontal sinusoid whose684

phase angle is proportional to the desired piston phase, and projected onto the DM685

actuator coordinates. Only the pupil-plane DM is modulated.686

9 Left: spatially averaged dark-zone contrast vs. WFS&C iteration using AD-PSM687

with η00 = 10 and ε = 10−4, compared to an experiment with SM. The median, 10th,688

and 90th percentile of the final 50 iterations, representing the steady-state behavior689

after convergence, are shown in green. Right: the on-axis PSF corresponding to the690

iteration with deepest contrast using AD-PSM.691
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10 Left: spatially averaged dark-zone contrast vs. WFS&C iteration using AD-EFC692

with α2
k = 10−2 and ε = 10−4, compared to an experiment with EFC using the same693

value for αk. The median, 10th, and 90th percentile of the converged datapoints are694

shown in green. Right: the on-axis PSF corresponding to the iteration with deepest695

contrast using AD-EFC experiment.696

11 Median, 10th percentile and 90th percentile spatially averaged contrast values697

achieved by AD-PSM (dark blue) as a function of optimizer tolerance, for three698

different values of the penalty parameter η00, compared to SM (light blue). The699

contrast vs. iteration time series for the rightmost result in the left pane (η00 = 10,700

ε = 10−4) is illustrated in Figure 9. In all cases, the contrast performance of701

AD-PSM was equivalent to that of SM within statistical uncertainty.702

12 Median, 10th percentile and 90th percentile spatially averaged contrast values703

achieved by AD-EFC (dark orange) as a function of optimizer tolerance, for three704

different values of the Tikhonov regularization parameter αk. For each αk, we705

also ran a reference experiment with EFC (light orange); the EFC experiment with706

α2
k = 10−4 diverged and is not shown. The contrast vs. iteration time series for the707

rightmost result in the left pane (α2
k = 10−2, ε = 10−4) is illustrated in Figure 10.708

The performance of AD-EFC was statistically equivalent to EFC for α2
k = 10−2 and709

α2
k = 10−3. As discussed in Section 4.1, the optimizer tolerance prevented AD-EFC710

from diverging in this case.711
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13 Spatially averaged dark-zone contrast vs. iteration for all experiments discussed in712

Section 4 and summarized in Figures 11 and 12. The 10th percentile, median, and713

90th percentile of the steady-state contrast values (gray region) for AD-PSM and714

AD-EFC are shown in green. The AD-PSM experiment with (η00 = 10, ε = 10−4)715

and the AD-EFC experiment with (α2
k = 10−2, ε = 10−4) are also shown in Figures716

9 and 10, respectively.717
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Fig 13 Spatially averaged dark-zone contrast vs. iteration for all experiments discussed in Section 4 and summarized in
Figures 11 and 12. The 10th percentile, median, and 90th percentile of the steady-state contrast values (gray region) for
AD-PSM and AD-EFC are shown in green. The AD-PSM experiment with (η00 = 10, ε = 10−4) and the AD-EFC
experiment with (α2

k = 10−2, ε = 10−4) are also shown in Figures 9 and 10, respectively.
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