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Abstract. Future space-based coronagraphs will rely critically on focal-plane wavefront sensing and control with
deformable mirrors to reach deep contrast by mitigating optical aberrations in the primary beam path. Until now,
most focal-plane wavefront control algorithms have been formulated in terms of Jacobian matrices, which encode
the predicted effect of each deformable mirror actuator on the focal-plane electric field. A disadvantage of these
methods is that Jacobian matrices can be cumbersome to compute and manipulate, particularly when the number of
deformable mirror actuators is large. Recently, we proposed a new class of focal-plane wavefront control algorithms
that utilize gradient-based optimization with algorithmic differentiation to compute wavefront control solutions while
avoiding the explicit computation and manipulation of Jacobian matrices entirely. In simulations using a coronagraph
design for the proposed Large UV/Optical/Infrared Surveyor (LUVOIR), we showed that our approach reduces overall
CPU time and memory consumption compared to a Jacobian-based algorithm. Here, we expand on these results
by implementing the proposed algorithm on the High Contrast Imager for Complex Aperture Telescopes (HiCAT)
testbed at the Space Telescope Science Institute (STScl) and present initial experimental results, demonstrating contrast
suppression capabilities equivalent to Jacobian-based methods.

Keywords: coronagraphy, high-contrast imaging, wavefront control, optimization.
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1 Introduction

Future space coronagraphs attempting to image and characterize Earth-like planets around nearby
solar-type stars will rely critically on closed-loop wavefront sensing and control (WFS&C) us-
ing deformable mirrors (DMs) to mitigate optical aberrations in the primary beam path. These
aberrations, primarily mid-spatial frequency wavefront errors and optical misalignments in the
telescope and coronagraph optics, give rise to a speckle floor that is coherent with the star and

evolves slowly over time in response to miniscule drifts in the thermal and mechanical state of the
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observatory. If uncorrected, the speckle floor overwhelms the faint image of the orbiting planet,
which is expected to be 10'° times fainter than the host star at 0.1 arcseconds of separation or less at
visible wavelengths.!

The current state-of-the-art wavefront control algorithms, stroke minimization (SM)? and electric
field conjugation (EFC),? compute DM command solutions using a first-order approximation of the
focal-plane electric field in an optimal control framework. In both cases, the optimal DM update
is written down in closed form as the solution of a linear system of equations constructed from a
Jacobian matrix that describes the influence of each DM actuator on the focal-plane electric field.

Until recently, little attention has been paid to the computational demands of SM and EFC. The
complexity of SM and EFC is dominated by the cost of computing and manipulating the Jacobian
matrix, whose size is proportional to the product of the number of DM actuators and number of
dark-zone pixels. In broadband imaging, this is compounded by the requirement to compute a
separate Jacobian for each controlled wavelength. The Jacobian is most often model-based, in
which case an optical diffraction model of the coronagraph is evaluated repeatedly to predict the
focal-plane influence of each actuator. Moreover, the Jacobian is a linearization of the true, nonlinear
behavior of the DMs and must be recalculated periodically as the state of the DMs evolves over
time.

As direct imaging missions demand DMs with ever-higher actuator density to enable wider
and wider search areas, computational aspects will inevitably become a point of concern from a
systems engineering standpoint. In on-orbit WFS&C, all sensing and control computations are
processed by the flight computer; conversely, in ground-in-the-loop (GITL) scenarios, raw data
is communicated to a ground-based computing node that calculates the DM correction and relays

the correction back to the observatory. Though each approach has tradeoffs, a major advantage of
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on-orbit WFS&C is the ability to update DM commands more frequently without relying on the
continuous availability of communication links with the ground stations. On-orbit WFS&C can
help to relax observatory-level wavefront stability requirements by enabling the high-contrast dark
zone to be maintained over shorter time intervals. Successful deployment of an on-orbit architecture
is predicated on the availability of sufficient computational resources; however, radiation-hard,
space-qualified computing hardware lags behind conventional hardware by decades and is extremely
resource-limited. This poses a substantial computation capability gap if the current algorithms
are expected to be deployed on-orbit on a future direct imaging mission such as NASA’s planned
Habitable Worlds Observatory (HWO).

As a case in point, the current state-of-the-art testbed for coronagraph laboratory demonstra-
tions, the Decadal Survey Testbed (DST) at NASA’s Jet Propulsion Laboratory, has successfully
demonstrated 3.82 x 1071? instrumental contrast over a 10% fractional bandpass within an annular
dark zone extending from 3 \y/D to 8 Ao/ D, where ) is the central imaging wavelength and
D is the diameter of the telescope aperture, using two DMs each with 48 x 48 actuators.* The
baseline requirements for an HWO-like mission will be considerably steeper, using the Large
UV/Optical/Infrared Surveyor (LUVOIR) and Habitable Exoplanet Observatory (HabEx) flagship
mission concepts formulated for the Astro2020 Decadal Survey™° as representative reference de-
signs. The HabEx design features two 64 x 64 DMs, and a search area with a maximal outer radius
of 32 Ao/ D over a 20% bandpass - nearly double the total actuator count, a factor of 4 increase
in search radius, and a factor of two increase in control bandwidth. Meanwhile, the LUVOIR
Architecture “A” reference design includes a pair of 128 x 128 DMs and a dark zone with a 64 \q/D
maximal outer radius over a 10% fractional bandpass or wider. Because the number of detector

pixels in the dark zone scales with the area of the dark zone rather than its radius, these parameters
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correspond to an increase by a factor of 32 (Habex) and 512 (LUVOIR-A) of the worst-case Jacobian
dimensionality, for each control wavelength, compared to DST.

In recent work, we formulated an alternative wavefront control framework that iteratively
compute DM updates using gradient-based optimization techniques, which eliminates the need to
calculate and manipulate the Jacobian.” Our approach is based in part on a numerical technique
known as algorithmic differentiation (AD),? to calculate the gradients of the cost function for
optimal control accurately and efficiently. We described an AD-based counterpart to SM, which we
termed algorithmic differentiation penalty stroke minimization (AD-PSM), and compared it to SM
in simulations with a small-angle LUVOIR design. Our results indicated superior computational
efficiency with AD-PSM and comparable starlight suppression performance. While the CPU time
and memory consumption of SM grew superlinearly with actuator count, the increase in both
for AD-PSM was negligible (e.g., with 128 x 128 actuators, AD-PSM utilized 95% less memory
and CPU time), suggesting that iterative methods are a promising alternative to Jacobian-based
techniques for on-orbit WFS&C with high actuator counts and large dark zones.

In this paper, we report on the first experimental demonstration of AD-PSM as well as an
AD-based counterpart to the EFC algorithm, termed AD-EFC, using the High Contrast Imager
for Complex Aperture Telescopes (HiCAT) at the Space Telescope Science Institute (STScI) in
Baltimore, Maryland. We benchmark the contrast performance of AD-PSM and AD-EFC as a
function of several key parameters including regularization and the termination tolerance of the
nonlinear optimizer, and compare it to SM and EFC.

This paper is structured as follows. In Section 2, we review concepts from our earlier work,
including algorithmic differentiation and the mathematical formulation of AD-PSM and AD-EFC.

In Section 3, we provide an overview of HiCAT and discuss our experimental setup, including
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algorithm implementation details that are pertinent to our demonstration. In Section 4, we present
and discuss our experimental results. Finally, in Section 5, we provide our conclusions and briefly

describe our planned future work.

1.1 Notation

In this paper, our principal concern is with algorithms that operate on discrete vector-valued
quantities, which are represented in boldface. Many of these quantities vary as a function of control
iteration, and are denoted with the subscript k. These may be truly discrete, such as the vector a;, of
DM actuator command updates, or may represent discretizations of functions of continuous spatial

variables, such as electric fields. We denote x as a column vector, its transpose xT

as a row vector,
and ||x/|| as its Euclidean length. For complex-valued quantities, T denotes the Hermitian transpose.

Scalar quantities are denoted in ordinary (i.e., non-boldface) typographic weight.

By convention, the derivative of a scalar with respect to a column vector is a row vector, i.e.,

oJ [ aJ 0J

ox  |lox[1] T ox[N]])’ @

where x[n] is the nth element of x. Consequently, the derivative of a column vector with respect to

another column vector is a matrix of row vectors:

oy|1]
5 ox
y .
Ix : : ()
Oy [M]
| Ox
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2 Wavefront control using algorithmic differentiation

The goal of the WFS&C loop in coronagraphy is to drive starlight within the dark zone toward
zero over time so that a faint orbiting companion becomes detectable against the reduced starlight
background. Each iteration of the WFS&C loop, indexed by the integer £, consists of two steps: (1)
an estimation step, in which an estimate Eab’k of the true aberrated electric field E,y, ;, is formed
within the dark zone from focal-plane intensity measurements, and (2) a control step, in which the
DM correction is updated to reduce the energy in E,j, , as shown in Figure 1. In this paper, we
focus principally on the control step.

Modern model-based wavefront control algorithms find the DM correction update a; by mini-
mizing some cost function Jy(ay; f)ab,k) with respect to a;. Usually, Jj is constructed to trade off
between minimizing starlight and minimizing the size of the correction, which helps to regularize
the problem and stabilize the solution. In general, the true relationship between the starlight in the

dark zone and the DM correction is highly nonlinear and nonconvex, owing to the fact that the DMs

impart phase-only corrections of the form exp{i¢p,,} at or near the coronagraph entrance pupil.

[ = — = — — — — — — — — = — = — — — — — — — — — — — — —
I

Optical system |

——» Telescope—»{DMs |—»{ Coronagraph —|Detector +»

Fig 1 Closed-loop coronagraphic WFS&C uses images from the science camera, rather than an external wavefront
sensing instrument, to estimate the electric field from the host star within the dark zone and drive it toward zero.
Model-based WFS&C algorithms use a numerical model of the coronagraph to solve an inverse problem for the

unknown electric field and corresponding DM correction, respectively.



132

133

134

135

136

137

138

139

140

141

142

143

144

145

146

However, when the optical aberrations are small, we can approximate the true electric field in the
coronagraph entrance pupil with a first-order Taylor series expansion about a small update to the

DM commands. In this case, the corrected electric field in the dark zone has the form

Epzi(ag) = Eab,k + Epmi(ag) , 3)

where Eab,k is the estimate of the aberrated dark-zone electric field produced by the estimation step,
and Epy 4, 1s the electric field resulting from the unknown update to the DM correction. We can

also write Epy j, in the form
Epzi(ar) = Eab,k + Gray , 4)

where G = OEpyz 1/0ay is the Jacobian matrix with dimensions Ny X Nyct, Npix i the number
of dark-zone pixels, and N, is the total number of controllable DM actuators. The intensity from

the corrected electric field, integrated over the dark zone, can be written in terms of the Jacobian as
Eoa@)l” = [Guaul* + [Buwal + 2Re{E], , G o . ®)

This is a quadratic function of a;, meaning that under this approximation, there exists a unique,
optimal DM correction that minimizes the dark-zone starlight.

SM and EFC utilize the relationship in Eq. (5) to derive closed-form expressions for this optimal
correction in terms of Gy, that can be evaluated by solving a linear system of dimension N,; X Nact,
as illustrated in Figure 2. As we discuss in Appendix B, this is equivalent to minimizing the cost

function using Newton’s method with an exact Hessian matrix. Alternatively, it is possible to find
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the DM correction by minimizing the cost function J;, with respect to ay, iteratively, rather than
analytically, using gradient-based nonlinear optimization as shown in Figure 3. To do so eliminates
the need to calculate the Jacobian matrix, but requires a way of calculating the gradient vector
0Jy/0a;.. RMAD provides a way of doing so that is both computationally efficient and accurate,
in the sense that the derivatives computed by RMAD are accurate to machine precision and do
not utilize finite-difference approximations.® The basic principle of RMAD is that any function
that can be written down as a sequence of differentiable operations, called the forward model,
can be transformed mechanistically to construct a related function, called the adjoint model, that
evaluates the derivative of the forward model with respect to any of the intermediate variables
encountered during its evaluation, as well as its inputs. Figure 4 illustrates this procedure for the
wavefront control cost function J,. We refer the reader to our earlier work for a more comprehensive

discussion of the principles of RMAD and its application to wavefront control.”

By SM/EFC

| Ep,(01) |
o == : : G . - a*
I %17 Forward : Jacobian |k ] Linear o Linear [ %% |
' 5. —pl_Model : »| matrix_|' system solver
l Nact E 5 l
| T DM,k (ON,.,) |
Precompute |

Fig 2 In EFC and SM, the Jacobian matrix is precomputed by using a computer model of the coronagraph to predict the
effect of an update to each of the V,.; DM actuators individually on the dark-zone electric field, here represented by
the Kronecker ¢ functions d,,, where 6,,[¢]] = 1 if i = n and zero otherwise. The Jacobian G, and the estimate of the
aberrated dark-zone electric field Eab,k together are used to construct a linear system of equations whose solution is
the desired DM update aj. We show in Appendix B that this is equivalent to minimizing the wavefront control cost

function using Newton’s method.



159

160

161

20 B AD-PSM/AD-EFC

! '

F d Adioint Converged?
orwar join ..
> » Optimizer —»
model |, | model |9, Optimize ’<>_az
Intermediate variables ’ aZJrl

Fig 3 Our algorithmic differentiation-based wavefront controllers AD-PSM and AD-EFC use RMAD to differentiate the
wavefront control cost function .J;, with respect to the DM correction update ay, yielding the gradient vector 9J/0ay,

evaluated at the current iterate aj;. A nonlinear optimization algorithm calculates a new iterate aZ“ that reduces the

value of the cost function, i.e., Jk(aZH) < Ji(a}). This procedure is repeated until the gradient becomes sufficiently

small, indicating that the solution aj is at or near a local minimum of the cost function. A starting guess for the solution

ag as well as the aberrated electric field Eab, k are the input parameters.

2.1 Stroke minimization: from Lagrange multipliers to penalty method

SM finds the smallest DM correction that achieves a desired level of stellar intensity integrated over

the dark zone, denoted by Itargemk.z It is solved by finding the stationary point of the Lagrangian

'Pupil-plane DM

|
ark Sik !
: "|DM surface | | ~
| ai]k aas.h, | Eab i
ak={2;] T e = v EDM,k
—>| >
<« Split Coronagraph|¢ Cost function—»J;,
Ay _ | 9k Ik A A AJy,
day [aam z)azJ Tl e || OEpy i
: Oay < s 1 |
A DM surface Sok : Forward model —»
:Qul-gf-_pgpi_l bmMm | <+—Adjoint model

Fig 4 The forward model for the wavefront control problem maps DM command updates ay, to a scalar cost function
Jr. The DM command vector is split into independent command vectors a; ; and ag j for the pupil-plane and
out-of-pupil DM, respectively. These are mapped onto DM surfaces sq ;, and s, using the model in Appendix C,
and propagated through an end-to-end coronagraph model to predict the resulting dark-zone electric field Epy .
Reverse-mode algorithmic differentiation transforms the forward model into an adjoint model that backpropagates the
partial derivatives of Jj, with respect to each intermediate variable a; j, as ., S1 k. S2,, and Epy i in reverse order,
starting from the output on the right. The derivatives with respect to the individual DM command vectors a; ; and as j,

are concatenated to form the full gradient vector for optimization.
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function

Lonx = |la]]” + Nk(“EDZ,k(ak)HQ — Liarget,k) (6)

i.e., a point such that 0Lg\ x/0a);, = 0, where a;, is the DM actuator command update, Epy j, is
T
. . A . . g
the corrected electric field in the dark zone, aj, = [af Nk} , and pu is the Lagrange multiplier.
Because this stationary point is a saddle point, it cannot be reached by minimizing Lgy; with
respect to aj,. Instead, one chooses a fixed starting value for the Lagrange multiplier, 4, and
minimizes Lgypj with respect to a; to find a corresponding DM solution a). If the constraint
IEpzi(@)]|* < Liargetr is not satisfied, a larger value p} > 49 is selected and this procedure is
repeated. For any fixed value of ;7, the minimum of Eq. (6) is given in closed form in terms of the

Jacobian matrix Gy:
1 \" ~
al = — (Re{G;Gk} + EH) Re{G[Bus . )
k

where I is the identity matrix and Eab,k is the estimate of the aberrated electric field.

AD-PSM has the same goal, but instead iteratively minimizes the cost function

2
Tesnik = [lar]” + me (| Epze(ae)|* — Targenr) s )

where 7, is a parameter that encodes the relative importance of minimizing actuator stroke and
driving the integrated intensity toward the target value. The minimum of Jpgy , With respect to ay,

is coincident with the stationary point of Lgy; x,” meaning that the DM solutions obtained by SM

10
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and AD-PSM are, in principle, identical. In this paper, we choose 7, in each WEFS&C iteration as

e = 1100 ©)

= 55
(HE&b,k H2 - [target,k)

where 700, known as the penalty parameter, is a constant set by the experimenter. The denominator
= 2 . L ) .

(HEab,k H2 — Itargemk) scales the cost function to be invariant to the energy in the dark-zone electric

field, which helps in practice to obtain good solutions in all WFS&C iterations as ]/i\)ab,k gradually

converges towar d zero.

2.2 Electric field conjugation

EFC attempts to drive the dark zone electric field toward zero, with Tikhonov regularization to
mitigate ill-conditioning caused by the presence of actuators that are completely or partially obscured

by pupil features. Its cost function for a single correction wavelength is given by

Jerc = | Epze(aw)l|” + | Trax? (10)

where I';, is the Tikhonov regularization matrix. In the most common case, one chooses I'y, = oIl
and E¢areet . = 0, making EFC identical to SM with a fixed Lagrange multiplier p;, = 1 / ozi. For
this case, its solution can be obtained using Eq. (7). The general solution for the Jacobian-based

formulation of EFC is given by

aj = — (Re{G]Gy} + 1“{11)_1 Re{ Gl Bu } (11)

11



189

190

191

192

193

194

195

196

197

198

199

200

201

202

203

204

206

207

In AD-EFC, one iteratively minimizes a scaled version of the EFC cost function,

1

= 5 JEFC,E - (12)
Eab,k H

/ —
EFC,k — H

Similarly to AD-PSM, the scaling factor 1/ HEab, i H2 makes the AD-EFC cost function invariant to
the energy in the dark-zone electric field to aid in obtaining numerical solutions in practice. The

RMAD adjoint model for Jgrc j 1s provided in Appendix D.

3 Experimental setup

In this section, we provide an overview of the HiCAT testbed and provide details about the
implementation of AD-PSM and AD-EFC, the reference Jacobian-based implementations of SM

and EFC, and the electric field estimation algorithm used in the estimation step of the WES&C loop.

3.1 The HiCAT testbed

HiCAT is a testbed dedicated to technology demonstrations for coronagraphy on segmented-aperture
space observatories, with the intent of being directly traceable to a future LUVOIR-like mission. '~
These technologies include Lyot coronagraphy, high-order WFS&C for generating and stabilizing
dark zones, and low-order wavefront sensing (LOWFS).!® HiCAT operates in a mid-contrast regime
(10~ to 10~®) which approaches the limit achievable outside of a vacuum environment. The testbed
is equipped with two Boston Micromachines Kilo-DMs for high-order sensing and control, with
952 actuators each, making it suitable for our proof-of-concept demonstrations. One DM is placed
in a plane conjugate to the HiCAT entrance pupil, while the second DM is placed approximately
300 mm farther along the optical axis, corresponding to a Fresnel number Ny ~ 98 at a wavelength

of 638 nm. This configuration enables simultaneous control of amplitude and phase aberrations over

12



208

210

211

212

213

214

215

216

217

218

a dark zone that extends over both halves of the image plane. We conducted our experiments using
a Thorlabs MCLSI1 laser diode source, which emits monochromatic light with a central wavelength
Ao = 638 nm.

HiCAT additionally has an IrisAO segmented deformable mirror with 37 hexagonal segments,
each with controllable piston/tip/tilt, to act as a telescope pupil simulator and to inform experimental
efforts devoted to segment-level tolerancing and stabilization.!”** Figure 5 shows a simplified
system layout of HiCAT including the primary imaging beam path as well as several additional
beam paths used by the LOWFS and metrology subsystems.

Our experiments on HiCAT utilized a classical Lyot coronagraph (CLC) design with a hexagonal
entrance pupil mask designed to mask the extreme edges of the IrisAO, a circular focal-plane mask,

and a circular Lyot stop. Figure 6 shows an overlay of the CLC pupil masks along with a simulated
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I
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I
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Broadband Wheel Wheel

|
|
|
|
|
|
1
|
|
1
———————————————————————————————— L e et |
|
|
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|
|
|
|
|
|
|
I

Zernike WFS and Tip/Tilt Sensing

! 1
| ' FPM
: [ / N
| o/ R (. 3 | J
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! (I | e e e mmmm e — - -
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| |
N0 |
w ; maging
, Linear \
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Fig 5 Simplified, partially-unfolded layout of the HICAT testbed. The elements encountered by the primary imaging
beam path are highlighted in bold. DM1 and DM2 indicate the in-pupil and out-of-pupil DMs, respectively. Our

experiments utilized a coronagraph configuration in which the apodizer is replaced with a flat mirror (see 3.1)
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stellar PSF. Figure 7 shows example experimental PSFs obtained before and after closed-loop

WES&C using SM along with the corresponding DM commands.

3.2 Algorithm implementation

We developed a differentiable model of HiCAT using Python, including a hand-derived adjoint
model. To facilitate testing, our model was comprised of several sub-modules each with its own

individual forward and adjoint models:

1. A model to compute the DM surface resulting from a given set of actuator commands using a

fast convolutional representation. This is described in further detail in Appendix C.

2. A model to apply the phase corrections imparted by the in-pupil DM (DM1) and out-of-pupil

DM (DM2), including the free-space propagation between the two DMs.

3. A model to propagate the electric field after DM correction through the HICAT CLC. We use

the semi-analytical Lyot coronagraph model originally described in Ref. 21.

We refer the reader to our earlier work for detailed descriptions of the operations in the forward and
adjoint models for the latter two sub-modules.” A pre-existing numerical model of HiCAT based on

the POPPY framework?>?* served as a reference for calibrating our differentiable model.

3.2.1 Optimization algorithm

We used the limited-memory Broyden-Fletcher-Goldfarb-Shanno (L-BFGS) algorithm,’ as imple-
mented in the SciPy package,** as the optimization algorithm for AD-PSM and AD-EFC. L-BFGS

is a quasi-Newton algorithm, meaning that it uses the gradient vectors collected during optimization

14
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Fig 6 (a) Overlay of HiCAT pupil masks projected onto the in-pupil DM plane, including the reflective area of the DM,
the IrisAO segmented aperture, the entrance pupil mask (with the same geometry, but slightly undersized relative to the
IrisAO) and the Lyot stop. (b) Simulated and (c) experimental coronagraphic PSFs with outline of the geometrical edge
of the focal-plane mask.

to approximate the inverse Hessian matrix H,;l of second derivatives, involving substantially less
effort than Newton’s method with an exact Hessian (see Appendix B).

All numerical optimization algorithms have a termination criterion that determines when the
algorithm has reached a location in the parameter space that is sufficiently close to a local optimum.
In the L-BFGS implementation used by SciPy, the termination criterion is set by a tolerance
parameter € defined as the magnitude of the largest element of the gradient vector. As ¢ — 0,
L-BFGS carries out a greater number of optimization iterations to terminate closer to the minimum.
Choosing a larger value of ¢ reduces total computation with the tradeoff of a less-optimal DM
solution. However, as our experiments showed, in certain instances this can help to regularize the
solution by terminating before L-BFGS converges to an overly aggressive DM correction that would
otherwise make the WFS&C loop unstable.

The termination criterion presents an additional consideration not present in SM and EFC
which exactly minimize their respective cost functions in each WFS&C iteration. The value of the

tolerance parameter € should be chosen to optimally trade off between accuracy and computational

effort. We discuss this in further detail below.
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3.3 Estimation algorithm

We used the pairwise probe estimator® for the estimation step in all experiments. The pairwise
estimator forms a least-squares estimate Eab,k of the focal-plane electric field E,;, ;. by applying a
series of P probing DM commands u,, to generate probing electric fields Epy 4 (u,) that interfere
with E,;, ;. The data vector for the least-squares estimate is formed by differencing the images
resulting from Epy . (u,) and Epyy g (—u,). The estimate of the mth pixel in the dark zone is then
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105 10
« fr - )
g s£ S s S
2 0 10° &2 3 10° &
E 8 < 8
-5
107 107
=10
108 108
-10 0
/\U/DLS

(a)

30 30 30 30
] | B u e
25 - - 20 25 ] gy 20
| n -
L Fa " " 10 . 'l = 10
520 . = 520 8
g i o E 8 " g o E
515 . < 515 o <
< w " ml -10 < n a -10
10 * . ! | o 10 "I' [ :
|} _20 L} . _20
5 b | 5 ]
-30 -30
0 0
0 10 20 30 0 10 20 30
Actuator Actuator
(d) (e)

Fig 7 Experimental on-axis images from HiCAT. (a) Non-coronagraphic image, (b) coronagraphic image prior to
the WES&C loop, (c) coronagraphic image after 80 iterations of SM, and corresponding actuator commands for the
in-pupil DM (d) and out-of-pupil DM (e). In (b) and (c), the geometrical edge of the focal-plane mask (FPM) with
radius 3.34 Ao/ D is shown as well as the inner and outer edges of the dark zone at 5.8 \g/Dps to 9.8 \g/Dps,
respectively, where D s is the Lyot stop diameter and Ay = 638 nm.
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found by finding the least-squares solution of the system
L [m] — I, [m] Re{Epnx(u1)}fm] Im{Epy x(ui)}m]
Re{Eab’k}[m]

B : 5 ,  (13)
Im{E. 1 }im]

L. plm] = I p[m] _RG{EDM,k(uP)}[m] Im{Epy (up)}m]

where I, £ [Eqa i + Epvs(£u,)]%.
We generated four DM probe functions u, that were optimized to produce probing fields of the

form

Ebyg = Sgn{f)x}exp{iﬁp sgn{ex}} : (14)

where p € {1,2,3,4} and sgn{@, } is the sign of the focal-plane x coordinate. These probing fields,
which have anti-Hermitian symmetry, correspond to purely real commands applied to the in-pupil

DM, which we can calculate via a regularized least-squares approach for each p:

. 2
argmin |G s — By y||” + fone[uf]* (15)
u.

2

where Qprobe

is the Tikhonov regularization term for the probe calculation and G ;, is the Jacobian
for the in-pupil DM. This is identical to the EFC problem in Eq. (10) but with the probing field

E\ . on the right-hand side instead of —ﬁab’k, and has the solution

ul = (Re {GL,CGM} + agrobeﬂ) Re {GL,CE%M’,C} ) (16)
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For the experiments with SM and EFC, we applied Eq. (16) to compute probe commands for
pairwise probe estimation. For experiments with AD-PSM and AD-EFC, we iteratively solved
Eq. (15) using the AD-EFC framework. In all cases, we set the Tikhonov regularization parameter
for probe generation as o, = 0.7; for the iterative probes, we set the optimizer tolerance to

e = 107°. Figure 8 shows the probe commands u, along with the corresponding magnitude and

phase of Epyp 4 (u,).

Probe command 1 Probe command 2 Probe command 3 Probe command 3

- n ] " 1

Magnitude of EDM,k(up)

Phase of Epy(u,)

Fig 8 The probe commands u,, for pairwise estimation were optimized so that the resultant dark-zone electric field
Epwm,k(up) = sgn{p, }exp{im(p — 1) sgn{p, }/4}, as described in Section 3.3. The inner and outer edges of the dark
zone are also shown for reference. The probe commands are close to the inverse Fourier transform of the dark zone
geometry (an annulus), modulated by a horizontal sinusoid whose phase angle is proportional to the desired piston
phase, and projected onto the DM actuator coordinates. Only the pupil-plane DM is modulated.
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4 Experimental results and discussion

We conducted a series of experiments to compare the contrast performance of AD-PSM and AD-
EFC relative to SM and EFC, respectively. All experiments used an annular control region extending
from 5.8 \g/Dps to 9.8 \g/Dpg, where Ay = 638 nm is the central wavelength of the Thorlabs
MCLSI laser diode and D¢ is the Lyot stop diameter. Each experiment consisted of 80 WFS&C
iterations. For each experiment, we computed the median and 10-90™ percentile values of the
spatially averaged dark-zone contrast values for the final 50 iterations, which captures the steady-
state performance of the WFS&C loop with each algorithm after converging to deepest-possible
contrast. Figures 9 and 10 show example contrast vs. iteration time series with AD-PSM/SM
and AD-EFC/EFC, respectively, as well as the PSF from the iteration with deepest contrast using
AD-PSM and AD-EFC. In both cases, the convergence properties of AD-PSM and AD-EFC are
nearly identical to their Jacobian-based counterparts, validating our proposed approach.

For SM and AD-PSM, we chose iarget 1 = 0.5 f)ab’k [ 2 as the contrast target, i.e., a factor of two
improvement iteration-over-iteration in spatially-integrated dark zone contrast. For the Lagrange
multiplier line search in SM, we let yf™' = 1.3 ;2. For AD-PSM, we tested combinations of the
penalty parameter 790 € {10,100, 1000} and the nonlinear optimization convergence tolerance
e € {1072,1073,10~*}. We determined these values based on simulations and prior WFS&C
experiments on HiCAT.

For EFC and AD-EFC, we selected the Tikhonov regularization matrix as I'j, = «ll, with oz,% €
{1072,1073,10*} for the first 30 WFS&C iterations and a2 = 10~! thereafter. We determined
through previous experiments with EFC that maintaining an aggressive oy, value throughout the

experiment was detrimental to the stability of the control loop after reaching the steady-state regime.
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For AD-EFC, we used the same set of ¢ values as AD-PSM.

For AD-EFC and AD-PSM, we compared the value of the cost function for two different starting
guesses for the DM correction: ag = aj,_,, 1.e., the solution of the previous WFS&C iteration, and
a) = 0. The starting guess with the lower of the two cost function values was then selected. In all
cases a) = 0 was ultimately chosen as the starting guess.

Figures 11 and 12 show the statistics of the post-convergence spatially averaged dark-zone
contrast achieved with AD-PSM and AD-EFC for each combination of regularization (7gg or ay)
and optimization tolerance ¢, respectively, compared to reference experiments with SM and EFC.
For all parameter combinations, AD-PSM and AD-EFC equaled the contrast performance of SM
and EFC, respectively. Moreover, we observed no strongly-identifiable trends in achievable contrast
as a function of the algorithm parameters, indicating that in all cases, AD-PSM and AD-EFC
reached the contrast floor imposed by environmental instabilities. For full contrast vs. iteration
curves for all experiments, we refer to Figure 13 in Appendix A.

Contrast vs. iteration

. 10~*
g i —e— AD-PSM
g 1073 : SM
2 i Converged 107
z ! -
- —6 ! 2
© 10 | q 1076 5
o | 3 5
3 : = ©
© 10-7 ! Median
< 1077 - -7
5 90%tile | \ 10
N 1 >
o 10%tile .
1078 — ; - 108
0 20 40 60 80

WFS&C iteration

Fig 9 Left: spatially averaged dark-zone contrast vs. WFS&C iteration using AD-PSM with 799 = 10 and & = 104,
compared to an experiment with SM. The median, 10", and 90" percentile of the final 50 iterations, representing the
steady-state behavior after convergence, are shown in green. Right: the on-axis PSF corresponding to the iteration with

deepest contrast using AD-PSM.

20



310

311

312

313

Contrast vs. iteration Bes iteration

. ——— 1074

g i —o— AD-EFC
€ 1075 : EFC 10
o ! -5
2 : Converged 10
s I ° 7
© 106 i 3 ©
& ; g o 107° 2
3 : sovtile | = S
o ' edian -
'E 10_7' : l > 10—7
5 ' r e aeN
)
N i . -10
) 10%tile !

1078 1~ T - - 107°

0 20 40 60 80 -10 0 10
WFS&C iteration Ao/Dys

Fig 10 Left: spatially averaged dark-zone contrast vs. WFS&C iteration using AD-EFC with o = 1072 and e = 1074,
compared to an experiment with EFC using the same value for ;. The median, 10", and 90" percentile of the
converged datapoints are shown in green. Right: the on-axis PSF corresponding to the iteration with deepest contrast
using AD-EFC experiment.

4.1 Discussion

Our experiments were aimed at exploring a relevant subset of the space of free parameters for each
algorithm, namely, the nonlinear optimization convergence tolerance ¢, the Tikhonov regularization
oy, for AD-EFC, and the penalty parameter 79, for AD-PSM. In principle, each parameter affects

AD-PSM vs. SM

Noo = 10 Noo = 100 Noo = 1000
1077 . .
” ) I ) )
E _ n ,
D % P!
(@]
P Tl |
@® AD-PSM 1 1
SM
107® T T T T T T T T T
1072 1073 1074 1072 1073 1074 1072 1073 1074
Convergence tolerance & Convergence tolerance & Convergence tolerance &

Fig 11 Median, 10" percentile and 90" percentile spatially averaged contrast values achieved by AD-PSM (dark blue)
as a function of optimizer tolerance, for three different values of the penalty parameter 799, compared to SM (light blue).
The contrast vs. iteration time series for the rightmost result in the left pane (199 = 10, ¢ = 10~%) is illustrated in
Figure 9. In all cases, the contrast performance of AD-PSM was equivalent to that of SM within statistical uncertainty.
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AD-EFC vs. EFC

az=1072 az=1073 az=10"*%
1077 = =
- ] ] ]
al 1 * -
] n n .
S
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o
o i i i
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107° T T T | T T | T |
1072 10-3 1074 1072 1073 1074 1072 1073 1074
Convergence tolerance ¢ Convergence tolerance ¢ Convergence tolerance ¢

Fig 12 Median, 10" percentile and 90" percentile spatially averaged contrast values achieved by AD-EFC (dark orange)
as a function of optimizer tolerance, for three different values of the Tikhonov regularization parameter ay,. For each
ay, we also ran a reference experiment with EFC (light orange); the EFC experiment with o2 = 10~ diverged and
is not shown. The contrast vs. iteration time series for the rightmost result in the left pane (o = 1072, ¢ = 107%)
is illustrated in Figure 10. The performance of AD-EFC was statistically equivalent to EFC for o = 10~2 and
ai = 1073, As discussed in Section 4.1, the optimizer tolerance prevented AD-EFC from diverging in this case.
the attainable contrast of the WFS&C loop, but in subtly different ways, which we discuss here.
As discussed in Section 3.2.1, € determines the effort that the nonlinear optimization algorithm
will expend to find a solution close to the true minimum of the cost function. A smaller value of £
corresponds to a larger number of optimization iterations before termination, and ultimately a larger
time interval between DM updates. In principle, on a system such as HICAT where environmental
disturbances cause the aberrated electric field to evolve over time scales on the order of seconds or
faster, an excessive delay between the estimation step and application of the DM correction can
cause a degradation in achievable contrast. However, we observed no meaningful degradation for
smaller values of . In a real spaceborne system, this is unlikely to be a significant consideration
because of the much greater electric field stability, and because the total duration of each WFS&C

iteration will be dominated by the exposure times needed for the estimation step.

The value € can also serve as an auxiliary form of regularization, by terminating the optimization
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algorithm before it reaches an overly aggressive DM correction caused by a noisy electric field
estimate, insufficient regularization using oy, or 79, or both. For instance, in Figure 12, with
a2 = 10~* (rightmost panel), EFC diverged altogether whereas AD-EFC did not. On the other hand,
choosing ¢ too large can impose an effective contrast floor by limiting the ability of the optimization
algorithm to converge to appropriately strong corrections. We determined in simulation that this
was the case for e > 1072

For EFC and AD-EFC, smaller values of the Tikhonov regularization o, correspond to more
aggressive correction of the electric field, with the tradeoff of increased sensitivity to small perturba-
tions in the estimated electric field, which reduces the stability of the WFS&C loop. For AD-PSM
and SM, the aggressiveness of the WFES&C control loop is set first and foremost by the target
contrast level Iiueet i For SM, a smaller Ii,.qe 1 corresponds to a larger value of the Lagrange
multiplier j1;, and therefore more aggressive correction (recalling from Section 2.2 that y, = 1/a3).
For AD-PSM, as 7y tends toward infinity, the goal of achieving the target contrast is enforced more
strongly; 7o 1s interpretable as tuning the aggressiveness of the control loop up to a maximum
level imposed by Iiarget - Our experiments indicated that over the range of values considered, the
performance of the WFS&C loop was insensitive to the value of 7.

In principle, because «a; and € have similar effects on the performance of AD-EFC, there
potentially exists a single combination of the two parameters that is optimal in terms of contrast, or
perhaps a continuum of combinations with similar performance, with a change in o compensated
by a change to ¢ in the opposite direction. The same holds true for AD-PSM. Our experiments
exhibited no strongly identifiable trend over the range of values that we considered, which we
attribute to the fact that for all parameter contributions, the WFS&C loop was able to reach the

contrast floor imposed by environmental, rather than algorithmic, factors.
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5 Conclusions and future work

In this paper, we reported the first experimental demonstrations of two algorithmic differentiation-
based wavefront control algorithms, AD-PSM and AD-EFC, using the HiCAT testbed. To within
statistical uncertainty, AD-PSM and AD-EFC equaled their Jacobian-based counterparts in dark-
zone contrast for all combinations of parameters that we tested. These demonstrations pave the way
for future experimental validation at higher contrast.

The analysis in our earlier work indicated that the largest computational gains are realized for
DMs with more than 64 x 64 actuators. The DMs currently in use on HiCAT have 34 actuators
across the diameter of the active region, or 952 actuators per DM in total, which is comparatively
low. Therefore, our goal was to validate the fundamental capability of AD-PSM and AD-EFC to
reach deep contrast, rather than to demonstrate improved computational efficiency.

In this work and in our earlier work, we utilized the L-BFGS optimization algorithm to minimize
the wavefront control cost function because of its desirable convergence properties compared to
first-order optimization methods and low storage requirements. Despite this, L-BFGS is known
to converge slowly for poorly-conditioned problems compared to methods that utilize the exact
Hessian matrix.” However, there exist alternative methods such as truncated Newton algorithms,
with excellent convergence properties for quadratic or nearly-quadratic cost functions, that require
only the ability to evaluate Hessian-vector products, rather than the Hessian matrix itself.” Hessian-
vector products can be evaluated using algorithmic differentiation in a similar fashion to gradients.

Future work will explore such methods as a potentially faster approach than L-BFGS.
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Appendix A: Convergence data for all experiments

In Section 4, we showed the time series of spatially averaged contrast vs. WFS&C iteration for an
AD-PSM with 79 = 10 and € = 10~* compared to an experiment with SM (Figure 9), as well as
an AD-EFC experiment with o = 1072 and € = 10~* compared to an EFC experiment with the
same value of o2 (Figure 10). We then summarized the steady-state time series statistics (median,
10™ percentile, 90" percentile) for a series of nine AD-PSM and nine AD-EFC runs with different
combinations of (1, €) and (a?, €), respectively (Figures 11 and 12). In this section, Figure 13
shows the full time series of contrast vs. iteration for all 18 AD-PSM and AD-EFC experiments

compared to their respective SM and EFC reference experiments.

Appendix B: Equivalence of Jacobian-based solutions and Newton’s method

Finding solutions for EFC and SM using the Jacobian matrix is equivalent to minimizing their
respective cost functions with respect to a; using Newton’s method. Newton’s method is a second-
order optimization technique that utilizes second-derivative information about the cost function,
given by the local Hessian matrix Hy(a}) at any point a} in the DM command parameter space.

Given an initial guess for the solution a?, the full Newton update is given by’

0J

AT .
aak ay :ag

a, =a) — H,_'(a}) (17)

For cost functions that are exactly quadratic, including EFC and SM, Newton’s method converges
in a single iteration.
For general numerical optimization problems, Newton’s method is rarely used in practice because

forming the Hessian matrix explicitly is expensive. On the other hand, quasi-Newton methods
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such as the Broyden-Fletcher-Goldfarb-Shanno (BFGS) algorithm, or the limited-memory BFGS
(L-BFGS) variant, can approximate H, ' using changes in 0.J; / dal” over successive optimization
iterations. As a consequence, they are substantially less computationally expensive. Although
quasi-Newton algorithms do not converge as rapidly as Newton’s method, and in particular can
converge slowly for poorly-conditioned problems, they are nonetheless superior to purely first-order
methods such as steepest descent.’

As we show below, the Hessian matrix for EFC and SM has an analytic expression in terms of
the Jacobian Gy, given by Hy, = 2 <Re{GLGk} + C), where C is a symmetric, positive-definite
matrix given by T'Y T for EFC and I/u% for SM. Our approach is to replace this full Newton
iteration, requiring computation of the Jacobian, by a series of cheaper quasi-Newton iterations
instead, requiring only computation of the gradient 0.J;, / Oal , which we achieve using algorithmic
differentiation.

The cost functions for the EFC algorithm described in Section 2 can be written in the form
Je(ar) = [Ibe]l* + [ Tra]|” (18)

where I';, is a regularization matrix. For EFC, by, = Epy j(a;x) — Etarget,k» While for SM, b, =
Epz(ax) and 'y = I/, /1x. For now, we will restrict our attention to the EFC algorithm, but note
that the result derived here applies equally as well to minimizing the Lagrangian function for SM
with respect to the DM correction ay.

Expanding Eq. (18) and recalling that Epz , = Gay + ]?]ab,k, the cost function has the form

Joeon(ar) = af (Re{ GGy} + TITy)ay + 2] Re{GLoE | + 6E[0E,,  (19)
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where 0E;, £ ﬁab’k—Etarget,k and where we use the fact that ay, is purely real to discard Im{ GLGk }
The Jacobian-based solution is found by finding ay, such that 0Jgpc x/0ay vanishes. We therefore
begin by writing down the gradient:

0Jerc i
oaj’

= 2(Re{G|Gy} + TTT)ay + 2Re{ GLoE: | = 0. (20)
This is a linear system of equations that we can solve for the optimal correction aj:
-1
al = — (Re{GLGk} + rfrk) Re{GLdEk} . 1)

The Hessian matrix is given by

2
B 0*Jero i

H, = = =%
F (‘3ak6a£

—2(Re{G[Gy} +TITY) . 22)

Since both terms in Hj, are positive definite, H;, is positive definite as well, confirming that the
solution is a minimum of the cost function.

We will now show that the solution aj, obtained above is the same as the solution obtained by
applying a single iteration of Newton’s method to the EFC cost function. Let af be an initial guess

for the solution. Newton’s method produces an iterate of the form’

O0Jgrc k
dal

a; = a, — H,! (23)

ag :ag
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s1s Combining Egs. (20) and (22):

8‘]EF;?”“ = Ha) +2 Re{GLéEk} . (24)
aak ak:ag
a7 Inserting back into Eq. (23):
al = al — H! (Hkag +2 Re{GL&Ek}) (25a)
—a) - H'Hya - 2H; ' Re{ G|0E, } (25b)
—a) - a} — 2H; ' Re{ G| 0}, } (25¢)
— —H! Re{GLéEk} . (25d)

ss Inserting the definition of the Hessian matrix from Eq. (22), we see that the Newton iterate aj is

a9 1dentical to the analytical solution in Eq. (21):

al = —2[2(Re{G|Gy} +TIT}) | - Re{ G|, } (26a)
— ~(Re{GlGy} +TITy) B Re{ G|y } (26b)
—al. (26¢)

220 As we described earlier, the same result holds if minimizing Lgy 5, in Section 2.1 with respect to ay.
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427 We define §(fx, fy) é f{5($ay)} and f(fan fy) é ]:{f(x,y)}:

Appendix C: Fast convolutional deformable mirror model

Consider a deformable mirror with N4 actuators along each side (i.e., Nyy = Ni) whose surface

s(x,y) can be modeled as a linear superposition of identical influence functions f(z,y)

Na Ny

s(z,y) = Z Zam,nf(x — T, Y — Yn) -

m=1 n=1

27)

For fixed actuator spacing along the horizontal and vertical directions, we can rewrite the above

summation as a convolution between a weighted Dirac comb function and the influence function:

Na

s(x,y) = F(2.9) % D) annd(T = T,y — yn) -

Na

m=1 n=1

Fourier transforming both sides transforms the convolution operation into a multiplication:

Na Na

Fs(z )} = F{f @)} Y ) amnF{6(@ = 2,y — ya)}

m=1n=1
Ni Na

= F{f@n)} 22> amnexp{=izn(enfs+vuf,)} -

m=1n=1

Na Ny

$(forfy) = Ffoi £) DD tmmexp{—i2m(xmfo + ynfy)} -

m=1 n=1

29

(28)

(29a)

(29b)
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28 We next define the discretized surface and influence function arrays s and f such that

g[p’ Q] = g(pAfam quy) ) (313-)
flp.q) = f(pA S, aAf,) (31b)
420 SO that
Nai Na
s=fo Z Z U, €Xp{ =127 (2 £, + ynfy) } (32)
m=1 n=1

s0 where o denotes element-wise multiplication. Finally, we define the vectors of actuator center
s coordinates x. and y. such that x.[m] = z,, and y.[n] = y,, as well as the array of actuator

sz commands A for which A[m,n] = a,, ,:

Ny Na

o) = a0 Y S Al nlexp{—izmtlmtlp] + 3.l )} (330
= f[p, ¢ Z exp{—i2mx.[m|f.[p]} ZA: A[m, n]exp{—i2my.[n]f,[q]} . (33b)

n=1

s33 We can write this more succinctly as the following sequence of element-wise and matrix products:

fo (exp{—iQfoXZ}A exp{—i27rycfyT}) (34)

s34« where exponentiation is performed element-wise and ab” denotes the outer product of the vectors
a5 aand b.

436 The term in the parentheses is more commonly referred to as the matrix Fourier transform?! or
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matrix triple product Fourier transform? of A, which we denote as follows:
MFT{A;x.,y., £, f,} = exp{—iZfoch}A exp{—iwaCf;f} , (35)
yielding
§=foMFT{A;x.,y. £, f,} . (36)

The final step is to compute an inverse discrete Fourier transform to obtain the desired discrete DM
surface s, which is carried out most efficiently using the inverse fast Fourier transform, yielding the

final result:
5 = IFFT{f o MFT{A; %,y fu. fy}} . (37)

For DMs whose active actuators are a subset of the N4 x N4 grid modeled above, only the elements

of A corresponding to active actuators are set to nonzero values.

C.1 Adjoint model

The algorithm described in the previous section computes the DM surface resulting from a two-
dimensional array of actuator commands A, under the assumptions that the influence function is
identical across all actuators and that the surface can be approximated as a linear superposition of the
actuator influence functions. In the context of gradient-based nonlinear optimization using RMAD,
we can derive an adjoint model for this algorithm that computes the derivative A £ 9.J/0A™ for

some scalar cost function .J, given the derivative s with respect to the surface s.
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451 To begin, we break the forward model into the following sequence:

A = MFT{A;x., v, s, f,} , (38a)
s=foA, (38b)
s = IFFT{3} . (38¢)

ss2 This leads to the following adjoint model, following the RMAD adjoint variable rules in Refs.

453 [7, 26] .

5= FFT{s), (392)
A=f"05, (39b)
A— IMFT{X; £, £, x., yc} , (39¢)

s« where * denotes element-wise complex conjugation and IMF'T denotes the inverse matrix Fourier

ss5  transform:
IMET {X, f., £, %, yc} = exp{iwaCfmT }X exp{z’?wfyyg } . (40)
s Combining these expressions, the adjoint model is then

A— IMFT{f’* oFFT{§};fx,fy,xc,yc}. (41)
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s57 Appendix D: Adjoint model for EFC cost function

s In Section 2.2, we describe the cost function for the EFC algorithm for a single correction wavelength.

9 Here, we derive its RMAD adjoint model, which computes the derivative 0.Jgrc x/0Epwm k-

460 We begin by writing the cost function as a series of operations evaluated sequentially:
Enz = Epu + Bang (42a)
AEy, = Epz i — Egarget i 5 (42b)
Jagk = ||AE, (42¢)
c, = iay (42d)
Jer = |lexl? (42¢)
Jerck = JaBk + Jek - (42f)

41 We now apply the RMAD gradient rules’° to each step in reverse order to derive the adjoint model,
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469

letting X £ 0.J;, / OxT' for any variable x:

Jercy =1, (43a)
Jagk = Jek = Jerck ; (43b)
Ty = 2¢kJ e (43c)

a, =T} ¢, (43d)

AE;, = 2AE, Jag , (43e)

Epzir = AE; (43f)

EDM,k = EDZ,k . (43g)

Combining and simplifying, we see that the desired gradient is given by

Eoas = 2AE, | (44)

This gradient is passed to the next block of the adjoint model, which in this case is the adjoint model
for propagation through the coronagraph, which, referring to Figure 4, evaluates the derivatives
of Jgrc . With respect to the surfaces s; , and s, i, respectively. We refer to our earlier work for a
derivation of the coronagraph propagation adjoint model.’
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Data and Code Availability

NASA regulations govern the release of data and source code. Please contact Scott Will at

scott.d.will@nasa.gov to request supporting materials.
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List of Figures

1 Closed-loop coronagraphic WFS&C uses images from the science camera, rather
than an external wavefront sensing instrument, to estimate the electric field from
the host star within the dark zone and drive it toward zero. Model-based WFS&C
algorithms use a numerical model of the coronagraph to solve an inverse problem

for the unknown electric field and corresponding DM correction, respectively.
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In EFC and SM, the Jacobian matrix is precomputed by using a computer model of
the coronagraph to predict the effect of an update to each of the NV,.; DM actuators
individually on the dark-zone electric field, here represented by the Kronecker o
functions 9,,, where 9, 7] = 1 if i = n and zero otherwise. The Jacobian G and
the estimate of the aberrated dark-zone electric field f}ab,k together are used to
construct a linear system of equations whose solution is the desired DM update aj.
We show in Appendix B that this is equivalent to minimizing the wavefront control
cost function using Newton’s method.

Our algorithmic differentiation-based wavefront controllers AD-PSM and AD-EFC
use RMAD to differentiate the wavefront control cost function .J;, with respect to
the DM correction update ay, yielding the gradient vector 0.J/0a;, evaluated at the
current iterate af. A nonlinear optimization algorithm calculates a new iterate a;*'
that reduces the value of the cost function, i.e., Jy(a}*') < Ji(aZ). This procedure
is repeated until the gradient becomes sufficiently small, indicating that the solution

aj, is at or near a local minimum of the cost function. A starting guess for the

solution ag as well as the aberrated electric field Eab,k are the input parameters.
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The forward model for the wavefront control problem maps DM command updates
ay, to a scalar cost function .J,. The DM command vector is split into independent
command vectors a; j and ay , for the pupil-plane and out-of-pupil DM, respectively.
These are mapped onto DM surfaces s; j, and s, j, using the model in Appendix C,
and propagated through an end-to-end coronagraph model to predict the resulting
dark-zone electric field Epy . Reverse-mode algorithmic differentiation transforms
the forward model into an adjoint model that backpropagates the partial derivatives
of J;, with respect to each intermediate variable a; j, @z k, S1 k., S2. %, and Epy ; in
reverse order, starting from the output on the right. The derivatives with respect to
the individual DM command vectors a; j, and as ;, are concatenated to form the full
gradient vector for optimization.

Simplified, partially-unfolded layout of the HiCAT testbed. The elements encoun-
tered by the primary imaging beam path are highlighted in bold. DM1 and DM2
indicate the in-pupil and out-of-pupil DMs, respectively. Our experiments utilized a
coronagraph configuration in which the apodizer is replaced with a flat mirror (see
3.1)

(a) Overlay of HiCAT pupil masks projected onto the in-pupil DM plane, including
the reflective area of the DM, the IrisAO segmented aperture, the entrance pupil
mask (with the same geometry, but slightly undersized relative to the IrisAO) and
the Lyot stop. (b) Simulated and (c) experimental coronagraphic PSFs with outline

of the geometrical edge of the focal-plane mask.
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Experimental on-axis images from HiCAT. (a) Non-coronagraphic image, (b) coro-
nagraphic image prior to the WFS&C loop, (c) coronagraphic image after 80
iterations of SM, and corresponding actuator commands for the in-pupil DM (d)
and out-of-pupil DM (e). In (b) and (c), the geometrical edge of the focal-plane
mask (FPM) with radius 3.34 Ao/ D/ s is shown as well as the inner and outer edges
of the dark zone at 5.8 \o/ D5 to 9.8 \g/ D, respectively, where D is the Lyot
stop diameter and \y = 638 nm.

The probe commands u,, for pairwise estimation were optimized so that the resul-
tant dark-zone electric field Epy (u,) = sgn{p, } exp{in(p — 1) sgn{p,}/4}, as
described in Section 3.3. The inner and outer edges of the dark zone are also shown
for reference. The probe commands are close to the inverse Fourier transform of
the dark zone geometry (an annulus), modulated by a horizontal sinusoid whose
phase angle is proportional to the desired piston phase, and projected onto the DM
actuator coordinates. Only the pupil-plane DM is modulated.

Left: spatially averaged dark-zone contrast vs. WES&C iteration using AD-PSM
with 9o = 10 and € = 1074, compared to an experiment with SM. The median, 10t
and 90™ percentile of the final 50 iterations, representing the steady-state behavior
after convergence, are shown in green. Right: the on-axis PSF corresponding to the

iteration with deepest contrast using AD-PSM.
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Left: spatially averaged dark-zone contrast vs. WFS&C iteration using AD-EFC
with a7 = 1072 and € = 10~*, compared to an experiment with EFC using the same
value for ay.. The median, 10™, and 90" percentile of the converged datapoints are
shown in green. Right: the on-axis PSF corresponding to the iteration with deepest
contrast using AD-EFC experiment.

Median, 10" percentile and 90" percentile spatially averaged contrast values
achieved by AD-PSM (dark blue) as a function of optimizer tolerance, for three
different values of the penalty parameter 7)y,, compared to SM (light blue). The
contrast vs. iteration time series for the rightmost result in the left pane (1o = 10,
e = 107%) is illustrated in Figure 9. In all cases, the contrast performance of
AD-PSM was equivalent to that of SM within statistical uncertainty.

Median, 10" percentile and 90™ percentile spatially averaged contrast values
achieved by AD-EFC (dark orange) as a function of optimizer tolerance, for three
different values of the Tikhonov regularization parameter «y. For each oy, we
also ran a reference experiment with EFC (light orange); the EFC experiment with
ai = 107* diverged and is not shown. The contrast vs. iteration time series for the
rightmost result in the left pane (a; = 1072, ¢ = 10%) is illustrated in Figure 10.
The performance of AD-EFC was statistically equivalent to EFC for o7 = 1072 and
a? = 1073. As discussed in Section 4.1, the optimizer tolerance prevented AD-EFC

from diverging in this case.
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13 Spatially averaged dark-zone contrast vs. iteration for all experiments discussed in
Section 4 and summarized in Figures 11 and 12. The 10" percentile, median, and
90™ percentile of the steady-state contrast values (gray region) for AD-PSM and
AD-EFC are shown in green. The AD-PSM experiment with (1y9 = 10, = 107%)
and the AD-EFC experiment with (o = 1072, = 10~*) are also shown in Figures

9 and 10, respectively.
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Fig 13 Spatially averaged dark-zone contrast vs. iteration for all experiments discussed in Section 4 and summarized in
Figures 11 and 12. The 10" percentile, median, and 90" percentile of the steady-state contrast values (gray region) for
AD-PSM and AD-EFC are shown in green. The AD-PSM experiment with (199 = 10, = 10~%) and the AD-EFC
experiment with (o = 1072, = 10~*) are also shown in Figures 9 and 10, respectively.
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