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In this paper, we report updates to the implicit edge-based gradient methods originally
introduced in [H. Nishikawa, AIAA Paper 2020-3048, 2020]. First, we clarify the relationship
between gradient accuracy and truncation error, and show that the quadratic method involves
a free parameter. Then, we provide a complete description and a simplified matrix form of
the implicit gradient systems including a consistent boundary treatment, and derive a set
of parameters for achieving fourth-order gradient accuracy on regular tetrahedral grids. A
stability analysis is performed for a relaxation scheme used to solve the implicit gradient
systems, and the result serves as a guide for choosing parameters. Numerical results are
shown for accuracy verification and also for realistic inviscid flow problems in three dimensions,
including flows with shock waves.

I. Introduction

The edge-based method is one of the most efficient discretization algorithms widely used in practical com-
putational fluid dynamics (CFD) codes [1–12], where a residual is computed efficiently in a loop over edges
followed by a loop over boundary elements. One of the most notable features of the edge-based method is
that it achieves third-order accuracy on arbitrary simplex-element grids with a linear flux reconstruction and a
quadratically-exact gradient without requiring computations of second derivatives at all [13–15]. Moreover, it
does not require high-order curved grids even for curved geometries as demonstrated in Refs. [16,17]. Therefore,
it is directly applicable to many practical grids currently in use for second-order finite-volume solvers. Despite
advantages, the third-order edge-based scheme has not yet been employed routinely for practical applications
because of robustness issues. First, as well known, an implicit defect-correction solver tends to get less stable if
more accurate gradients [18], e.g., weighted least-squares (LSQ) methods, are used in the solution reconstruc-
tions for inviscid fluxes. Quadratic LSQ gradients are usually more accurate than linear LSQ gradients, and
therefore a third-order edge-based solver tends to be less stable, especially on very thin and highly curved grids
[13,15]. To alleviate the problem, we may employ an approximate mapping technique as mentioned in Ref. [15],
or simply make the quadratic LSQ gradients less accurate by constructing larger LSQ stencils with neighbors of
neighbors [16,19] (a larger gradient stencil is known to stabilize a solver [20]). The latter is a simple and effec-
tive approach, but it could deteriorate solution accuracy and also increases the cost of gradient computations.
Moreover, it cannot be easily implemented in an efficient edge-loop, which is possible for linear LSQ methods
involving only the edge-connected neighbors. While some compromise may be found by a weighted LSQ method
with carefully chosen weights, e.g., the inverse distance to the power of 0.25, a more effective technique would
be desired to overcome these conflicting requirements and take a full advantage of the economical third-order
edge-based method.

As a superior alternative to LSQ gradients, implicit gradient methods have recently been developed and
demonstrated in both low- and high-order reconstruction-based discretization methods [21–26]. In the implicit
gradient methods, gradients are computed as a solution to a globally-coupled linear system and thus the gradient
stencil virtually extends over a whole domain, possibly alleviating the stability problem yet improving gradient
accuracy via coupling with neighbors. Indeed, as demonstrated in Refs. [24, 26], implicitly-computed gradients
are significantly more accurate than explicit LSQ gradients, and even higher-order accuracy can be achieved
on regular grids: fourth-order accuracy on a regular quadrilateral grid [24], and third/fourth-order accuracy on
a regular triangular grid [26]. Although implicit gradient methods have been actively studied for cell-centered
discretization methods, they have not yet been studied extensively for the node-centered edge-based method.
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It is the objective of this paper to investigate the use of implicit gradient methods for the edge-based method.
In particular, we are interested in the implicit edge-based gradient (IEBG) methods originally introduced in
Ref. [26] and its applications to the third-order edge-based scheme. This method has a special property of
achieving quadratic exactness, i.e., second-order gradient accuracy, on arbitrary simplex-element grids without
increasing the number of unknowns, in contrast to other methods that require second derivatives to be added as
additional unknowns for quadratic exactness. Therefore, in the edge-based method, the implicit gradient system
consists of 3×3 blocks for both linear and quadratic methods. This is especially attractive to the third-order
edge-based method, which is also a second-derivative-free algorithm.

Ref. [26] gives the basic idea behind the IEBG methods, but the formulation is incomplete, which has caused
some confusion. First, the relationship between the gradient accuracy and the truncation error was not well
understood and it was thought that there was no free parameter in the quadratic IEBG method. However, there
is actually a free parameter and it can be used to increase robustness without losing second-order accuracy in
the gradients. This is clarified in this paper. Another point is the boundary treatment. In Ref. [26], a standard
second-order boundary-closure formula [27] or a general accuracy-preserving formula [17] with a ghost node
were considered without any discussions on the best practice and any relation to the matrix of the implicit
gradient systems. In this paper, we will show that the general accuracy-preserving formula can be used for
both the linear and quadratic IEBG methods, leading to a great simplification in the diagonal blocks of the
IEBG systems. Also, in this paper, we will focus on three dimensions while Ref. [26] focuses on two dimensions,
and derive a set of optimal parameters to achieve fourth-order gradient accuracy on a regular tetrahedral grid.
Finally, we will provide a practical matrix form of the IEBG systems, which can be more directly implemented
in a code than those presented in Ref. [26].

The paper is organized as follows. In Section 2, we provide a brief derivation of the basic IEBG systems and
derive a boundary-closure formula by using an edge-collapsing technique. In Section 3, we provide accuracy
proofs for the IEBGmethods. In particular, we will show that the gradient accuracy matches the truncation error
of the corresponding implicit gradient system for irregular grids. Also, we derive a set of optimal parameters for
achieving higher-order gradient accuracy on a regular tetrahedral grid. In Section 4, we derive a matrix form of
the IEBG methods and in particular, show that the diagonal blocks reduce to diagonal matrices. In Section 5,
we describe a relaxation scheme for solving the implicit gradient systems and present a stability analysis result.
In Section 6, we present numerical results. In Section 7, finally, we will conclude the paper with remarks.

II. Linear and Quadratic Implicit Edge-Based Gradient Methods

In this section, following Ref. [24], we derive linear and quadratic IEBG systems from second- and third-
order edge-based discretizations of a hyperbolic diffusion system, respectively. As we will show, it only takes
a minor modification to upgrade the linear IEBG system to the quadratic IEBG system. A suitable boundary
flux quadrature formula is also described; the same formula is used for both systems, which leads to a great
simplification in the final implicit matrix as we will show later.

A. Derivation

As originally introduced in Ref. [24] and applied to the edge-based discretization in Ref. [26], the basic idea
is to derive a system for gradients from a discretization of a hyperbolic diffusion system [28]. Consider the
Laplace equation:

div(gradu) = 0, (1)

where u is a solution variable. Adding pseudo-time terms, we write it as a first-order system:

∂τu = divg, ∂τg =
1

Tr

[
(gradu)t − g

]
, (2)

where τ is a pseudotime variable, Tr = L2
r is a relaxation time, Lr is a length scale, (gradu)t is a column vector

of the gradient of u, and g is a column vector of gradient variables. The system can be written in the vector
form:

P−1∂τU+ divF = S, (3)
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Figure 1: Dual face contribution (two shaded triangular faces) from a tetrahedron and the total dual face
at the edge between j and k. The point m is the midpoint of the edge. The point cg is the geometric
centroid of the tetrahedron, and cL and cR are the geometric centroids of the triangular faces [j, k, cℓ] and
[j, cr, k], respectively. The directed area vector njk is the sum of the directed area vectors of the dual faces
(shaded triangles) pointing from j to k.

where

P−1 = diag(1, Tr, Tr, Tr), U =

[
u

g

]
, F =

[
−gt

−uI

]
, S =

[
0

−g

]
, (4)

the superscript t denotes transpose, I is the 3×3 identity matrix. The system is hyperbolic in the psuedotime
τ and equivalent to the original Laplace equation (1) if ∂τu = ∂τg = 0. It allows us to derive a consistent
discretization of the Laplace equation by discretizing the first-order hyperbolic system by upwind schemes and
then dropping the pseudotime derivatives. Then, the vector g corresponds to the gradient of u: g = ∇u, and it
is called the gradient variable.

For an arbitrary tetrahedral grid, we store the values of u and g at nodes and construct the edge-based
discretization of the system (3) at a node j as

ResEB
j =

1

Vj

∑
k∈{kj}

ΦjkAjk −
1

2Vj

∑
k∈{kj}

{cSj + (2− c)Sk}Vjk = 0, (5)

where {kj} denotes a set of edge-connected neighbors of j, Vj =
∑

k∈{kj} Vjk is the median dual volume around

the node j, Vjk = 1
6 (∆rjk · njk), ∆rjk = xk − xj , njk is the directed-area vector pointing from j to k, which is

the sum of the directed-areas corresponding to the dual-triangular faces associated with all tetrahedral elements
sharing the edge [j, k] (see Figures 1(a) and 1(b)), Ajk = |njk|, the source term has been discretized by a
one-parameter-family quadrature formula with a parameter c [24], and Φjk is a numerical flux defined by the
upwind flux:

Φjk =
1

2
[Fn(UR) + Fn(UL)]−

1

2
P−1 |PAn| (UR −UL) , (6)

where the projected flux Fn = F ·njk and the Jacobian An = ∂Fn/∂U are computed with the unit directed-area
vector: n̂jk = njk/|njk|. The left and right states, UL = (uL,g

t
L)

t and UR = (uR,g
t
R)

t, are computed in a
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linearly-exact manner by the U-MUSCL scheme [29] for u, implemented efficiently with g used as the gradient
of u [30]:

uL = κ
uj + uk

2
+ (1− κ)

(
uj +

1

2
gj ·∆rjk

)
, gL = gj , (7)

uR = κ
uj + uk

2
+ (1− κ)

(
uk −

1

2
gk ·∆rjk

)
, gR = gk, (8)

where κ is a real-valued parameter. This construction is called Scheme-II; see Ref. [30] for details.
To derive the IEBG system, we assume that u is given at nodes and discard the first component of the residual,

i.e., ResEB
j,1 in ResEB

j =
(
ResEB

j,1 , ResEB
j,2 , ResEB

j,3 , ResEB
j,4

)
, leaving three equations for the three component of

g, which we denote by Res
(1)
j =

(
ResEB

j,2 , ResEB
j,3 , ResEB

j,4

)
:

Res
(1)
j =

1

2Vj

∑
k∈{kj}

[−{(uL + uR) + Lr(gR − gL) · n̂jk}njk + {cgj + (2− c)gk}Vjk] = 0. (9)

This residual system is satisfied exactly by linear functions of u (i.e., constant gradients), and thus called the
linear IEBG system. It is a linear system and solved for gj at all nodes. First-order gradient accuracy is
expected on arbitrary tetrahedral grids. As in Refs. [24, 26], the length scale Lr is defined as

Lr = αg|∆rjk · n̂jk|. (10)

This parameter controls the spectral accuracy of the IEBG method on a regular Cartesian grid (see Refs. [24,26]).
On a regular tetrahedral grid, however, it generates a second-order truncation error that cannot be eliminated
as discussed in Ref. [26]. In this paper, we focus on tetrahedral grids and set αg = 0:

Res
(1)
j =

1

Vj

∑
k∈{kj}

[
−uL + uR

2
njk +

cgj + (2− c)gk

2
Vjk

]
= 0. (11)

To achieve second-order gradient accuracy, we need to modify the system for quadratic exactness. It is the
advantage of the EB discretization that quadratic exactness is satisfied without second derivatives [17,31]. Only
a single modifications is needed in the source discretization:

Res
(2)
j =

1

Vj

∑
k∈{kj}

[
−uL + uR

2
njk +

cgj + (2− c)g′
k

2
Vjk

]
= 0, (12)

where gk has been replaced by g′
k defined by

g′
k = gk −∇gLSQ

j ·∆rjk. (13)

Here, the gradient gLSQ
j is computed by an unweighted linear least-squares fit over the neighbors {kj}. The

residual system (12) is exactly satisfied by quadratic functions of u (i.e., linear functions of g), and therefore
called the quadratic IEBG system. For arbitrary tetrahedral grids, second-order gradient accuracy is expected.

In Ref. [26], the parameter c in the source quadrature was set c = (3D + 4)/(D + 2), where D = 2 in two
dimensions and D = 3 in three dimensions. However, the modified quadrature in the above is actually exact
for quadratic functions for any c, as we will discuss later.

B. Boundary Closure

Our aim is to compute gradients at all nodes including boundary nodes for a given set of function (or
solution) values. Therefore, the IEBG systems need to be closed at boundaries. As discussed in Ref. [31], the
source discretization does not need any boundary closure. Therefore, we will focus on the edge-based flux part,
which is common to both linear and quadratic IEBG systems. Following the work in Ref. [17], we employ the
edge collapsing technique to derive a boundary flux quadrature formula. We begin by constructing a full stencil
by introducing a ghost node b outside a domain and connecting it to all the boundary neighbor nodes of a
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Figure 2: Illustrations of the edge collapsing technique to derive a boundary formula. The triangle
[j, 2, 3] is a boundary element and the node b is located outside the domain. The tetrahedron is
collapsed to a triangle (collapsing the edge [j, b] by merging b to j), and an interior discretization
scheme is converted to a boundary scheme. Note that the node b coincides with j and it is not located
at the bottom of the arrow of nB .

boundary node j. Then, we construct the discretization over the full stencil, collapse the edge merging b to j,
and identify the resulting discretization as a boundary formula. This process can be performed independently
for each collapsing tetrahedral cell around j (located outside the domain of interest). An example is shown in
Figure 2, where the edge between j and b is the one that is collapsed and the fluxes across the shaded dual faces
will become the boundary fluxes for the discretization at the node j. Consider these flux contributions:

Res
(p)
j = Res

(p)
j +

1

Vj
[ϕjbnjb + ϕj2nj2 + ϕj3nj3] , (14)

where p = 1 or 2, ϕjb denotes the flux between j and b:

ϕjb =
uL + uR

2

=
1

2

[
κ
uj + ub

2
+ (1− κ)

(
uj +

1

2
gj ·∆rjb

)
+ κ

uj + ub

2
+ (1− κ)

(
ub −

1

2
gb ·∆rjb

)]

=
uj + ub

2
+

1− κ

4
(gj − gb) ·∆rjb, (15)

and similarly for ϕj2 and ϕj3:

ϕj2 =
uj + u2

2
+

1− κ

4
(gj − g2) ·∆rj2, (16)

ϕj3 =
uj + u3

2
+

1− κ

4
(gj − g3) ·∆rj3. (17)

Then, by collapsing the edge between j and b, we find (see Ref. [17])

ϕjbnjb + ϕj2nj2 + ϕj3nj3 → ϕjb

(
1

2
nB

)
+ ϕj2

(
1

4
nB

)
+ ϕj3

(
1

4
nB

)
, (18)
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where ϕjb → (uj + ub)/2 because ∆rjb → 0. By setting ub = uj , we can write these boundary contributions as

Res
(p)
j = Res

(p)
j +

1

Vj

[
ϕjb

(
1

2
nB

)
+ ϕj2

(
1

4
nB

)
+ ϕj3

(
1

4
nB

)]

= Res
(p)
j +

1

Vj

[
6uj + u2 + u3

8
nB +

1− κ

16
{ (gj − g2) ·∆rj2 + (gj − g3) ·∆rj3 }nB

]
. (19)

It is interesting that the first term is the well-known linearity-preserving boundary flux quadrature formula (see
Appendix B of Ref. [27]). The second term is not necessary for linear exactness because then the gradient will
be globally constant and the differences gj − g2 and gj − g3 will vanish. However, we will keep all the terms
for both the linear and quadratic IEBG systems because the second term dramatically simplifies the diagonal
block as we will see later.

Remark: We set ub = uj because we are trying to compute the gradients for a given set of u values at
all nodes. If one wishes to compute gradients for a numerical solution to a partial differential equation and if
the solution value is known at a boundary node by a physical boundary condition, one can specify ub. However,
it is not necessary. In this paper, we will always set ub = uj .

III. Accuracy of Implicit Edge-Based Gradient Method

In Ref. [26], no discussions are given on the relationship between the gradient accuracy and the truncation
error of the IEBG systems, and it was assumed that the accuracy-preserving source quadrature formula [31]
had to be used for the quadratic IEBG system. As a result, the parameter c was fixed as c = 2.6 for tetrahedral
grids and there was no free parameter available for the quadratic IEBG system. However, the parameter c can
actually take values other than 2.6 and second-order gradient accuracy is still preserveda. To prove this, we will
provide a detailed discussion below regarding the truncation error and its relation to the gradient accuracy.

A. Gradient Accuracy Order and Truncation Error

In unstructured grid discretizations, the truncation error order and the discretization error (solution error)
order do not match and the difference depends on the type of target partial differential equations [32]. For
example, the discretization error is one order higher than the truncation error for first-order hyperbolic partial
differential equations. In the IEBG systems, if we consider u as a numerical solution to a first-order partial

differential equation ∇u = g and g as given, then the global vector of the IEBG residuals, Res
(p)
h = 0, can be

written as

JhUh = b̃, (20)

where Uh = (u1, u2, u3, · · · , uN ), N is the number of nodes, Jh is a residual Jacobian, and b̃ is a global vector
of known quantities associated with g. Let Ue be the exact solution to ∇u = g. Then, we have

JhUe = b̃+ T̃ , (21)

where T̃ denotes the truncation error. Subtracting it from Eq. (20), we obtain

Jh(Uh −Ue) = −T̃ , (22)

or, by formally inverting the Jacobian,

Uh −Ue = −J−1
h T̃ . (23)

Note that J−1
h is of O(h) for the discretization of first derivatives (i.e., ∇u), and therefore, the discretization

error Uh −Ue would be one order higher than the order of the truncation error T̃ on unstructured grids [33].

aThis was first observed by Emmett Padway (NASA) in numerical results obtained with the 2020 version of the QIEBG method
[26] implemented in the NASA FUN3D code.
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In our case, however, u is given and g is unknown. Then, the IEBG system Resh = 0 is still a linear system,
which can be written as

AhGh = b, (24)

where Ah and Gh denote the residual Jacobian matrix and the global vector of gradients while b denotes a
global vector of given quantities (i.e., the Green-Gauss gradients). Let G be the exact gradient vector. Then,
we have

AhG = b+ T , (25)

where T denotes the truncation error. Subtracting it from Eq. (24), we obtain

Ah(Gh −G) = −T , (26)

or

Gh −G = −A−1
h T . (27)

Unlike the previous case, we have Ah = O(1) for the IEBG system. Therefore, the order of the gradient error,
Gh −G, matches the truncation error order even on irregular grids. This means that the linear and quadratic
IEBG systems must have O(h) and O(h2) truncation errors, respectively, which will be verified in the next
section.

B. Accuracy of Linear IEBG

By definition, we obtain a truncation error by substituting a smooth exact solution, which satisfies ∇u = g,
into the IEBG system. Assuming smooth functions for u and g, and defining the operator:

∂jk = ∆rjk · (∂x, ∂y, ∂z), (28)

we write the Taylor expansions of u and g around a node j as

uk = uj + ∂jkuj +
1

2
∂2
jkuj +

1

6
∂3
jkuj +O(h4), (29)

gk = gj + ∂jkgj +
1

2
∂2
jkgj +

1

6
∂3
jkgj +O(h4), (30)

or since g = ∇u,

gk = ∇uj + ∂jk∇uj +
1

2
∂2
jk∇uj +

1

6
∂3
jk∇uj +O(h4). (31)

Then, we find

1

2
gk ·∆rjk =

1

2
∇uj ·∆rjk +

1

2
∂jk∇uj ·∆rjk +

1

4
∂2
jk∇uj ·∆rjk +

1

12
∂3
jk∇uj ·∆rjk +O(h5)

=
1

2
∂jkuj +

1

2
∂2
jkuj +

1

4
∂3
jkuj +

1

12
∂4
jkuj +O(h5), (32)

uj + uk

2
= uj +

1

2
∂jku+

1

4
∂2
jku+

1

12
∂3
jku+O(h4), (33)

uk −
1

2
gk ·∆rjk = uj +

1

2
∂jku−

1

12
∂3
jku+O(h4), (34)

and therefore, substituting these expressions into the reconstruction schemes, Eqs. (7) and (8), we obtain

uL = uj +
1

2
∂jku+

κ

4
∂2
jku+

κ

12
∂3
jku+O(h4), (35)

uR = uj +
1

2
∂jku+

κ

4
∂2
jku+

2κ− 1

12
∂3
jku+O(h4), (36)
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thus leading to

1

2Vj

∑
k∈{kj}

(uL + uR)njk =
1

Vj

∑
k∈{kj}

(
1

2
∂jku

)
njk +

1

Vj

∑
k∈{kj}

(κ
4
∂2
jku
)
njk +O(h2). (37)

It is a special property of the edge-based discretization that the first term reduces to ∇uj on a tetrahedral grid
(or a triangular grid in two dimensions) [17,31,34]:

1

Vj

∑
k∈{kj}

uL + uR

2
njk = ∇uj +

κ

4Vj

∑
k∈{kj}

(
∂2
jku
)
njk +O(h2). (38)

Note that the O(h) term proportional to κ can be eliminated with κ = 0 but it is not necessary for the linear
IEBG method (it is necessary for the quadratic IEBG method). Next, we expand the source discretization as

1

Vj

∑
k∈{kj}

cgj + (2− c)gk

2
Vjk = gj +

2− c

2Vj

 ∑
k∈{kj}

∂jkgjVjk +O(h2)

 = ∇uj +O(h). (39)

Therefore, the linear IEBG system is expanded on a general tetrahedral grid as

Res
(1)
j = −∇uj + gj −

κ

4Vj

∑
k∈{kj}

(
∂2
jku
)
njk +

2− c

2Vj

∑
k∈{kj}

∂jkgjVjk +O(h2)

= −∇uj +∇uj −
κ

4Vj

∑
k∈{kj}

(
∂2
jku
)
njk +

2− c

2Vj

∑
k∈{kj}

∂jkgjVjk +O(h2)

= − κ

4Vj

∑
k∈{kj}

(
∂2
jku
)
njk +

2− c

2Vj

∑
k∈{kj}

∂jkgjVjk +O(h2)

= O(h), (40)

which proves that the gradient accuracy is expected to be first order. Here, both κ and c are free parameters.
It achieves second-order gradient accuracy for κ = 0 and c = 2, but the resulting implicit system is difficult to
relax as we will show later. On the other hand, the quadratic IEBG method achieves second-order accuracy for
an arbitrary value of c as we will show in the next section.

C. Accuracy of Quadratic IEBG

For the quadratic IEBG system, as mentioned in the previous section, we must set κ = 0 in order to eliminate
the first-order error in Eq. (38). The first-order error in the source discretization (39) can also be eliminated
with c = 2, but it leads to instability in a relaxation scheme and we wish to be able to freely adjust c, so that
we can achieve higher-order gradient accuracy in a regular tetrahedral grid and also we can overcome potential
difficulties by adjusting c. To achieve second-order accuracy while keeping c as a free parameter, we can apply
a modification using g′

k as in Eq. (13). To see how it eliminates the first-order truncation error, let us consider
the following general formula for approximating g at a node j (see Ref. [31]):

Ij =
1

2Vj

∑
k∈{kj}

[
aLgj + bL∇LSQgj ·∆rjk + aRgk

]
Vjk, (41)

where aL, bL, and aR are constants to be determined. Note that ∇LSQgj is computed by an unweighted linear
LSQ method and thus its error is O(h). Expanding it around j, we obtain

Ij =
1

2Vj

∑
k∈{kj}

[
aLgj + bL {∇gj +O(h)} ·∆rjk + aR

(
gj + ∂jkgj +

1

2
∂2
jkgj +O(h3)

)]
Vjk

=
aL + aR

2
gj +

aR + bL
2Vj

∑
k∈{kj}

(∂jkgj)Vjk +O(h2). (42)
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Figure 3: A regular tetrahedral grid.

Therefore, we must have aL+aR = 2 for consistency and also aR+ bL = 0 for second-order accuracy, leading to

aL = c, aR = 2− c, bL = c− 2, (43)

where c is an arbitrary constant, and thus

Ij =
1

2Vj

∑
k∈{kj}

[
cgj + (c− 2)∇LSQgj ·∆rjk + (2− c)gk

]
Vjk

=
1

2Vj

∑
k∈{kj}

[cgj + (2− c)g′
k]Vjk, (44)

where g′
k = gk −∇LSQgj ·∆rjk. Finally, then, we find the truncation error of the quadratic IEBG system as

Res
(2)
j = O(h2). (45)

Hence, the gradient accuracy is expected to be second order for an arbitrary c as long as κ = 0.
In Ref. [26], it was stated that c must be given by c = (3D + 4)/(D + 2), where D = 1, 2, 3 in one, two,

three dimensions, respectively. This choice is known to produce a factored second-order truncation error on
a regular simplex-element grid, which is required to produce a third-order truncation error in the edge-based
discretization [31]. This additional condition is not necessary in the IEBG method because we only need a
second-order truncation error, as a method for gradients, on both regular and irregular grids. However, it
implies that we can expect higher-order gradient accuracy on regular tetrahedral grids, which we discuss in the
next section.

D. Higher-Order Accuracy on Regular Tetrahedral Grids

On a regular tetrahedral grid, which is symmetric with respect to the central node and invariant under
translation [31], the extra term involving ∇gLSQ

j in the quadratic IEBG system will cancel out. As a result, the
linear and quadratic IEBG systems reduce to the same system. For example, for the regular tetrahedral grid
shown in Figure 3 (obtained by splitting each of regular hexahedra into six tetrahedra), the IEBG systems are
expanded as

Res
(1)
j = Res

(2)
j = −

(
13− 5c

36
− κ

4

)
(∂xx + ∂yy + ∂zz − ∂xy − ∂yz + ∂zx) (∇u)h2 +O(h4). (46)
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Therefore, both methods will be second-order accurate on a regular grid, and achieve fourth-order accuracy if
we choose

c =
13− 9κ

5
. (47)

This matches the general expression derived in Ref. [31]:

c =
3D(1− κ) + 4

D + 2
, (48)

where D = 1 for a one-dimensional uniform grid, D = 2 for a regular triangular grid, and D = 3 for a regular
tetrahedral grid. Observe that D = 3 gives Eq. (47). It also verifies that D = 2 gives the expression derived in
Ref. [26] for the IEBG system for a regular triangular grid.

Eq. (47) implies that there is a one-parameter family of optimal choices, but we must set κ = 0 for the
quadratic IEBG method, which gives

κ = 0, c =
13

5
= 2.6. (49)

For the linear IEBG method, we can choose other values of κ, but the above values are used also for the linear
IEBG method in this work. In applying the IEBG methods to inviscid-flow problems, we find that c needs to
be increased for robustness as we will discuss later.

IV. Matrix Forms

In Ref. [26], a Krylov solver was employed for solving the IEBG systems. While it is useful, we here
demonstrate that a simple relaxation scheme such as the block Gauss-Seidel relation scheme can serve as an
efficient and robust solver. For this purpose, we provide a matrix form of the IEBG system that can be directly
implemented in a code, which is much more efficient than the automatic differentiation approach in Ref. [26].
In particular, we report here that the diagonal block can be dramatically simplified even at boundary nodes if
the accuracy-preserving flux quadrature formula [17] is used in the linear and quadratic IEBG methods.

A. Matrix Form of Linear IEBG

The linear IEBG system Res
(1)
j = 0 can be written as

Mjjgj +
∑

k∈{kj}

Mjkgk = bj , (50)

where

Mjj =
κ− 1

4Vj

∑
k∈{kj}

(njk⊗∆rjk) +
c

2Vj

∑
k∈{kj}

VjkI, (51)

=
κ− 1

4Vj

∑
k∈{kj}

(njk⊗∆rjk) +
c

2
I, (52)

Mjk = −κ− 1

4Vj
(njk⊗∆rjk) +

2− c

2Vj
VjkI, (53)

and

bj =
1

Vj

∑
k∈{kj}

uj + uk

2
njk. (54)

The diagonal block can be simplified, by the following identities,

1

2

∑
k∈{kj}

(njk⊗∆rjk) = VjI, (55)
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and
∑

k∈{kj}

VjkI = VjI as

Mjj =
κ− 1

2Vj
VjI+

c

2
I =

(
κ− 1

2
+

c

2

)
I =

(
c+ κ− 1

2

)
I, (56)

showing that the diagonal block is a diagonal matrix, which can be very easily inverted:

M−1
jj =

(
2

c+ κ− 1

)
I, (57)

where we assume c + κ − 1 ̸= 0. Later, we will show that values of c and κ satisfying c + κ − 1 = 0 lead to
instability in a relaxation scheme for solving the implicit gradient system. Note that the identity (55) holds
not only at interior nodes but also at a boundary node if the accuracy-preserving boundary flux quadrature is
employed because it is derived by collapsing an interior stencil. That is, collapsing an edge in an interior stencil
does not have any impact on Eq.(56), which is obvious because Eq.(56) involves no geometric terms. This is the
reason that we recommend the accuracy-preserving boundary flux quadrature even for the linear IEBG method.

B. Matrix Form of Quadratic IEBG

For the quadratic IEBG system, we have the same right hand side, but need to add extra contributions to
Mjj and Mjk arising from the term involving ∇LSQgj :

1

Vj

∑
k∈{kj}

[
−(2− c)∇gLSQ

j ·∆rjk

2
Vjk

]
. (58)

To write this term in the matrix form, we define

∇gLSQ
j =

∑
m∈{kj}

(gm − gj)⊗LLSQ
jm , (59)

where LLSQ
jm is a vector of the linear unweighted LSQ gradient coefficients such that the gradient of a scalar

function a is computed as

∇aLSQ
j =

∑
m∈{kj}

LLSQ
jm (am − aj). (60)

Then, we find

1

Vj

∑
k∈{kj}

[
−(2− c)∇gLSQ

j ·∆rjk

2
Vjk

]
= −2− c

2Vj

∑
k∈{kj}

 ∑
m∈{kj}

(gm − gj)⊗LLSQ
jm

 ·∆rjkVjk

=
2− c

2Vj

∑
k∈{kj}

∑
m∈{kj}

(
LLSQ
jm ·∆rjk

)
Vjk (gj − gm) , (61)

which we write, by exchanging the indices k and m, as

1

Vj

∑
k∈{kj}

[
−(2− c)∇gLSQ

j ·∆rjk

2
Vjk

]
=

2− c

2Vj

∑
k∈{kj}

∑
m∈{kj}

(
LLSQ
jk ·∆rjm

)
Vjm (gj − gk)

=
2− c

2Vj

∑
k∈{kj}

 ∑
m∈{kj}

(
LLSQ
jk ·∆rjm

)
Vjm

 I (gj − gk) . (62)

Therefore, by adding the extra contributions to Mjj and Mjk of the linear IEBG system, we find the diagonal
and off-diagonal blocks for the quadratic IEBG system:

Mjj =

(
c+ κ− 1

2

)
I+

2− c

2Vj

∑
k∈{kj}

 ∑
m∈{kj}

(
LLSQ
jk ·∆rjm

)
Vjm

 I, (63)
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and

Mjk = −κ− 1

4Vj
(njk⊗∆rjk) +

2− c

2Vj

Vjk −
∑

m∈{kj}

(
LLSQ
jk ·∆rjm

)
Vjm

 I. (64)

The extra term in the diagonal block does not seem to simplify further, but it is a diagonal matrix and therefore
Mjj can be easily inverted.

C. Boundary Contributions

After computing the matrices Mjj and Mjk, we loop over boundary triangular faces and add contributions
from the accuracy-preserving boundary-flux quadrature (19) to a node j of the boundary face B (see Figure
2(b)):

Mj2 = Mj2 +
1− κ

16
nB⊗∆rj2, Mj3 = Mj3 +

1− κ

16
nB⊗∆rj3, (65)

and we also add the contribution to the right-hand side:

bj = bj +
6uj + u2 + u3

8
nB . (66)

These corrections should be made for the other two nodes of the boundary triangular face B (i.e., j ← 2 and
j ← 3), and for both the linear and quadratic IEBG methods. The contribution to the diagonal bock Mjj

would be

Mjj = Mjj −
1− κ

16
nB⊗(∆rj2 +∆rj3) , (67)

but this is not necessary because the diagonal bock Mjj in the simplified form (56) already includes this
contribution.

V. Relaxation Scheme and Stability

A. Relaxation Scheme

Both the linear and quadratic IEBG systems are given in the same form (50), which leads to the following
block Gauss-Seidel relaxation scheme:

gn+1
j = −

∑
k∈{kn+1

j }

Cjkg
n+1
k −

∑
k∈{kn

j }

Cjkg
n
k + bj , Cjk = M−1

jj Mjk, bj = M−1
jj bj , (68)

sequentially performed for j = 1, 2, 3, · · · , N , where N is the total number of nodes, n is the iteration counter,
{kn+1

j } is a set of neighbors where the gradients are already updated, and {knj } is the rest of the neighbors.

Note that it requires only three multiplications to apply M−1
jj to bj and nine multiplications to Mjk because

M−1
jj is a 3×3 diagonal matrix as in Eq. (57). Note also that bj is computed just once at the beginning and

fixed during the iteration. In our code, the relaxation scheme is implemented in the relaxed form:

gn+1
j = gn

j + ω rj , (69)

where ω is a relaxation factor and Rj is the linear-system residual:

rj = −

 ∑
k∈{kn+1

j }

Cjkg
n+1
k +

∑
k∈{kn

j }

Cjkg
n
k

+ bj − gn
j . (70)

The relaxation factor ω is set to 1 in this work, but a smaller value may be help the relaxation converge better
in some future cases. In all the cases considered in this paper, we apply just one relaxation per flow-solver
iteration.
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B. Stability Analysis

The block Gauss-Seidel relaxation scheme is not always stable and the stability depends on the parameters
κ and c. Intuitively, we can imagine that increasing κ towards 1 would stabilize the relaxation scheme because
it makes the implicit coupling weaker and also increasing c would also stabilize the relaxation scheme because
it increases the diagonal entries. For a regular tetrahedral grid, we can use a Fourier analysis to determine the
stability region and verify these intuitive observations. The Fourier analysis is useful also for explaining why
values of c and κ satisfying c+ κ− 1 = 0 as well as the combination κ = 0 and c = 2, which renders the linear
IEBG method quadratically exact, are not practical.

Consider a regular tetrahedral grid in Figure 3 and define the nodes as follows:

x1 = (0, 0,−h), x2 = (0,−h, 0), x3 = (−h, 0,−h), x4 = (−h, 0, 0), x5 = (−h, h,−h), (71)

x6 = (0, h,−h), x7 = (0,−h, h), x8 = (−h, h, 0), x9 = (0, 0, h), x10 = (0, h, 0), (72)

x11 = (h,−h, 0), x12 = (h, 0, 0), x13 = (h,−h, h), x14 = (h, 0, h), xj = (0, 0, 0), (73)

where h is a uniform mesh spacing. Define a Fourier mode gn
β as

gn
β = An

g exp
(
βx

x

h
+ βy

y

h
+ βz

z

h

)
, (74)

where βx, βy, and βz are discrete frequencies ranging from 0 to π, and An
g is a vector of amplitudes. Insert it

into the scheme (68) with bj = 0, which does not affect the stability, and find

An+1
g = −

6∑
k=1

DkA
n+1
g −

14∑
k=7

DkA
n
g , (75)

where Dj and Dk are matrices dependent on c, κ, βx, βy, and βz. Note that we consider a sequential block
Gauss-Seidel relaxation scheme in a lexicographic ordering and therefore {kn+1

j } = {1, 2, 3, 4, 5, 6} and {knj } =
{7, 8, 9, 10, 11, 12, 13, 14}: the gradients have already been updated at nodes 1 to 6. Then, we find

An+1
g = MAn

g , (76)

where

M = −

(
I+

6∑
k=1

Dk

)−1 14∑
k=7

Dk. (77)

Stability requires the spectral radius of M to be less than 1. We computed the spectral radius numerically with

βx =
iβ
Nβ

π, iβ = 1, 2, 3, · · · , Nβ = 35, (78)

βy =
jβ
Nβ

π, jβ = 1, 2, 3, · · · , Nβ = 35, (79)

βz =
kβ
Nβ

π, kβ = 1, 2, 3, · · · , Nβ = 35, (80)

and

c = 0.1 +
5.9(ic − 1)

Nc − 1
, ic = 1, 2, 3, · · · , Nc = 100, (81)

κ =
(iκ − 1)

Nκ − 1
, iκ = 1, 2, 3, · · · , Nκ = 600. (82)
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Figure 4: Stability analysis result: spectral radius contours.

Figure 4 shows the contours of the spectral radius (convergence rate). The thick black line indicates the line of
the fourth-order accuracy: c = (13− 9κ)/5, which lies inside the stability region. As can be seen, the relaxation
scheme is stable for a wide range of parameters. Although only in a narrow region on the right side of the line
c = (13−9κ)/5, increasing κ towards 1 or increasing c improves the convergence rate. In theory, the convergence
rate should be zero at (c, κ) = (2, 1) because then the method becomes explicit. This is well captured by the
analysis as can be seen in Figure 4. In practical applications, we have found that a large value of c is needed
for robustness, especially for the quadratic IEBG method, and therefore, we will employ c = 5. The relaxation
scheme remains stable for this value as can be seen in Figure 4, at least for regular tetrahedral grids; but we
have found from numerical experiments that it is stable and robust for irregular tetrahedral grids as well.

It is easy to see in Figure 4 that the line defined by c + κ − 1 = 0, which passes through two points
(c, κ) = (0, 1) and (c, κ) = (1, 0), lies entirely in the grey area and thus the relaxation scheme is unstable.
Therefore, we will not use values satisfying c + κ − 1 = 0 and the diagonal block is invertible, as in Eq. (57).
Finally, the point (c, κ) = (2, 0) corresponds to the special case that the linear IEBG achieves second-order
gradient accuracy. Unfortunately, as can be seen in Figure 4, the relaxation scheme is not stable at this point.
In numerical experiments, we found the relaxation scheme diverged quickly, indeed. In this paper, we consider
two choices: (c, κ) = (2.6, 0) and (c, κ) = (5, 0) as a robust alternative for both the linear and quadratic IEBG
methods.

VI. Results

In this paper, we focus on the Euler equations and consider second- and third-order edge-based schemes. For
the second-order scheme, we employ the classical boundary-flux quadrature with weights (6/8, 1/8, 1/8) [27],
and for the third-order scheme, we use the accuracy-preserving formula [17]. Note that the classical formula is
used only for the second-order discretization of the Euler equations and the accuracy-preserving formula is used
in both linear and quadratic IEBG systems. See Ref. [31] for details of the third-order edge-based scheme. For
comparison, we present results obtained with unweighted linear and quadratic LSQ methods. The linear LSQ
method uses only the edge-connected neighbors but the quadratic LSQ method includes neighbors of the edge-
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connected neighbors also. We implemented the quadratic LSQ method using the two step method described
in Ref. [19], so that we only need to access the edge-connected neighbors in each step. As a result, it requires
to loop over edge-connected neighbors and then at each neighbor, loop over its edge-connected neighbors. In
a regular tetrahedral grid such as in Figure 3, where there are 14 edge-connected neighbors, it will go through
the total of 14 × 14 = 196 neighbors. This algorithm is useful in that it can be easily implemented in a parallel
code and is partition-independent, but it is difficult to implement it in an edge loop, which is possible for the
linear LSQ method as well as the IEBG methods.

In all the results shown in this paper, we employ an implicit defect-correction solver with the exact Jacobian
of a first-order scheme for the Euler equations. At every iteration, we perform a single Gauss-Seidel relaxation
to update the gradients of the primitive variables. For the linear system in the implicit defect-correction solver,
we perform 10 Gauss-Seidel relaxations per iteration. The numerical flux is computed by the Roe flux [35] with
an eigenvalue smoothing applied to all waves for increasing numerical dissipation:

|λk|∗ =


|λk| if |λk| > δλk,

1
2

(
|λk|2
δλk

+ δλk

)
otherwise,

(83)

where λk is the k-th characteristic speed of the Euler equations in a face-normal direction, Ck is a constant,
δλk ≡ Ckâ, and â is the Roe-averaged speed of sound. In this work, we set Ck = 0.25 for all waves and for
all problems, except a hypersonic-flow problem, for which we set Ck = 0.5 for all waves. As a result, the Roe
flux used in this work is more dissipative than the original Roe flux with an entropy fix (to prevent carbuncle
phenomena).

A. Accuracy Verification

1. Gradient Accuracy

We begin by verifying the order of gradient accuracy for the linear and quadratic IEBG methods on regular
and irregular tetrahedral grids. In all cases, we perform the Gauss-Seidel relaxation until the L1 norm of the
residual is reduced by eight orders of magnitude. We tested both LSQ and IEBG methods. The unweighted
linear and quadratic LSQ gradient methods are referred to as LLSQ and QLSQ, which are both unweighted LSQ
methods and may also be referred to as LLSQ(0) and QLSQ(0). The quadratic LSQ method is implemented
based on a two-step method described in Ref. [19], thus involving neighbor nodes and their neighbor nodes. The
linear and quadratic IEBG methods are referred to as LIEBG(c) and QIEBG(c), respectively, where c indicates
the value of c. For the test, we compute the gradient of the following function:

u = 1.5 + sin2(ξ) + 0.1 exp(ξ), ξ = x+ 2.7y + 3z, (84)

on a series of regular/irregular tetrahedral grids with 4,096, 32,768, 110,592, and 512,000 nodes and determine
the order of gradient error convergence. See Figure 5(a) for the coarsest regular grid and Figure 6(a) for the
irregular grid.

Error convergence results for regular tetrahedral grids are shown in Figures 5(b) and 5(c), where only the
errors in the x-derivative are presented as results for the other derivatives are similar. Here, LIEBG(2.6)-D
and QIEBG(2.6)-D are the linear and quadratic IEBG methods, respectively, with the gradients specified at
boundary nodes. As can be seen in Figure 5(b), which are the results for the interior nodes, these methods
achieve fourth-order accuracy and also the two methods are identical as expected. For QIEBG(2.6), where
the gradients at boundary nodes are not specified but computed by the implicit methods, the gradients are
third-order accurate. LIEBG(2.6) gives second-order accurate gradients at interior nodes. These gradients are
significantly more accurate than LLSQ and QLSQ gradients, which are both second-order accurate at interior
nodes on regular tetrahedral grids. It is observed also that both LIEBG(5) and QIEBG(5) produce second-order
accurate gradients at interior nodes.

Figure 5(c) shows the L1 error convergence results for gradients at boundary nodes. The Gauss-Seidel
relaxation scheme is taken to be converged when the residual norm is reduced by eight orders of magnitude.
As can be seen, the LLSQ and LIEBG methods give first-order accurate gradients while QLSQ and QIEBG
give second-order accurate gradients. These results are expected because stencils at boundaries are not regular
and should be taken as an unstructured grid. The results show that increasing c from 2.6 to 5.0 increased the
error levels for the LIEBG methods although not so significantly. From the results for interior and boundary

15 of 27

American Institute of Aeronautics and Astronautics



nodes, we see that the gradient accuracy can be one order higher at interior nodes than at boundary nodes
on regular tetrahedral grids for the LIEBG method with any c and also for the QIEBG method if the optimal
choice c = 2.6 is used. This is an interesting and somewhat surprising property for the implicit methods.

(a) The coarsest grid and function contours.
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(b) Error convergence for ∂xu (interior).
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(c) Error convergence for ∂xu (boundary). (d) Residual norm versus iteration for the finest grid.

Figure 5: Gradient accuracy verification for regular grids.

Figure 5(d) shows the implicit system residual convergence for the finest grid, where the residual norm is
defined as the sum of the L1 residual norms of three gradient components. First of all, the Gauss-Seidel relaxation
scheme converged very quickly for all cases within 25 relaxations. For LIEBG(2.6)-D and QIEBG(2.6)-D, we
see identical residual convergence histories, which verifies again that the two methods are identical on regular
tetrahedral grids. For c = 5, both the LIEBG and QIEBG methods converge rapidly although the convergence
rate is larger in the early stage, which is consistent with the stability analysis result in Figure 4. Asymptotically,
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QIEBG(5) shows a faster rate of convergence than QIEBG(2.6) while LIEBG(2.6) and LIEBG(5) show a similar
rate of convergence. Nevertheless, this is just one particular case and they do not necessarily behave in the
same way for all problems.

(a) The coarsest grid and function contours.
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(b) Error convergence for ∂xu (interior).
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(c) Error convergence for ∂xu (boundary). (d) Residual norm versus iteration for the finest grid.

Figure 6: Accuracy verification results for gradient methods (irregular grids).

Next, we consider irregular tetrahedral grids. See Figure 6(a) for the coarsest grid. Error convergence
results are shown in Figure 6(b) for interiors nodes and Figure 6(c) for boundary nodes. All methods show
expected orders of accuracy: the LLSQ and LIEBG methods are first-order accurate, and the QLSQ and QIEBG
methods are second-order accurate. It is observed that the IEBG methods are significantly more accurate than
LSQ methods especially with c = 2.6 and even with c = 5. Figure 6(d) shows the residual convergence for the
finest grid. Again, the Gauss-Seidel relaxation scheme converged very rapidly within 30 iterations although it
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slows slightly down for QIEBG(2.6).

2. Accuracy Verification for the Euler Equations

(a) Coarsest grid and solution con-
tours.
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(b) Error convergence: u, interior.
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(c) Error convergence: u, boundary.

Figure 7: Accuracy verification results for second- and third-order edge-based schemes (irregular grids).

In this section, we present accuracy verification results for the second- and third-order edge-based schemes
for the Euler equations using the LSQ and IEBG methods. To verify the order of accuracy, we employ the
method of manufactured solutions [36], introducing a forcing term vector s to the Euler equations such that the
following functions are the exact solutions:

ρ = 1.0 + 0.1 sin2(ξ), u = 0.3 + 0.1 sin2(ξ), v = 0.2 + 0.1 sin2(ξ), (85)

w = 0.1 + 0.1 sin2(ξ), p = 1.0 + 0.1 sin2(ξ). (86)

where ξ = 0.2x+ 0.2y + 0.2z. We solve the residual equations by the implicit defect-correction solver over the
same series of irregular tetrahedral grids used in the previous section. The coarsest grid and solution contours
are shown in Figure 7(a). A steady state is taken to be reached when the L1 norm of the residual is reduced
by eight orders of magnitude for all equations, including the IEBG equations. At all boundaries, we impose
boundary conditions weakly through the numerical flux with the right state given by the exact solution. Here,
the implicit defect-correction solver was found to diverge with QIEBG of c = 2.6 and therefore we consider only
QIEBG with c = 5. The solver was found unstable also for weighted LSQ gradients and therefore we consider
only unweighted LSQ gradients. Figures 7(b) and 7(c) shows error convergence results for the x-velocity, u. As
can be seen, the design orders of accuracy have been confirmed in all the cases. The errors are slightly smaller
with the LIEBG and QIEBG methods than with the LSQ methods at interior nodes, but there is no significant
difference at boundary nodes.

B. Subsonic Flow over a Smooth Bump

As a more realistic problem, we consider an M∞ = 0.3 subsonic flow over a smooth bump through a duct.
The smooth bump defined by

zb = 0.05 sin4
[
π(10x− 3)

9

]
, x ∈ [0.3, 1.2], (87)

is placed at the bottom of a rectangular domain (x, y, z) = [−0.25, 1.75] × [−0.5, 0.5] × [0, 1]. We solve this
problem by the implicit defect-correction solver with 10 Gauss-Seidel linear relaxations and CFL=1015 for
relatively coarse irregular tetrahedral grids with 1,140, 4,998, and 19,239 nodes, which are shown in Figures
8(a), 8(b), and 8(c), with the pressure contours obtained with the QIEBG method. All boundary conditions are
imposed weakly through the right state: the free stream condition at x = −0.25, the back pressure condition
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(a) Grid 1. (b) Grid 2. (c) Grid 3.

Figure 8: Subsonic flow over a smooth bump (M∞ = 0.3): tetrahedral grids.
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Figure 9: Subsonic flow over a smooth bump (M∞ = 0.3): error and residual convergence results.

at x = 1.75, and the slip-wall condition applied at other boundaries. At a boundary node (xi, yi, zi) over the
bump, the exact surface normal vector is given by (−dzb/dx, 0, 1), which is used to define the right state at a
slip-wall node. The solver is taken to be converged when the L1 norms of the residual equations, including the
IEBG equations, are reduced by six orders of magnitude. For this problem, the solver was found to diverge
for QIEBG with c = 2.6, and we set c = 5 for both LIEBG and QIEBG for the sake of robustness. For LSQ
gradients, we encountered instability with the weighted LSQ methods and therefore employed unweighted LSQ
methods for both linear and quadratic methods.

Figure 9(a) shows entropy error convergence results, where the entropy error is defined by |γp/ργ − 1|,
which should be zero throughout the domain. As can be seen, the LLSQ and IEBG methods yield second-order
accuracy while the QLSQ ad QIEBG methods yield third-order accuracy. Although LIEBG gives slightly larger
errors than LLSQ, QIEBG gives lower errors than QLSQ. Figure 9(b) shows iterative convergence histories
for the energy equation residual. As can be seen, for this problem, the solver converged at significantly fewer
iterations with LIEBG and QIEBG than with LLSQ and QLSQ. Also, the solver converged faster by nearly
the same factor in CPU time as can be seen in Figure 9(c), implying that the per-iteration cost of the IEBG
methods are not very different from that of LSQ methods.

Figure 10 compares Mach and entropy-error contours for the second-order schemes with LLSQ and LIEBG.
Here, no significant differences are observed. Figure 11 shows the comparison for the third-order scheme with
QLSQ and QIEBG. It can be seen that QIEBG led to significantly smaller entropy errors and produced a more
symmetric Mach contours with respect to the line x = 0.75.
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(a) LLSQ: Mach contours. (b) LLSQ: Entropy error contours.

(c) LIEBG: Mach contours. (d) LIEBG: Entropy error contours.

Figure 10: Subsonic flow over a smooth bump (M∞ = 0.3): second-order scheme results (Grid 3).

(a) QLSQ: Mach contours. (b) QLSQ: Entropy error contours.

(c) QIEBG: Mach contours. (d) QIEBG: Entropy error contours.

Figure 11: Subsonic flow over a smooth bump (M∞ = 0.3): third-order scheme results (Grid 3).
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C. Supersonic Flow over a Triangular Bump

Next, we consider an M∞ = 2.5 supersonic flow over a triangular bump defined by the leading edge angle
15◦ and the height 0.25 tan(15◦) through a duct (x, y, z) ∈ [−0.25, 1.75] × [−0.5, 0.5] × [0, 1]. A supersonic
flow enters at x = −0.25 and leaves at x = 1.75, and all other boundaries are treated as slip walls. The
grid is a tetrahedral grid with 12,019 nodes adapted for a first-order accurate solution by the refine package
(https://github.com/nasa/refine) developed at NASA Langley Research Center. See Figure 12. Note that
the first-order scheme was used only for generating an adaptive grid; the second- and third-order schemes
are tested on the same adaptive grid. For this problem and a hypersonic-flow problem in the next section,
we employed the R5 limiter [37] with the pressure limiter [38], following Ref. [39]. The CFL number in the
approximate Jacobian of the implicit defect-correction solver is set to 5.

Figure 13 shows iterative residual convergence results. As can be seen, the solver converged by five orders of
magnitude for LLSQ, LIEBG, and QIEBG while it eventually hangs with QLSQ. Again, the convergence results
are similar in CPU time and we see that the per-iteration cost for the IEBG methods is not significantly more
expensive than the LSQ methods. Figure 14 shows the comparison of pressure contours for the four methods:
second-order accurate results on the left column and third-order accurate results on the right column. All results
look similar; the reflected shock is captured more sharply by the third-order scheme with QIEBG.

Figure 12: Supersonic flow over a triangular bump (M∞ = 2.5): a tetrahedral grid.
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(a) Residual versus iteration. (b) Residual versus CPU time.

Figure 13: Supersonic flow over a triangular bump (M∞ = 2.5): residual convergence results.

(a) LLSQ. (b) QLSQ.

(c) LIEBG. (d) QIEBG.

Figure 14: Supersonic flow over a triangular bump (M∞ = 2.5): pressure contours.
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D. Hypersonic Flow over a Cylinder

Finally, we consider an M∞ = 5.0 hypersonic flow over a half circular cylinder. Figure 17(a) shows a
tetrahedral grid with 11,275 nodes and a nonuniform spacing in the y-direction. For this problem, we employed
the limiter as mentioned in the previous section and also increased the dissipation by setting Ck = 0.5 for all
waves. The CFL number in the approximate Jacobian of the implicit defect-correction solver is set to 5.

Figures 16(a) and 16(b) show iterative residual convergence results. The solver converged and reduced the
residual by five orders of magnitude, at least, with LLSQ, LIEBG, and QIEBG, but diverged with QLSQ.
Again, there is no significant differences between the two figures and therefore the per-iteration cost is not
significantly different between LSQ and IEBG. Figure 17 shows the comparison of pressure contours for the
converged solutions. Here, no significant differences are observed in the solutions. As demonstrated in Ref. [39],
the benefit of third-order accuracy may be observed in smooth solution contours on an adaptive anisotropic
tetrahedral grid. Nevertheless, the results demonstrate robustness of the IEBG methods for a high-speed strong-
shock problem. The IEBG methods should be further tested for viscous-flow problems, where target quantities
such as heat fluxes require accurate gradients over a solid surface.

Figure 15: Hypersonic flow over a cylinder (M∞ = 5.0): a tetrahedral grid.

(a) Residual versus iteration. (b) Residual versus CPU time.

Figure 16: Hypersonic flow over a cylinder (M∞ = 5.0): residual convergence results.

23 of 27

American Institute of Aeronautics and Astronautics



(a) LLSQ.

(b) LIEBG.

(c) QIEBG.

Figure 17: Hypersonic flow over a cylinder (M∞ = 5.0): pressure contours.
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VII. Concluding Remarks

In this paper, we reported progress in the development of the IEBG gradient methods for second- and third-
order edge-based schemes applied on tetrahedral grids. The following updates are reported: (1) we have shown
that the parameter c in the source quadrature formula is a free parameter and can be chosen to be a large value,
e.g., c = 5, to increase the robustness without losing quadratic exactness, (2) we have shown that the diagonal
blocks are actually diagonal matrices, which can be inverted very efficiently even at a boundary node if the
accuracy-preserving boundary flux quadrature is employed, (3) an optimal set of parameters κ and c has been
derived for achieving fourth-order accuracy on regular tetrahedral grids, and (4) a stability analysis is performed
for the Gauss-Seidel relaxation scheme used to solve the IEBG gradient systems on a regular grid and a region of
stability is revealed, showing that stability is ensured for a wide range of parameters. Numerical results have been
presented from accuracy verification studies to more realistic inviscid-flow problems for subsonic, supersonic,
and hypersonic flows. Fourth-order gradient accuracy has been verified at interior nodes of regular tetrahedral
grids with exact gradients specified at boundary nodes. Third-order gradient accuracy has been observed at
interior nodes in the case that the gradients at boundary nodes are computed as additional unknowns in the
implicit gradient methods. For unstructured grids, the linear and quadratic IEBG methods have been shown
to produce first- and second-order accurate gradients, as expected. For robustness, we have found that the
parameter c needs to be increased and c = 5 has been found to work robustly for all the inviscid-flow problems
in this paper.

Future work includes applications to viscous problems, where accuracy of gradients is of primal interest
towards accurate predictions of the viscous stresses and heat fluxes. It should also be investigated whether the
same gradients can be used for the inviscid and viscous schemes without destabilizing the implicit solver, whereas
current practical solvers require different gradient methods for solver stability: unweighted LSQ gradients for
inviscid schemes and weighted LSQ gradients for viscous schemes [40]. Furthermore, it may be worth developing
an edge-loop implementation of the IEBG methods with a different relaxation scheme towards more efficient
computations, for example, on GPU. Another area to explore is extensions of these IEBG methods to cell-
centered finite-volume methods of nodal gradients [39, 41]. The focus here will be on switching from nodal
solutions to cell-centered point-valued solutions and investigating its impact on the implicit system. The IEGB
gradient methods have the potential for greatly reducing the cost of gradient computations in the nodal-gradient-
based cell-centered finite-volume methods.
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