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This paper contains discussion on the implementation of new diffusion schemes for
Svard’s Eulerian flow (EF) governing equations. An alpha-damping type scheme and a
new hyperbolic Eulerian flow (HEF) discretization is employed, paralleling previous work
on hyperbolic Navier-Stokes (HNS). This work shows these equations have simplified hy-
perbolic discretizations due to the simplicity of the new stress tensor and compares these
schemes to established Navier-Stokes (NS) discretizations to verify the predictive utilities
of such diffusion schemes.

1. Introduction

The Navier-Stokes(-Fourier) equations have been widely used and treated as the governing equations
for viscous fluid flow problems for centuries and are used widely as the backbone of Computational Fluid
Dynamics (CFD) software and development. While these equations are an excellent model for the real
physics and show good behaviors as approximations for engineering applications, they suffer by lacking
certain mathematical properties, and it appears that due to the lack of diffusive flux in the continuity
equation, they lack guarantees of well-posedness, existence, uniqueness, and continuity of datall

Efforts to address this began with the work of Brenner who did investigations into demonstrating incom-
patibility between the velocity terms that appear in the continuity and momentum equations22 While his
formulation of the new governing equations was later rebutted ? it showed the importance of adding diffusive
flux to the continuity equations and led to weak well-posedness and the development of a convergent scheme.
Subsequently, Svard® developed a model for viscous fluid flow in an effort to address the same issues Bren-
ner identified. Svard’s governing equations include a mass diffusion term (allowing for well-posedness) and
greatly simplify the stress tensor that appears in the momentum equations. The addition of the mass diffu-
sion is of particular interest to hyperbolic discretizations of the Navier-Stokes equations. These have gained
prominence in recent years as Nishikawa developed them first for diffusion equations before extending them to
Navier-Stokes® 2 (NS) and implementing them in the massively parallel, unstructured-grid computational-
fluid-dynamics code from NASA Langley!® for unsteady three-dimensional and two-dimensional spacetime
discretizations.'* The Hyperbolic Navier-Stokes (HNS) discretization requires the addition of an artificial
mass diffusion term that is defined to be arbitrarily small to not impact the final flow field but large enough
to induce coupling thereby allowing the density gradients to achieve design order accuracy. These artificial
terms are no longer necessary in the Hyperbolic Eulerian Fluid (HEF) discretization, a new discretization
introduced in this work. Furthermore, the simplified stress tensor allows for a simpler viscous diffusion ma-
trix and the selection of a single length scale as opposed to the three length scales required for the HNS20G
discretizations™ In this work the implementation of the Eulerian fluid governing equations in the spacetime
discretization of FUN3D is shown and validated.

1.1. Navier-Stokes Governing Equations

Our target equations are the unsteady compressible NS equations:
Op+Vx-(pv) =0,
Oc(pv) + Vi - (pv®V) = =Vxp + Vi« - T, (1.1)
O(E)+ Vx - (Ev+pv)=Vx-(Tv) = Vx - q,
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where t is the physical time, ® denotes the dyadic product, p is the density, v is the velocity vector, p is the
pressure, F is the total energy, Vi is the spatial derivative and V- is the spatial divergence. The viscous
stress tensor 7, under Stokes’ hypothesis is

7= —%wvx V)L 1 (Vv + (Vav) ) -2

where I is the identity matrix, p is the viscosity defined by Sutherland’s law, and the superscript T' denotes
the transpose. All the quantities are assumed to have been nondimensionalized by their freestream values
except that the velocity and the pressure are scaled by the freestream speed of sound and the freestream
dynamic pressure, respectively 12 Thus, the viscosity is given by the following form of Sutherland’s law:

My 14C/Tn ..z
= 7~T2’ 1.3
" RewT C/Tx (1:3)

where T is the temperature, Th, is the dimensional freestream temperature, and C' = 110.5 [K] is the
Sutherland constant. The ratio of the freestream Mach number, M, to the freestream Reynolds number
per grid unit, Re.,, arises from the non-dimensionalization. The heat flux (q) is similarly changed by the
nondimensionalization, and is defined as:

I

“E e 1)VXT, (1.4)

q =
where + is the ratio of specific heats, Pr is the Prandtl number, and the system is closed by the nondimen-
sionalized equation of state for ideal gases:

vp = pT. (1.5)

An earlier paper on spacetime discretizations of Navier-Stokes equations'® used the alpha-damping dis-
cretization to compute the viscous fluxes:

0
(I);)Izcs = £V (wL, WR, VW), £ = [f:isa f;is] ’ ﬁzy = —Th ) (16)
- nV + qn
where the heat flux and viscous stresses are given in 2D at the face by

I - TR p 4
n = _7vxT MNpy = ——F5 7~ |:vap - vap:| ‘Ngy, 1.7
P(y—1) Y pP(y—1) p Y (L)

2 .

=T [Str(vav)l + Vv + (Vav)t} Ny . (1.8)

The gradients (V,,) are computed by the alpha-damping scheme /1718

1 « A A
Vaw =3 [wafSQ + vxwésQ] + *(WR - WL>nwya 6 = ‘ea:y * Mgy, €ry = (xk —Tj, Yk — y])7 (19)

2 B

where « is a damping coefficient and it is set o = 4/3 1049

1.1.1. Hyperbolic Navier-Stokes System: HNS20G

Previous work derived hyperbolic formulations for the viscous terms: HNS14” HNS178 HNS20 and
HNS20G 12 Here, HNS20G is employed, which was first introduced to simplify the development of high-
order reconstructed discontinuous Galerkin methods1? In HNS20G, the Navier-Stokes system is extended
by adding extra variables r, g, h corresponding to the gradients of the primitive variables, which are called
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the gradient variables:

07p+0ip+ Vx - (pv) = Vi, (vp1),
8T(pv) + 8t(pv) +div(pvev) = =Vxp+ Vx - (,uiﬁ:) )

0z (pE) + O (pE) + V- (pvH) = Vi - (1o7V) + Vi - (Mh)h> ’

Yo -1 (1.10)
T,0.g=VxVv—g,
T, 0,h =V, T —h,
T,.0;r =Vyxp—r.

Note that 7 is a pseudotime variable, and 7 = —3tr(g)I+ 3 (g + g') is the stress tensor computed using

the HNS variables without the viscosity coefficient,
L% L% L%L 4u Vb . —12 1,4/3
TT- = 77-7 Tr,j = 71}, Th = 7}L7 Vy = ?p, Vp = E’ Vp = mln(lO ’Vmin)MOO’ (111)

where V,,;n is the minimum volume element in the mesh and the length scale may be taken as L, = L, =

Ly, = 1/(2m), or as in other works it is modified with Reynolds number::12
1
L,=Lg= o
47 on
Ly UsoLqg
L, = ) = ’
NI Rery = S (1.12)
L UxL
Ly = —=2 Rehoe = =224

/Refllgo ’ Vhoo
where U, is the freestream flow speed, and the subscript oo refers to the freestream state. The latter is
more suitable for high Reynolds number flows. Note that L, is different from that in previous works 112 As
shown earlier>2% it has been observed that the order of accuracy of the density gradient is reduced by one
order if L, is too small, and therefore, it is sometimes necessary to keep L, = Lg = % This discretization
was implemented in the spacetime discretization in FUN3D and provides a good comparison for the HEF
system developed in this work as they use the same principles. Note that the HNS20G system is equivalent to
the original Navier-Stokes system in a pseudosteady state or when the pseudotime derivatives are dropped.

Then, the gradient variables h and g correspond to the temperature and velocity gradients:

h = V,T,

o oy (1.13)

The viscous part of HNS20G is hyperbolic in pseudotime and therefore, can be discretized by an upwind
method similar to the inviscid part. Once the viscous part is discretized, the pseudotime terms are dropped
to arrive at a consistent discretization of the original Navier-Stokes system in a first-order form.

In two dimensions, the HNS20G system is written as

Ou Ou of, of,

Pl M— 4+ 24 2Y = 1.14
or "M T Ty~ © (1.14)
where
P! =diag(1,1,1,1,T,, T, T,, T, T, Ty, Th, Th), (1.15)
M = diag(1,1,1,1,0,0,0,0,0,0,0,0), (1.16)
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(1.17)

(1.18)

where s1, so2, s3, s4 are forcing terms, typically set to 0 except in the case of verification via the method of



manufactured solutions (MMS). The dissipation vector of an upwind flux for the viscous part is given by:

0
Pl(Any — Q) AtpDd + Ay AV]
pap AT 1 ~
PV - {(any — oy ) Aup + Qi AV + L. -AT,)
(= tme) AETCE YT
‘P au Au: |:<anv - 3amv> A?nnnz + Sava?nm:| n (119)

4 _ 4 ~
{(am - 3amv) ATy + 3avaTny} n

ap [Ahy, + (L--Av)|n

0

vis _ (fUIS FULS
where £7*° = (£;"*,£,"*) n
is a unit vector, and

, A denotes a jump across two states, e.g., Av =vr—vr, v = (u,v)", n = (ng,n,)"

Tpnll Tn — Tpnid

n=v-n, h,=h-n, 7,=7n, L,= , 1.20
U v-n n, T,=7n Proo1t P (1.20)
Tz = TezNz + TayNy,  Tny = ToyNz + ?yyny, (1.22)

Pr, = anv, Pry, = aﬂ, Pr; = G _ Gmo_ = Prp,, (1.23)
(1.24)

R

All quantities in the dissipation matrix ‘P%

are evaluated with arithmetic averages of the two states,
e.g.,v=(vp+vVg)/2.

1.2. Eulerian Viscous Fluids Governing Equations

Consider the Eulerian fluid model using Svard’s derivation,*

ap
E“LV (pv) = Vx - (¥Vxp),
0,
§+V (pV®V)+pr=Vx'(VVxPV)7
E
aa—t +Vx - (Ev+pv)=Vx- (VViE), (1.25)
p = pRT,

v=al 4 B(p,T).
p
Note that these differ from the Navier-Stokes equations due to the presence of a mass diffusion term in

the continuity equation and the changes to the diffusion terms in the momentum and energy equations.
Rather than the more complex Navier-Stokes equations’ stress tensor, the Eulerian fluid model defines the
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diffusive terms to be momentum and energy diffusion for the momentum and energy equations, respectively.
To maintain simplicity and correspondence to the NS equations these viscosity coefficients are taken as
(o, 8) = (1,0). It is possible to decompose this discretized governing equation into inviscid and viscous
fluxes, and the viscous fluxes on edge jk with normal n;; and magnitude A;; become in 2D:

v(pzne + pyny)

vVxp
F, = |uVyxpv| nix = v((pu)ens + (pu)yny) Ajp, (1.26)
VVXE l/((pv)wn‘z + (pv)yny)

V(Ezng + Eyny)

and in such a case, it is possible to use the alpha-damping scheme. By using equation [1.9] one can compute
the gradients of density, momentum, and energy at the interface and evaluate the Eulerian fluid stress tensor.

1.2.1.  Hyperbolic Fulerian Flow System: HEF20

Alternatively, one can follow the HNS20G system to derive a hyperbolic system (HEF20) with some key
differences. First, since there is mass diffusion in the underlying governing equations, there is no need to
add an artificial mass diffusion to the Eulerian fluid flow model. Second, it is useful to define our auxiliary
variables as the gradients of density, velocity, and energy rather than temperature for ease of implementation
and of derivation of the viscous flux Jacobian; this does mean that temperature gradient calculations will
be more cumbersome when required. Third, since there is a more simplified stress tensor, it is shown that a
simpler dissipation matrix for the diffusion system is obtained, with only one viscous wave speed that will
allow for only one relaxation time as opposed to the three (T, Ty, T;-) in HNS20G. Finally, since the stress
tensor is simplified, there is no need for the additional viscous dissipation that HNS20G adds to maintain
design order accuracy in the velocity gradients (as without this dissipation in HNS20G the stress terms
will be the quantities that maintain design order accuracy). The derivation begins from the conservation
equation:

p pv vVxp 0

pU puv +p v(uVxp + pVxu) 0

pU pUV + p v(vVxp + pVxv) 0

E (E+p)v IAVD 0

Trpz 0 p T

0 | Trpy 0 B p Ty
o | T, + V- 0 =Vx- 3 | (1.27)

Tyuy 0 U Uy

Ty 0 v Vg

Tyvy 0 v Uy

ThE, 0 E E,

T,E, | B I E | B
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where later it will be shown that the different values of T;., T,,, and T}, all take the same value as mentioned
above. Where the unified flux at a face is given by:

p p(ung +vny) — v(ryng +ryny)
pu pu(ung +vny) + png — v [p(uzng + uyny) + (rzng + ryny )ul
pU pu(ung + vny) + pny — v [p(veng + vyny) + (reng + ryny )
E (E +p)(ung + vny) — v(Ezng + Eyny)
T pe — PNy
Fon=dy=| 1P|+ Py . (1.28)
Tty —UNy
Tyuy — UMy
Ty, — VN
Tyvy —UNy
T.E, _En,
| ThEy | i —En, |

For simplicity it is helpful to examine only the spatial fluxes and define the following variables un = ung,+vn,,
UgN = UMy + UyNy, Vgl = UgNg + VyNy, Welt = Wy + WyNy, TeN = TNy + ryNy, Exn = Exng + Eyn, and
then rewrite the flux as below.

Fy-ny = Py (1.29)

Paralleling the work done for the spacetime discretization of HNS20G, it is advisable to split the flux:
@)k = BN (1w, g )| + BT (i, 7oy )| + B e, (1.30)

where N, = nji /0| = (g, Ny, ), @;’,;”, and @?,’f are the spatial inviscid and viscous fluxes respectively
and @ﬁme is the temporal flux, and then define an upwind viscous flux using a dissipation matrix defined
from the viscous system alone. The viscous numerical flux fI)g,is is defined as:

of,
P

. 1 . . 1
W=3 (Fris + Fpis) — §P_1 Au. (1.31)
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The A matrix (‘P%D for the viscous system is computed by first linearizing the viscous flux with an

assumption of constant viscosity for simplicity and this returns:

0 0 0 0 wvn, vny 0 0 0 0 0 0
%1/ T2M) (ram) 0 0 wvung vun, vpng vpn, 0 0 Ung  Uny
%u(mn) 0 (rzm) 0 wvong vony, 0 0 Vpng VPN, Vng Uy
0 0 0 0 0 0 0 0 0 0 2

Ng 0 0 0 0 0 0 0 0 0 0 0

n 0 0 0 0 0 0 0 0 0 0 0

A== —%zzm B 0o 0 0 0 0 0 0 o o ol 132

—%ny % 0 0 0 0 0 0 0 0 0 0

—%nm 0 %‘T 0 0 0 0 0 0 0 0 0

~n, 0 .0 0 0 0 0 0 0 0 0

0 0 0 Ng 0 0 0 0 0 0 0 0
0 0 o n, O 0 0O 0 0 0 0 0]

The final step is to diagonalize this matrix, and then use the eigenvalue and eigenvector decomposition
to obtain the dissipation matrix. Finally, using the local preconditioning approach, as in previous HNS
formulations, returns:

av 0 0 0 0 0 0 0 0 0 0 0
0 av 0 0 0 0 0 0 0 0 0 0
0 0 av 0 0 0 0 0 0 0 0 0
0 0 0 av 0 0 0 0 0 0 0 0
0 0 0 0 ¥mowmEmoog 0 0 0 0 0
pa— |0 0 0 0 =R 0, 0 0 0 0 0 | 133
0 0 0 0 0 0 e vy 0 0 0
0 0 0 0 0 0  mensy  wmto 0 0 0
0O 0 0 0 0 0 0 0  owmd  owmeny 0
0 0 0 0 0 0 0 0 wmmmy  wvm o 0
0O 0 0 0 0 0 0 0 0 0  me  ynong
0 0 0 0 0 0 0 0 0 0  umensy  vny?

2
where av is the viscous wave speed defined as av = /v /T},, where Ty, = Lh and Ly, is defined as Lj, = —24

7 1/1{6[‘(17

with Rey, = Yeeld,

2. Nonlinear Solver

The nonlinear solver here is the the node-centered finite-volume solver in FUN3D2! modified to work
for two-dimensional spacetime solvers for laminar flows (four unknowns per node or 12 unknowns for the
hyperbolic discretizations) as opposed to at least five unknowns used for three-dimensional compressible
flows with turbulence modeling. This solver uses an implicit defect-correction method?! defined by

U = U+ wAU, (2.1)

where w is a scalar underrelaxation parameter defined by a realizability check, U is a global vector of the
discrete unknowns (conservative variables stored at the vertices of the mesh), and AU, computed by relaxing
the following system of linear equations.

[P]AU = —R(U), (2.2)

where R(U) is a global vector of the residuals defined at each node. Here, [P] is the exact derivative of the
residual operator with zero least-squares (LSQ) gradients (denoted by R) augmented with a diagonal term

8 of Il

American Institute of Aeronautics and Astronautics



to improve the diagonal dominance of the Jacobian matrix.

[P] = 8ﬂ +D, (2.3)

ou

and D is the block diagonal matrix with each 4x4 block defined by the diagonal matrix with the ratio of the
dual volume to the local pseudo time step: e.g., at a node j,
\7e
D, =I,4——72"— 2.4
7T CFLAT) (24)
where I4y4 is the identity matrix, CFL is the Courant-Friedrichs-Levy number?? used to maintain stability,
and Vj is the dual volume at node j. The local pseudo-time-step A7; is defined by

A’Tj = ‘/J ;
Shetngy [Vl /2 +1] Az

where the quantities at the face with area A;; are computed by the arithmetic average of the values stored
at nodes j and k. The linear system is relaxed by a point-implicit multi-color Gauss-Seidel relaxation scheme
with a specified number of relaxations.

As in earlier work 19 this spacetime solver is implemented as a new governing equation option in the
FUN3D code/??

(2.5)

3. Verification

3.1. Exponential MMS

We verify the implementation of the residual through the method of manufactured solutions. The man-
ufactured solution, used here for the unknowns at each node, is constructed by the following function:

a = ag + Ascale€xP(azx + ayy + ait), (3.1)

where ag, Gscaies @z, @y, and a; are user defined values that vary for each unknown - note that in our imple-
mentation z is the temporal coordinate. See Table [I] for the values used in this study. This set of functions
is made to be an exact solution to the Eulerian flow equations, using the source term in Equation that
is computed numerically at each node.

af:c (Weract) 3fy (We:vact) au(we:cact)
Or + oy + 0z

The order of the discretization error is measured by DE = ||uezact — ||1, using a sequence of hierarchically
refined regular tetrahedral grids (in which the nodes are then perturbed to obtain irregularity) in a unit cubic
domain with n x n X n nodes, where n = 16, 32,64, 128, and 256; an example of one of these grids is shown
in Figure [1] along with the solution and gradient variable fields for comparison, which show the expected
improved behavior for the hyperbolic discretization. This case is in a flow with conditions Re,, = 3900
and dimensional freestream temperature Th, = 460°R. Figure [2| shows the discretization error results that
demonstrate that both the alpha-damping and hyperbolic discretizations of the Eulerian fluid model are
2nd order accurate as measured by the discretization error of the primitive variables. This is not sufficient
to verify the accuracy of the HEF discretization as it should maintain 2nd order accuracy in the gradient
variables as well, as this is shown in Figure

s(z,y,2) = (3.2)

3.2. Boundary Layer MMS

Next, it is helpful to consider a more realistic case with the following boundary-layer-type functions:

1.0 0.1
1.0 1.0 R(2)
Wezact = - exp(—n), n=y ; (3.3)
o 0.1 0.1 x—0.2
1.0 0.1
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0.21
0.205
(a) Perturbed tetrahedral mesh. (b) X-velocity solution from HEF discretization.
Y Y
X X
LSQ(uy} guy
0.023 0.023
0.0225 0.0225
0.022 0.022
0.0215 0.0215
0.021 0.021
0.0205 0.0205
0.02 0.02
0.0195 0.0195
0.019 0.019
0.0185 0.0185
0.018 0.018
00175 00175
0.017 0.017
0.0165 0.0165
0.016 0.016
0.0155 0.0155
0.015
(c) Least-squares y-gradient of x-velocity. (d) Hyperbolic Eulerian flow y-gradient variables of x-velocity.

Figure 1. Mesh, solution and gradient values on 642 mesh.
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Table 1. Parameters used to define the exact solution.

variable | ag | Gscale g ay a;

p D 1.0 0.525 | 0.550 | 0.575

U 1 0.1 0.125 | 0.150 | 0.175

v 2 0.2 0.225 | 0.250 | 0.275

P 4 1 0.714 | 0.425 | 0.450 | 0.475

Convergence of Discretization Error on Domain Convergence of Primitive Discretization Error on Domain
Variables iy & Variables
s — 0 ——p
_ —— xvelocity = —— x-velocity
5 —— y-velocity g —— y-velocity
G -3.0 —— pressure 2 -2 —— pressure
5 —— all 2 —— all
s -3.5 — 0% order E —— 0 order
% . E st
[ —— 1*forder S 3] —4— "'order
3 —&— 2" order s —— 277 order
5 —4.0 k]
£ £
H g
& 45 4
=1 2
g g
S 5o °
—s5 4
=55 T T T T T T T T T T
-2.0 -1.8 -1.6 -1.4 -1.2 -2.0 -1.8 -16 -1.4 -1.2
log10(effective element size) logl0(effective element size)
(a) Alpha-damping DE on domain. (b) Hyperbolic Eulerian flow DE on domain for primitive vari-

ables.

Figure 2. Primitive variable DE convergence for alpha-damping and hyperbolic discretizations.

Convergence of Gradient Discretization Error on Domain

1 Y Variables

—

- —— 0Oy

g -2 I e

5 o

= — Vyx

-g -y

272 — Ty

g - Ty

£ —— all

2 -4 —— 07 order

g —— 1"forder

§ —— 2" order

2 5

T T T T T
—-2.0 -1.8 -1.6 —-L.4 -1.2

log10(effective element size)

Figure 3. Hyperbolic Eulerian flow DE on domain for gradient variables.

where R(z) is a time-dependent parameter — once again z is the temporal coordinate — defined by
R(z) = 10° [1 + 0.75sin(47z2)] . (3.4)

The Eulerian fluid governing equations are solved on an adapted mesh created by using the refine package
developed at NASA Langley 2225 To minimize interpolation error, this mesh was generated by performing
ten cycles of solving the alpha-damping discretization of the Eulerian fluid governing equations and adapting
the minimized interpolation error. FigurleEE shows the final adapted grid with 69,076 nodes and 378,209
tetrahedra, generated in the earlier work*? Figures [5| and |§| show a comparison in the XY and XZ planes,
respectively, between the least-squares and HEF provided gradients, and these show as before that the HEF
provided gradents are much smoother than the least squares computed ones. This is an adapted mesh,
which is highly irregular —~having accurate gradients on these meshes is not a trivial benefit — and there is an
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interest in comparing the y-gradients of the x-velocity as those are the gradients that would drive the skin

u 0 030609

il
i

NET,
A

eD
e

(b) X-velocity.

Figure 4. Mesh and solution on adapted mesh.

0.02 0.02
0.015 0.015
0.01 0.01
0.005 0.005
- 0 L 0
0 0.2 04 0.6 0.8 1 0 0.2 04 0.6 0.8 1
(a) Least-squares y-gradient of x-velocity. (b) Hyperbolic Eulerian flow y-gradient variables of x-velocity.

Figure 5. XY plane at z = 0.619.

The contour planes demonstrate better solution accuracy, but a natural follow-up asks for a comparison
in time to solution. Figure |7| shows that there is a pronounced speedup in time to solution, this is driven
by a steep decrease in the number of the nonlinear iterations required to solve the system. This is similar
to observations in earlier work™ which also showed a noticeable improvement in time to solution. One
intricacy to note is that in the EF formulation, every equation now has an O(h?) conditioning term that can
retard the solution process, as opposed to the NS formulation, which lacks mass diffusion in continuity so has
better conditioning in that equation; this can explain the greater increase in performance when comparing
HEF to EF and HNS to NS (which showed approximately a factor of 2 speedup rather than the factor of
approximately 5 shown here).
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(a) Least-squares y-gradient of x-velocity. (b) Hyperbolic Eulerian flow y-gradient variables of x-velocity.

Figure 6. XZ plane at y = 0.5.

Alpha {enargy eq.)
HEF {energy eq.]

Alpha {enargy eq.)
HEF {2nergy eq.]

=
=

Residual Norms
=

2
Besidual Norms
=

<

107" 10
10'3 i M B o 1 M BT RN 10'5 FETES B MRS EEFETErS BT ENATArAr SrSTArAr SrSrErarS S |
100 200 300 400 500 60O 700 50 100 150 200 250 300 350 400
lteration Wall Time
(a) Iterations to solution (b) CPU time to soluion

Figure 7. Comparison of CPU time and iterations to convergence for boundary layer MMS.

3.3. Subsonic Cylinder in Cross Flow

The final case in this paper shows the results of a more realistic application of the spacetime viscous
solver. Next, we consider a viscous flow over a circular cylinder of unit diameter at the freestream Mach
number M., = 0.2 and the freestream Reynolds number per diameter Re,, = 200. The circular cylinder is
centered at the origin, and the outer boundary is a square whose side is 100 units. This two-dimensional
domain is then extended from z = 0 to z = 300 units. The grid with 15,720,940 nodes and 91,499, 780
tetrahedra was generated after performing 13 grid adaptation cycles using numerical solutions produced by
the alpha-damping solver.

Tableshows that the Strouhal number (St), and engineering coefficients (cr,,,s and cp,,,) correspond
between the Navier-Stokes (the second and third rows) and the Eulerian flow (the final two rows) models
to a high degree of accuracy, which is a promising and necessary result in that they validate both the
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implementation and the governing equations. Figure [§| shows that the change from the alpha-damping to
the hyperbolic viscous discretization has almost no effect on the shedding behavior of the cylinder. While
Figure [9] compares the gradient in the normal direction of the x-direction velocity on the surface of the
cylinder and shows the greatly improved quality of the gradients obtained by the HNS discretization - they
are smoother and less dissipative than those obtained by least-squares. As shown for the boundary layer MMS
problem in Figure [7] Figure [I0] shows a marked decrease in time and iterations to solution. The number of
iterations is decreased by a factor of 15 with the HNS solution actually reaching the target residual reduction,
while the alpha-damping solution process has reached the maximum iteration count without reaching the
desired residual tolerance. This corresponds to a decrease in runtime by approximately a factor of 3. This
shows that the expected benefits in solver performance are maintained even on semi-realistic geometries.

Table 2. Comparison of engineering quantities to reference values.

St CLyms CDMg
referencé?® | 0.1957 | 0.4244 | 1.3365
NS values | 0.1961 | 0.4941 | 1.3376
EF values 0.1964 | 0.4991 | 1.3699
HEF values | 0.1969 | 0.4986 | 1.3697
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rian fluid equations. fluid equations.

Figure 8. c¢; as a function of z (through time).

4. Conclusions

This work demonstrated the development, possibility, and promise of Eulerian fluid and Hyperbolic
FEulerian fluid formulations for finite-volume schemes. We demonstrated very close agreement between the
results of the Navier-Stokes and the Eulerian fluid governing equations with the benefit being a simpler
viscous discretization. Furthermore, the hyperbolic discretization shows two main benefits over the typical
diffusion equations with a pronounced decrease in time and iterations to solution and the improved quality
of the gradients on skewed meshes.
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