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This paper contains discussion on the implementation of new diffusion schemes for
Svard’s Eulerian flow (EF) governing equations. An alpha-damping type scheme and a
new hyperbolic Eulerian flow (HEF) discretization is employed, paralleling previous work
on hyperbolic Navier-Stokes (HNS). This work shows these equations have simplified hy-
perbolic discretizations due to the simplicity of the new stress tensor and compares these
schemes to established Navier-Stokes (NS) discretizations to verify the predictive utilities
of such diffusion schemes.

1. Introduction

The Navier-Stokes(-Fourier) equations have been widely used and treated as the governing equations
for viscous fluid flow problems for centuries and are used widely as the backbone of Computational Fluid
Dynamics (CFD) software and development. While these equations are an excellent model for the real
physics and show good behaviors as approximations for engineering applications, they suffer by lacking
certain mathematical properties, and it appears that due to the lack of diffusive flux in the continuity
equation, they lack guarantees of well-posedness, existence, uniqueness, and continuity of data.1

Efforts to address this began with the work of Brenner who did investigations into demonstrating incom-
patibility between the velocity terms that appear in the continuity and momentum equations.2,3 While his
formulation of the new governing equations was later rebutted,4 it showed the importance of adding diffusive
flux to the continuity equations and led to weak well-posedness and the development of a convergent scheme.
Subsequently, Svard5 developed a model for viscous fluid flow in an effort to address the same issues Bren-
ner identified. Svard’s governing equations include a mass diffusion term (allowing for well-posedness) and
greatly simplify the stress tensor that appears in the momentum equations. The addition of the mass diffu-
sion is of particular interest to hyperbolic discretizations of the Navier-Stokes equations. These have gained
prominence in recent years as Nishikawa developed them first for diffusion equations before extending them to
Navier-Stokes6–12 (NS) and implementing them in the massively parallel, unstructured-grid computational-
fluid-dynamics code from NASA Langley13 for unsteady three-dimensional and two-dimensional spacetime
discretizations.14 The Hyperbolic Navier-Stokes (HNS) discretization requires the addition of an artificial
mass diffusion term that is defined to be arbitrarily small to not impact the final flow field but large enough
to induce coupling thereby allowing the density gradients to achieve design order accuracy. These artificial
terms are no longer necessary in the Hyperbolic Eulerian Fluid (HEF) discretization, a new discretization
introduced in this work. Furthermore, the simplified stress tensor allows for a simpler viscous diffusion ma-
trix and the selection of a single length scale as opposed to the three length scales required for the HNS20G
discretizations.12 In this work the implementation of the Eulerian fluid governing equations in the spacetime
discretization of FUN3D is shown and validated.

1.1. Navier-Stokes Governing Equations

Our target equations are the unsteady compressible NS equations:

∂tρ+∇x · (ρv) = 0,

∂t(ρv) +∇x · (ρv⊗v) = −∇xp+∇x · τ,
∂t(E) +∇x · (Ev + pv) = ∇x · (τv)−∇x · q,

(1.1)
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where t is the physical time,⊗denotes the dyadic product, ρ is the density, v is the velocity vector, p is the
pressure, E is the total energy, ∇x is the spatial derivative and ∇x· is the spatial divergence. The viscous
stress tensor τ , under Stokes’ hypothesis is

τ = −2

3
µ(∇x · v)I+ µ

(
∇xv + (∇xv)

T
)
, (1.2)

where I is the identity matrix, µ is the viscosity defined by Sutherland’s law, and the superscript T denotes
the transpose. All the quantities are assumed to have been nondimensionalized by their freestream values
except that the velocity and the pressure are scaled by the freestream speed of sound and the freestream
dynamic pressure, respectively.15 Thus, the viscosity is given by the following form of Sutherland’s law:

µ =
M∞

Re∞

1 + C/T̃∞

T + C/T̃∞
T

3
2 , (1.3)

where T is the temperature, T̃∞ is the dimensional freestream temperature, and C = 110.5 [K] is the
Sutherland constant. The ratio of the freestream Mach number, M∞, to the freestream Reynolds number
per grid unit, Re∞, arises from the non-dimensionalization. The heat flux (q) is similarly changed by the
nondimensionalization, and is defined as:

q = − µ

Pr(γ − 1)
∇xT, (1.4)

where γ is the ratio of specific heats, Pr is the Prandtl number, and the system is closed by the nondimen-
sionalized equation of state for ideal gases:

γp = ρT. (1.5)

An earlier paper on spacetime discretizations of Navier-Stokes equations16 used the alpha-damping dis-
cretization to compute the viscous fluxes:

Φvis
jk = fvis(wL,wR,∇w), fvis = [fvisx , fvisy ] · ˆ̂nxy =


0

−τn

−τnv + qn

 , (1.6)

where the heat flux and viscous stresses are given in 2D at the face by

qn = − µ

Pr(γ − 1)
∇xT · n̂xy = − γµ

ρPr(γ − 1)

[
∇αρ−

p

ρ
∇αp

]
· ˆ̂nxy, (1.7)

τn = −µ

[
2

3
tr(∇αv)I+∇αv + (∇αv)

t

]
ˆ̂nxy. (1.8)

The gradients (∇α) are computed by the alpha-damping scheme,17,18

∇αw =
1

2

[
∇xw

LSQ
j +∇xw

LSQ
k

]
+

α

β
(wR −wL)ˆ̂nxy, β = |exy · ˆ̂nxy|, exy = (xk − xj , yk − yj), (1.9)

where α is a damping coefficient and it is set α = 4/3.17–19

1.1.1. Hyperbolic Navier-Stokes System: HNS20G

Previous work derived hyperbolic formulations for the viscous terms: HNS14,7 HNS17,8 HNS20,8 and
HNS20G.12 Here, HNS20G is employed, which was first introduced to simplify the development of high-
order reconstructed discontinuous Galerkin methods.12 In HNS20G, the Navier-Stokes system is extended
by adding extra variables r, g, h corresponding to the gradients of the primitive variables, which are called
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the gradient variables:

∂τρ+ ∂tρ+∇x · (ρv) = ∇x·, (νrr) ,
∂τ (ρv) + ∂t(ρv) + div(ρv⊗v) = −∇x p+∇x · (µv τ̃) ,

∂τ (ρE) + ∂t(ρE) +∇x · (ρvH) = ∇x · (µv τ̃v) + ∇x ·
(

µh

γ(γ − 1)
h

)
,

Tv ∂τg = ∇x v − g,

Th ∂τh = ∇x T − h,

Tr ∂τr = ∇x ρ− r.

(1.10)

Note that τ is a pseudotime variable, and τ̃ = − 1
2 tr(g)I+

3
4 (g + gt) is the stress tensor computed using

the HNS variables without the viscosity coefficient,

Tr =
L2
r

νr
, Tv =

L2
v

νv
, Th =

L2
h

νh
, νv =

4µ

3ρ
, νh =

γµ

ρPr
, νr = min(10−12, V

4/3
min)M∞, (1.11)

where Vmin is the minimum volume element in the mesh and the length scale may be taken as Lr = Lv =
Lh = 1/(2π), or as in other works it is modified with Reynolds number:11,12

Lr = Ld =
1

2π
,

Lv =
Ld√
Rev∞Ld

, Rev∞Ld
=

U∞Ld

νv∞
,

Lh =
Ld√
Reh∞Ld

, Reh∞Ld
=

U∞Ld

νh∞
,

(1.12)

where U∞ is the freestream flow speed, and the subscript ∞ refers to the freestream state. The latter is
more suitable for high Reynolds number flows. Note that Lr is different from that in previous works.11,12 As
shown earlier,9,20 it has been observed that the order of accuracy of the density gradient is reduced by one
order if Lr is too small, and therefore, it is sometimes necessary to keep Lr = Ld = 1

2π . This discretization
was implemented in the spacetime discretization in FUN3D and provides a good comparison for the HEF
system developed in this work as they use the same principles. Note that the HNS20G system is equivalent to
the original Navier-Stokes system in a pseudosteady state or when the pseudotime derivatives are dropped.
Then, the gradient variables h and g correspond to the temperature and velocity gradients:

h = ∇xT,

g = ∇xv.
(1.13)

The viscous part of HNS20G is hyperbolic in pseudotime and therefore, can be discretized by an upwind
method similar to the inviscid part. Once the viscous part is discretized, the pseudotime terms are dropped
to arrive at a consistent discretization of the original Navier-Stokes system in a first-order form.

In two dimensions, the HNS20G system is written as

P−1 ∂u

∂τ
+M

∂u

∂t
+

∂fx
∂x

+
∂fy
∂y

= s, (1.14)

where
P−1 = diag(1, 1, 1, 1, Tr, Tr, Tv, Tv, Tv, Tv, Th, Th), (1.15)

M = diag(1, 1, 1, 1, 0, 0, 0, 0, 0, 0, 0, 0), (1.16)
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u =



ρ

ρu

ρv

ρE

gux

guy

gvx

gvy

hx

hy

rx

ry



, fx = f invx + fvisx =



ρu

ρu2 + p

ρuv

ρuH

0

0

0

0

0

0

0

0



+



0

−µv τ̃xx

−µv τ̃xy

−µv τ̃xxu− µv τ̃xyv +
µh

γ(γ−1)hx

−u

0

−v

0

−T

0

−ρ

0



, (1.17)

fy = f invy + fvisy =



ρv

ρuv

ρv2 + p

ρvH

0

0

0

0

0

0

0

0



+



0

−µv τ̃yx

−µv τ̃yy

−µv τ̃yxu− µv τ̃yyv +
µh

γ(γ−1)hy

0

−u

0

−v

0

−T

0

−ρ



, s =



s1(x, y, t)

s2(x, y, t)

s3(x, y, t)

s4(x, y, t)

−gux

−guy

−gvx

−gvy

−hx

−hy

−rx

−ry



, (1.18)

where s1, s2, s3, s4 are forcing terms, typically set to 0 except in the case of verification via the method of
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manufactured solutions (MMS). The dissipation vector of an upwind flux for the viscous part is given by:

∣∣∣∣P∂fvisn

∂u

∣∣∣∣∆u=



0

ρ[(anv − amv)∆unn+ amv∆v]

ρv · {(anv−amv)∆unn+ amv∆v}+ ρah∆T

γ(γ−1)
+

µ2
v

ρah
(Lτ ·∆τ̃ττn)

[(
anv −

4

3
amv

)
∆τ̃nnnx +

4

3
amv∆τ̃nx

]
n

[(
anv −

4

3
amv

)
∆τ̃nnny +

4

3
amv∆τ̃ny

]
n

ah [∆hn + (Lτ ·∆v)]n

0



, (1.19)

where fvisn = (fvisx , fvisy )·n, ∆ denotes a jump across two states, e.g., ∆v = vR−vL, v = (u, v)t, n = (nx, ny)
t

is a unit vector, and

un = v · n, hn = h · n, τ̃ττn = τ̃ττn, Lτ =
τ̃nnn

Prn + 1
+

τ̃ττn − τ̃nnn

Prm + 1
, (1.20)

τ̃nm = τ̃nxmx + τ̃nymy, τ̃nn = τ̃nxnx + τ̃nyny, (1.21)

τ̃nx = τ̃xxnx + τ̃xyny, τ̃ny = τ̃xynx + τ̃yyny, (1.22)

Prn =
anv
ah

, P rm =
amv

ah
, P rl =

alv
ah

=
amv

ah
= Prm, (1.23)

anv =

√
νv
Tv

, amv =

√
3νv
4Tv

, ah =

√
νh
Th

. (1.24)

All quantities in the dissipation matrix
∣∣∣P∂fvis

n

∂u

∣∣∣ are evaluated with arithmetic averages of the two states,

e.g., v = (vL + vR)/2.

1.2. Eulerian Viscous Fluids Governing Equations

Consider the Eulerian fluid model using Svard’s derivation,1

∂ρ

∂t
+∇x · (ρv) = ∇x · (ν∇xρ),

∂ρv

∂t
+∇x · (ρv ⊗ v) +∇xp = ∇x · (ν∇xρv),

∂E

∂t
+∇x · (Ev + pv) = ∇x · (ν∇xE),

p = ρRT,

ν = α
µ

ρ
+ β(ρ, T ).

(1.25)

Note that these differ from the Navier-Stokes equations due to the presence of a mass diffusion term in
the continuity equation and the changes to the diffusion terms in the momentum and energy equations.
Rather than the more complex Navier-Stokes equations’ stress tensor, the Eulerian fluid model defines the
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diffusive terms to be momentum and energy diffusion for the momentum and energy equations, respectively.
To maintain simplicity and correspondence to the NS equations these viscosity coefficients are taken as
(α, β) = (1, 0). It is possible to decompose this discretized governing equation into inviscid and viscous
fluxes, and the viscous fluxes on edge jk with normal njk and magnitude Ajk become in 2D:

Fv =

 ν∇xρ

ν∇xρv

ν∇xE

 · n⃗x =


ν(ρxnx + ρyny)

ν((ρu)xnx + (ρu)yny)

ν((ρv)xnx + (ρv)yny)

ν(Exnx + Eyny)

Ajk (1.26)

and in such a case, it is possible to use the alpha-damping scheme. By using equation 1.9, one can compute
the gradients of density, momentum, and energy at the interface and evaluate the Eulerian fluid stress tensor.

1.2.1. Hyperbolic Eulerian Flow System: HEF20

Alternatively, one can follow the HNS20G system to derive a hyperbolic system (HEF20) with some key
differences. First, since there is mass diffusion in the underlying governing equations, there is no need to
add an artificial mass diffusion to the Eulerian fluid flow model. Second, it is useful to define our auxiliary
variables as the gradients of density, velocity, and energy rather than temperature for ease of implementation
and of derivation of the viscous flux Jacobian; this does mean that temperature gradient calculations will
be more cumbersome when required. Third, since there is a more simplified stress tensor, it is shown that a
simpler dissipation matrix for the diffusion system is obtained, with only one viscous wave speed that will
allow for only one relaxation time as opposed to the three (Tv, Th, Tr) in HNS20G. Finally, since the stress
tensor is simplified, there is no need for the additional viscous dissipation that HNS20G adds to maintain
design order accuracy in the velocity gradients (as without this dissipation in HNS20G the stress terms
will be the quantities that maintain design order accuracy). The derivation begins from the conservation
equation:

∂

∂t



ρ

ρu

ρv

E

Trρx

Trρy

Tvux

Tvuy

Tvvx

Tvvy
ThEx

ThEy



+∇x ·



ρv

ρuv + p

ρvv + p

(E + p)v

0

0

0

0

0

0

0

0



= ∇x ·



ν∇xρ

ν(u∇xρ+ ρ∇xu)

ν(v∇xρ+ ρ∇xv)

ν∇xE

ρ

ρ

u

u

v

v

E

E



−



0

0

0

0

rx

ry

ux

uy

vx

vy
Ex

Ey



, (1.27)
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where later it will be shown that the different values of Tr, Tv, and Th all take the same value as mentioned
above. Where the unified flux at a face is given by:

F · n = Φjk =



ρ

ρu

ρv

E

Trρx

Trρy

Tvux

Tvuy

Tvvx

Tvvy

ThEx

ThEy



nt +



ρ(unx + vny)− ν(rxnx + ryny)

ρu(unx + vny) + pnx − ν [ρ(uxnx + uyny) + (rxnx + ryny)u]

ρv(unx + vny) + pny − ν [ρ(vxnx + vyny) + (rxnx + ryny)v]

(E + p)(unx + vny)− ν(Exnx + Eyny)

−ρnx

−ρny

−unx

−uny

−vnx

−vny

−Enx

−Eny



. (1.28)

For simplicity it is helpful to examine only the spatial fluxes and define the following variables un = unx+vny,
uxn = uxnx + uyny, vxn = vxnx + vyny, wxn = wxnx +wyny, rxn = rxnx + ryny, Exn = Exnx +Eyny and
then rewrite the flux as below.

Fx · nx =



ρ(un)− ν(rxn)

ρu(un) + pnx − ν [ρ(uxn) + (rxn)u]

ρv(un) + pny − ν [ρ(vxn) + (rxn)v]

(E + p)(un)− ν(Exn)

−ρnx

−ρny

−unx

−uny

−vnx

−vny

−Enx

−Eny



(1.29)

Paralleling the work done for the spacetime discretization of HNS20G, it is advisable to split the flux:

Φjk = Φinv
jk |(n̂x, n̂y)|+Φvis

jk |(n̂x, n̂y)|+Φtime
jk |n̂t|, (1.30)

where n̂jk = njk/|njk| = (n̂x, n̂y, n̂t), Φ
inv
jk , and Φvis

jk are the spatial inviscid and viscous fluxes respectively

and Φtime
jk is the temporal flux, and then define an upwind viscous flux using a dissipation matrix defined

from the viscous system alone. The viscous numerical flux Φvis
jk is defined as:

Φvis
jk =

1

2

(
F vis
jn + F vis

kn

)
− 1

2
P−1

∣∣∣∣P∂fn
∂u

∣∣∣∣∆u. (1.31)
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The A matrix
(∣∣∣P ∂fn

∂u

∣∣∣) for the viscous system is computed by first linearizing the viscous flux with an

assumption of constant viscosity for simplicity and this returns:

A = −



0 0 0 0 νnx νny 0 0 0 0 0 0
u
ρ ν(rxn)

ν
ρ (rxn) 0 0 νunx νuny νρnx νρny 0 0 νnx νny

v
ρν(rxn) 0 ν

ρ (rxn) 0 νvnx νvny 0 0 νρnx νρny νnx νny

0 0 0 0 0 0 0 0 0 0 νnx νny

nx 0 0 0 0 0 0 0 0 0 0 0

ny 0 0 0 0 0 0 0 0 0 0 0

−u
ρnx

nx

ρ 0 0 0 0 0 0 0 0 0 0

−u
ρny

ny

ρ 0 0 0 0 0 0 0 0 0 0

−v
ρnx 0 nx

ρ 0 0 0 0 0 0 0 0 0

− v
ρny 0

ny

ρ 0 0 0 0 0 0 0 0 0

0 0 0 nx 0 0 0 0 0 0 0 0

0 0 0 ny 0 0 0 0 0 0 0 0



. (1.32)

The final step is to diagonalize this matrix, and then use the eigenvalue and eigenvector decomposition
to obtain the dissipation matrix. Finally, using the local preconditioning approach, as in previous HNS
formulations, returns:

|PA| =



aν 0 0 0 0 0 0 0 0 0 0 0

0 aν 0 0 0 0 0 0 0 0 0 0

0 0 aν 0 0 0 0 0 0 0 0 0

0 0 0 aν 0 0 0 0 0 0 0 0

0 0 0 0 νnx2

aν
νnxny

aν 0 0 0 0 0 0

0 0 0 0 νnxnxy
aν

νny2

aν 0 0 0 0 0 0

0 0 0 0 0 0 νnx2

aν
νnxny

aν 0 0 0 0

0 0 0 0 0 0 νnxnxy
aν

νny2

aν 0 0 0 0

0 0 0 0 0 0 0 0 νnx2

aν
νnxny

aν 0 0

0 0 0 0 0 0 0 0 νnxnxy
aν

νny2

aν 0 0

0 0 0 0 0 0 0 0 0 0 νnx2

aν
νnxny

aν

0 0 0 0 0 0 0 0 0 0 νnxnxy
aν

νny2

aν



, (1.33)

where aν is the viscous wave speed defined as aν =
√
ν/Th, where Th =

L2
h

ν and Lh is defined as Lh = Ld√
ReLd

,

with ReLd
= U∞Ld

ν .

2. Nonlinear Solver

The nonlinear solver here is the the node-centered finite-volume solver in FUN3D21 modified to work
for two-dimensional spacetime solvers for laminar flows (four unknowns per node or 12 unknowns for the
hyperbolic discretizations) as opposed to at least five unknowns used for three-dimensional compressible
flows with turbulence modeling. This solver uses an implicit defect-correction method21 defined by

U = U+ ω∆U, (2.1)

where ω is a scalar underrelaxation parameter defined by a realizability check, U is a global vector of the
discrete unknowns (conservative variables stored at the vertices of the mesh), and ∆U, computed by relaxing
the following system of linear equations.

[P] ∆U = −R(U), (2.2)

where R(U) is a global vector of the residuals defined at each node. Here, [P] is the exact derivative of the
residual operator with zero least-squares (LSQ) gradients (denoted by R̃) augmented with a diagonal term
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to improve the diagonal dominance of the Jacobian matrix.

[P ] =

[
∂R̃

∂U

]
+D, (2.3)

and D is the block diagonal matrix with each 4x4 block defined by the diagonal matrix with the ratio of the
dual volume to the local pseudo time step: e.g., at a node j,

Dj = I4×4
Vj

CFL∆τj
, (2.4)

where I4×4 is the identity matrix, CFL is the Courant-Friedrichs-Levy number22 used to maintain stability,
and Vj is the dual volume at node j. The local pseudo-time-step ∆τj is defined by

∆τj =
Vj∑

k∈{kj}

[
|v · ˆ̂nxy|+

√
γp
ρ + 1

]
Ajk

, (2.5)

where the quantities at the face with area Ajk are computed by the arithmetic average of the values stored
at nodes j and k. The linear system is relaxed by a point-implicit multi-color Gauss-Seidel relaxation scheme
with a specified number of relaxations.

As in earlier work,14,16 this spacetime solver is implemented as a new governing equation option in the
FUN3D code.23

3. Verification

3.1. Exponential MMS

We verify the implementation of the residual through the method of manufactured solutions. The man-
ufactured solution, used here for the unknowns at each node, is constructed by the following function:

a = a0 + ascaleexp(axx+ ayy + att), (3.1)

where a0, ascale, ax, ay, and at are user defined values that vary for each unknown - note that in our imple-
mentation z is the temporal coordinate. See Table 1 for the values used in this study. This set of functions
is made to be an exact solution to the Eulerian flow equations, using the source term in Equation 3.2 that
is computed numerically at each node.

s(x, y, z) =
∂fx(wexact)

∂x
+

∂fy(wexact)

∂y
+

∂u(wexact)

∂z
(3.2)

The order of the discretization error is measured by DE = ||uexact − u||1, using a sequence of hierarchically
refined regular tetrahedral grids (in which the nodes are then perturbed to obtain irregularity) in a unit cubic
domain with n× n× n nodes, where n = 16, 32, 64, 128, and 256; an example of one of these grids is shown
in Figure 1 along with the solution and gradient variable fields for comparison, which show the expected
improved behavior for the hyperbolic discretization. This case is in a flow with conditions Re∞ = 3900
and dimensional freestream temperature T̃∞ = 460◦R. Figure 2 shows the discretization error results that
demonstrate that both the alpha-damping and hyperbolic discretizations of the Eulerian fluid model are
2nd order accurate as measured by the discretization error of the primitive variables. This is not sufficient
to verify the accuracy of the HEF discretization as it should maintain 2nd order accuracy in the gradient
variables as well, as this is shown in Figure 3

3.2. Boundary Layer MMS

Next, it is helpful to consider a more realistic case with the following boundary-layer-type functions:

wexact =


1.0

1.0

0.1

1.0

−


0.1

1.0

0.1

0.1

 exp(−η), η = y

√
R(z)

x− 0.2
, (3.3)
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(a) Perturbed tetrahedral mesh. (b) X-velocity solution from HEF discretization.

(c) Least-squares y-gradient of x-velocity. (d) Hyperbolic Eulerian flow y-gradient variables of x-velocity.

Figure 1. Mesh, solution and gradient values on 643 mesh.
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Table 1. Parameters used to define the exact solution.

variable a0 ascale ax ay at

ρ .5 1.0 0.525 0.550 0.575

u .1 0.1 0.125 0.150 0.175

v .2 0.2 0.225 0.250 0.275

p .4 0.714 0.425 0.450 0.475

(a) Alpha-damping DE on domain. (b) Hyperbolic Eulerian flow DE on domain for primitive vari-
ables.

Figure 2. Primitive variable DE convergence for alpha-damping and hyperbolic discretizations.

Figure 3. Hyperbolic Eulerian flow DE on domain for gradient variables.

where R(z) is a time-dependent parameter – once again z is the temporal coordinate – defined by

R(z) = 105 [1 + 0.75 sin(4πz)] . (3.4)

The Eulerian fluid governing equations are solved on an adapted mesh created by using the refine package
developed at NASA Langley.24,25 To minimize interpolation error, this mesh was generated by performing
ten cycles of solving the alpha-damping discretization of the Eulerian fluid governing equations and adapting
the minimized interpolation error. Figure 4 shows the final adapted grid with 69,076 nodes and 378,209
tetrahedra, generated in the earlier work.16 Figures 5 and 6 show a comparison in the XY and XZ planes,
respectively, between the least-squares and HEF provided gradients, and these show as before that the HEF
provided gradents are much smoother than the least squares computed ones. This is an adapted mesh,
which is highly irregular –having accurate gradients on these meshes is not a trivial benefit – and there is an
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interest in comparing the y-gradients of the x-velocity as those are the gradients that would drive the skin
friction calculation on this sort of problem.

(a) Mesh. (b) X-velocity.

Figure 4. Mesh and solution on adapted mesh.

(a) Least-squares y-gradient of x-velocity. (b) Hyperbolic Eulerian flow y-gradient variables of x-velocity.

Figure 5. XY plane at z = 0.619.

The contour planes demonstrate better solution accuracy, but a natural follow-up asks for a comparison
in time to solution. Figure 7 shows that there is a pronounced speedup in time to solution, this is driven
by a steep decrease in the number of the nonlinear iterations required to solve the system. This is similar
to observations in earlier work,14 which also showed a noticeable improvement in time to solution. One
intricacy to note is that in the EF formulation, every equation now has an O(h2) conditioning term that can
retard the solution process, as opposed to the NS formulation, which lacks mass diffusion in continuity so has
better conditioning in that equation; this can explain the greater increase in performance when comparing
HEF to EF and HNS to NS (which showed approximately a factor of 2 speedup rather than the factor of
approximately 5 shown here).
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(a) Least-squares y-gradient of x-velocity. (b) Hyperbolic Eulerian flow y-gradient variables of x-velocity.

Figure 6. XZ plane at y = 0.5.

(a) Iterations to solution (b) CPU time to soluion

Figure 7. Comparison of CPU time and iterations to convergence for boundary layer MMS.

3.3. Subsonic Cylinder in Cross Flow

The final case in this paper shows the results of a more realistic application of the spacetime viscous
solver. Next, we consider a viscous flow over a circular cylinder of unit diameter at the freestream Mach
number M∞ = 0.2 and the freestream Reynolds number per diameter Re∞ = 200. The circular cylinder is
centered at the origin, and the outer boundary is a square whose side is 100 units. This two-dimensional
domain is then extended from z = 0 to z = 300 units. The grid with 15, 720, 940 nodes and 91, 499, 780
tetrahedra was generated after performing 13 grid adaptation cycles using numerical solutions produced by
the alpha-damping solver.

Table 2 shows that the Strouhal number (St), and engineering coefficients (cLRMS
and cDavg

) correspond
between the Navier-Stokes (the second and third rows) and the Eulerian flow (the final two rows) models
to a high degree of accuracy, which is a promising and necessary result in that they validate both the
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implementation and the governing equations. Figure 8 shows that the change from the alpha-damping to
the hyperbolic viscous discretization has almost no effect on the shedding behavior of the cylinder. While
Figure 9 compares the gradient in the normal direction of the x-direction velocity on the surface of the
cylinder and shows the greatly improved quality of the gradients obtained by the HNS discretization - they
are smoother and less dissipative than those obtained by least-squares. As shown for the boundary layer MMS
problem in Figure 7, Figure 10 shows a marked decrease in time and iterations to solution. The number of
iterations is decreased by a factor of 15 with the HNS solution actually reaching the target residual reduction,
while the alpha-damping solution process has reached the maximum iteration count without reaching the
desired residual tolerance. This corresponds to a decrease in runtime by approximately a factor of 3. This
shows that the expected benefits in solver performance are maintained even on semi-realistic geometries.

Table 2. Comparison of engineering quantities to reference values.

St cLrms
cDavg

reference26 0.1957 0.4244 1.3365

NS values 0.1961 0.4941 1.3376

EF values 0.1964 0.4991 1.3699

HEF values 0.1969 0.4986 1.3697

(a) Cl evolution for alpha-damping discretization of the Eule-
rian fluid equations.

(b) Cl evolution for hyperbolic discretization of the Eulerian
fluid equations.

Figure 8. cL as a function of z (through time).

4. Conclusions

This work demonstrated the development, possibility, and promise of Eulerian fluid and Hyperbolic
Eulerian fluid formulations for finite-volume schemes. We demonstrated very close agreement between the
results of the Navier-Stokes and the Eulerian fluid governing equations with the benefit being a simpler
viscous discretization. Furthermore, the hyperbolic discretization shows two main benefits over the typical
diffusion equations with a pronounced decrease in time and iterations to solution and the improved quality
of the gradients on skewed meshes.
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(a) Least-squares gradients of x-velocity in normal direction. (b) Hyperbolic gradients of x-velocity in normal direction.

Figure 9. Comparison of gradient computation methods.

(a) Iterations to solution (b) CPU time to soluion

Figure 10. Comparison of CPU time and iterations to convergence for subsonic cylinder in crossflow.
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5Svärd, M., “A New Eulerian Model for Viscous and Heat Conducting Compressible Flow,” 2018.
6Nishikawa, H., “New-Generation Hyperbolic Navier-Stokes Schemes: O(1/h) Speed-Up and Accurate Viscous/Heat

Fluxes,” Proc. of 20th AIAA Computational Fluid Dynamics Conference, AIAA Paper 2011-3043, Honolulu, Hawaii, 2011.
7Nishikawa, H., “First, Second, and Third Order Finite-Volume Schemes for Navier-Stokes Equations,” Proc. of 7th AIAA

15 of 16

American Institute of Aeronautics and Astronautics



Theoretical Fluid Mechanics Conference, AIAA Aviation and Aeronautics Forum and Exposition 2014 , AIAA Paper 2014-2091,
Atlanta, GA, 2014.

8Nishikawa, H., “Alternative Formulations for First-, Second-, and Third-Order Hyperbolic Navier-Stokes Schemes,” Proc.
of 22nd AIAA Computational Fluid Dynamics Conference, AIAA Paper 2015-2451, Dallas, TX, 2015.

9Liu, Y. and Nishikawa, H., “Third-Order Inviscid and Second-Order Hyperbolic Navier-Stokes Solvers for Three-
Dimensional Inviscid and Viscous Flows,” 46th AIAA Fluid Dynamics Conference, AIAA Paper 2016-3969, Washington, D.C.,
2016.

10Liu, Y. and Nishikawa, H., “Third-Order Inviscid and Second-Order Hyperbolic Navier-Stokes Solvers for Three-
Dimensional Unsteady Inviscid and Viscous Flows,” 55th AIAA Aerospace Sciences Meeting, AIAA Paper 2017-0738,
Grapevine, Texas, 2017.

11Nishikawa, H. and Liu, Y., “Hyperbolic Advection-Diffusion Schemes for High-Reynolds-Number Boundary-Layer Prob-
lems,” Journal of Computational Physics, Vol. 352, 2018, pp. 23–51.

12Li, L., Lou., J., Nishikawa, H., and Luo, H., “Reconstructed Discontinuous Galerkin Methods for Compressible Flows
based on a New Hyperbolic Navier-Stokes System,” Journal of Computational Physics, Vol. 427, 2021, pp. 110058.

13“FUN3D online manual,” https://fun3d.larc.nasa.gov/papers/FUN3D_INTG_Manual-14.0.pdf.
14Padway, E. and Nishikawa, H., An Adaptive Space-Time Hyperbolic Navier-Stokes Solver for Two-Dimensional Unsteady

Viscous Flows.
15Masatsuka, K., “I do like CFD, VOL.1, Second Edition,” http://www.cfdbooks.com, 2013.
16Padway, E. and Nishikawa, H., An Adaptive Space-Time Edge-Based Solver for Two-Dimensional Unsteady Viscous

Flows.
17Nishikawa, H., “Beyond Interface Gradient: A General Principle for Constructing Diffusion Schemes,” Proc. of 40th

AIAA Fluid Dynamics Conference and Exhibit , AIAA Paper 2010-5093, Chicago, 2010.
18Nishikawa, H., “Two Ways to Extend Diffusion Schemes to Navier-Stokes Schemes: Gradient Formula or Upwinding,”

20th AIAA Computational Fluid Dynamics Conference, AIAA Paper 2011-3044, Honolulu, Hawaii, 2011.
19Jalali, A., Sharbatdar, M., and Ollivier-Gooch, C., “Accuracy Analysis of Unstructured Finite Volume Discretization

Schemes for Diffusive Fluxes,” Vol. 101, September 2014, pp. 220–232.
20Nishikawa, H., “First-, Second-, and Third-Order Finite-Volume Schemes for Diffusion,” Journal of Computational

Physics, Vol. 256, 2014, pp. 791–805.
21Anderson, W. K. and Bonhaus, D. L., “An Implicit Upwind Algorithm for Computing Turbulent Flows on Unstructured

Grids,” Computers & Fluids, Vol. 23, No. 1, 1994, pp. 1–21.
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