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GENERALIZED LINEAR TARGETING FOR CISLUNAR FLIGHT

David Geller; Brayden Barton | David Woffinden*

An important element of Artemis and NASA’s campaign to explore the Moon is
the autonomous onboard two-level targeter (TLT) used during all cislunar flight
phases. The function of the TLT is to autonomously recompute the burn targets
for the upcoming burn (or multiple burns) in response to navigation and vehicle
dispersion providing a solution that meets all of the trajectory constraints. Al-
though the TLT has been utilized previously as a ground-based planning tool, and
flown onboard during the Artemis I mission, it’s complexity and iterative nature
make is difficult to incorporate into and support rapid analyses such as robust op-
timal trajectory design applications where speed is essential. In this paper, a set
of generalized linear targeting algorithms that mimics many of the properties of
the TLT is derived. The generalized algorithms can handle single or multiple im-
pulsive maneuvers, with multiple constraints at multiple fixed or variable times.
A linear targeting algorithm for finite burn maneuvers is also derived. The gen-
eralized linear targeting algorithms are exceptionally fast and easy to implement
in Monte Carlo analysis, linear covariance (LinCov) analysis, and robust optimal
trajectory design. Several cislunar flight examples are provided.

INTRODUCTION

The Orion autonomous onboard two-level targeter (TLT) was successfully utilized during the
Artemis 1 mission for all phases of cislunar flight.! The function of the TLT is to autonomously
recompute the burn targets for the upcoming burn (or multiple burns) in response to navigation
and vehicle dispersion, subject to trajectory constraints. The algorithm consists of two main pro-
cesses: 234 the Level 1 process runs sequentially through the patch states, propagating each state
to the time of the next patch point and iteratively applying either an instantaneous Av or a burn arc
to enforce position continuity along the trajectory. After the Level 1 process is complete, the Level
2 process simultaneously adjusts the positions and times of each patch state to meet any applied
trajectory constraints. Because the Level 2 process typically has more control parameters than con-
straints, a minimum norm solution is used to compute the desired updates. After the Level 2 updates
are applied, the algorithm goes back through the Level 1 process, and continues to cycle iteratively
through the Level 1 and Level 2 until it achieves a trajectory that is continuous in position and meets
all of the applied trajectory constraints.

Although the TLT was successfully used in flight during the Artemis I mission, its complexity and
iterative nature make is difficult to use for rapid analysis where speed is essential. This is particularly
applicable when robust trajectory design techniques are utilized. Non-linear targeting algorithms for
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cis-lunar applications such as the TLT have proven to be too slow when a large number of runs in
a Monte Carlo or linear covariance environment are required. For Monte Carlo analysis the issue
is primarily the time it takes to execute the TLT prior to each maneuver. For LinCov analysis this
issue is exacerbated since LinCov requires the partial derivative of the maneuver with respect to
the vehicle position and velocity, and this entails calling the TLT six times for each maneuver to
compute the required numerical partial derivatives.

To overcome these issues, this paper derives a set of generalized targeting algorithm based on
a linearization of the problem. The resulting linear targeting algorithms mimic many of the TLT
properties and features, and while they may not be appropriate for flight, their exceptionally fast
execution and easy to derive partial derivatives make them extremely useful for Monte Carlo anal-
ysis, LinCov analysis, and robust optimal trajectory design. It is important to note that although the
TLT is a nonlinear targeting algorithm, its underlying elements are based on a linearization of the
problem, and during the Artemis I mission the TLT required no more than 3 iterations to converge. !
This lends credibility to the generalized linear algorithms derived in this paper.

In the next section, three linear impulsive maneuver targeting algorithms will be derived. The first
targeting algorithm is for a single impulsive maneuver subject to an arbitrary number of constraints
at a single fixed or variable final time. The second targeting algorithm is for a single impulsive
maneuver subject to an arbitrary number of constraints at multiple fixed or variable times, and the
third linear targeting algorithm is for multiple impulsive maneuvers subject to an arbitrary number of
constraints at multiple fixed or variable times. Several cislunar targeting examples will be provided.

The theory is then extended to include a linearized finite-burn targeting algorithm subject to an
arbitary number of constraints at a single fixed or variable final time. The controls to be solved for
are the engine ignition time, direction and rotation rate of the thrust vector, the thrust cutoff time,
and an optional variable final time. An example of finite-burn targeting for powered lunar ascent
will be presented. This will be followed by final comments and conclusions.

THE WELL-DEFINED, OVER-DETERMINED, AND UNDER-DETERMINED PROBLEMS

All of the derivations below result in a set of m linear equations of the following form
Mobu = Nz (D

where du represents n controls to be solved for, and §x represents the initial position and velocity
dispersion from the nominal reference trajectory. For finite burns, dzg may also include the initial
mass dispersion and initial thrust Isp dispersion.

For the impulsive targeting algorithms the n controls are single or multiple impulsive Av ma-
neuvers and variable constraint times. For the finite-burn targeting algorithm, the n controls are the
engine ignition time, direction and rotation rate of the thrust vector, the thrust cutoff time, and an
optional variable constraint time. When m = n, Eq. 1 represents a well-defined problem whose
solution is simply

du= M"Néxg 2

When m > n, Eq. 1 represents an over-determined problem and a solution for the minimum con-
straint error norm is desired

ou = (MTWyM) T MIW NSz 3)



where the constraints are weighted by a diagonal matrix W,,. When m < n, Eq. 1 represents an
under-determined problem and a solution to the minimum control norm is desired [Define W]

ou = WM (MW MDY "IN Sz 4)

Depending on how the targeting algorithms derived below are formulated, i.e., m = n , m > n, or
m < n, one of the above three solutions to Eq. 1 will be available.

DERIVATION OF A LINEAR IMPULSIVE MANEUVER TARGETING ALGORITHM

When position and velocity dispersion from a desired nominal trajectory are zero, all trajec-
tory constraints will by definition be satisfied. However, when position and velocity dispersion are
non-zero, a single or multiple corrective impulsive maneuvers may be required to meet mission con-
straints. The objective of this section is to derive three impulsive maneuver targeting algorithms,
each more general than the previous, to correct for initial trajectory dispersion and ensure trajectory
constraints are satisfied.

Single Maneuver Av With Arbitrary Number of Constraints at a Single Fixed or Variable
Final Time

This targeting algorithm is a generalization of what is commonly called Clohessy-Wiltshire (CW)
targeting, or, in the fixed-final time case, a generalized and linearized version of Lambert targeting.

Let ¢ ¢(x¢) = O represent m nonlinear constraints that must be satisfied by the final inertial posi-
tion and velocity state vector x ¢, at a variable final time t”JZ + dty, where 0ty is a control parameter
that needs to be determined. The nominal final state vector a:} must also satisfy the constraints at
the nominal final time t’}, ie., ¥ f(a;}) = 0 . If the non-contemporaneous” final state x £ 1s given by
Ty = SE? +0xy + i}ét - the m nonlinear constraints can be linearized about the nominal position
and velocity state vector a:’}

Kﬁf(mf):ﬂ}f(l’f)-l- WJJ: (5a:f+xf5tf) (5)
Ty
This reduces to
Wy p(6wy +d%6ty) =0, where W, = 9y (6)
7 7 a%'f $’j§

Using linearized discrete-time dynamics, the contemporaneous final state dispersion can be re-
lated to a linear combination of the initial position/velocity state dispersion dxg and a single impul-
sive maneuver Avg at the nominal initial time ¢g.

0
dxp = ¢ypo(0xo + BAvy), Bgx3 = [ I } (7

where the notation ¢y, , denotes the state-transition matrix from ¢, to ¢,. Substituting this into Eq. 6
produces

U, t [610(60 + BAvg) + @36t y] =0 )



or in a more compact form

Méu = N )
where
Su = [ ?;;0 } (10)
M={w. ;[ 6p0B @} |} (11)
and
N ==[Yard10l,x6 (12)

These equations represents m constraints in n = 4 unknown controls, Avg and dt;. For fixed
final-time problems, the fourth column of M is removed.

Single Maneuver With Arbitrary Number of Constraints at Multiple Fixed or Variable Final
Times

The previous section had only one set of constraints at a single fixed or variable final time. In this
section let 1;(x.,) = 0 represent p; nonlinear constraints at multiple variable times t:i + dt,,, for
it =1,2,...,r, where dt., represent r control parameters to be determined. The inertial position
and velocity state vectors z.,, at variable times ¢, + 6t.,, must satisfy the constraints, ¥;(z.,) = 0,
and the nominal state vectors x;. must also satisfy these constraints at the nominal times ¢7, i.e.,
Yi(zy,) = 0. The r sets of constraints can be written as

¢1($c1):07 ¢2($c2):07 T 1/%(95@) =0
where each set of constraints v); consists of p; scalar constraints. The total number of constraints is
m = E::1 Di-
If the non-contemporaneous state ., is given by x., = xy, + 0x¢, + @, 0tc,, the p; nonlinear con-

straints v;(z,,) can be linearized about their respective nominal position and velocity state vectors
¥, to produce

Voo (02e, + 30 0tey) =0, Vo) (0ey + T7,0te,) =0, -+, Wy (6, + & Ote,) =0

where it is assumed that the reference trajectory also satisfies the constraint sets, 1;(z7,) = 0, i =
1,2,...,7r.

Utilizing linearized discrete-time dynamics, the contemporaneous state dispersion dx., at time
t., can be related to a linear combination of the initial position/velocity state dispersion dxg and a
single impulsive maneuver Awg at the nominal initial time .

0
0¢; = ¢, 0(0x0 + BAvy), Bgx3 = { 7 }

Substituting the dispersion dz; into the above m = Z?ﬁ 1 pi linearized constraints produces
\Ijx,cl [¢Cl,0(5x0 + BAUO) + le 5tcl] =0

Uy ey [Ger0(0m0 + BAV) + &, 0te, | =0



Vs er [Ger 00020 + BAvg) + &7 te, ] =0

Rearranging produces
“Ilax,cl ¢c1,OBAUO + \Ijas,q le 5t1 - _\Ilz,cl ¢c1,0(5$0

\I/x,cg ¢CQ,OBAUO + \I/;E,cga};étcg = _\I/x,cg ¢cg,06x0

\Ila:,crﬁﬁcr,OBAvO + \Ijaf;,cra};éta- = _\Pm,crécr,O(S‘I‘O

which can be written in the compact form

Mbu = Nz (13)
where
bu = [ Ao } (14)
M=10 [ ®B X } (15)
201,2 \I/%q (I)cl,() 5tc1
Cc2, \1] @ 6t
o ¢03,0 ,,/\/ _ x,cz' c2,0 ,5T _ 'Cz (16)
L ¢C‘r70 d6rx6 Ve, Per.0 mx6 dte, rx1
\Ilggc1 0 0 iy, 0 0
0 V. 0 . 0o z* 0
- = P a
0 0 Ty, mx6r 0 0 T $ZT 6rxr

These equations represents m > r constraints (at least one scalar constraint at each of the r
variable constraint times ¢.,) and 3 + r unknowns (the Avg vector and the r time variations, ¢, ).
For fixed final-time problems X can be removed leaving M = U®B.

Multiple Maneuvers With Arbitrary Number of Constraints at Multiple Fixed or Variable
Final Times

The previous section introduced an arbitrary number of sets of constraints at multiple variable
times. The same constraints will be applied here, but with the addition of multiple maneuvers Av;
at fixed maneuver times, tay;,j = 1,2, - - ¢, that need to be solved for.

The r sets of linearized constraints are repeated here for convenience.

Wo ey (02ey + 2 0tey) =0



‘ll9€702 (5%62 + 55:25%2) =0

Vase, (0, + j::r(stc,») =0

where, as a reminder, each set of constraints v); consists of p; scalar constraints, and the total number
.. o
of constraints is m = )\, p;.

Utilizing linearized discrete-time dynamics, each of the contemporaneous state dispersions dx.,
at at time ¢, is related to the initial state, 0z, and the maneuver impulses Av; at the fixed maneuver
times, tAy;,J = 0,1,---¢. Itis assumed there are ¢; maneuver impulses from ¢ to ¢, , g2 maneuver
impulses from % to Z.,, etc., such that a total of ¢ = ¢, maneuver impulses are allowed from ¢y to
t,. Using this maneuver numbering scheme, the state dispersions dz.,, at times t.,, ¢ = 1,2,-- -7,

are given by
q1

537(;1 = ¢Cl,05x0 + Z (bcl,AvaA'Uj
=0
q2

5$C2 = (2502,051'0 + Z ¢527AUjBAUj,
7=0

q=qr
5$cr = (bcr,O(sxO + Z ¢c,.,AvaAUj,
3=0

Substituting the above equations into the linearized constraints produces

q1
Vo 60020 + Y Gy av, BAV; + d%, 5tey | =0
j=0

q2

\11%2 Ges,0020 + Z qch’AUjBAUj + 9‘c’g2(5t2 =0
7=0

q=qr
Vo | G000 + Y Gep no, BAV; + &5 Ste, | =0
j=0

where the notation ¢, , Av; denotes the state-transition matrix from ¢ to ¢ Avj- Rearranging

q1
Uoo | Y ber,n0, BAV; + &5 0te, | = —Wa, e, 0070
=0
q2
\I/$62 Z ¢¢:2,AUJ-BAU]' + .7'322(5152 = —\11%2 (ﬁcQ’oél’o
=0



q9=qr

Voo | Y e no, BAV; + i) te, | = —Ty, e, 0020
§j=0
or in a more compact form
Mobu = Ndxg (18)
where
AV
ou = [ 5T ] (19)
M:\y[cqus X} (20)
Ay Ote, Vo, P10
Avy ot V. (;5 7
AV =| A N=— | emred Q1)
A/Uq 3gx1 6tc7‘ rx1 \Ijm('r ¢Cr,
\Ifgcc1 0 e 0 B 0
0 \11%2 0 0 B
v = . ) ,B = 22)
0 0 \I]xcn mxo6r 0 6gx3q
I chl,Avo ¢01,Avq1 0 0 0 0
¢02,Avo ¢02,Avq1 ¢02,Avq2 0 0 0
Q)q = ¢C37A’U0 (bc;;,Avql (z)c;;,Aqu ¢C37Avq3 0 (23)
L chr,Avo ¢cr,Avq1 ¢cr,Avq2 ¢CT7A’U¢Z3 (Zscr,Avq:qn 1 6rx6q
xz, 0 0
. 0 z 0
X = . (24)
0 0 T

Cr 4 6rxr

These equations represents m > r constraints (at least one scalar constraint at each of the r
variable constraint times ¢.,) and 3¢ + r unknowns (¢ Awv vectors and the r time variations, dt,).
For fixed final-time problems X can be removed leaving M = V&, B.

DERIVATION OF A LINEAR FINITE-BURN TARGETING ALGORITHM

The objective of this section is to derive a linear finite-burn targeting algorithm that determines
the values of n < 7 controls to achieve a set of m constraints at a variable final time. First, the
linearized powered-flight equations of motion are used to derive a set of linear algebraic equations
that relate initial trajectory dispersion and control perturbations and to position and velocity disper-
sion at the end of powered flight. The controls include thrust direction (2), thrust turning rate (2),



engine ignition time (1), and engine cutoff time (1). Next, a post-engine-cutoff coasting arc is intro-
duced, and the associated linearized equations of motion are used to derive a set of linear algebraic
equations that relate dispersion at the end of powered-flight to dispersion at the end of a variable
duration coasting arc. The duration of the coasting arc is the 7th and final control in this problem.
Lastly, a set of m nonlinear constraints on position and velocity at the end of the coasting arc is
introduced and linearized. Combining all of the above elements results in a set of m equations and
n = 7 unknown controls. These equations are then used to determine the n control perturbations
that will achieve the final m constraints.

Powered-Flight Dynamics

The nonlinear powered-flight dynamics are written in terms of the inertial position r(¢) and veloc-
ity v(t), the mass of the vehicle m(t), the thrust magnitude 7°(¢), the thrust efficiency o = constant
(defined as one divided by the equivalent engine exhaust velocity), and the thrust direction A(¢)7.
The relevant nonlinear differential equations are

o= v (25)
T Ar

— 26

o= 90 (26)

m = —-Ta (27)

a = 0 (28)

If the nominal powered-flight trajectory beginning at time t;;, is defined by 7* (%), v*(t), m*(t),
a*, and the nominal control is defined by A\’(¢), the above equations can be linearized about the
nominal values where the trajectory dispersions are given by dr(t), dv(t), dm(t), da(t), and the
control perturbations are At (t) = dA+dv(t—t;,), where 6, and 0y are constants. The associated
linearized differential equations are then given by

or = v (29)
Sv = Gpor+ Mém + ASX + Ty (30)
om = —-Tda (31
Sa = 0 (32)
A = 0 (33)
oy = 0 (34)
where
00| 9g(r)
Gr = or|, or |, =
o T M\
M = _— = —_——
om|, = mZ ] 30)
o T 1 [ \* A*T}
A = | == I-— (37)
ON|,  m || A [A*]]
o i
r = %*:A(t—ttig) (38)




Although the trajectory dispersions and control perturbations are assumed to be small, there are
generally no constraints on them. However, the initial thrust direction perturbation d\ is required

to be perpendicular to the nominal initial thrust A7, = Ni(t;

perturbation J\ is written as

where

oA

oA
oA

. _
AL, =

. -
AL, =

5615\11 + 6625\12

[ ]|

= Léc

ATo X iz

H)‘%,o X 1|

tig

561
dco

A* A>0<
)\T70 X )‘Ll

AT X AL

). To enforce this constraint, the

(39

(40)

(41)

(42)

(43)

Similarly, the turning rate perturbation -y is also assumed to be perpendicular to the initial nominal

thrust direction.

ST, + 0gadT,

5, 5, ]|
= Ldg

dg1 ]
dg2

(44)
(45)
(46)

Using this formulation for the thrust vector perturbations, the state vector perturbation . X, con-
sisting of trajectory dispersions and control perturbations, is given by

6X = [0r,0v,6m, da, dc, bg]"

and the associated linearized differential equations are 6X =F (t)0 X, or

Sr
v
om
Sa
dc
og

where the Jacobian F'(¢) is given by

033
Gy
01x3
01x3
O2x3
O2x3

ov

Gror + Mdm + ALéc+ T Lég
—Téa

0

0

0

Isxs 03x1 0O3x1 Osx2 Osx2
Osxs M 0s3x1 AL TL
01x3 0 =T 01x2 01x2
O1x3 O 0 Oix2 O1x2
O2x3 0O2x1 O2x1 O2x2 O2x2
O2x3 0O2x1 O2x1 O2x2 O2x2

(47)

(48)
(49)
(50
5D
(52)
(53)

(54)



The state dispersion 6.X (¢7,) at the nominal engine cutoff time ¢7, due to the dispersion §.X (¢};,)
at the nominal time of ignition ¢;;) and a variable engine ignition time, 0tg, is given by

OX(t2) = Bty tisg + Otrig) [0X (t53g) + Xyt (55)

where Xz; o are the state derivatives for coasting flight prior to engine ignition. Discarding second-

order terms, Eq. 55 becomes
OX(th) = (i thy) [0X (tg) + Koyt (56)

and when the engine cut-off time is allowed to vary, the state dispersion 0.X (¢}, + 0t.,) at engine
cut-off £ + dtg is

OX (Lo + 0leo) = (i tisg) [0X (t5ig) + Xiig0tusg] + Xiobteo (57)

*

where X%
discarded.

are the state derivatives for powered-flight, and once again second-order terms have been
Lastly, if the state associated with the position and velocity is denoted by

x—[r] (58)
v

the state transition matrix can be partitioned and written as

¢IEI (t:m t:ig) ¢zm (tzm tz{ig) (Z)xa (t:m tzkig) ¢I0(tz07 t:ig) beg (tZov t;tkig)

O1x6 1 —T(t;, —t5) O1x2 O1x2
O(try, thig) = O1x6 0 1 O1x2 O1x2
02x6 O2x1 O2x1 Isyo 0252
O2x6 02x1 O2x1 O2x2 Isyo

(39)
and the position/velocity state dispersion at a variable engine cutoff time is

53:(1:;0 + 6t60) :¢$I (t:oa t;kig> [(5%(75;5]) + i:ig(sttig] + ¢$m(tzo7 t;fkig)(smtig + (b.ra (tzov trig)(sa—i_

¢$C (tzoﬁ t;fkig)éc + ¢ﬂcg (t:ov tz{ig)(sg + i‘:oé‘tco
(60)

Coasting Flight Dynamics

The results of the previous section can be applied for coasting flight with zero thrust. In this case
the state transition matrix from engine cutoff ¢7,, to the final ¢} can be partitioned and written as

Gax(t},t%) Osx1 Osx1 Osx2  Opx2

01><6 1 0 01><2 01><2

D(ty,te,) = O1x6 0 I Oix2 O1x2 (61)
O2x6 O2x1 O2x1 Jox2  O2x2
O2x6 O2x1 O2x1 O2x2  Ioxe

10



The state perturbation at the nominal final time t} due to a state perturbation at the nominal engine
cutoff 7, is
0x(t}) = Paa(ty, teo)02(te,) (62)

When the engine cutoff time is allowed to vary, 7, + dt.,, the final state perturbation is
S (t}) = bau(th thy + Steo)0m(thy + Oteo) (63)
However, discarding second-order terms this simply becomes
0x(t}) = Pt 15,) 03 (3, + Oteo) (64)
and if the final time is allowed to vary, the final state perturbation is
Ox(th + 0tf) = bua(th, try)0x(ts, + Oteo) + 2301y (65)
where second-order terms have again been discarded.

Linearized Finite-Burn Variable Final-Time Targeting
Consider the nonlinear position/velocity constraint at the end of the coasting arc.
U(zs) =0 (66)

Linearizing about x’} and allowing for a variable final time t} + dt ¢ produces

ov . .
(k) + o . Sx(ty +dty) = 0, where U(z}) =0 (67)
or
U, [0z(t: 4+ 6tf)] =0 here ¥ ov (68)
x =Y, W Tp = oo
LOTEy T OLf T ay|,

The final state perturbation 5az(t} + 0ts) in Eq. 68 is obtained by substituting Eq. 60 into Eq. 65

5$(t? + 5tf) ¢mﬁ tfa {¢SEJE co’ ttlg) [5‘7:(1;1519) + xtlgéttlg] + QZ)xm( co? ttzg)émtlg +

+¢:1:a( co’ ttzg)éa + ¢IC( co’ ttzg)(sc + ¢Ig( co’ ttzg)ég + Ico(StCO} + :Efétf
(69)

Substituting éz(t} + 0t ) into Eq. 68 produces

0 \Ila:f ¢xac tfa {%x co’ ttzg) [5x(ttzg) + wtzgéttlg] + ¢zm( co? ttzg)dmtlg + ¢xa( co’ ttzg)éa +

¢$C( co’ 75tzg)5c + ¢909( co’ ttzg)ég + xcoétco} + \Ilftfxf(stf (70)

Separating control terms from the initial state dispersion and rearranging, the above equation can
be written as

éc
dg 0T gt
M 5ttig = N 5mtgt (71)
Oteo oo
5tf

11



where

M = |: K(Z)l"c( CO?ttzg) K¢zg( co?ttzg) K¢ZI( co?ttlg)xtzg KZE \Ilffx? (72)
N = -K [ d)xﬂc( covttzg) d)wm( co?ttzg) (bza( Co’ttlg) (73)
K = \I’xf¢xr(tf7 co) (74)
Eq. 71 represents m constraint equations in 7 unknown controls, dc = [dcy,dco]?, §g =

[691,092]T, 0to, Oteo, and 6t #- When constraints are added or removed from the targeting prob-
lem, the corresponding rows of M and N are added or removed. If fewer controls a required, the
corresponding columns of M are removed.

Linearized Finite Burn Targeting Algorithm

Given the nominal values for the inertial position and velocity r*(¢) and v*(t), the mass m*(t),
the thrust magnitude 7'(¢), efficiency o, thrust direction \%.(¢), and the nominal ignition and cutoff
time of the finite burn, ¢ and ¢}, evaluate the Jacobian F'(¢) in Eq. 54 from t;, to t},, using Egs.
35-38.

co’ co’

Next, using the second order approximation for the powered flight state transition matrix from ¢;
to tiy1,

At At?
D(tiy1,te) =1+ [F(t:) + F(tz‘+1)]7 + F(ti)F(tz‘H)T (75)
compute the total transition matrix ®(¢},, t}; )
(oo, thig) = P(tro, teo—1) .- P(tit1, ti)... P (t2, 1) @(t1, 1) (76)

After this, compute the Jacobian for coasting flight (7'(t) = 0) from t}, to t* and the asso-
ciated state-transition matrix in Eq. 35 and extract the position/velocity state- trans1t10n matrix,

¢IE$ (t}7 tzo)
Next, compute the constraint partial derivative at the nominal final position and velocity ¥, .

the position/velocity time derivatives at the nominal engine ignition time &7, g» and cutoff time Tros
and at the nominal final time, &7 ¥

O

T, = —
I dxyl, 7

- % U;Ekig
o i 78
.Itzg [ g(’rtig) ] ( )

,U*
it = N 79
[g(rco)+ ity TR ] )

o v}
T = . 80
s [go«f) 0

12



LaStly’ extract ¢1’x (tZW tz(ig)’ ¢$C(tzo7 t;ig)’ d)ﬂ’»’m(t:o’ t;fkig)’ and ¢xa (th t;g)) from (I)(t:o’ ;szg) and
compute the M and N matrices in Eqs. 72 and 73.

Once the the M and N matrices in Eqs. 72 and 73 have been computed, Egs. 2-4 can be used to
determine the control solutions depending on whether the problem well-defined, under-determined
or over-determined. In all cases, the solution for the thrust direction is given by

Ar(t) = Ap(t) +0A + 5y(t — tf;,) = Ap(t) + Loc + Log(t — t;,) 81)
where L is determined from Eqs. 40-41 and Eqs. 42-43.

FINITE-BURN ORBIT-TRANSFER DEMONSTRATION

This section explores the performance of finite-burn targeting using a linear covariance analysis
tool. TA description of the implementation of finite-burn targeting in a linear covariance (LinCov)
analysis is described in Appendix A.

The example presented here is a finite-burn orbital transfer. The spacecraft is initially in a near
circular orbit. The thrust profile consists of a nominal initial direction and constant turn-rate. The
engines are turned on at the nominal time-of-ignition (TIG) ¢ = O sec and off at the nominal engine
cut-off time, ¢ = 300 sec. If the initial trajectory dispersions are zero, the nominal thrust profile will
deliver the spacecraft to the desired final position and velocity.

When the initial dispersion are not zero, e.g., =10 km 1-g/axis, v=100 m/s 1-o/axis, dm= 2%
1-0, and da= 2% 1-0, an uncorrected nominal thrust profile results in over 200 km 1-o of final
position dispersion and 0.4 km/s 1 — o of final velocity dispersion. This is shown in Fig. 1.
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Figure 1. Position and velocity dispersion 1-c without corrections to TIG, thrust
direction, turn-rate, and engine cut-off time

However, when the finite-burn targeting is implemented and used to ’correct” the initial thrust
direction, turn-rate, TIG, and engine cut-off time, the final position and velocity dispersions are
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reduced to zero as shown in Fig. 2. In this example, all of the 6 controls are “corrected” to achieve
the final 6 position and velocity targets. The values of the corrections in this example are dty;; = 6.5
sec 1-0, dc =[4.5 2.1] deg 1-0, 6g = [0.03 0.01] deg/sec 1-0, and dt., = 3.0 sec 1-0. The effect of
TIG and cut-off corrections is seen in Fig. 2 as instantaneous changes to the position and velocity
covariance at the nominal TIG and cut-off times.
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Figure 2. Position and velocity dispersion 1-0 with corrections to TIG, thrust direc-
tion, turn-rate, and engine cut-off time

CIS-LUNAR DEMONSTRATION

One key element to enable robust trajectory optimization is the ability to produce maneuver par-
tials quickly and reliably from the various targeting algorithms. Currently, the nonlinear targeting
algorithms for cis-lunar applications such as the Two-Level Targeter (TLT) are rather slow. The
generalized linear targeting (GLT) has been developed to provide an alternate solution to the non-
linear targeting algorithms for analysis purposes. To demonstrate and validate the performance of
GLT, a cislunar transfer scenario from low Earth orbit to low lunar orbit® is utilized as shown in
Figure 3. The test scenario starts shortly after the trans-lunar injection (TLI) burn and applies sev-
eral arbitrary translational correction maneuvers (TCM) while attempting to comply with several
targeting constraints at a specific time prior to lunar orbit insertion (LOI).
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ARM: Apogee Raise Maneuver
TLI: Trans-Lunar Injection
LOI: Lunar Orbit Insertion
DOI: De-Orbit Insertion

Constraint Time

Figure 3. Nominal cislunar trajectory with arbitrary trajectory correction maneuver
(TCM) locations

For the first demonstration case, the GLT is given targeting constraints in position and velocity
magnitude at 7,000 minutes. TCM-1 is ignored for this case, leaving TCM-2 and TCM-3 to each be
executed with the single maneuver formulation. Assuming only initial dispersions (no navigation
errors, maneuver execution errors, or process noise), the results in Figure 4 show the trajectory
dispersion for the position and velocity magnitude go to zero (see plots on right side of the figure),
which is consistent with the prescribed targeting constraints.
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Figure 4. Case 1 and Constraint Set 1: Individual Dispersion Only, Individual Targeting

Generalized Linear Targeting Comparison to Two-Level Targeter

Following initial evaluations of GLT, its LinCov performance was compared against TLT. For
example, Figure 5 highlights a case where GLT is used to do point-to-point targeting using TCM-1,
TCM-2, and TCM-3. In this configuration, TCM-1 and TCM-2 target position at the time of the next
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maneuver while TCM-3 targets position at the final time. This same scenario is replicated using the
TLT algorithm as shown in Figure 6. Two versions of this case are run for each targeting algorithm:
one where initial dispersions are the only error source considered, and one where the full error and
measurement model is used. For both cases, GLT and TLT display similar performance. In the
first version, the results of the two algorithms are nearly identical. Conversely, in the second, GLT
results in higher dispersions and Delta-V requirements than TLT, suggesting that GLT over-corrects
in the presence of full error sources.
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Figure 5. GLT and TLT Comparison: GLT Point-to-Point Targeting
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Figure 6. GLT and TLT Comparison: TLT Point-to-Point Targeting

CONCLUSION

In this paper, a set of generalized linear targeting algorithms that mimics many of the properties
of the TLT has been derived. The generalized algorithms can handle single or multiple impulsive
maneuvers, with multiple constraints at multiple fixed or variable times. A linear targeting algo-
rithm for finite burn maneuvers was also derived. The generalized linear targeting algorithms are
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exceptionally fast and easy to implement in Monte Carlo analysis, linear covariance (LinCov) anal-
ysis, and robust optimal trajectory design. Several examples validating the new algorithms were
presented.
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APPENDIX A - COVARIANCE ANALYSIS FOR FINITE BURNS

The implementation of the above finite-burn maneuver targeting algorithm for linear covariance
(LinCov) analysis is presented in this section. Navigation errors, maneuver execution errors, and
random disturbances are assumed to be zero. Only the essential aspects of the finite-burn maneu-
ver targeting algorithm on the LinCov dispersion covariance will be considered. In particular, the
equations relating the variable engine ignition time %4, cutoff time dt.,, and constraint time 6¢.,
on the LinCov dispersion covariance are developed. This development can be expanded to include
navigation errors, maneuver execution errors, and random disturbances if a full closed-loop LinCov
analysis’ is needed.

Define the LinCov dispersion state vector to consist of trajectory dispersions dr, dv, dm, and
da, and control perturbations dc, dg, as defined in Eq. 47. Augment this state with the variable
times 0tyig, Otco and dt., i.e., 6X = [0r, 6v,dm, dav, 8¢, 89, Otiig, Oteo, Otc|T , Where Styig = Oteo =
St. = 0 . It is assumed that the STM for this state vector is available and denoted by O (to, 1) for
coasting flight, and ® p(t2, 1) for powered flight, for arbitrary times t1, to.

At the nominal initial time ¢{j , the initial LinCov state dispersion vector is given by 6 Xy =

[670, v, dmo, dcvg, 07x1]7, and the initial LinCov dispersion covariance is

Proro Prowy 03x1 03x1 O3x7
Pyyro  Pogwy 03x1 03x1 0O3x7

Py=| Oixs Oixz 02, 0 Oz (82)
O1x3 Oixs 0 02 Oixy

O7x3  O7x3  O7x1 O7x1 O7x7

This initial state dispersion and covariance is propagated forward up to the time just before the
targeting algorithm is called according to

0 X9 = Pty t9)0 Xo (83)
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Pt;t = q)c(t:;gt? ta)PO‘I)C(tIgt’ tS)T (84)

When the targeting algorithm is executed at time ¢, the dispersion in the controls, dc, dg, and
variable times 644, 0tco, and 0t., are computed and given by

oc

S 5Ttgt
g (S’Utgt
ot | = Pu (85)
teo
St, dage

where the partial derivative of the control perturbations and variable times with respect to the tra-
jectory dispersions, P, , at tj, , are determined from either Eq. 2, P, = M™IN, or Eq. 3,
Py = MIWyuM)TMTWYN, or Eq. 4, Py, = (W MT (MW MT)7LN, and where the matri-
ces M and N are given by Egs. 72 and 73.

Based on Eq. 85, the effect of the targeting algorithm is to “correct” the LinCov state dispersion
and covariance at time ¢;,, according to

I 0 _ _
4+ _ 8x8 8x7 _
5tht - [ Pu  O7yr ] 5tht = (I)tgt5tht (36)

+ _ — &7
Ptgt - q)tgtPtgtCI)tgt

where the single subscript on ®;,; denotes an instantaneous state-correction matrix used to correct
0X4g¢ and Py at time tigt-

Next, the state dispersion and covariance are propagated to the nominal engine ignition time ¢}

tig
0Xig = P (tig o) 0 X it (87)
Ptzg (I)C(ttzgp ttgt)Ptgtq)C (t;(iga t;fkgt)T (88)

At the nominal engine ignition time ¢} g the effect of the variable engine ignition time dt;, on
the state dispersion is

0X ;= 0Xp, + Xyt (89)
— |1+ XiiyPot, | Xz, (90)
= Oyy0 X, oD

where Ps; tig is the partial derivative of dt;;, with respect to the LinCov state dispersion vector .X
Xt*l o 1s the nominal state time-derivative just prior to engine ignition, and ®;4 = I + th o Pstus,
denotes an instantaneous state-correction matrix at time ¢;; . Using the equation above, the effect
of the variable engine ignition time dt;, on the LinCov dispersion covariance is

Pl

T
tig = = Oy, P, ®

tig = tig (92)

and, once powered flight begins, the state dispersion and covariance are propagated to the nominal
engine cutoff time according to

5Xc_o =9 ( co’ttzg)dX;zrg

93)

18



P, = ®p(t: t;;.g)P+

co’ tig

p(t* t;g)T (94)

co’

*

At the nominal engine cutoff time ¢, ,

dispersion is

the effect of the variable engine cutoff time J., on the state

SX15 =06Xo + X2 0t eo (95)
= |1+ X3Py, | 0X,, (96)
— &,,0X,, 97)

where Ps;_, is the partial derivative of dt., with respect to the LinCov state dispersion vector §.X
, X 1is the nominal state time-derivative just prior to engine shutdown, and ®.,, = I + X Ps;,,
denotes an instantaneous state-correction matrix at time ¢, . Using the equation above, the effect
of the variable engine cutoff time dt., on the LinCov dispersion covariance is
-&T

Pc—g = <I>COPCO(I)CO (98)
At the end of powered-flight, coasting flight begins and the state dispersion and covariance are
propagated to the nominal constraint time ¢,

0Xo =®c(ty, th,)0X ), (99)
P = ®c(th, th,) PEoc (s, th,)" (100)

Lastly the effect of the variable constraint time §%. on the state dispersion and covariance is given
by

SX1 =0X + Xt (101)
= [I + XZP&C} 0Xo (102)
= DX, (103)
and
Pf=o.P oT (104)

and the state dispersion and covariance is then propagated to the nominal final time t} according to

6 Xy =Po(th tr)o X, (105)
Py = ®c(t},t3)PFoo(t, t)" (106)

APPENDIX B - COVARIANCE ANALYSIS FOR IMPULSIVE BURNS

The implementation of the above impulsive maneuver targeting algorithms for linear covariance
(LinCov) analysis is discussed in this section. Navigation errors, maneuver execution errors, and
random disturbances are assumed to be zero. Only the essential aspects of the above impulsive
maneuver targeting algorithm on the LinCov dispersion covariance will be considered. In particular,
the implementation of multiple impulsive Av maneuvers and multiple variable constraint times in
a LinCov dispersion analysis is developed. To limit the discussion, only two maneuvers at fixed

times ¢, , tA,, and two nominal constraint times 7, > taqz, tr, > tay; Will be considered. This
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development can be expanded to include navigation errors, maneuver execution errors, and random
disturbances if a full closed-loop LinCov analysis’ is needed.

Define the LinCov dispersion state vector to consist of trajectory position and velocity dispersions
or, dv. Augment this state with two maneuver states Avy, Avg, and two variable constraint time
states Ot and Ot,,, i.e., 6X = [7, 6v, Avy, Avy, Ot , 0te,]T, where Avy = Avy = 0ty = Ote, =
0. Itis assumed that the STM for this state vector is available and denoted by ®¢ (2, t1) for coasting
flight, for arbitrary times ¢, o.

At the nominal initial time ¢} , the initial LinCov state dispersion vector is given by 6 Xy =

[670, dv0, 0sx1]”, and the initial LinCov dispersion covariance is

PTQTO P’r‘ovo 03><8
PO - on'l‘o P”Uo'vo 03><8 (107)

Osx3 Osx3 Ogxs

This initial state dispersion and covariance is propagated forward up to the time just before the
targeting algorithm is called according to

6 X g = P (tiye, 15)5Xo (108)

Pt;t - q)C(t:gt’ ta)POq)C(t;fkgb tS)T (109)

When the targeting algorithm is executed at time ¢y, the dispersion of the impulsive maneuvers
Awvy, Avy , and the dispersion of the variable constraint times ¢, and d%.,, are computed and given
by

AUl

AUQ o 57“0

5tcl - PAV',(ST |: 5@0 :| (110)
Sty

where the partial derivative Pay,s7 of the impulsive maneuvers and constraint times with respect
to the initial trajectory dispersion is determined from either Eq. 2, Pav,sr = M~IN, or Eq. 3,
Paver = (MTW¢M)_1MTW¢./\/', or Eq. 4, Pavesr = (WCMT(MWCMT)_lN, and where
the matrices M and A are given by Egs. 20 and 21.

Based on Eq. 110, the effect of the targeting algorithm is to “correct” the LinCov state dispersion
and covariance at time ¢, according t

5X;§t:{ Isxe  Opxs

Pavsr Osxs } Xigr = Prot0 Xige (1

+ _ - &T
Ptgt - (I’tgtptgtq’tgt

where the single subscript on ®;4; denotes an instantaneous state-correction matrix used to correct
0X4gt and Py at time t;‘gt.

Next, the state dispersion and covariance are propagated to the first nominal maneuver execution
time t, - .
— * *
5XA1)1 - q)c(tAvl ) ttgt)(Stht (1 12)

P&vl = (I)C(t*Avl ) trgt)Pthtq)C(t*Avl ’ trgt)T (1 13)
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At the nominal maneuver time ¢}, , the effect of executing Awv; is to again “correct” the LinCov
state dispersion and covariance according to

6XX,, = 0Xx,, + PsvAvy (114)
= [I + PsyPau ] 6X4,, (115)

= Py 0X 5, (116)

PX, = ®au Py, Pho, (117)

where Ps, is the partial derivative of d.X with respect to dv, Pa,, is the partial derivative of Avy
with respect to 0.X, and ®a,, = [I + Ps,Pay,] denotes an instantaneous state-correction matrix
used to correct 6 X a,, and Pa,, at time EAp, -

Next, the LinCov state dispersion and covariance is propagated from ¢}, to the first nominal
constraint time ¢7 using
0X = Pclty, thu )0XR,, (118)
- T
PC1 = CDC(t; ’ tZUl)PXyl (I)C(tzl ’ t*A’Ul) (1 19)
At the nominal constraint time ¢

o, » the effect of the variable constraint time dt., on the state
dispersion is

SX} =0X. + X} ot (120)
_ [I+X§1P&CI] 5X, (121)
=d., 60X, (122)

where Py, is the partial derivative of d¢., with respect to the LinCov state dispersion vector 6.X

X o, 1s the nominal state time-derivative at time t; , and ., = {I + le Pgtq} denotes an in-

stantaneous state-correction matrix at time ¢7 . Using the equation above, the effect of the variable
constraint time 6t., on the LinCov dispersion covariance is

P} = @, P, P, (123)
The LinCov state dispersion and covariance is then propagated to the next maneuver time ¢}, using
0X Ny, = PO (thp,, tr )0X (124)

PA_’UQ = (I)C(t*A’U27 tzl)Pc—’l_@C(t*Avg’ tzl)T (125)

and corrected to account for the execution of Avy using

6XX,, = 0Xx,, + PsvAvy (126)
= [I + PsyPav,) X 5,, (127)

= Ppv,0X 4, (128)

P, = ®av Py, Ph, (129)

where ®a,, = [I + Psy,Pay,| denotes an instantaneous state-correction matrix at time t*AUQ.
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Lastly, the LinCov state dispersion and covariance is propagated to the nominal time of the second
constraint t;, using
60X, = Po(ty, taw )0X X, (130)

c2?

— T
P 2 = CDC(tZQ’ t*AUQ)PXUQQC(tZQ’t*A'Ug)

C

and again corrected for the variable constraint time, dt.,in a manner similar to dt., .

60X =0X,, + X7, 0te, (131)
= |1+ X3P, | 0%, (132)
= $.,0X,, (133)
Pl =o.,P., 0! (134)

where ®., = |I + X:2775tC2

22



	Introduction
	The Well-Defined, Over-Determined, and Under-Determined Problems 
	Derivation of a Linear Impulsive Maneuver Targeting Algorithm
	Single Maneuver v With Arbitrary Number of Constraints at a Single Fixed or Variable Final Time
	Single Maneuver With Arbitrary Number of Constraints at Multiple Fixed or Variable Final Times
	Multiple Maneuvers With Arbitrary Number of Constraints at Multiple Fixed or Variable Final Times

	Derivation of a Linear Finite-Burn Targeting Algorithm 
	Powered-Flight Dynamics
	Coasting Flight Dynamics
	Linearized Finite-Burn Variable Final-Time Targeting
	Linearized Finite Burn Targeting Algorithm

	Finite-Burn Orbit-Transfer Demonstration 
	Cis-Lunar Demonstration 
	Generalized Linear Targeting Comparison to Two-Level Targeter

	Conclusion

