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Abstract

In this paper, we introduce implicit gradient methods as alternatives to conventional least-squares gra-
dient methods for second- and third-order nodal-gradient cell-centered finite-volume discretizations, where
solutions are stored at cells but gradients are stored at nodes. Because of the unique configuration of solutions
and gradients, implicit gradient systems developed for the node-centered edge-based discretization method
can be directly applied once the numerical solutions are interpolated from cells to nodes with sufficient
accuracy. The resulting defect-correction solver can be loosely coupled with a flow-equation solver, and at
convergence, solutions and gradients that satisfy the corresponding residual equations are obtained. Each it-
eration is relatively cheap compared with least-squares methods involving hundreds of neighbors. Numerical
results are presented for accuracy verification studies and some simple but realistic flow problems.

1 Introduction

In a recent paper [1], we introduced a unique and economical third-order cell-centered finite-volume (CCFV)
discretization method for tetrahedral grids, by extending the face/cell-averaged nodal-gradient (F/C-ANG)
CCFV method [2, 3, 4] with an efficient quadratic solution interpolation scheme utilizing nodal gradients.
This third-order method is economical compared with conventional third-order CCFV unstructured-grid dis-
cretization methods [5, 6, 7, 8, 9, 10, 11, 12] for several reasons: (1) there is no need to compute and store
second derivatives of solution variables, (2) it only requires a single numerical flux per face, (3) it achieves
third-order accuracy with linear tetrahedral grids even for curved geometries, similarly to other economical
third-order methods [13, 14], and (4) the third-order residual equations can be solved robustly by an implicit
defect-correction solver, which is widely employed and available in practical second-order CFD solvers [15].
However, least-squares (LSQ) methods used for computing solution gradients at nodes require a large number
of neighbor cells. Often, hundreds of neighbor cells are needed in quadratic LSQ methods for robustness; there-
fore, it is desirable to reduce the cost of gradient computations and simplify the algorithm without needing to
access hundreds of neighbors. There are two possible approaches to address this problem. One is to reduce the
number of neighbors through smart stencil augmentation techniques such as those in Refs [16, 17]. The other is
to employ implicit gradient methods [18, 19, 20, 21, 22, 23], where we solve a globally-coupled linear system to
obtain gradients. As discussed in Refs. [19, 20, 22], the latter can be an efficient alternative to LSQ methods if
a single linear relaxation is performed per flow-solver iteration. Moreover, we typically need to access only the
face neighbor cells in each relaxation. Therefore, it can potentially be more efficient than processing hundreds
of neighbors as in the LSQ methods. Also, it is known that implicit defect-correction flow-equation solvers tend
to be more stable when using implicit gradients instead of using explicit LSQ gradients [19, 20, 22]. However,
implicit gradients methods are currently not available for the economical third-order CCFV method and their
second-order versions, where solutions are stored at cells but gradients are stored at nodes. In this paper, we
introduce implicit gradient methods suitable for these discretization methods.

For second-order discretization methods [2, 3, 4], we seek algorithms that can produce exact gradients for
linear functions. For the economical third-order CCFV method [1, 15], we need quadratically-exact algorithms
and wish to preserve the second-derivative-free feature. Typically, a quadratic implicit gradient method requires
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the storage of second derivatives [18, 19, 20, 21, 22, 23] and the solution of a global linear system for both
gradients and second derivatives. This approach greatly increases the cost of storing unknowns and solving
the linear system with six additional unknowns (six second derivatives) per cell/node, compared with a linear
implicit gradient method (3 unknowns per cell/node). For a conventional third-order CCFV method, the
additional cost cannot be avoided because both gradients and second derivatives are needed for the third-order
discretization. However, for the economical third-order discretization method [1, 15], which does not require
second derivatives, it is desirable to avoid the additional cost of storing and computing second derivatives because
we only need gradients in the discretization. To achieve this, we take advantage of the special configuration
of the economical third-order discretization method: gradients at nodes and solutions at cells, and consider
utilizing the implicit edge-based gradient (IEBG) methods developed for the node-centered third-order edge-
based discretization method [24]. In the IEBG methods, gradients are computed in a linearly or quadratically
exact manner for a given set of functions stored at nodes. The quadratic IEBG method is particularly efficient
because it does not require second derivatives at all and produces second-order accurate gradients on arbitrary
triangular/tetrahedral grids. It is perhaps the only second-derivative-free quadratic implicit gradient method
currently available. The IEBG methods are directly applicable to the nodal-gradient CCFV methods once the
solution is transferred from cells to nodes. In this paper, we focus on a simple approach where we average
solutions interpolated linearly or quadratically from the cells to the nodes and apply the IEBG methods to
compute the gradients at nodes. This results in a defect-correction solver, where a preconditioner matrix is
relaxed directly by using the IEBG method [24]. It is more expensive than the direct relaxation as done in
Ref. [24], but is not more expensive than LSQ methods per flow-solver iteration, and has the capability of
delivering superior gradient accuracy without destabilizing an implicit flow-equation solver as we show in this
paper.

2 Target Governing Equations

In this paper, we consider the Euler equations:∫
V

∂u

∂t
dV +

∮
∂V

F n̂ds =

∫
V

s dV, (1)

where V and ∂V denote a control volume and its boundary, respectively, s is a vector of source terms, n̂ is a
unit outward normal vector of the infinitesimal surface area ds,

u =


ρ

ρv

ρE

 , F =


ρv

ρv⊗v + pI

ρvH

 , (2)

where⊗ denotes the dyadic product, I is the 3×3 identity matrix, ρ is the density, v = (u, v, w)t is the column
vector of the velocity (the superscript t denotes transpose) with Cartesian components u, v, and w, p is the
static pressure, and H = γp/{ρ(γ−1)}+v ·v/2 is the specific total enthalpy with γ = 1.4 (air), E is the specific
total energy, E = H − p/ρ, and s is a source term vector. The system is nondimensionalized by free-stream
values in a similar manner as described in Ref. [25] and closed by the nondimensionalized ideal gas law:

p = ρT /γ, (3)

where T is the static temperature.

3 Economical Third-Order Cell-Centered Finite-Volume Discretiza-
tion

In this section, we give a brief overview of the third-order CCFV method originally developed in Ref. [1]. In
a tetrahedral grid, storing the numerical solutions at cells and gradients at nodes, we discretize the system (1)
over a cell j as

Vj
∂uj

∂t
+

∑
k∈{kj}

Φjk(wL,wR)|nT | − sjVj = δfj + δs′j , (4)
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Figure 1: A face between two tetrahedral cells, j and k: ρj and ρk are the solutions
stored at the centroids xj and xk; g1, g2, g3, g4, and g5 are the gradients stored
at nodes. As an example, the solutions reconstructed at the face centroid from the
left and right cells are indicated as ρL and ρR, respectively.

where δfj and δs′j are the flux and source corrections, respectively, needed for third-order accuracy:

δfj = − 1

24

∑
k∈{kj}

∑
i∈{iT }

(
∂f

∂w

)
i

∇wi(xi − xT )|nT |, δs′j =
1

40

∑
i∈{ij}

∇
[
si −

(
∂ui

∂t

)]
(xi − xj)Vj . (5)

Here, uj and sj are point values of the conservative variable vector and the source term at the cell centroid xj ,
Φjk is a numerical flux evaluated at the geometric centroid xT of the triangular face T between the cell j and
its face neighbor cell k ∈ {kj}, Vj is the volume of the cell j, {kj} is a set of neighbor cells, f = FnT /|nT | is a
flux projected along the face normal direction, nT is an outward normal vector of the face T , |nT | is the area
of the face, w denotes the vector of primitive variables w = (ρ,v, p), {iT } is a set of nodes of the face T , and
xi is the position of the node i ∈ {iT }, and {ij} in δs′j is a set of nodes of the cell j. See Figure 1. The left and
right states, wL and wR, are computed by the following interpolation scheme, expressed for the density ρ,

ρL = ρj +
[
C gT + (1− C)gj

]
· (xT − xj), (6)

ρR = ρk + [C gT + (1− C)gk] · (xT − xk), (7)

where g = ∇ρ, C is a constant, and

gT =
1

3

∑
i∈{iT }

gi, gj =
1

4

∑
i∈{ij}

gi, gk =
1

4

∑
i∈{ik}

gi, (8)

where {ik} is a set of nodes of the cell k. The left and right values of the other solution variables, u, v, w, p, are
computed similarly. The solution interpolations as defined in the above are exact for quadratic solutions with
C = 1/2, which is used for the third-order method; otherwise, they are exact for linear solutions. The cases
C = 0 and C = 1 correspond, respectively, to the cell- and face-averaged nodal gradient schemes (CANG and
FANG) [2, 3].

Note that the left hand side of Eq. (4) is a typical second-order finite-volume discretization if a linear
solution interpolation (e.g., C = 0) is employed instead of the quadratic solution interpolation (C = 1/2).
The first term on the right hand side, δfj , is a flux correction term required for quadratic exactness of the
flux integral, and the second term, δs′j , consists of correction terms for the source and time-derivative terms.
These forms of high-order surface and volume integration formulas have been derived in Ref. [1], by following
the k-exact finite-volume discretization approach [26, 12, 27, 28]. The formulation with correction terms is
useful because we can upgrade an existing second-order code to third-order accuracy just by replacing a linear
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Figure 2: A node at a corner with only one neighbor cell.

solution interpolation/reconstruction (C ̸= 1/2) by the quadratic solution interpolation (C = 1/2) and adding
the correction terms. Note that these correction terms do not require second derivatives, making the third-order
accurate discretization (4) completely second-derivative free [1].

The choice of the gradient method is left open at this point, but storing gradients at nodes brings the benefit
for tetrahedral grids that the memory required to store the nodal gradients is greatly reduced, compared with
that of a conventional CCFV method, where gradients are computed and stored at cells because the number of
nodes is toughly 1/6 of the number of cells [1, 2, 3, 4]. This is one of the favorable features of the nodal-gradient
CCFV methods. In the next section, we first review the explicit LSQ methods, which have been chosen for the
nodal gradient in the previous studies, and then discuss implicit gradient methods.

4 Explicit Gradient Methods for Nodal Gradients

In the previous studies, we computed the nodal gradients by LSQ methods: linear and quadratic LSQ
methods for second- and third-order discretizations, respectively [1, 2, 3, 4]. For the linear LSQ method, we
fit a linear polynomial over a set of neighbors including the solution at a node as an additional unknown. For
the quadratic method, we add second derivatives as additional unknowns. The LSQ problems are solved for a
given grid and the resulting coefficients are stored only for gradients, leading to the form for both the linear
and quadratic methods:

gi =
∑

k∈{kLSQ
i }

QLSQ
ik ρi, (9)

at a node i, where {kLSQ
i } is a set of neighbors and QLSQ

ik is a vector of LSQ coefficients corresponding to the

gradient. For the linear LSQ method, the set {kLSQ
i } is defined typically by the cells sharing the node i. At a

boundary node, however, typically there are insufficient neighboring cells and the LSQ problem can be ill-posed.
For example, a node at a corner can have only one cell as shown in Figure 2. To ensure the LSQ problem is
well posed, we add all cells sharing at least one node with the cells around a boundary node. In Figure 2, this
approach results in the total of four cells for the corner node, which is sufficient for the linear LSQ problem to
be well posed. See for Ref. [1] for details.

For the quadratic LSQ method, for the sake of robustness, we add cells sharing at least one node with the
cells sharing the node i, which is called the node-neighbor augmentation [4, 29]. As suggested in Ref. [29], the
node-neighbor augmentation is employed here also in the linear LSQ method for robustness. At a boundary
node, the node-neighbor augmentation is applied to the stencil already augmented as explained in the above.
The augmentation does provide robustness for distorted grids, but it dramatically increases the number of
neighbors up to a few hundreds for a tetrahedral grid. This approach is not only computationally expensive
but also relatively difficult to implement (although feasible) in a parallel code as it requires access to many
neighbors across partition boundaries.
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5 Implicit Gradient Method for Nodal Gradients

In this section, we first describe the implicit edge-based gradient method, which is the baseline method for
developing the proposed implicit gradient method. Then, we present the proposed implicit gradient method for
nodal gradients. Both methods are described for computing the gradients of the density ρ. The same algorithm
is applied to other variables.

5.1 Implicit Edge-Based Gradient Method

To develop implicit gradient algorithms for the nodal-gradient CCFV discretization, we employ the implicit
edge-based gradient method [24], which is very efficient because it can be exact for quadratic functions on
arbitrary tetrahedral grids without second derivatives. The implicit edge-based gradient system can be written,
for the density ρ, as

Miigi +
∑

ℓ∈{ℓi}

Miℓgℓ = bi, (10)

where gi = ∇ρi and gℓ = ∇ρℓ are the gradients stored at nodes i and ℓ, respectively,

Mii =

(
c+ κ− 1

2

)
I+

2− c

2Vi

∑
ℓ∈{ℓi}

 ∑
m∈{ℓi}

(
LLSQ
iℓ ·∆rim

)
Vim

 I, (11)

Miℓ = −κ− 1

4Vi
(niℓ⊗∆riℓ) +

2− c

2Vi
ViℓI−

2− c

2Vi

 ∑
m∈{ℓi}

(
LLSQ
iℓ ·∆rim

)
Vim

 I. (12)

∆riℓ = xℓ − xi, Viℓ =
1

6
niℓ ·∆riℓ, Vi =

∑
ℓ∈{ℓi}

Viℓ, bi =
1

Vi

∑
ℓ∈{ℓi}

ρi + ρℓ
2

niℓ, (13)

c and κ are parameters, I is the 3×3 identity matrix, niℓ is the directed-area vector pointing from i to ℓ, which is
the sum of the directed-areas corresponding to the dual-triangular faces associated with all tetrahedral elements
sharing the edge [ i, ℓ ], and LLSQ

iℓ = [Lxiℓ
, Lyiℓ

, Lziℓ ] is a vector of linear LSQ coefficients (not a quadratic LSQ
coefficients as in Eq. 9) such that the gradient at a node i is computed in a linearly-exact manner for a set of
solution values stored at nodes:

∇ρLSQ
i =

∑
ℓ∈{ℓi}

LLSQ
iℓ (ρℓ − ρi) =

 ∑
ℓ∈{ℓi}

Lxiℓ
(ρℓ − ρi),

∑
ℓ∈{ℓi}

Lyiℓ
(ρℓ − ρi),

∑
m∈{ℓi}

Lziℓ(ρℓ − ρi)

 . (14)

Note that these linear LSQ coefficients are used only in the construction of the implicit gradient system matrix
and therefore there is no need to store them once the implicit gradient system matrix is assembled.

As shown in Ref. [24], for quadratic exactness (second-order gradient accuracy on irregular grids), the second
term in Eq.(11) and the third term in Eq.(12) are needed and we must set κ = 0 (c is arbitrary). In this paper,
we only consider the quadratic IEBG method and it is referred to as IEBG. Also shown in Ref. [24] is an
optimal choice of the parameters: c = 2.6 and κ = 0, which leads to fourth-order gradient accuracy on a regular
tetrahedral grid. At a boundary node, the system needs to be closed by an accuracy-preserving quadrature
formula. See Ref. [24] for details.

The implicit edge-based gradient system can be solved by a relaxation scheme in the form:

gm+1
i = gm

i −M−1
ii

 ∑
ℓ∈{ℓi}

Miℓg
m
ℓ + bi

 , (15)

where m is the iteration counter. This is the Jacobi iteration but it can be implemented also as the Gauss-Seidel
iteration. In this work, we employ a multi-color Gauss-Seidel method by updating gi immediately before moving
onto the next node. Note that Mii is a diagonal matrix with the same entry and therefore applying the inverse
matrix M−1

ii is equivalent to a simple scalar division.
Obviously, the method cannot be employed directly for our purpose because we have solutions at cells

instead of nodes. However, if we transfer the solution values from cells to nodes with sufficient accuracy, we can
directly employ the implicit edge-based gradient scheme and compute the nodal gradients. This is the approach
considered here and it leads to a defect-correction gradient solver as we describe in the next section.
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5.2 Implicit Gradient Systems for Nodal Gradients: Defect Correction

In this paper, we consider a defect-correction iteration as one of the simplest ways of utilizing the implicit
edge-based gradient scheme:

gn+1
i = gn

i +∆gi, n = 0, 1, 2, 3, · · · , N, (16)

where the correction is computed by the relaxation,

∆gm+1
i = ∆gm

i −M−1
ii

 ∑
ℓ∈{ℓi}

Miℓ∆gm
ℓ + ri

 , ri = Miig
n
i +

∑
ℓ∈{ℓi}

Miℓg
n
ℓ − bi, m = 0, 1, 2, 3, · · · ,Mg, (17)

where N is the number of defect-correction gradient iterations and Mg is the number of the preconditioner
relaxations. In this work, we set Mg = 4 and employ the Gauss-Seidel relaxation scheme. Note that bi defined
by

bi =
1

Vi

∑
ℓ∈{ℓi}

ρi + ρℓ
2

niℓ, (18)

depends on the nodal gradients because the nodal values, ρi and ρℓ, are computed by averaging the values
interpolated from cells: e.g.,

ρi =
1

Nci

∑
j∈{ci}

[
ρj +

{
C gn

i + (1− C)gn
j

}
· (xi − xj)

]
, (19)

where {ci} is a set of cells sharing the node i, Nci is the number of cells in {ci}, gn
i is the gradient at the node i at

the nth iteration, and gn
j is the averaged nodal gradient over the cell j at the nth iteration. The above formula

is exact for quadratic functions if we set C = 1/2; otherwise, it is exact only for linear functions.Therefore,
the order of gradient accuracy in the resulting implicit method depends on the interpolation accuracy although
both are based on the quadratic IEBG method. In this study, we consider a quadratic algorithm with C = 1/2
for the third-order scheme, which will be referred to as IEBG(1/2)-DC while we consider a linear algorithm
with C = 0 for a second-order scheme, which will be referred to as IEBG(0)-DC.

6 Results

In the results presented in this paper, all boundary conditions are imposed weakly through the right state
as described in Ref. [1] for the third-order scheme, and the gradients are computed by LSQ or implicit methods
at all nodes without incorporating physical boundary conditions. Both LSQ and implicit gradient methods are
taken as purely mathematical algorithms that compute gradients at all nodes for a given set of solutions at cells.

(a) Coarsest grid.

-3 -2.8 -2.6 -2.4 -2.2

-3

-2.5

-2

-1.5

-1

-0.5

(b) Error convergence for ∂yρ. (c) Iterative convergence.

Figure 3: Results for gradient accuracy verification.
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6.1 Gradient Accuracy Verification

To verify the first- and second-order accuracy of IEBG(0)-DC and IEBG(1/2)-DC, respectively, we consider
computing gradients at nodes for the following function:

u(x, y, z) = exp (cxx+ cyy + czz) , (20)

where cx = 1.5, cy = 1.6, and cz = 1000.3, in a unit cube domain, using a series of irregular tetrahedral grids with
82,944, 131,712, 196,608, 279,936, 384,999, and 511,104 cells. The coarsest grid and the function contours are
shown in Figure 3(a). For comparison, we consider linear and quadratic LSQ methods with the node-neighbor
augmentation, which has been found to improve robustness of the nodal-gradient cell-centered methods [29]. For
the weighting, we consider both unweighted and inverse-distance-weighted methods. Weighted and unweighted
linear LSQ methods are referred to as LLSQ(0)-nn and LLSQ(1)-nn, respectively, and weighted and unweighted
quadratic LSQ methods are referred to as QLSQ(0)-nn and QLSQ(1)-nn, respectively. On all grids, the number
of neighbor cells involved in these LSQ methods is roughly about 180 on average.

Figure 3(b) shows the error convergence results for ∂yρ (results are similar for other derivatives). As can
be expected, weighted LSQ gradients are slightly more accurate than unweighted LSQ gradients. On the other
hand, the gradients computed by the implicit methods are significantly more accurate than LSQ gradients. The
results demonstrate the superior accuracy of the implicit gradient methods, and are in good agreement with
results reported in other papers [21, 24].

Figure 3(c) shows the iterative convergence of the defect-correction gradient solver for the implicit gradient
methods on the finest grid. Note that we only compute gradients for a given function here, and do not solve the
Euler equaitons. The solver converges rapidly within 30 iterations on such a highly-stretched and highly-skewed
grid. Here, the residuals, which are defined as in Eq. (17), are reduced by five orders of magnitude, which was
found sufficient for observing the design orders of gradient accuracy.

6.2 Accuracy Verification with Manufactured Solutions

Next, we consider employing the implicit gradient methods for solving the Euler equations as alternatives to
LSQ gradient methods. To verify solution accuracy and gradient accuracy, we used the method of manufactured
solutions [30], introducing a forcing term vector s to the Euler equations such that the following functions are
the exact solutions:

ρexact = 1.0 + 0.1 exp(1.5x+ 1.5y + 1000.5z), (21)

uexact = 0.2 + 0.1 exp(1.5x+ 1.5y + 1000.5z), (22)

vexact = 0.1 + 0.1 exp(1.5x+ 1.5y + 1000.5z), (23)

wexact = 0.1 + 0.1 exp(1.5x+ 1.5y + 1000.5z), (24)

pexact = 1.0 + 0.1 exp(1.5x+ 1.5y + 1000.5z). (25)

We solve the residual equations (4) for the Euler equations by an implicit defect-correction solver with the
residual Jacobian exact for the first-order accurate residuals. The linearized system for the Euler equations
is relaxed by a multi-color Gauss-Seidel relaxation scheme 15 times. For the implicit gradient methods, we
perform only one defect-correction gradient iteration per flow-solver iteration with 5 preconditioner relaxations.
Specificaly, setting the initial values,

g0
i = 0, i = 1, 2, 3, · · · , Nnodes,

w0
j = (ρexact(xj) + ϵj , u

exact(xj) + ϵj , v
exact(xj) + ϵj , w

exact(xj) + ϵj , p
exact(xj) + ϵj), j = 1, 2, 3, · · · , Ncells,

where ρexact(xj) is the exact solution at the cell center xj (similarly for the other variables), ϵj is a random
perturbation, Nnodes and Ncells are, respectively, the number of nodes and the number of cells in a given grid,
we iterate on gradients and solutions as follows. For n = 0, 1, 2, 3, · · · , until all the residuals, the gradient
system residuals (26) and flow-equation residuals (4), are reduced by six orders of magnitude, we first relax the
preconditioner system as

∆gm+1
i = ∆gm

i −M−1
ii

 ∑
ℓ∈{ℓi}

Miℓ∆gm
ℓ + ri

 , ri = Miig
n
i +

∑
ℓ∈{ℓi}

Miℓg
n
ℓ − bi, m = 0, 1, 2, 3, · · · ,Mg, (26)
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where Mg = 4, and then update the gradients,

gn+1
i = gn

i +∆gi, i = 1, 2, 3, · · · , Nnodes. (27)

We repeat this defect-correction gradient iteration for all the primitive variables, ρ, u, v, w, and p. Then, using
the updated gradients, we compute the flow-equation residual vector, Res(Un), where U is a global vector of
numerical solutions, and relax the linearized system of the flow-equation residuals by a multi-color Gauss-Seidel
relaxation scheme: (

D+
∂Res

∂U

)
∆U = −Res(Un), (28)

for a specified number of relaxations Mf = 15, where D is a diagonal matrix of the ratio of the cell volume

to the local pseudo-time step defined in the corresponding cell, e.g., Dj = Vj/∆τj , and
∂Res
∂U is the first-order

residual Jacobian. Finally, we update the solution,

Un+1 = Un +∆U. (29)

This completes one loosely-coupled iteration for the gradients and the solution. Therefore, the gradients are
updated just once per flow-solver iteration. There is no need to fully solve the gradient system per flow-equation
iteration because the flow numerical solutions are iterated. If the numerical solution is well converged, then the
gradients would also be well converged as they are iterated from the initial values g0

i and never reinitialized just
like the numerical solutions. In this test problem, we set ∆τj = 1015.

(a) Coarsest grid.
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(b) Error convergence for u.
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(c) Error convergence for ∂zu.

Figure 4: Coarsest grid and results for the MMS test case.

Again, we compare the implicit gradient methods with LSQ methods. For this problem, we consider only
unweighted LSQ gradients for a stability reason [31]. Figure 4(b) shows error convergence results for the
velocity component u (results are similar for other variables). As expected, the second-order scheme produces
second-order accurate solutions with both LLSQ and IEBG(0)-DC. Similarly, the third-order scheme produces
third-order accurate solutions with both QLSQ and IEBG(1/2)-DC. While there is not much difference in the
results with LLSQ and IEBG(0)-DC, IEBG(1/2)-DC gives significantly lower errors than QLSQ.

Figure 4(c) show error convergence results for the derivative ∂zu (results are similar to other derivatives). In
general, the order of gradient accuracy is one-order lower than the order of solution accuracy; as expected, these
results show first- and second-order gradient accuracy for the second- and third-order schemes, respectively. In
contrast to the solution errors, significant improvements are observed in both second- and third-order schemes.
Both IEBG(0)-DC and IEBG(1/2)-DC produce nearly an order of magnitude more accurate gradients than
explicit LSQ gradients.

Figure 5(a) shows iterative convergence plot for the maximum residual norm (scaled by the initial norm)
taken over the flow residuals (4) as well as the gradient residuals (26). Unexpectedly, the solver took more
iterations to converge with the implicit gradient methods. It is not clear exactly why, but the code is not
optimized at this point and also the large number of neighbors in LSQ gradients (≈ 180) might improve the
solver stability. In any case, it should be noted that the solutions and gradients are significantly more accurate
with the implicit gradient methods. Getting less accurate results faster is not necessarily considered as an
advantage.

8



(a) Residual versus iteration for the finest grid. (b) Residual versus CPU time for the finest grid.

Figure 5: Iterative convergence results for the MMS test case.

(a) 2nd: LLSQ. (b) 2nd: IEBG(0)-DC

Figure 6: Contours of ∂zρ at z = 0.00148 for the MMS test case.
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(a) 3rd: QLSQ. (b) 3rd: IEBG(1/2)-DC.

Figure 7: Contours of ∂zρ at z = 0.00148 for the MMS test case.

Finally, Figure 6 shows the contours of ∂zp at a section taken at z = 0.00148 (close to the top boundary).
As can be seen in Figure 6(a), the gradient contours are not smooth for LLSQ, which is typical for LLSQ
gradients on highly-skewed irregular grids. On the other hand, IEBG(0)-DC produces improved contours (see
Figure 6(b)) although not perfectly smooth. Figures 7(a) and 7(b) show results for QLSQ and IEBG(1/2)-DC.
Both contours are very smooth, compared with those obtained by linear methods. No significant differences
are observed between QLSQ and IEBG(1.2)-DC while significantly lower gradient errors of IEBG(1/2)-DC as
observed in the error convergence plot.

6.3 Subsonic Flow over a Smooth Bump

XY

Z

(a) Coarsest grid.

-2 -1.5 -1

-7

-6.5

-6

-5.5

-5

-4.5

-4

(b) Entropy error convergence.

Figure 8: Grid and error convergence for the subsonic smooth bump case.
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As a more realistic problem, we consider an M∞ = 0.3 subsonic flow over a smooth bump through a duct.
The smooth bump defined by

zb = 0.05 sin4
[
π(10x− 3)

9

]
, x ∈ [0.3, 1.2], (30)

is placed at the bottom of a rectangular domain (x, y, z) = [−0.25, 1.75] × [−0.5, 0.5] × [0, 1]. We solve this
problem by the implicit defect-correction solver with 50 Gauss-Seidel linear relaxations and CFL=100 (∆τj =
CFL×Vj/(

∑
k∈{kj}[max wave speed]×|njk|)) for relatively coarse irregular tetrahedral grids with 9,000, 59,040,

221,616, and 1,932,300 cells. The coarsest grid is shown in Figure 8(a). All boundary conditions are imposed
weakly through the right state in the numerical flux: the free stream condition at x = −0.25, the back pressure
condition at x = 1.75, and the slip-wall condition applied at other boundaries. At a boundary node (xi, yi, zi)
over the bump, the exact surface normal vector is given by (− dzb/dx|i , 0, 1), which is used to define the right
state in the numerical flux at a slip-wall node. See [2] for details on the implementation of a slip-wall condition
that preserves third-order accuracy on a triangular surface grid. The solver is taken to be converged when
the L1 norms of the residual equations, including the implicit-gradient residuals, are reduced by six orders of
magnitude. For LSQ gradients, for a stability reason, we employed unweighted LSQ methods. For the implicit
gradient method, we employ IEBG(1/2)-DC for both second- and third-order schemes, and it is here referred
to as IEBG2. There is no strong reason to employ the linear method, IEBG(0)-DC, for a second-order scheme.
In fact, it is the advantage of the implicit gradient approach that the solver tends to be stable for accurate
gradients whereas it tends to diverge if gradients are accurate in the case of explicit gradient methods.

Figure 8(b) shows entropy error convergence results, where the entropy error is defined by |γp/ργ −1|, which
should be zero throughout the domain. For the second-order scheme, the entropy error is smaller with IEBG2
than with LLSQ. Further results would be necessary to determine their behaviors on finer grids. For the third-
order scheme, third-order error convergence is observed for both QLSQ and IEBG2 and the latter produces
consistently lower levels of error for all the grids. The results are in good agreement with those obtained for the
node-centered edge-based methods [24].

Figures 9 and 10 show Mach contours on the third grid with 221,616 cells. These contours may look similar
but they exhibit more noise in the second-order results and particularly with LSQ gradients. These differences
can be seen clearly in the entropy error contours as shown in Figures 11 and 12. Figures 11(a) and 11(b)
compare the entropy error contours for the second-order scheme. Clearly, larger entropy errors are observed in
the result obtained with LLSQ. Figures 12(a) and 12(b) compare the entropy errors for the third-order scheme.
Note that the contour range in Figure 12 is different from that in the second-order results. As can be seen,
larger entropy errors are observed in the result obtained with QLSQ. In both second- and third-order schemes,
the implicit gradient methods produce cleaner solutions with lower levels of the entropy error.

Figure 13(a) shows residual convergence results, where the maximum residual norm is taken over the flow
residuals (4) as well as the gradient residuals (26). In this problem, the solver converged with fewer numbers of
iterations with the implicit gradient methods. As can be seen in Figure 13(b), where the residual convergence is
plotted with CPU time, the solver converged faster in time with the implicit gradient methods. It demonstrates
that one defect-correction gradient iteration is not too expensive compared with LSQ methods. These are
encouraging results, indicating that LSQ gradient methods may be replaced by the implicit gradient methods
to obtain improved accuracy faster.
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(a) 2nd:LLSQ.
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(b) 2nd: IEBG2.

Figure 9: Mach contours for the subsonic smooth bump case on the third grid with 221,616 cells.
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(a) 3rd: QLSQ.
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(b) 3rd: IEBG2.

Figure 10: Mach contours for the subsonic smooth bump case on the third grid with 221,616 cells.
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(a) 2nd: LLSQ.
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(b) 2nd: IEBG2.

Figure 11: Entropy contours for the subsonic smooth bump case on the third grid with 221,616 cells.
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(a) 3rd: QLSQ.
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(b) 3rd: IEBG2.

Figure 12: Entropy contours for the subsonic smooth bump case on the third grid with 221,616 cells.
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(a) Iterative convergence: residual versus iteration. (b) Iterative convergence: residual versus CPU time.

Figure 13: Iterative convergence results.

7 Conclusions

In this paper, we have developed implicit gradient methods for the second- and third-order nodal-gradient
cell-centered finite-volume methods, extending the implicit edge-based gradient method originally developed
for the node-centered edge-based methods. Linear and quadratic implicit gradient methods been developed for
computing gradients at nodes from solutions at cells by directly employing the implicit edge-based gradient
method with nodal solutions computed by averaging values interpolated from cells to nodes. For the linear
method, we compute the solution at a node by averaging linearly interpolated solutions from cells sharing the
node. For the quadratic method, we utilize the efficient quadratic interpolation scheme developed in Ref.[1],
which does not require second derivatives. As a result, the third-order nodal-gradient cell-centered finite-volume
method remains efficient and completely second-derivative free. Numerical results indicate that accuracy in
solutions and gradients can be greatly improved by employing the implicit gradient methods and such improved
results can potentially be obtained faster than results with LSQ methods.

Future work includes a few potential algorithmic improvements. First, in the defect-correction approach
considered in this paper, the gradient system residual is not compact, depending on the nodes beyond the
edge-connected neighbors. It is possible to develop a gradient system with a compact stencil. It will allow a
direct relaxation and it can potentially be cheaper than the defect-correction iteration. Second, it may be worth
considering the development of a Jacobian-Free Newton-Krylov (JFNK) solver for solving the flow-residuals
and gradient-residuals together in a tightly-coupled manner with the loosely-coupled solver as a preconditioner.
An attractive feature of the JFNK solver is that the number of extra unknowns added to the flow variables is
substantially smaller because the gradients are stored at nodes, not at cells, and the number of nodes is typically
1/6 of the number of cells in a tetrahedral grid. Finally, the implicit gradient methods need to be demonstrated
for a more realistic flow problems including those involving shock waves.
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