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Abstract

This document describes the partial derivatives for commonly estimated parameters
including antenna positions, satellite position, and satellite velocity from a near-field
VLBI delay model for Earth-orbiting satellites. This model was presented in the
Journal of Geodesy by Jaron & Nothnagel (2019). In this context, we present a
streamlined version of the near-field VLBI delay. From this simplified model, we
deduce a delay rate expression and calculate partial derivatives, maintaining only
the terms with significant impact on the computed derivatives’ magnitude. To verify
the accuracy of the simplified model and the partial derivatives computed from it,
we have created a simple simulation in Matlab of an Earth-orbiting satellite at the
altitude of a typical Global Navigation Satellite Systems (GNSS) satellite. From
this simulation, we compare the simplified and original delays, and we verify the
magnitude and direction of the partial derivatives against the numerically computed
derivatives from the original delay model. The partial derivatives and simplified
VLBI delay model detailed here are implemented in Fortran in the open-source
library VTD.
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1 Nomenclature

1.1 Symbols

7  time delay of arrival

~  Lorentz factor

i standard gravitational parameter

¢ speed of light

t time

x; position vector of object 4

v;  velocity vector of object i

a; acceleration vector of object ¢

x;; position difference from object ¢ to object j

1.2 Acronyms

ECEF Earth-centered, Earth-fixed
ECI  Earth-centered, inertial
VLBA very long baseline array
VLBI very long baseline interferometry

2 Introduction

Jaron and Nothnagel (2019) introduced a model of near-field VLBI delay for an
Earth-orbiting satellite. To correctly estimate antenna positions using this model,
the partial derivatives of the delay and delay rate with respect to each of the two
antenna positions are necessary. In this memo, we will retain terms that have an
effect on the path delay at the picosecond level. We will also cover the partial
derivatives with respect to satellite position and velocity.

The partial derivatives and simulation laid out in this memo have been coded in
Matlab and are available upon request. We have also implemented the code in the
open-source Fortran library VITD. We have verified the Fortran implementation by
interfacing the subroutine in vtd_jn2019.f with the described Matlab simulation.

3 Simplifying the delay expressions

Jaron and Nothnagel introduce Equation 1 as the total path delay from antenna 2 to
antenna 1. The multiplicative term 1 — L transforms from Geocentric Coordinate
Time (TCG) to Terrestrial Time (TT).

T = (Atg + Ato)(l — Lg) (1)
The individual quantities Aty and At are given by Equations 2 and 3.
X1V
Aty = 3[ e —tgm}
(2)
X01 * Vo 2 .%‘2
— \/761 [ 2 _tg01} + 13 [6021_%01]



Xp2 V2
Aty = —73 [ 2 tg 02}

X02 V9 .T%Q (3)
- 751[ o) _t902} +7 [_t?;oz]
c c?
The Lorentz factor for antenna ¢, ;, is given by,
1
2
Vi = 5 (4)
Lv
2
. v; 1 2 —1
Introducing f; = —, we can take v; ~ 1+ 56,- and 77 ~ (1 — 3;)7". Take
c
)2 2,2 2
(%01 4V0) < %142}0 = ,6’0%. Since [y is small, %4) can be omitted. Similarly, ¢4 01
c c
is small, so its square can be omitted. The expression under the square root in
1 -vp)?
Equation 2 can therefore be reduced to —vg \/ z3, + M. Equation 2 then
c c
reduces to,
V0 (%01 - Vo
Ato— —70\/90 1+ (xo1 - vo)® —tg01 (5)
Similarly, Equation 3 can be reduced to,
2
X02 ° V2 02 V2
Aty = — + ’)’o\/ﬂfz—i- ) +tg()2. (6)
with
X001 — )_Co(tl) — Xl(tl) = Vo(tl — 81)51 + Xo(tl — 51) — Xl(tl), (7)
and

5, = Ixa(ts) — xo(t)]

1 — .
c

The term xg2 in Equation 6 is given by,

X2 = Xo(t1) — Xo(t1) + [vo(t1) — va(t1)]Ato
— Vo(tl — 51)51 =+ Xo(tl — 51) + V2(t1 —+ 7~')7~' — Xg(tl —+ 7~') + [Vo(tl) - Vg(tl)]AtQ,

(8)

(9)
where ; ;
7‘—52—51, and 52 HX2( 1)_X0( 1>H (10)
c
The gravitational delays t, 01 and ¢4 g2 are approximately given by,
2u To + 1 + Xo1
t In —— 11
901~ A3 nxo—i-a:l—a:(n’ (11)
and 5 P
H X T T2 T 02
tgoo x® —Iln————. 12
902 3 n$o+$2—3302 (12)

These delays will be treated as constant and ignored in deriving both partial deriva-
tives and delay rates.



4 Deriving the delay rate

The delay rate is the time derivative of the delay in Equation 1:

7 = (Adg + Ay)(1 - Lg). (13)

The time derivative of Atg in reduced form as in Equation 5 is given by,

X ; 2 Xo1 - X +Xo1'V0(>,( - Vo + X1 - ag)
Ady = Xp1-Vo+Xo1-a0 Y0 2 (x01 - vp)? o 0L X01 2 01 Vo 01 - ag
= —— Vo -
c2 c c2 c , (xm . v0)2
Tt
(14)
The time derivative of the Lorentz factor ~; is,
2’01'04'
. c? 2v;a; 2v;a;
i~ = ~ 15
Vi 1_ vl-z/CQ 2 — Uz‘z 2 (15)
o . 1 v? —0;a;
Note that it is important to use the non-approximated form, as a( —5—2) =—
c c

which is different in sign and magnitude. This term can be neglected without a
voap _ (3-10°)(1) 1 4o
2~ (3-109)?2 = §-10 . Simplifying,

significant loss of precision, however, as

: X01 Vo .
At N ).(01 - Vo + Xo1 - Qg Yo X01 * X01 + 2 (XUI - Vo + Xo1 - aO) y
0 — c2 - : 5 (XOI X V0)2 ) ( )
Top —+ T

where o . )

Xo1 = ag(t1 — 01)d1 + vo(t1 — 61)01 + vo(ti — 01) — Vi, (17)
and

51 _ (vi — vo) - (x1 — %) 18)

cllx1 — xo|

Similarly, the time derivative of Aty as shown in simplified form in Equation 6 is
given by,

) X2+ Vo,
; X2 - Vo + Xo2 - ag | g X027 X02 T 5 (%02 - V2 + X2 - a2)
Atg = — 5 + — 5 R (19)
c c . (X2 va)
x02 + CQ
where
%02 = ap(t1 — 01)01 + vo(ts — 01)01 + vo(t1 — d1) — v1 (20)
+ a2(t1 + 7:)7~' + Vg(tl + 7~')7~' + (ao - ag)Ato + (Vo - VQ)AIEU,
and
Fofy b= 27V (e mx0)  (Vim Vo) (a mx) (21)

cl[x2 — xol| - cllx1 — xo|



5 Deriving and testing the antenna position partial deriva-
tives

5.1 Delay partial derivatives

In the following expressions, unless otherwise stated, functions of time are evaluated
at time t;. The partial derivative of the VLBI time delay 7 with respect to antenna
position 7 is given by,

8Xz’ N

or 0Aty  0Aty
<8Xz + le- ) (1 — Lg). (22)

From Equation 5, the partial derivative of Aty with respect to antenna position 1
is,

0x01 Xo1 - Vo ,0%01

Aty _ 1% 0 Oy o1+ =5 (G V0 (23)
0x1 2 0% c ) (x01 - vo)? ’
where -
8X01 < 651
= t1— 0 — -1 24
0x1 volt 1)@ ox1 (24)
I is the 3 by 3 identity matrix, and
) 01 X] — X
L= — = /(x1 — x0) - (x1 — xq) o (25)

ox;  0xic = ellx — xo||

Similarly, the partial derivative of Aty with respect to antenna position 2 is,

002 x X2 - V2(3X02 va)
O0Atz 1 Oxp2 Yo Oxy 02 c2 oxy 2
=—55 Vot — , (26)
0x2 c? 0xa c \/ > (x02 - v2)?
To2 2
where
ox - ot Ox9(t1 + 7
02:V2(t1—|—7’)® T 2(1 T)
8X2 aXQ aXQ (27)
(i +7)® o7 I
~V N® — —
2\t1 8X2 3
and -
87~' _ 852 _ X2 — X0 (28)
Ox2  0x9  cllxg —xo|
At OAt
The cross-partial derivatives 0 and 2 are given by,
X9 ox1
0xo2 . X02 - V2(5X02 va)
0Aty _ 1 Ox02 - 72 0x1 02 c2 0%, 2 (29)
0% ¢t 0% ¢ s (%02 Vv2)? ’
{L‘02 + 02



and

0At
8X2

=0. (30)

0x
2 in Equation 29 is given by,
1

The expression

%’22 — Vot — ) ® gill Fva(h +7) @ 88; (Vo - V) ® 8(9?(?0, (31)
where - o5
7 X] — X
ox1 _8x11 B _cHxll - XOOH' (32)
5.2 Delay rate partial derivatives
The delay rate partial derivative with respect to antenna i is given by,
g); = <a£;0 + ai?) (1-Lg). (33)
To simplify the computation of the delay rate partial derivatives, we will use the
approximation vVgcr &~ w X rgcr, where w = [0, 0, 861624%] We will also assume
that agcr = —2w X w X rgcr. The partial derivative of the time derivative of Aty

with respect to the position of antenna 1 is given by,

aAtO 1 (8)’(01 aX()l )
— . —+ -ag

= VO
0x1 2\ 0xq 0x1

0%01 Xo1 - Vo [ 0%X01 . X01 " Vo .
X0l + ——3 vo | ) (%01 - X01 + ——5—(%o1 - Vo + X01
Yo \ 0x1 c c

8X1

-ao)>

(xo1 - v0)? ) ?
X1 - Vo

0%o1 . Oxo1 1 [(0xq1 .
o %1 Xo1 + Xo1 9%, +CQ 9%, 0 | (%01 - Vo + Xo1 - ag)
C \/xz (%01 - vo)*

01 CQ

Xo1 - Vo [ O%o1 0xo1
% 0% 0 0
¢ (x01 - vo)?

\/a%l—i_ c?

(34)

The partial derivative of the time derivative of the position difference between source
0 and antenna 1 with respect to the position of antenna 1 is given by the matrix
expression,

_ ~ 881 < a51 aVl
= ao(t1 (51) X 87)(1 + V[)(tl 61) &® 87)(1 67)(1 (35)

0%o1
Oxl




Using the assumption vgcr = w X recr,

o

ey = XL (36)

and the partial derivative of the time derivative of the light travel time with respect
to antenna 1 position is given by,

. v (x1 — Xo)
% — 8X1 1 0 Vi — Vo . (Vl — Vo) . (Xl — XO) (Xl o XO) (37)
%1 cllx1 = xo| cl[x1 — ol ¢llx1 — xo]|?

Similarly, the partial derivative of the time derivative of the delay Ats with
respect to antenna 1 position is given by,

8At'2 . 1 8).(02 Vo & 8X02 a
0x1 ox 0 ox, °
<3X02 " X2 - V2 <3X02

+ X02
0x1 c? 0x1

X02 V2 .
X02 Xoz + — 5 (%02 - V2 + Xo2 -

a2)>

¢ < n (X02 V2) )3
8X02 aXOQ 1 8X02 .
7 %, X2 + X2 - 78}(1 + 072 < %, . VQ) (X02 - Vg + X(2 - 32)
c X02 - V2)2
\/ 5o + 2
Xo2 - Vo [ 0Xq2 Vot O0x02 a
N 2 c? 0x1 279 1 2
C .
\/3332 + (X0262V2)
(38)
where .
or 001
o = o (39)
and
B3 Y, aS 97
X02 _ ag(ty — 01) ® 2L 4 vo(ty — by) © - Tati+7)e ek
%1 X1 9% (40)
07 ONAt ONG
+ Vg(tl + T) & 87):1 + (aO - 32) 8X10 (VO - V2) 8X10 :
OALy

The delay Atg does not depend on antenna position 2, so = 0. The partial

6x2
derivative of the time derivative of delay Aty with respect to antenna position 2,
0At,y
8x2 ’

is a bit more complicated due to the dependence of vo and as on xs:

10



aXQ 2 02 aXQ 8X2 2 02 8X2

72

=
Xp2 * V
C\/x32+( 0202 2)

0x02 X02 - V2 [ OXop2 Ovsy . X02 " V2 .,
- ( " Xo2 + 2 "V2 X2 5 <X02 " X02 + 2 (%02 - V2 + X2 - a2))

8At2 N _i 8)’(02 8vz 8X02 832
8X2 N 02

+

Ox2 Ox2 0%
(XOQ : V2)2
(:EgZ + 672
8}.(02 . 8x02 1 8X02 8V2 .
+ 9% X02 1 X02 9% + 2 \ x, Va2 + Xo2 0%y (%02 - V2 + X2 - a2)
Xp2 - Vo [ OXp2 . Ova  Oxp Oay
+ 2 ( 9% Vo + Xp2 7%, + B as + Xp2 9% )
(41)
where
0Xp2 _ 8a2(t1+7—)7~'+32(t1—{—7~')® or +8V2(t1—|—7')7;_
aXQ 8X2 aXQ aXQ (42)
~ O Ova(th +7) Oay AT
t — — Aty — —= AL
+ V2( 1+ 7_) ® 8X2 8X2 aXQ 0 8X2 0
and
: AL (x5 — Xo)
or . 092 . 0x9 2 0 Vo — Vo (V2 — VD) . (XQ — Xo)
= = — 3 (XQ — X()). (43)
Ox9 1959 C”X2 —XQ” CHXQ —XOH C”X2 *XOH

The partial derivatives of velocity and acceleration with respect to the antenna
position xo are approximate expressions accounting for only Earth rotation:

Ova(t1 +7) _ Ovy
8X2 - aXQ

=wxI, (44)

6&2(751 —|—’7~') - Odag .
%3 ~ g 2w x w x L (45)

5.3 Testing the model

To test these expressions, we have created a toy model of a satellite rotating a
spherical Earth in MATLAB. Its Keplerian elements are given by,

11



a (km) e i(deg) Q (deg) w (deg) My
26846.6 0.01 25 30 0 0

Table 1: Keplerian elements for the tested orbit.

In addition, we have defined two antenna positions at real locations of collected
data at Fort Davis, Texas. FD-VLBA is the Fort Davis, TX VLBA antenna.

Antenna X (m) Y (m) Z (m)
1 (DBR231) -1330750.4861 -5328117.3845 3236420.5290
2 (FD-VLBA) -1324009.4522 -5332181.9440 3231962.3358

Table 2: ECEF positions used for the two antennas

The paths of the satellite and the two antennas in Earth-Centered Inertial (ECI)
space are shown in Figure 1.

%108

10 -

- — antennal
antenna2
spacecraft

P > \\\\\ P = P <107
-2

Figure 1: The ECI positions of the antennas and satellite.

5.4 Results
5.4.1 Delay

The VLBI delay as given in Equation 1 for the modeled satellite from antenna 1 to
antenna 2 is shown in Figure 2.
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delay (sec)
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Figure 2: The modeled VLBI delay for the simulated Earth-orbiting satellite.

Figure 3 shows the difference in the VLBI delay between the full expressions
for Aty and At in Jaron and Nothnagel (2019), and the simplified expressions in
Equations 5 and 6. The difference is on the order of 10716 seconds — undetectable
in VLBI data.

«1071®

_ W WWI b

N

4
o

ﬂ

ot
wn

o
T

delay diflerence (sec, simplified-model)
——
—=
=

-05 : ‘ \
0 0.5 1 1.5 2 2.5

time (sec) «10%

Figure 3: The difference between the simplified delay model and that of Jaron and
Nothnagel (2019).

To test the delay partials with respect to antenna 1 and antenna 2 as given by
Equations 23-32, we have taken the numerical partial derivatives of the VLBI delay

13



by varying one component of one of the antenna positions at a time and recording
the variation in the path delay,

or AT

8xij AXZ']' '

(46)

To maintain accuracy in the physical model, when we increase a component of
the ECI position of the antennas as we calculate the numerical partial derivatives,
we transform this position back to ECEF with a rotation matrix accounting for
polar motion, nutation, spin, and precession (MATLAB’s ECI2ECEF routine). We
discard the velocity in ECEF, in effect constraining that the antenna co-rotates with
the Earth and imparting a dependence of the ECI velocity on the ECI position,
which we approximated in the analytical partial derivatives as vgcr & w X rgcr.
This difference appears only in the delay rate partial derivatives. The results of this
investigation are shown in Figure 4, which demonstrates good agreement between
the numerical and analytical partial derivatives.
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< Sl
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Figure 4: The numerical and analytical delay partial derivatives with respect to the
first antenna position (top) and second antenna position (bottom).

5.4.2 Delay rate

Similar to Equation 46, we have verified the delay rate expression by comparing
or _Ar
ot

agreement between the numerical and analytical derivatives.

it to a numerical derivative, Figure 5 shows again that there is good
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delay rate (sec/sec)
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Figure 5: The noiseless numerically differentiated delay rate and the derived ana-
lytical delay rate.

Finally, as with the delay partials, we verified the delay rate partials by varying
one component of the antenna positions and recording the variation in the analytical
delay rate,

AN

8Xij - AXU'
Figure 6 shows tight agreement between the numerical and analytical partial deriva-
tives of the VLBI delay rate.

(47)

16



Pt 2 [
E ____________________- diT
} dg%l
= T (num)
E 1r Az
'E dyl
g UZT (num)
2 4L 1
=0 % (num)
E;,
<]
©
s
0 20 40 60 80 100 120
<1071
1+
T_; 0r Lfié (num)
g rr (num)
L1 dr
g ﬁ (num)
E — L] —_— —_— L] —_— —_— —_— —_— L] - dzz
[«¥]
< 2k
0 20 40 60 80 100 120

Figure 6: The numerical and analytical delay rate partial derivatives with respect
to the first antenna position (top) and second antenna position (bottom).

6 Deriving and testing the satellite position and veloc-
ity partial derivatives

To estimate satellite position and velocity, xg and vg, from VLBI data, we also need
the partial derivatives of the delay and delay rate with respect to these quantities.

8X0 8X0

or <8At0 0Aty
+
8x0

) (1-Le) (48)

o7 <8A£0 . aAt‘2> (- Lg) (49)

aXQ 8X0 8X0
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87’ o 8At0 8At2
Gvo N < 8v0 + 8v0 ) (1 B LG) (50)
or OAty  OAty

= 1-L 1
8V0 < 8V0 + 8V0 ) ( G) (5 )

6.1 Delay partial derivatives

The partial derivative of the time delay from the satellite to antenna 1 with respect
to the position of the satellite is given by,

0x01 Xo1 * Vo <3X01 )
+ Vo

OAty 1 dxo v oxo T T Uaxg
= “Vg — — , (52)
o0xq c? 0xg c \/ ) (%01 -v0)2
TH + —————
01 62
where
8X01 ~ 851 aXQ(tl - 51) < 651
= t1— 0 R t1— 06 —+1
Oxo vo(ti — 1) ® xe + o vo(ti —01) ® xe +1I, (53)
and .
851 o _(Xl - XO) (54)

Oxo  c|lx1 —xof

Similarly, the partial derivative of the time delay from the satellite to antenna 2
with respect to the position of the satellite is,

0x02 X02 * V2 <3X02 >
: + AL

0At, 1 Oxq9 Yo O0%g 02 c? o0xq
ooz O 402 . (59)
Oxg c? 0% c ) (02 - v2)?
where
Oxog < 851 8X0(t1 — 51)
= t1 — 0
aXQ VO( ! 1) @ 6x0 * aXO
. or 0Aty
+V2(t1+T)®7+(V0—V2)®
aXQ aXQ (56)
~vo(ty — 1) ® Py
~ vo(th — 01 Bxq
Fvalti +7) @ 2L 4 (v — va) @ 2200
2\l1 T 8X() 0 2 aX[) 3
and ~ -
Gs 95 —(xo— .
87‘ _ 8 2 8 1 _ (XQ Xo) 4 X1 X0 (57)

Oxg  Oxo  Oxo  c|xa—xol  ellx1 —xo|

The partial derivative of the delay Aty with respect to the satellite velocity v
is given by,
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0Atg _ i 0x01 Vo 4+ % B 7% 22 (%01 -VO)Q
Ovy 2 \ Ovy 0 01 0 o1 c?
0 . 0
o1 “Xo1 + X0 2v0 ( 01 “ Vo + x01> (58)
RG] vy c vy
¢ (x01 - v0)? ’
e+ el
where _ -

8X01 8V(t1 - 51) < 8x0(t1 — (51) ~ ~

aVO 3V0 1+ 3V0 ! ! (59)
6x0(t1 — 51)

A proof that ~ —011 is shown in Appendix B using the Keplerian state

transition matrix. %%e partial derivatives of position, velocity, and acceleration with
respect to each other evaluated at different epochs can all be improved in principle
by using this state transition matrix rather than assuming either unity or zero, but
in the simulations we conducted for this document, the additional complexity was
unnecessary to get accurate partial derivatives.

The derivative of the Lorentz factor g with respect to the satellite velocity v,
which is non-negligible, is given by,

o Vo
= . 60
Ovo 5 v3 3/2 (60)
A=)

The partial derivative of the delay Ats with respect to the satellite velocity is,

0x02 . X02 - V2 [ 0Xp2 v
8At2 1 8X02 Y2 aVO 02 02 8v0 2
= "> c Vo + — 5 (61)
vy c? Ovy c , (%02 v3)?
xOQ + CQ
where 9 9AL
X02 0
= Atgl — . 62
ave ol + (vo — v2) Vo (62)
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6.2 Delay rate partial derivatives

The partial derivative of the time derivative of the delay Aty with respect to the
satellite position is given by,

8At0 . l 8)'(01 Vo + aX(]l a0 + X %
0xg 2 \ Oxg 0 0x9 0 01 0xo
0xo1 Xo1 - Vo 0X01 . Xo1 Vo ,.
“X01 5— Vo (Xm - X01 + ——5— (%01 * Vo + Xo1 - ao))
4 Yo 0xq c 0xq c
3
¢ (x01 - v0)? 2
()
8X01 6x01 1 8X01 .
Yo 9% Xo1 + Xo1 5 2 \ 9%, vo | (%01 Vo + Xo1 - o)
¢ (x01 - v0)?
\/33(2)1 + c2
Xo1 - Vo (O%o1 O0xo1 a0+ x Oag
E 02 8X0 0 0 0 01 8X0
¢ (x01 - v0)? ’
2
\/xm + c?
(63)
where
d%o1  Dag(ti — 81) « Y, Y
Xo1 = a()( ! 1)(51+ao(t1—51)®7I+V0<t1—51)®71
8XO 8X0 8X0 aXo
B 96 96 o4
aQ ¢ & 1 2 1
~—0 t1 — 0 — t1— 0 —
%0 1+ ao(ty 1) ® Bxq + vo(t 1) ® B
and .
001 ___V1—Vo (vi —vo) - (x1 — Xo) (x1 — o) (65)
0xq cllx1 — xo| c|lx1 —XOH3 ’
dag B, SH
= _ P14 ZE . 66
oxq x% + x% (x0 @ %0) (66)
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Similarly,

8At2 o _l (‘35{02 Vo 4 8X02 .a
8x0 N 8x0 2 axo 2

0%02 Xo2 - V2 (OXo2 X02 V2 .
< X2 t 2 X02 Xp2 + 2 (%02 - v2 + Xo2 - az))

ax0 (9X0
¢ (%02 - V2) )

> Xo2 - V2 + X2 - A2)

o 0o - Xp2 + X2
+- \/

X02 - V2 (35(02 0x02 >
-V _|_ . a2

0%02 . 6X02 1
72
(

X02 - V2)

2
2 8X0 8X0

re ( ) ’
X02 V2
R
(67)
where
O%p2  Oag ¢ D61 95,4
=_—94 t1— 0 -— ti— o e S
Bxq a01—|—a0(1 1)®80+V0(1 1)®80
or or 0
+as(t +7) © —— + Vot +7) ® o + 2 Aty (68)
0xq Oxg  0Xg
0Aty Ot
+ (ap — az) O (Vo — Vva) %y
0F 95, 00,
0X0 8X0 0X0 (69)
and )
852 Vo — Vo (V2 - Vo) . (X2 — Xo)
= - X9 — X0). 70
(251 cflx2 — xo| |2 — xo]|? (2 = x0) (70)

The partial derivative of the time derivative of the delay Aty with respect to the
satellite velocity is given by,
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IR <85{01

T0 o+ %
8V0 0 01)

. i X01 " Vo
1 Oy, *01 - Xo1 2

EaVO X011 -V, 2
\/x31+( 01C2 0)

8V0 B 02

(%01 - Vo + Xo1 - ap)

Vo

Xo1 - Vo [ 0Xo1 . X01 " Vo ,,
5 “ Vo + Xo1 (X(n - X01 + ——5— (%01 - Vo + Xo1 - ao))
Yo c vy c

c2

3
C X0 -V 2\ 2
<$%1—|—( 01 0) >

. Oxo1 1 (0xo;
ot Gt e <av0

“vo + X01> (%01 - Vo + Xo1 - Q9)

¢ X1 - V)32
\/$31+(0120)

where

8)'(01 8v0(t1 — 51) < ~ 381
= ) t1— 0
ave Ova 1+ vo(ti —61) ® v
: L
~(1+0)I+vo(t1 — 1) ® v’

and .
851 _ —(Xl — XQ)
ovog  cllx1 — %o

+ 8V0(7§1 — 51)

Ovo (72)

(73)

Finally, the partial derivative of the time derivative of the delay Aty with respect

to the satellite velocity is given by,
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8At2 _ 8x02 v
8V0 N 8v0 2

8X02 Xp2 - V2 (OXo2 X02 V2 .
" Xo2 t 5 X02 X02 + 5— (X02 - V2 + X2 - a2)
Y2 c &

vy Ovo

C

(02 - vQ) ) :

> X02 * Vo + X2 - a2)

o Do * Xp2 + X2 -
+ " \/

X02 - V2 (31"(02 0x02 )

O%o2 . 5X02 1
7
(

X02 - V2)

N % c? A : 2 3)‘;0 :
X02 " V2
\/3332 T
(74)
where
a' L . ~ 85 8L
X02 _ (1+ 61 + Afg)T+ vt — 61) ® +V2(t1+7)®i
dvo avo Ivo (75)
+ (ag —a )LNO + (vo — )8At0
0F 6, 0%
3V0 - 8V0 3V0, (76)
and .
009 —(X2 — XO)
— . 7
Ovo  cllx2 — xo| 7
6.3 Results

As with the antenna position partial derivatives, we have verified these expressions
for the partial derivative of the delay and delay rate with respect to the satellite
position and velocity by comparing them to numerically computed derivatives for
a satellite with the given Keplerian elements and the two given antenna positions
while changing the satellite’s position and velocity.

6.3.1 Delay

As shown in Figure 7, the numerically and analytically evaluated partial derivatives
of the VLBI delay with respect to the position and velocity are closely matched.
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Figure 7: The numerical and analytical delay partial derivatives with respect to the
satellite position (top) and satellite velocity (bottom).

6.3.2 Delay rate

The partial derivatives of the VLBI delay rate also closely match their numerically
evaluated counterparts (Figure 8).
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Figure 8: The numerical and analytical delay rate partial derivatives with respect
to the satellite position (top) and satellite velocity (bottom).
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Appendix A

Gravitational delay

The gravitational delay has two components that have approximately non-negligible

contribution to the VLBI delay — the delay due to the Sun and the delay due to
the Earth:

21

Ro+ R1+ Ro1 | 2p, a0+ 1 + 201
tg01 = tg 01, Sun + tg 01, Earth = gl -5

n + —In—— . (A78

Ro+ R1 — Rny c? To+ T1 — Tol ( )
In Equation A78, Ry, Ry, and Ry are xq, 21, and xg; in the Solar System Barycentric
(SSB) frame. Interestingly, the Sun’s gravitational delay to antenna 1 is larger than
that of the Earth (Figure A9), but the differential delay from antenna 1 to antenna
2 is much larger for the Earth from the simulated satellite (Figure A10).

%107
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0.6

grav. delay to antenna 1 (sec)
.
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0 0.5 1 1.5 2 2.5
t (sec) «10%

Figure A9: The gravitational delay to antenna 1 due to the Earth and Sun.
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Figure A10: The VLBI delay due to the Earth and Sun.

Neglecting the gravitational delay from the Sun, we have a weak contribution to
the partial derivatives of the VLBI delays from the Earth’s gravitational delay:

X1  Xo1 X1 , Xo1
- — _|_ -
8tg 01 _ 27,U 1 o1 B o 01 (A79)
0x1 S \zo+zi+201 To+T1—201 |
X2  Xp2 X2 | Xp2
- P + -
87fg 02 _ 27,U i) 02 . ) 02 ) (ASO)
Ox9 c3 xo + X2 + o2 o + T2 — o2
4101
These contributions are on the order of H ~ ~ 10717 3.
C3({L‘0 +x; — :L‘()i) (3 . 108)3(106) m

Appendix B

Partial derivatives from the Keplerian state transition
matrix

A simple representation for the state transition matrix of a Keplerian orbit can
be found in Der (1997):

MR @31

where )
f=1-2¢ (B82)

0
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g=(—to) — = (B83)
f= ;'um(l — az?9), (B84)
TTo
and 20
g=1-— - (B85)

x is a so-called universal variable, or universal anomaly, r, rg, v, v are the current
and initial positions and velocities of the orbiting object, « is the inverse of the

semi-major axis, o = 1 = 2 U—g, and C' and S are functions that depend on the
conic section representcéd b;othe slgtellite’s orbit. For a satellite in a stable, elliptical
orbit, z = — = 0+/a, where 0 is the angle between r and ry. The functions C' and
S then simpl(i)%y to,

C = 1_9%59 (BS6)
and 0 —sinf

S = —p (B87)

The state transition matrix can then be simplified to,

3

H: (1—%(1—0050)1 (t—to—f;;(@—sinﬂ))l [r0]7

(BS8)

v VI Gn gt (1-— %(1 —cosf))I

rTo

Using the original formalism, relating satellite position at time ¢y to satellite
position and velocity at time ty — 1, we have,

3

X0 = <1 - Y- cos9)> xo(to — 81) + (51 - 3;(9 - sin9)> vo(to — 81). (B89)

Lo

The velocity at time tg is similarly given by,

_ ino N .
Vo = LSH{XO(U] — 1) + <1 - g(1 — COS 9)) vo(to — 01). (B90)
zoxo(to — d1) Lo

Rearranging Equation B89 and taking the partial derivative with respect to vo,

~ a
~ 01 — — (0 —sinéd ~
axo(tl—él) _ ! \//j( )6v0(t1—51) (Bgl)
Ivo 1-— g(1 — cosb) Ivo
Z
From Equation B90, W is given by,
Vo
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8V0(t1 — 51) _ - 1 I \/ Ha o n93X0(7f1 — 51) 7 (B92)
dvo 1——(1—cosb) zozo(t1 — 61 Vo
Zo
thus,
6x0(t1 — 51) _
8v0
3
51— (6~ sing)
= (60— -
- (I—I— Ve = sin@axo(t1 — 61)) .
<1 — #(1 — cos 0)) <1 — 1(1 — cos 0)) zozo(ty — 01) Vo
.T[)(tl — (51) Zo
(B93)
Solving Equation B93 for M, we get,
aV()
8x0(t1 — 81) _
A

— (51 — j;(e — sin0)> I

5 — 22 — sin Lsin v — cos _4 — Cos |
(51 \/ﬁ(e 0)> wowo(ts — 01) 7 (1 wo(ty — 01) (1 9)> <1 5170(1 9)>
(B94)

8X0 (tl — 81) ~

~ —0 L B95
8v0 ! ( )
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