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We investigate the utility of adjoint-based error estimates for sonic boom farfield simulations
governed by solutions of the augmented Burgers’ equation. Solution of this nonlinear system uses
operator splitting with a second-order finite volume discretization in space and second-order
Runge-Kutta time marching, while the absorption and molecular relaxation are solved using
second-order central differencing. The discretization error in selected ground sonic boom cost
functionals is estimated using the method of adjoint-weighted residuals. Key elements of the
implementation process are emphasized with details provided on the practical aspects as applied
to the sonic boom farfield propagation. We establish the accuracy of the adjoint solutions using
complex step and finite difference approaches, and examine the accuracy of the error estimates
using analytical N-wave solutions. We then apply it to a pressure waveform corresponding to
the X-59 research aircraft. The investigations demonstrate that the method of adjoint-weighted
residuals accurately predicts the level of discretization error present in sonic boom farfield
simulations while offering insight into which features of the nearfield signal are the primary
drivers of ground noise metrics. The numerical results indicate that at sampling frequencies
as low as 50 kHz, discretization error in the propagation is under 0.01 dB[A] for realistically
complex examples.

Nomenclature
A-SEL = A-weighted Sound Exposure Level (decibels)
B = Blokhintzev invariant
B-SEL = B-weighted Sound Exposure Level (decibels)
co = Ambient speed of sound (m/s)
C-SEL = C-weighted Sound Exposure Level (decibels)
H = Pertaining to the current space-time mesh
h = Pertaining to the refined space-time mesh
J = Objective/cost function for adjoint calculation
JG = Ground pressure cost functional
L = Number of uniformly spaced nodes used in propagation
m, = Dispersion parameter
n = Propagation iteration counter
N = Number of steps during propagation
p, P = Pressure waveform during propagation
p’ = Pressure perturbation w.r.t. ambient pressures
R, R, = Residual vectors in numerical scheme
R(U Z’ ) = Residual vector reconstructed on the embedded mesh from the working mesh
ty, = Relaxation time parameter
U = Solution vector of the underlying model equation
U f = Solution vector reconstructed on the embedded mesh from the working mesh
Ve = Magnitude of ray velocity (m/s)
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£0 = Ambient density

o = Temporal variable along the ray path

T = Spatial variable along the pressure waveform

Ly = Adjoint vectors

F_{li, ef s yfh, 6;? s Bf s Afh = Adjoint vectors reconstructed on the embedded mesh from the working mesh
Iy = Higher-order reconstruction of the adjoint vectors from the working mesh

0 = Diffusivity of sound

n = Total discretization error indicator

€ = Relative error w.r.t. embedded mesh

Q = Doppler shift factor induced by prevailing winds

I. Introduction

onIc boom prediction typically involves three key elements: a) determining the complex flow-field around the aircraft

(termed as nearfield) using Computational Fluid Dynamics (CFD), b) propagating those pressure disturbances
over long distances to reach the ground (termed as farfield), and c) computing the loudness metrics to quantify the
impact of sonic booms. Due to the large computational domains with disparate scales and complex interfaces, it is
crucial to control the discretization errors within these coupled nearfield-farfield simulations to ensure that the predicted
results are reliable and accurate, especially as we move toward quieter en route noise levels. Previous work on coupled
nearfield-farfield simulations [[1]] demonstrated an efficient procedure to estimate and control discretization errors when
adaptively refining the nearfield meshes for predicting sonic boom metrics on the ground. However, in that study, the
error estimates had contributions only from the nearfield CFD domain through adaptive mesh refinement. Related work
[2]] on farfield simulations used higher-order conservative schemes and enhanced the adjoint solver of the augmented
Burgers’ equation to obtain an asymptotically consistent adjoint discretization, enabling reliable estimation of adjoint
variables and sensitivities that could be used for design optimization. However, no attempt was made to leverage those
adjoint vectors to quantify and control the inherent discretization errors in the farfield simulations. The current paper
focuses on the computation of discretization error estimates from the farfield solver building upon previous work [2] on
the computation of robust adjoints. Discretization error is controlled through uniform refinement of both spatial and
temporal resolution in the propagation simulation. Finally, the farfield discretization error control is demonstrated to
effectively reduce numerical errors in farfield sonic boom simulations for complex configurations and flight conditions
based on the X-59. Similar work [3| 4] utilizing a higher-order adaptive space-time finite element approach has been
recently reported that seeks to adaptively control discretization errors in sonic boom simulations using non-uniform
anisotropic meshes.

I1. Problem Formulation and Governing Equations
The current work utilizes and builds upon sBOOM [5} 6], which uses a lossy augmented Burgers’ equation model
as given in Eq. (I)) to numerically model the physics of sonic boom propagation through the atmosphere. Detailed
derivations based on approximations to the Westervelt Equation using weakly nonlinear ray theory and the related
underlying assumptions are provided in earlier publications [[/H9].
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As described in reference [2]], an operator splitting scheme [10] is used to solve Eq. (I) as a sequential set under

the assumption that if the time step is small, the error induced by splitting is small. Using this procedure, a total

of seven equations corresponding to nonlinearity, thermo-viscous absorption, and molecular relaxation for nitrogen

and oxygen are iteratively solved at each time step as the waveform propagates from the nearfield to the ground. The

output quantities of interest are the ground pressures and the loudness metrics such as perceived level (PL) [L1] or
A/B/C/D/E-weighted sound exposure levels that are based on prescribed frequency weighting curves [12].
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I11. Adjoint-based Discretization Error Formulation
Discretization errors are inevitable in all numerical simulations. In the case of sonic boom prediction, particularly
when attempting to analyze and design for low loudness levels needed for community acceptability, it is imperative



to quantify and control these errors to provide credible and verifiably accurate results. The classical approach for
estimating the discretization error € in a general cost functional J(U (7)) involves uniformly refining the underlying
mesh, 7y to 7, and computing the error relative to the embedded mesh as given in Eq. (2).

€ =J(Un) - J(Un)| @

Asymptotic analysis [13]] is used to estimate the total discretization error. The method of adjoint-weighted residuals
[[14H16]] overcomes the progressively increasing cost of obtaining the cost functional values on the embedded mesh
(1) by using a Taylor series-based approximation as given in Eq. (3). Since we do not want to solve on the embedded
fine mesh, the common procedure followed is to eliminate the dependence on Uj,. We leverage solutions to the adjoint
equations to obtain an approximation of the cost functional on the embedded mesh as shown in Eq. @), where ¥
represents adjoint vectors, R the residual vectors, and the summation is carried over the number of time steps needed for
the disturbance to march from the nearfield location to the ground.
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The adjoint variables in Eq. (@) can become computationally expensive, especially on the final large meshes. To
mitigate this, Eq. (@) can be further simplified to apply prolongated adjoint solutions from the current mesh to reconstruct
on the embedded mesh. The resulting cost functional is given in Eq. (3). This approximation introduces an additional
error, termed as the remaining error, as given in Eq. (6).
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The error relative to the embedded mesh is given by Eq. (7). When the cost functional on the embedded mesh is
replaced by the exact solution, one obtains the error in the numerical simulations. Obtaining the remaining error term
given in Eq. (6) may become impractical as it requires the computation of the adjoints on the finer, embedded mesh.
To overcome this problem, a higher-order reconstruction of the adjoint vectors from the working mesh can be used to
approximate the adjoint solutions on the embedded refined mesh. This allows approximation of the remaining error

term as in Eq. (8)), where ‘Pf ,, 1s a higher-order reconstruction of the adjoint vectors solved on the current working mesh
and projected onto the embedded refined mesh.
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Several output functionals J(U) are studied in this paper. These include noise metrics based on the Sound Exposure
Level (SEL) to quantify the loudness of the ground signature. Specifically, A/B/C/D/E-SEL metrics correspond to
various weightings of the frequencies in the ground signature expressed in decibels, and are used to both quantify sonic
boom noise, study convergence of the outputs, and perform error analysis. In addition to the SEL-based loudness
metrics, a simple integration of the ground pressure as indicated in Eq. (9) is used to study the convergence of the
ground signatures. In this equation, At is the cell size along the spatially uniform discretization.
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IV. Implementation
An operator splitting approach [10] is used to separate the terms on the right side of Eq. (I) into seven equations
that handle the effects of nonlinearity, thermo-viscous absorption, and molecular relaxation. Ray-tube spreading and
atmospheric stratification are implemented to impact pressure scaling. Discrete adjoint equations with multiple relevant
sonic boom metrics have been implemented and reported in prior work [17]]. More recently, significant updates [2]] were



implemented to obtain adjoint consistent discretization by using conservative finite volume approach using Godunov’s
Flux function with explicit time marching. Each relaxation step was split into two steps involving internal species
pressures [3] to ensure adjoint consistent discretization for the implementation of the relaxation mechanisms as well.

When second-order spatial discretization to is used to solve the nonlinearity, a van Leer limiter is used to reconstruct
the solution to avoid oscillatory behavior near shocks. Differentiation of the limiter gave rise to errant behavior in
the adjoint solutions. While adjoint sensitivities matched those obtained using complex variables for loudness metric
cost functionals, they differed from those computed using a finite difference approach. To resolve this discrepancy,
the limiter is assumed to be constant or independent of the pressure during the adjoint solve. After this change was
incorporated, the adjoint, complex and finite difference methods all yielded the same sensitivities.

In the case of sonic boom modeling, we simulate propagation along each time step by splitting and sequentially
solving nonlinearity, atmospheric absorption, and molecular relaxation mechanisms; therefore the summation term
in Eq. (B) includes adjoint and residual vectors from each of those mechanisms in the full space-time discretization
as shown in Eq. (T0). In this equation, 6{;{}1’ yg,’h’n, 5,’1{’”, th,n’ﬂf,n’ /lnH’l’h, and /lf’z’h are the intermediate adjoint
solutions corresponding to each of the mechanisms in the augmented Burgers’ equation reconstructed on the embedded
mesh from the current mesh. The terms R, R, o, Rs, Ry.1, Rg, Ry, and R, are the residuals reconstructed on the
embedded mesh for each of those mechanisms. Additional details on what each term means, including details on the
splitting mechanism, and the underlying manipulations are included in earlier work [2].
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In order to reconstruct the current space-time mesh residuals and adjoints onto the refined space-time discretization,
we use both bilinear and biquadratic interpolations. For all the results shown in this paper, the adjoint vectors are
reconstructed using biquadratic interpolation, while a bilinear approach was used for the residuals due to their high
frequency content. To determine the remaining error term in Eq. (8), we compute the difference in the biquadratic and
bilinear interpolants, resulting in a higher-order error term.

V. Results

A. Farfield Error Analysis: N-wave Propagation with an Exact Solution

To benchmark error analysis of sonic boom farfield propagation, we begin with an N-wave propagation problem
for which an exact solution exists [18]]. The initial (o- = 0) waveform is defined over an interval [—n, ] with shocks
present at the +7, location along the non-dimensional space coordinate (7) axis as given in Eq. (TT). The exact solution
of this N-wave propagation with viscosity and molecular relaxation turned off under uniform atmospheric conditions,
and cylindrical spreading at a general space-time coordinate of (7, o) is given by Eq. (I2)), where the location of the
shock in the non-dimensional space is determined as in Eq. (I3)). For the current paper, we assume 7, = 0.37, AP = 0.5
and a Mach number of 1.4.
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For this problem, we consider a series of uniform refinements along the spatial direction (7), successively doubling
from 201 to 25601 mesh nodes. To march along the direction of propagation (o), we limit the step size based on a
prescribed CFL —i.e., Ao = %. For results shown in this section, a CFL of 0.6 was chosen. The simulations
are terminated at oo = 1.8x, ensuring that the duration of the final waveform is double that of the initial waveform.
Figure [I(a)|shows the nondimensional nearfield pressure along with the pressures obtained using the analytical solution
(Eq. (12)) and numerical simulation with 25601 nodes. Second-order nonlinear implementation using a conservative
Gudunov flux function with explicit Euler time marching was used in these comparisons. The numerical solution matches
well with the analytical solution of the inviscid Burgers’ equation. Figure[I(b)|depicts the nondimensional nearfield
waveform along with the progressively refined uniform spatial discretizations. As the underlying spatial discretization is
refined, the sharpness of the shock discontinuity approaches the analytical solution of a jump discontinuity. This is

depicted by the zoomed-in image of the front shock in Fig. [I(b)]
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Fig.1 N-wave propagation model problem.

To ensure that the primal solution is well behaved, we look at the L norm of the final pressure perturbations against
those generated using the analytical solution as the underlying space-time discretization is uniformly refined. Figure[Z]
shows that the solution error is O (/). This is the expected rate of convergence in the presence of shocks.

To ensure that everything is working as expected, adjoint-weighted
error analysis corresponding to the ground pressure cost functional =~ -25f
(Eq. (@)) is presented and discussed in detail. The nearfield, ground
signature (corresponding to o = og = 1.87), the adjoint solution
at the ground and nearfield corresponding to this cost functional are
depicted in Fig.[3] The adjoint solution process begins at the ground
level, and marches backward to the nearfield tracing the same space-
time mesh that was used in the forward march of the primal solution.

The adjoint solution at the ground level is an N-wave with twice the \S\&

N 1.0
magnitude of the ground shock pressure owing to the form of the - I \
ground cost functional (See Eq. (9)) when scaled by the discretization

spacing Ar. The adjoint solution at the nearfield is scaled by a [

factor of 450 to get to similar magnitudes for comparison against I \
the other waveforms shown in the plot. During the primal march E - A N S

. 3 3.5

from the nearfield to the ground, the shock magnitude attenuates 1/2 log,(DOF)
and the signature stretches according to the physics of the problem.
The nearfield adjoint jumps to a constant value between the nearfield
and ground shocks and remains continuous at that level through the
shocks. This is consistent with the analytic adjoint solutions of the Burgers’ equation [19, 20]. Additional details are
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Fig.2 L1 norm error of the pressure pertur-
bations with respect to the analytical solution.



also included and discussed in our earlier work [1]].
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Fig. 3 Nearfield, ground signature and nearfield adjoint corresponding to the ground signature output.

Figure [d(a)| depicts the adjoint solutions corresponding to the ground functional (Eq. (9)) along with the L, norm of
the same with increasing uniform refinement as shown in Fig.[4(b)] The adjoint solutions and their norms are converging
without any spurious oscillations near features and at the boundaries, indicating that the discretization and boundary
conditions (BCs) are all adjoint consistent.
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spatial discretizations.
Fig. 4 Convergence of the nearfield adjoint sensitivities for the ground cost functional with uniform refinement.

Error analysis as described in section[[Tl]is carried out to analyze the behavior of the underlying discretization errors
for this problem with successive uniform mesh refinement. At the highest mesh refinement level, the signal has 25601
nodes, and the corresponding degrees of freedom in the entire space-time domain is ~ 0.5 x 10°. At this level, the
sampling frequency used is & 174 kHz. This is much more than = 20 kHz, the threshold below which we cannot expect
asymptotic convergence for the loudness metrics. Figures[5(a)and [5(b)|show the error in predicting Eq. (9) with respect
to the true analytical solution and the exact solution evaluated on the current mesh, respectively. While the error is
slightly higher when the exact solution is computed analytically (Fig. , both cases show that the error is O(h),
which is consistent with the L; norm of the ground signature pressures.
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Fig. 5 Error convergence of the functional J; and its adjoint correction Jc for the ground pressure cost
functional.

Figure [6(a)| depicts the error behavior relative to the ground pressure cost functional (Eq. (9)) evaluated on the
embedded mesh. Figure [6(b)| depicts the remaining error in the simulations leveraging Eq. (8) and using biquadratic
and bilinear reconstruction of the adjoint solutions on the coarse mesh onto the embedded mesh. In addition to the
estimate of the remaining error, the absolute values of the errors at each step along the direction of propagation are
summed, to result in what is termed as the error indicator. The absolute value operator prevents the error cancellation
at each stage, and therefore the error indicator values are expected to be larger than the error estimate. In finite volume
implementations, the error indicator provides an estimate of the error bound. For both cases, the error is O (), though
the starting error is offset and lower by an order of magnitude for the remaining errors compared to the relative error
with respect to the embedded mesh cost functional.
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Fig. 6 Relative error w.r.t. embedded mesh and remaining error for ground pressure cost functional.

With behavior of the ground pressure cost functional well understood, we turn our attention to the A/B/C-weighted
Sound Exposure Level (SEL) outputs. Figures[7(a)| [7(b)} and [7(c)|show the nearfield adjoint solutions corresponding
to A-SEL, B-SEL and C-SEL respectively with uniform refinement levels discussed earlier for the ground pressure



cost functional, Eq. (9). The adjoint solutions are converging without any spurious oscillations near shocks or at the
boundaries of the domain, indicating that the discretization and BCs are all adjoint consistent for the loudness metrics as
in the case of ground pressures. The behavior of the nearfield adjoint sensitivities corresponding to the loudness metrics
is very similar to those computed for the ground functional (See Fig. except at the location of the shocks. In this
region, a small perturbation between the nearfield shock and the ground shock locations is consumed by the moving
shock during propagation and leads to a constant sensitivity value as depicted by the plateau in each of these plots. This
behavior is similar to that of the adjoint solutions using the ground pressure functional (Ji). However, for the loudness
metrics, the maximum sensitivity corresponds to the foot of the shock system and this gets progressively steeper from
C-SEL to A-SEL. Figure[7(d)|shows the comparison of the nearfield sensitivities corresponding to A/B/C-SEL loudness
metrics and their magnitudes for the largest mesh run for this problem.
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Fig.7 Normalized nearfield adjoint sensitivities for the loudness metrics.

Figures [8(a)| and [B(b)| show the errors in decibels with respect to the analytical solution and exact solution evaluated
on the current mesh, respectively. Unlike the ground pressures, these loudness metrics cannot be computed for
discontinuous data; instead we substitute a fine-mesh simulation with 100k nodes in place of the exact analytic solution.
As the mesh is uniformly refined, the error in A-SEL drops monotonically and the convergence is super-linear. The error
convergence rate over the last three meshes and the final two meshes are shown, and both curves are nearing O (h?).
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Fig. 8 Error convergence of the functional J; and its adjoint correction /- for A-SEL.

The convergence of A-SEL is shown in Fig.[9(a)] with error bars, where it is seen that the errors computed on the
current mesh are within 0.05 decibels on the most refined mesh investigated for this problem. The remaining error is
computed as an inner product of the residuals and difference between the higher- and lower-order reconstruction of the
adjoint solutions along the entire propagation distance (see Eq. (8)). It is shown for A-SEL in Fig.[9(b)] In addition to
the error estimate, the error indicator comprising of the sum of absolute values of the remaining error at each level are
plotted. As expected, the magnitude of the error indicator is larger (i.e., more conservative) relative to the estimate of
the remaining error in the numerical simulations.
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Fig. 9 Cost functional convergence with error bars and remaining error for A-SEL.

Figures [T0(a)] and [T0(b)] show the error in decibels corresponding to B-SEL as a function of the analytical and
embedded cost functional respectively. The rate of convergence is faster than for A-SEL, and is shown to reach O (/%)
for the error when using reconstructed adjoint correction, and ~ O(h?) when directly using the cost functional on the
current grid. The convergence behavior for B-SEL along with the error bars is shown in Fig.[TT(a)} Compared to A-SEL
convergence, the initial errors are approximately half those corresponding to that of A-SEL, roughly 4 dB as opposed to
slightly more than 10 dB for A-SEL. This is expected because A-SEL loudness metric computation weights the lower



frequencies more than B-SEL, and the underlying mesh needs to be more refined to achieve comparable discretization
error levels. The error prediction on the final mesh investigated for this problem shows the errors to be less than 0.01
decibels, and even lower when using adjoint error correction. Figure [TT(b)|depicts the remaining error estimate as well
as the estimate of the bound error, referred to as the error indicator. The rate of convergence on the final three and last
two meshes are also overlaid on the plot, showing that the errors are nearing O(4/?) and O(h?) for the error estimate
and the conservative bound estimate, respectively.
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Fig. 11 Cost functional convergence with error bars and remaining error for B-SEL.

Similar error analysis was also conducted on C-SEL, and the results are shown in Figs.[T2(a)]and[T2(b)] Compared
to the analytical cost functional, the errors reach within 0.0003 decibels while the errors are much smaller (= 1 X 10~
decibels) with respect to the embedded mesh cost functional. The rates of convergence on the final three and last two
meshes are also listed on the plots. These are approaching O(h?) and O(h>/?) when evaluated with respect to the
analytical and embedded solutions respectively.

The errors are much tighter for C-SEL, compared to other loudness metrics, even for smaller initial meshes as
seen in Fig.[T3(a)l This is because C-SEL loudness computation does not weight lower frequencies of the sonic boom
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Fig. 12 Convergence of the functional /i and its adjoint correction J¢ for C-SEL.

waveform and therefore the mesh refinement requirements are much less stringent to reduce discretization errors and
achieve cost functional convergence. The remaining errors and estimates of the bound error are shown in Fig.[I3(b)] and
the behavior is similar to the other loudness metrics.

107 r
I 0.5F — Estimat
B N —-—3~= Error Indicator
ok
106.5 _
5 F
E—OAS - 0
B N
e 2 4k e-
= 106 £ Tl e
w © N \9\ .
0 i E15 b 3|
o I s F B
£ r .,
I UF;' 2 : B 1ast 1.63
3 2 \fast 2 1.82
105.5 25 N
I r Last 3 Meshes: -1.69
: 3 f Last 2 -k B
1 Ll L L L L Lol L Ll 1 Ll L L L L Lol L LLLl e :\ L L L 1 L L L L L L 1 L L L
1051 0° 10° 10 1 10° 3'52 25 3 3.5 4 45
DOF 1/2 log,,(DOF)
(a) Convergence with uniform mesh refinement. (b) Remaining error and bound estimate.

Fig. 13 Cost functional convergence with error bars and remaining error for C-SEL.

Figure [T4] shows the errors in cost functionals corresponding to the ground pressures (9) and multiple loudness
metrics (A/B/C-SEL) as a function of the degrees of freedom in the simulations. The error when using the ground
pressure functional is the smallest to begin with and continues to diminish at a linear rate. The loudness metrics start
with notably larger errors, but the rate of convergence is similar, and accelerates with successive mesh refinement.
Among the loudness metrics, A-SEL has the highest error and C-SEL has the lowest. At the highest refinement level
shown, the corrected cost functional values using the adjoint-weighted residual error estimates are approximately within
0.01, 0.001 and 0.0001 decibels compared to the analytical value for A-, B- and C-SEL cost functionals respectively.
This is not surprising since the A/B/C-SEL metrics increasingly weigh lower frequencies which are progressively better
resolved as the mesh is refined. Thus, the error magnitudes for these metrics follow intuition and shows well-behaved
error convergence. Figure[T3|depicts the remaining error and bound estimate for each of the four cost functionals shown.
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The relative positions of each of the loudness metrics is the same as in Fig.[T4]and shows the remaining errors and error
indicators to be decreasing with uniform refinement of the space-time discretization.
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B. Farfield Error Analysis: NACA 0003 Airfoil

For the second case, we consider flow simulation over a NACA 0003 airfoil with a 100 ft chord at M, = 1.3, @ = 0°,
and altitude of 40000 ft. The nearfield pressures are extracted at 50 ft below the airfoil and sonic boom analysis is
performed to test for error in farfield simulations. All features of the augmented Burgers’ equation including viscosity
and molecular relaxation are turned on for error analysis in this case while maintaining the assumption of uniform
atmosphere. The initial and final pressure waveforms, along with the adjoint solutions at the ground (o = og = 4.311)
and nearfield location are shown in Fig. [T6]for the case of the ground pressure functional (Eq. (9)). Viscosity and
relaxation have the effect of smoothing the adjoint solutions by providing a gradual rise near the shock features (See
Fig.[3) as the mesh is uniformly refined; otherwise the behavior of the adjoint solutions is similar to farfield analysis
using only nonlinearity.

The convergence of the ground cost functional (J from Eq. (9)) is plotted in Fig.[I7(a)]as a function of the degrees
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Fig. 16 Nearfield, ground signature and adjoint solutions corresponding to the ground signature output for the
NACA 0003 airfoil.

of freedom in the space-time grid. For the most refined mesh shown, the spatial discretization has 16001 nodes, and
corresponds to a sampling frequency of approximately 54 kHz. The performance of the error prediction from the
adjoint-weighted residuals is shown in Fig.[T7(b)} where the errors are with respect to the cost functional computed
over a refined spatial mesh of 64001 nodes. Error levels between the adjoint-weighted and current mesh estimates are
initially comparable; however, by the final mesh the former is dimishing the error at an increased rate compared to the
latter. The rates of convergence on the final three and last two meshes are also listed on the plots. These are approaching
O(h?) and O(h>/?) for the correction based on adjoint-weighted residuals and the cost functional computed on the
current mesh, respectively.
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C. Farfield Error Analysis: X-59

For the final test case in this paper, we examine a complete case featuring the X-59 low-boom flight demonstrator
aircraft [21] to assess the impact of discretization error in a realistically complex example. This aircraft is being
purpose built as a technology demonstrator by integrating airframe, engine inlet, nozzle and control surface deflections
to generate a nearfield flow solution that results in a benign sonic thump on the ground. The sonic boom propagation
error analysis reported in this paper relies heavily on detailed nearfield CFD simulations computed using Cart3D [1].
The CFD simulations are performed at M = 1.4, @ = 2.09° and an altitude of 52026 ft. High fidelity sonic boom
analysis requires computation of differential pressures on an imaginary cylindrical surface a certain distance away from
the aircraft. This off-body distance is configuration dependent to sufficiently resolve the three dimensional effects near
the aircraft, before augmented Burgers’ equation-based farfield waveform propagation analysis is carried out from
this cylindrical surface to the ground. For all results shown here, we use an off-body distance of 3 body lengths or
roughly 270 ft from the aircraft to start the propagations, and include all terms of the Burgers’ equation under standard
atmospheric conditions (Ref. [22]] for temperature/pressure, and Ref. [23]] for relative humidity profiles) without winds.

Figure|18|depicts the nearfield, ground signature and the adjoint solutions corresponding to the ground signature
output (Eq. (9)) along the undertrack (pressures directly below the aircraft) of the flight path. The nearfield pressure
is made up of multiple shocks and expansions emanating from each component on the aircraft in such a way that the
ground signature is a shaped pressure profile designed to have low noise at supersonic cruise. Also shown in the figure
are the adjoint solutions at the ground and at the nearfield corresponding to Ji (See Eq. (9)). The behavior of the adjoint
solution at the nearfield is similar to the N-wave solution except now there are multiple adjoint solution "plateaus" while
being continuous across shocks. This is in line with expectation and is a natural extension of the analytical solution with
a two-shock N-wave pressure profile. All plots shown here are with respect to the nondimensional spatial coordinate
(1) for easy comparison of all waveforms. The actual nearfield signal in dimensional terms is approximately 100 ft
long, and the ground signature has a duration of about 150 ms from the start of the initial pressure rise till the pressure
disturbances reach ambient conditions in the wake of the aircraft.
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Fig. 18 Nearfield, ground signature and nearfield adjoint corresponding to the ground signature output.

The convergence of the ground functional (J) with uniform refinement in the space-time discretization is depicted
in Fig. As the functional value converges, the error bounds also progressively tighten as expected. Figure [I9(b)]
shows that the adjoint sensitivities are also well behaved for this cost functional at the spatial discretizations shown
ranging from 501 to 32001 nodes.

Figure [20] compares the error estimate computed in the ground output on the current mesh (labeled J5) with the
error after the adjoint correction is applied (J¢). On the coarsest mesh, the adjoint-based correction term has large
errors; however with increasing refinement, the error from adjoint-weighted residual correction gradually outperforms
the error compared to the cost functional from the current mesh. On the last three meshes, both errors are ~ O(h*13).

The adjoint-weighted residual error analysis is carried out for A-SEL loudness metric and the convergence is
depicted in Fig. 21(a)| along with error bars at each mesh refinement level. The coarsest mesh has 501 nodes with
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a sampling frequency of 1.5 kHz, while the finest mesh has 16001 corresponding to a sampling frequency of = 53
kHz. At this refinement level, the predicted errors are within 0.01 decibels of the predicted levels at 64001 nodes
and ~ 210 kHz sampling frequency. Figure 21(b)]shows the nearfield adjoint solutions corresponding to A-SEL for
the X-59 at some selected spatial discretizations. When compared to A-SEL nearfield adjoint sensitivities for the
N-wave case (See Fig.[7(a)), the magnitudes are an order of magnitude larger. Additionally, the multiple plateau regions
in the nearfield adjoints is a reflection of the complex shock-expansion features in the nearfield and their movement
as the pressure waveform propagates from the aircraft altitude to the ground. Most importantly, as the underlying
discretization is refined, the nearfield adjoint waveforms converge to the same solution and the behavior is without any
spurious oscillations within the domain and at the boundaries. The convergence of the ground signatures at these mesh
refinements is shown in Fig.[22] where it is seen that the ground signatures converge sooner than the adjoint solutions.

The plot in Fig. 23] shows the predicted errors in A-SEL with respect A-SEL predicted on a refined mesh for the
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undertrack sonic boom signature corresponding to the X-59. At the lowest mesh refinement levels, the behavior of the
adjoint-weighted residual error correction is insignificant; however with uniform mesh refinement, the significance
and impact of the approach is clear. On the last three meshes looked at, the errors are ~ O(h%) and ~ O(h*?) with
and without adjoint-weighted residual error correction. The behavior of the other loudness metrics is not shown but
was observed to be similar. This example clearly demonstrates that at a sampling frequency of only ~ 53 kHz, the
propagation is already producing results accurate to within one hundredth of a decibel.
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VI. Conclusions

The method of adjoint-weighted residuals has been applied to the farfield predictions of sonic booms to estimate
the discretization errors in the simulations. The approach leverages updates to the asymptotically-consistent adjoint
discretization for all the mechanisms involved in the underlying governing equations and provides an effective approach
to estimate and control discretization errors in sonic boom farfield simulations. Correct estimation of errors by the
numerical simulations is demonstrated by comparison against the exact, analytic N-wave solutions. For this problem, we
show that the farfield pressure functionals, gradients and errors all converge at a first-order rate, which is the expected
order of accuracy. When loudness metrics are considered, the error convergence accelerates as the underlying mesh
is refined, both on the current mesh as well as using the adjoint-weighted residual correction. The other test cases
demonstrate the amount of discretization error inherent at the current mesh level and informs the designer on whether
additional refinement is needed to address and control those errors.

Near term plans include a detailed investigation of the errors from adjoint-weighted residuals for multiple loudness
metrics and exploring opportunities for reducing the memory footprint and improving computational efficiency of both
primal and adjoint solves in the farfield propagation. We also plan to leverage the updated asymptotically-consistent
farfield adjoints and couple them with nearfield adjoints to allow reliable and robust aerodynamic shape optimization of
low-boom aircraft.
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