
 
Revision: Baseline/Revision Level Document Number: SNP-DOC-0046 

Effective Date: 07/01/2024 Page: 1 of 149 

Title: Parahydrogen Thermophysical Properties V05 Final Report 

 

 

  

 

 

  

SNP-DOC-0046 

BASELINE 

EFFECTIVE DATE: 07/01/2024 
National Aeronautics and 

Space Administration  
 

 

George C. Marshall Space Flight Center 

Marshall Space Flight Center, Alabama 35812 
 

ST-23 
 

SPACE NUCLEAR PROPULSION (SNP) 
 

PARAHYDROGEN 

THERMOPHYSICAL 

PROPERTIES V05 

 

 

 

  



 
Revision: Baseline/Revision Level Document Number: SNP-DOC-0046 

Effective Date: 07/01/2024 Page: 2 of 149 

Title: Parahydrogen Thermophysical Properties V05 Final Report 

 

 

 

PARAHYDROGEN THERMOPHYSICAL PROPERTIES V05 

SNP PROJECT 

 

Prepared By:   

   

Jonathan P. McDonald 

Systems Analysis and Integration Lead  

KBR, Inc. 

 Date 

   

Corey D. Smith 

Senior Nuclear Engineer 

Analytical Mechanics Associates, Inc. 

 Date 

   

Adam D. Boylston 

Senior Aerospace Engineer 

Analytical Mechanics Associates, Inc. 

 Date 

   

Approved By:   

   

Chris Garrett 

Systems Engineering and Integration Manager 

Jacobs Space Exploration Group (ESSCA) 

 Date 



 
Revision: Baseline/Revision Level Document Number: SNP-DOC-0046 

Effective Date: 07/01/2024 Page: 3 of 149 

Title: Parahydrogen Thermophysical Properties V05 Final Report 

 

 

REVISION AND HISTORY PAGE 

Status 
Revision 

No. 

Change  

No. 
Description 

Effective 

Date 

Baseline –  Baseline (SNP ECB 02 May 2024) 07/01/2024 
 



 
Revision: Baseline/Revision Level Document Number: SNP-DOC-0046 

Effective Date: 07/01/2024 Page: 4 of 149 

Title: Parahydrogen Thermophysical Properties V05 Final Report 

 

 

TABLE OF CONTENTS 

PARAGRAPH PAGE 

1.0 SUMMARY .........................................................................................................................8 

2.0 DOCUMENTS .....................................................................................................................8 

2.1 Applicable Documents .........................................................................................................8 

2.2 Reference Documents ..........................................................................................................8 

3.0 INTRODUCTION ...............................................................................................................9 

3.1 Why A New Database? ........................................................................................................9 

3.1.1 Dataset Must be Consistent with NIST REFPROP ..............................................10 

3.2 Brief Note on Verification and Validation.........................................................................13 

3.3 Revision History ................................................................................................................13 

3.3.1 Original Release – Version 03b (v03b) ................................................................14 

3.3.2 Version 04 – Never Officially Released for Use ..................................................14 

3.3.3 Version 05 ............................................................................................................14 

4.0 OVERVIEW OF DIHYDROGEN AND THE CURRENT DATABASE ........................17 

4.1 Dihydrogen Spin Isomers ..................................................................................................17 

4.1.1 Spin Isomer Equilibrium Distribution - Variation with Temperature ..................17 

4.1.2 Spin Isomer Distribution - Temporal Variation ...................................................19 

4.2 Chemical Equilibrium ........................................................................................................20 

4.3 Some Guidance Regarding Usage - Limitations ................................................................20 

4.3.1 Ionization ..............................................................................................................20 

4.3.2 Very Low Density States ......................................................................................21 

4.3.3 Extrapolation Below the Triple Point Temperature .............................................22 

5.0 DESCRIPTION..................................................................................................................22 

5.1 Zero-Pressure Backbone ....................................................................................................22 

5.2 Equation of State for High Temperature Calculations and Supporting Parameters ..........24 

5.2.1 Collision Interaction Models ................................................................................25 

5.3 Thermodynamic Property Calculations .............................................................................28 

5.3.1 Dihydrogen Mole Fraction ...................................................................................28 



 
Revision: Baseline/Revision Level Document Number: SNP-DOC-0046 

Effective Date: 07/01/2024 Page: 5 of 149 

Title: Parahydrogen Thermophysical Properties V05 Final Report 

 

 

5.3.2 Density ..................................................................................................................29 

5.3.3 Enthalpy ................................................................................................................30 

5.3.4 Entropy .................................................................................................................31 

5.3.5 Isobaric Specific Heat ..........................................................................................32 

5.3.6 Isochoric Specific Heat ........................................................................................34 

5.3.7 Sound Speed .........................................................................................................34 

5.4 Shifting Enthalpy and Entropy to the REFPROP Reference State ....................................35 

5.5 Bridging High Temperature Thermodynamic Results to REFPROP ................................35 

5.5.1 Bridging Temperature ..........................................................................................36 

5.5.2 Modification of PVT Surface to Enable Bridging ................................................36 

5.5.3 Bridging Parameter Variation Along Bridging Boundary ...................................37 

5.5.4 Bridging Parameter Variation with Temperature Internal to Bridging Region ....38 

5.6 Transport Properties ...........................................................................................................40 

5.6.1 Thermal Conductivity ...........................................................................................40 

5.6.2 Absolute Viscosity ...............................................................................................43 

5.6.3 Frozen Transport Properties .................................................................................45 

6.0 REFERENCES ..................................................................................................................46 

 

  



 
Revision: Baseline/Revision Level Document Number: SNP-DOC-0046 

Effective Date: 07/01/2024 Page: 6 of 149 

Title: Parahydrogen Thermophysical Properties V05 Final Report 

 

 

TABLE OF APPENDICES 

APPENDIX A. ...............................................................................................................................49 

SYSTEMIC ENTROPY ERROR IN NBS-168 PARAHYDROGEN TABULATIONS .............49 

RATIONALE FOR EXCLUSION OF NBS-168 DATA FROM VALIDATION EFFORTS .....49 

IDEALIZED THRUST CHAMBER CALCULATIONS USING NBS-168 DATA ....................49 

APPENDIX B. ...............................................................................................................................59 

APPENDIX C. .............................................................................................................................100 

DERIVATION OF H-ATOM TEMPERATURE-VARYING FORCE CONSTANTS .............100 

APPENDIX D. .............................................................................................................................118 

VALIDATION OF THERMODYNAMIC PROPERTY RESULTS AGAINST CHEMICAL 

EQUILIBRIUM WITH APPLICATIONS ...................................................................118 

APPENDIX E. .............................................................................................................................123 

VALIDATION OF THERMODYNAMIC PROPERTY RESULTS AGAINST VARGAFTIK 

ET AL. (1996) TABULATIONS .................................................................................123 

APPENDIX F...............................................................................................................................127 

VALIDATION OF TRANSPORT PROPERTY RESULTS ......................................................127 

APPENDIX G. .............................................................................................................................139 

COMPARISON OF V05 WITH V03B .......................................................................................139 

APPENDIX H. .............................................................................................................................144 

OVERVIEW OF THE BRIDGING PROCESS ..........................................................................144 

APPENDIX I. ..............................................................................................................................149 

PYTHON SOURCE CODE LISTING(S) ...................................................................................149 

 

  



 
Revision: Baseline/Revision Level Document Number: SNP-DOC-0046 

Effective Date: 07/01/2024 Page: 7 of 149 

Title: Parahydrogen Thermophysical Properties V05 Final Report 

 

 

LIST OF TABLES 

Table 5-1. REFPROP Zero-Pressure Model Constants ................................................................ 23 

 

 

LIST OF FIGURES 

Figure 3-1. Relative Error between NBS-168 and CEA for Sound Speed’s 100 kPa Isobar ....... 11 
Figure 3-2. Relative Error between NBS-168 and CEA for Entropy’s 100 kPa Isobar ............... 11 
Figure 3-3. Thermodynamic Property Calculation Method by Region (REFPROP vs. High-

Temperature Methods) .................................................................................................................. 16 
Figure 4-1. Equilibrium Variation of Spin Isomer Distribution with Temperature ...................... 18 
Figure 4-2. Variation of Isobaric Specific Heat with Temperature/Pressure ................................ 18 
Figure 4-3. Variation of Thermal Conductivity with Temperature/Pressure ................................ 19 

Figure 4-4. Error Associated with Exclusion of Ionization Effects .............................................. 21 
Figure 5-1. Bridging Parameters between 10 kPa and 100 MPa .................................................. 38 

   



 
Revision: Baseline/Revision Level Document Number: SNP-DOC-0046 

Effective Date: 07/01/2024 Page: 8 of 149 

Title: Parahydrogen Thermophysical Properties V05 Final Report 

 

 

1.0 SUMMARY 

The NASA Space Nuclear Propulsion (SNP) Program works to mature both nuclear electric and 

nuclear thermal propulsion capabilities.  The nuclear thermal propulsion (NTP) sub-effort focuses 

on development of technologies enabling human exploration of Mars – with a nominal 

performance target of 900 second vacuum specific impulse (Ivac).  This Ivac target demands a 

hydrogen (molecular hydrogen, or dihydrogen) monopropellant NTP engine system, as other 

propellant choices fall well short of this target for realistically attainable reactor system 

temperatures (< 3000 K). 

Thus, SNP NTP development requires knowledge of the thermophysical properties for its 

dihydrogen propellant/working-fluid for temperatures up to roughly 3000 K.  Pressure up to at 

least 35 MPa should be considered (rough upper end of historical pump outlet pressures), to not 

limit development space.  Also, since the propellant is typically stored in a liquid state near its 

normal boiling point, the thermophysical properties must be for the parahydrogen nuclear spin 

state of the dihydrogen molecule. 

The gold-standard for parahydrogen properties is the National Institute of Standards and 

Technology (NIST) Standard Database 23 usually accessed using the software tool REFPROP.  

For parahydrogen, this database covers temperatures from the triple point to 1000 K and pressures 

up to 2000 MPa.  The present work extends REFPROP above its 1000 K upper bound and 

considers pressures up to 100 MPa.  The resulting database covers temperature from the triple 

point to 6000 K and pressures from 1 Pa to 100 MPa.  The present database includes mass-density, 

mass-specific enthalpy, mass-specific entropy, mass-specific isobaric specific heat capacity, mass-

specific isochoric heat capacity, sound speed, absolute viscosity, thermal conductivity, and 

dihydrogen mole fraction.  This database assumes a frozen parahydrogen nuclear spin state and 

chemical equilibrium for conditions where dissociation occurs.  Chemically frozen values are 

provided, in addition to their chemical equilibrium values, for the transport properties – mass-

specific isobaric specific heat and thermal conductivity. 

The main body of the present document describes the database itself and provides some guidance 

regarding appropriate use and limitations.  Various appendices cover topics that are deemed too 

detailed to include in the main body such as background on other candidate databases, 

verification/validation efforts for the present database, and source code listings. 

2.0 DOCUMENTS  

2.1 Applicable Documents  

None. 

2.2 Reference Documents 

The following documents are the predecessors to the present document.  This section also lists 

prior releases of the property dataset itself.  A more complete discussion of the release history is 

found in Section 3.3 
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JPID-FY18-00658 “Reconciling the Dihydrogen Property Calculations of McDonald 

(2017) to the REFPROP 9.1 Dataset” produced under: 

George C. Marshall Space Flight Center 

Engineering Services and Science Capability 

Augmentation Contract 80MSFC18C0011 

 

ESSSA-FY17-2355 

[McDonald (2017) from 

JPID-FY18-00658] 

“Re-creation of the Calculations Behind the Dissociating 

Dihydrogen Thermodynamic Property Tables of Vargaftik et al. 

(1996)” produced under: 

George C. Marshall Space Flight Center 

Science and Engineering 

Contract NNM12AA41C 
 

Previous release history: 

v03 – First release of thermodynamic properties only approved by the NTP Project Engineering 

Change Board on 27 March 2018. 

v03b – Added transport properties to the v03b release. 

v04 – Prepared for release, but some equation errors discovered which aborted the release in favor 

of moving on to a v05. 

v05 - Submitted in December 2018 to the NEXUS Project office for release.  Lost – never released 

– but copies likely exist within NASA so if v05 dated 2018 ever found - DO NOT USE. 

3.0 INTRODUCTION 

NTP system development activities underway within the SNP Program require knowledge of the 

thermophysical properties for its dihydrogen propellant/working-fluid for temperatures up to 

roughly 3000 K and pressures to at least 35 MPa.  The parahydrogen nuclear spin state is of 

interest, since the propellant is stored in a near normal boiling point liquid state which results in it 

consisting almost entirely of the parahydrogen spin isomer.  The current database considers 

temperatures up to 6000 K – much higher than the 3000 K need – because the lack of ionization 

up to 6000 K, except at very low pressure, allows ready extension of the chosen calculation 

methods to 6000 K.  Pressures up to 100 MPa are considered since this is the upper bound 

considered by the original works on which the present calculations are based. 

3.1 Why A New Database? 

Two key factors drove the creation of a new parahydrogen properties database.  The first is the 

necessity that the National Institute of Standards and Technology (NIST) Standard Database 23, 

as accessed in via REFPROP 10 (NIST, 2018), serve as the basis of any database used by the Space 

Nuclear Propulsion (SNP) project.  The second was the need to extend REFPROP above its 1000 

K upper temperature limit in a manner that is thermodynamically seamless.  Satisfying both 

demands together, essentially, demands a new database be created. 
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3.1.1 Dataset Must be Consistent with NIST REFPROP 

The NIST Standard Database 23 is used extensively throughout NASA as a primary source for 

fluid thermophysical properties.  Typically, this database, as accessed via the REFPROP interface 

(NIST, 2018), is the source for parahydrogen properties when dealing with LH2-fueled engine 

systems and vehicle main propulsion system analyses such at tank fill, expulsion, vent, etc.; and it 

is the source for properties used in support of Cryogenic Fluid Management development 

activities.  Thus, the database to be used for SNP development activities should exactly match 

REFPROP within the temperature range of its applicability (up to 1000 K), or at least as close to 

1000 K as possible when grafting a high temperature source onto the REFPROP dataset. 

3.1.1.1 Need to Extend REFPROP Above 1000 Kelvin 

The REFPROP tool provides parahydrogen properties up to 1000 K.  Typical performance targets 

for NTP systems require propellant temperatures upwards of 3000 K, and higher temperatures are 

desirable from a vacuum specific impulse efficiency standpoint were they to be attainable.  Thus, 

the database developed for use within the SNP program should have an upper limit of at least 3000 

K.  Of course, even higher temperatures are desirable so long as they are supported by available 

calculation methods and don’t incur additional complications not relevant to SNP parahydrogen 

property needs (e.g. – SNP has no need to consider ionization effects). 

3.1.1.2 Data Sources Above 1000 Kelvin 

The following sources of higher temperature data were investigated for extension of the REFPROP 

database.  Of course, it was hoped that one of these would match REFPROP well enough along its 

1000 K upper isotherm to simply be added to the REFPROP dataset, but that did not prove to be 

the case. 

3.1.1.2.1 National Bureau of Standards – Monograph 168 

The predecessor to NIST, the National Bureau of Standards, published their Monograph 168 

(McCarty, et al., 1981) which tabulates parahydrogen thermophysical properties up to 3000 K.  

When originally being considered back in 2016, this source appeared promising, when compared 

with REFPROP 9.1 along the 1000 K isotherm representing the REFPROP upper temperature 

bound, with the largest error of 1% occurring in entropy. 

Yet, this source compares very poorly with results from Chemical Equilibrium with Applications 

(CEA, 2004) along a 100 kPa isobar – where real-gas effects should be modest enough that these 

two sources should agree well.  Density between NBS-168 and CEA are in excellent agreement 

(error magnitude < 0.03%).  Sound speed error becomes apparent around 2000 K, as depicted in 

Figure 3-1 below, and steadily increases to just over a magnitude of 2% at 3000 K.  
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Figure 3-1. Relative Error between NBS-168 and CEA for Sound Speed’s 100 kPa Isobar 

The level of error in sound speed is not too much of an issue in itself, but the manner in which it 

grows steadily with increasing temperature while density remains in excellent agreement was 

deemed as possibly belying some other underlying issue with NBS -168.  Ultimately, comparison 

of entropy between NBS-168 and CEA proved to be the reason for elimination of NBS-168 as a 

potential source of the needed high temperature parahydrogen data.  As depicted in Figure 3-2 

below, the local difference in entropy begins to diverge, also around 2000 K, and the relative error 

peaks around 54% at 2600 K.   

 

Figure 3-2. Relative Error between NBS-168 and CEA for Entropy’s 100 kPa Isobar 

Back in 2016, no explanation for this poor comparison between NBS-168 and CEA along the 

100000 Pa isobar could be found, and there was too little person-hours available to pursue 
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understanding the cause.  While NBS-168 was eliminated as a source for high temperature data, it 

was still considered as a basis for validation of the v05 database that is the topic of this report – 

though NBS-168 entropy values were not considered for validation comparisons.  Yet, while 

working validation of the v05 database calculations/results, the reason for the apparently erroneous 

entropy values from NBS-168 was discovered, and this discovery is documented in Appendix A 

of this report.  Though it is not clear if the error detailed in Appendix A is also responsible for the 

suspicious behavior of sound speed from NBS-168, it is clear that NBS-168 is not a reliable source 

for the desired high temperature data, and of very limited value for validation of the SNP v05 

parahydrogen database. 

3.1.1.2.2 Department of Energy SESAME Database 

The name SESAME doesn’t seem to be an acronym.  The SESAME database consists of a wide 

range of solid and fluid substances and is distributed by the Department of Energy (DoE) Los 

Alamos National Laboratory (LANL).  As of 2016, when access was first obtained by the present 

author, the hydrogen entry numbered 5250 was provided by LANL as most relevant to our NTP 

modeling needs.  This hydrogen model compared rather unfavorably with REFPROP 9.1 along 

the 1000 K isotherm, but no worse so than found above for NBS-168.  The key disadvantage found 

with the SESAME database were that access to the database is controlled and, thus, this might 

result in any database leveraging SESAME also having to be access controlled.  Also, key 

references for hydrogen entries in SESAME point back to NBS work closely related to NBS-168 

era efforts – and, thus, may also contain the same errors as those discussed in the last section. 

3.1.1.2.3 Vargaftik et Alia 

The Handbook of Physical Properties of Liquids and Gases (Vargafitk et alia, 1996) tabulates real-

gas properties for dissociating dihydrogen.  Though not for parahydrogen, per se, the tabulations 

begin at 1500 K; and the properties for parahydrogen and normal hydrogen forms are the same 

above roughly 700 K.  No glaring errors could be found in this dataset, except for numerous 

typographical errors in the tabulated values at isolated states.  Thus, Vargaftik et al. (1996) was 

deemed the best option for high temperature properties; but this source begins at 1500 K, so it was 

not possible to directly append it to REFPROP.  Thus, it was decided back in 2016 to recreate the 

calculation methods behind the Vargaftik et al. (1996) tabulations and use these methods as the 

basis for the needed property values above 1000 K. 

3.1.1.3 Recreate the Vargaftik Methods and Append to REFPROP Results 

One of the two publications referenced by the Vargaftik et al. (1996) tabulation was found to be 

available in the form of a United States Air Force translation (Lykova, 1969a) of Russian language 

proceedings from a Union of Soviet Socialist Republics Heat and Mass Transfer conference held 

in Minsk, Belarus in 1968.  McDonald (2017) provides additional background on how this led to 

recreation of the methods and constants used to calculate the tabulations of Vargaftik et al. (1996).  

The second of the two publications referenced by Vargaftik et al. (1996) is a doctoral dissertation 

(Gorykin, 1968) that should directly relate the actual methods used.  The only copy of Gorykin 

(1968) found to date is held at a university library in Odesa, Ukraine, and repeated efforts to obtain 

a copy have failed due to copyright restrictions/rules.  Yet, it is believed that the methods related 
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in McDonald (2017) and deployed in McDonald (2018) are believed to be very close to those likely 

related in the Gorykin (1968) dissertation were it available for review.  McDonald (2018) relates 

the first attempt at appending these methods to REFPROP results.  The present work relates a 

similar, but considerably improved, process for ‘bridging’ the high temperature calculations to 

REFPROP results. 

3.2 Brief Note on Verification and Validation 

Verification of the calculations in this work relies mostly on the validation process – if results 

compare well with existing sources of relevant property values, then the calculations were most 

likely implemented correctly.  This noted, some of the more complex calculations were verified 

by manually executing similar calculations in Excel spreadsheets.  Examples of these verification 

calculations were to confirm that the Python language numerical routine deployed to estimate 

derivatives was producing the desired results.  To then confirm that the same differentiation routine 

delivered acceptable results for the case where it is used to estimate a derivative that itself depends 

on estimation of another derivative.  And, lastly, to confirm proper functioning of a method used 

to ensure that numerical derivative estimates are not impacted by available numerical precision.  

The last item is the subtopic of Appendix I to this report. 

Validation of the v05 results consists of comparing the results with available, trusted, sources of 

similar results.  The main sources for validation data are the Vargaftik et al. (1996) real-gas 

tabulations already discussed briefly in Section 3.1.1.2.3 and ideal gas results from Chemical 

Equilibrium with Applications (CEA, 2004).  Very limited validation use is made of NBS-168 

tabulations for reasons related in Section 3.1.1.2.1 and Appendix A of this report.  Lastly, the 

Vargaftik et al. (1996) sourced data actually used for the present validation purposes is that related 

in appendices to McDonald (2017), wherein the original tabulations were screened for errors and 

erroneous values were either corrected/deleted as appropriate.  Validation is carried out separately 

for thermodynamic and transport quantities and the processes and results are related in appendices 

to the present report.  This separation of validation efforts is to help ensure the reader doesn’t 

attempt to formulate conclusions about the validity of thermodynamic results on the basis of 

transport results, or vice-versa.  While transport results depend on the thermodynamic calculations, 

the thermodynamic results do not depend on transport calculations.  Additionally, the 

thermodynamic results are required to follow certain relationships as they transition from 

REFPROP to the high temperature region – but there is no such requirement imposed on the 

transport quantities absolute viscosity or thermal conductivity.  The behavior of viscosity and 

conductivity as their computational bases transition from REFPROP to the high temperature 

methods is driven primarily by a need to avoid sudden changes that would prove troublesome to 

gradient-based solvers in tools that use this property database. 

3.3 Revision History 

The revision naming convention is of the form ##$ (e.g. – 00a, 01d, 99z).  Simply put, major 

revisions advance the number and minor revisions advance the letter.  As of the writing of this 

report, the revision in use within the SNP community is 03b.  Revisions 00, 01, 02 were created in 
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the 2016-2018 timeframe but never released for external use due to errors found in their 

review/validation process. 

3.3.1 Original Release – Version 03b (v03b) 

The first revision released for use was 03, but it only contained thermodynamic properties and was 

revised to 03b with the addition of transport properties. 

3.3.2 Version 04 – Never Officially Released for Use 

A v04 database was created and provided for limited review within the community, but never 

formally released since a community member at the Oak Ridge National Laboratory (Greenwood, 

2018) found a few typographical errors in the mathematical relations used to calculate the database 

results.  Instead of just revising v04, the present author thought there might be less of a chance for 

future confusion if v04 were left alone and never officially released (much less work also), and the 

needed corrections deployed in v05. 

3.3.3 Version 05 

A v05 database was prepared and provided in late 2018 to the then NTP development effort (not 

yet called SNP) for review/release.  That process never proceeded due to the December 2018 to 

January 2019 federal shutdown, so it was decided to retain the v05 name for the effort reported 

here.  The main creator of the database calculations pursued other career interests for several years 

before coming back to NTP development work and re-engaging with release of v05. 

Version 03b is compared against v05 in Appendix H.  The primary reason is to help users 

understand what impact deployment of v05 might have on their various analytical results. 

3.3.3.1 Correction of Errors from v03b 

The original impetus to drop v04 and create a v05 was the discovery of a few typographical errors 

in the calculations of v03b, and the observation of a stair-step behavior in some properties for a 

few combinations of pressure and temperature.  One of the typographical errors from v03b no 

longer exists because of other changes in v05 relative to v03b, but the single typographical 

correction that remains is to correct the following relation from Appendix C, page 15 of McDonald 

(2018): 

 

wherein the ratio (P^2/1) should be (P^2/2) and is so corrected in the v05 calculations.  The other 

equation update wasn’t a typographical error, but rather just an instance where the algebraic form 

that falls most readily out of a derivation caused numerical precision issues.  The following v03b 

relation for the equilibrium mole fraction of dihydrogen 
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yields a stair-step variation with respect to either pressure or temperature for cases where the sum 

term (4*P + Kp) results in numerical truncation of the sum itself.  Thus, for v05, this relation is 

recast in terms of the ratio P/Kp alone as follows: 

 

which eliminates the stair-step variation in xH2 its impact on other properties. 

3.3.3.2 Move to Implement Methods in the Python Language 

All computational work through v04 was executed in the Mathcad 15 computational software tool.  

The Mathcad parent company, Parametric Technologies Corporation, announced in 2021 that they 

would no longer allow use of Mathcad 15 after 01 January 2022.  Even licensed users would no 

longer be allowed to open the application using their licenses.  So, in the midst of development of 

v05 of this property database, the focus moved from the calculations themselves to porting those 

calculations to an open-source computational environment.  The present author is not much of a 

programmer, so the SNP project retained the support of AMA, Inc staff (co-authors on this work) 

who were well-versed in use of the Python Language.  Thus, the vast majority of the computations 

related to the v05 database are coded in Python. 

3.3.3.3 What Else is New in v05? 

In addition to the error corrections and porting to the Python Language, a few other major 

improvements/additions/potential-additions are discussed in the following sections. 

3.3.3.3.1 Improved Method for Bridging Results between REFPROP and High 

Temperature Calculations 

Until v05, the lower temperature REFPROP results valid up to 1000 K were ‘bridged’ to the higher 

temperature calculations of McDonald (2017, 2018) which begin at 1500 K via methods related in 

McDonald (2018).  The approach of McDonald (2018) worked great for pressures above roughly 

30 MPa, good in the range 1 MPa to 30 MPa, and they became increasingly worse below 1 bar 

pressure with typical fractional errors on the order of 1E-04.  This author knew this behavior of 

increasing error with decreasing pressure was likely associated with small, though non-negligible, 

amounts of dissociation occurring at 1000 K for pressures below 1 bar; but there simply wasn’t 

time to address this systemic error in the v03b release.  This error is addressed in v05 by making 
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the lower bound temperature of the ‘bridging’ region a function of pressure, such that the effect of 

dissociation at a given pressure is always = 1E-08 fractional contribution to isobaric specific heat.  

Thus, instead of the lower bound bridging temperature being 1000 K for all pressures, this lower 

bound is as depicted in Figure 3-3 below. 

 

Figure 3-3. Thermodynamic Property Calculation Method by Region (REFPROP vs. High-

Temperature Methods) 

At and below this temperature curve, property results come directly from the REFPROP 10.  The 

region between the lower temperature 'bridging' curve and 1500 K is the ‘bridging’ region wherein 

thermodynamic properties are obtained from the high temperature calculation methodology 

modified as discussed in Section 5.5.2.2 to match REFPROP 10 results along the bridging line and 

transition towards unmodified high temperature methods in a manner that preserves key 

thermodynamic relationships.  At and above 1500 K, the high temperature methods are deployed 

without alteration. 

3.3.3.3.2 Availability of Frozen Transport Properties 

Some analytical tools commonly used within the propulsion community provide the user access to 

so-called 'frozen' values for some transport properties - typically isobaric specific heat and thermal 

conductivity.  When calculating properties for systems assumed to be in thermodynamic 

equilibrium, the equilibrium property value may be thought of as being comprised of a 'frozen' part 

which excludes terms containing derivatives of product species mole fractions, and a 

"reaction"/"reacting"/"shifting" part which accounts for changes in composition.  Typical 

examples of tools that offer access to 'frozen' properties are Chemical Equilibrium with 

Applications (CEA, 2004) and its "CEC" predecessor which may be found embedded in other tools 

such as Solid Rocket Motor Performance Program (SPP) or Two-Dimensional Kinetics (TDK).  

The 'frozen' properties made available by the present real-gas database will be slightly different 

than those output by these other tools since those tools assume ideal gas behavior. 
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3.3.3.4 Customized Output and Possible Future Improvements 

The present database is primarily defined by its methodology and the fact that it is anchored to 

REFPROP 10.  A data tabulation suitable for most engineering calculations is provided with v05, 

but customized versions can be provided on request for those willing to work, patiently, with the 

development team.  One such custom version of the v03b database was created for integration into 

the Loci-CHEM tool used extensively within the Fluid Dynamics Branch of the Marshall Space 

Flight Center Propulsion Department (NASA/MSFC/ER42). 

The high temperature calculations used for the present database apply force constants for 

dihydrogen and atomic hydrogen based on theoretical and experimental work that is over 50 years 

old as of this writing.  Similarly, some of the needed collision integral and dimensionless virial 

coefficient curves are from an even older source (Hirschfelder et al. 1966).  Though updating these 

constants/curves will likely not impact the usefulness of this database as a property source for 

engineering calculations; the impact of updating these inputs isn't known and may be investigated 

at some point. 

Given that the v05 database calculations are coded in the Python language, it may also be possible 

to provide a means of allowing one to directly access the underlying calculation methods instead 

of having to deploy the database as a sort of static data tabulation.  Though not a goal of this v05 

release, use of Python makes this a possibility. 

4.0 OVERVIEW OF DIHYDROGEN AND THE CURRENT DATABASE 

The term hydrogen is most often used in reference to the diatomic molecule consisting of two 

hydrogen atoms (dihydrogen) that naturally exists near standard temperature.  As it is typically 

stored in a near normal boiling point liquid state for use in an engine system, dihydrogen is 

assumed to be in its parahydrogen spin state.  Which brings us to the next section. 

4.1 Dihydrogen Spin Isomers 

Spin is a quantum mechanical property.  Each hydrogen atom in dihydrogen has a proton and each 

proton exhibits the quantum property known as spin.  This spin has a sense/direction of either up 

or down.  Proton spin typically has no discernable impact on macroscale thermodynamic properties 

such as density, enthalpy, entropy for molecules; but this is not true for dihydrogen where its 

simplicity allows exhibition of the effect of proton spin.  When the proton spins are of the same 

sense, or aligned, the resulting dihydrogen spin isomer is called orthohydrogen, and when of 

opposite sense the isomer is called parahydrogen. 

4.1.1 Spin Isomer Equilibrium Distribution - Variation with Temperature 

The amount of each spin isomer present depends on temperature, as depicted in Figure 4-1 below 

from Fegley (2013).  Stored near its normal boiling point, as is the case in most propulsion system 

applications, liquid hydrogen consists of about 99.8% parahydrogen, and the proportion of 

parahydrogen decreases with increasing temperature until it asymptotically approaches 25% 

(essentially reached by room temperature of 300 K) in a mixture commonly referred to as normal 

hydrogen. 
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Figure 4-1. Equilibrium Variation of Spin Isomer Distribution with Temperature 

Figure 4-2 depicts variation of isobaric specific heat variation with temperature - units are Base SI 

unless otherwise noted.  Supporting data is from REFPROP 10 (NIST, 2018).  While pressure does 

not impact the ortho/para distribution, curves representing atmospheric pressure and 100 

atmospheres are provided since pressure does impact specific heat itself.  As readily seen, the 

impact of spin isomer distribution on specific heat becomes quite large below room temperature. 

 

Figure 4-2. Variation of Isobaric Specific Heat with Temperature/Pressure 

The effect of spin isomer distribution also has a substantial impact on thermal conductivity, as 

depicted in Figure 4-3 below.  The impact of spin isomer distribution impacts other properties, but 
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it is the impacts on specific heat and thermal conductivity that are large enough to be of interest to 

most engineering applications. 

 

Figure 4-3. Variation of Thermal Conductivity with Temperature/Pressure 

4.1.2 Spin Isomer Distribution - Temporal Variation 

The last section related how the equilibrium distribution of dihydrogen spin isomers vary with 

temperature; but just how long does it take for dihydrogen to attain this equilibrium distribution or 

to re-equilibrate after a sudden change in temperature?  Typically, equilibration takes many hours, 

or even tens of hours, but the time may be shorter for small changes in temperature, in the presence 

of a suitable catalyst, in the presence of various forms of radiation, and/or under conditions 

resulting in dissociation.  Except for substantial dissociation, even the hastened conversion half-

times (time to reduce parahydrogen concentration to half its starting value) due to other noted 

effects are on the order of magnitude of minutes (Pyper and Briggs, 1977). 

4.1.2.1 Dissociation Effects 

The impact of dihydrogen dissociation on spin isomer distribution has been estimated going back 

to Farkas and Farkas (1935) and is also discussed in Pyper and Briggs (1977).  The energy level 

difference between the two forms results in a bias towards formation of orthohydrogen - para-to-

ortho favored by a factor of 3 relative to the ortho-to-para - as a result of the recombination of H 

atoms to again form dihydrogen.  Thus, it is possible that a measurable shift from parahydrogen 

towards normal-hydrogen can occur in a fuel cooling channel - especially in the boundary layer 

where both high dihydrogen temperature and long local fluid residence times are present.  Though 

it would have to be the subject of a suitably detailed Computational Fluid Dynamics analysis, it 

might even be possible to completely achieve normal hydrogen by the exit of a fuel cooling channel 

for a sufficiently high performing fuel technology (temperature well above 3000 K), low chamber 

pressure, and long fuel cooling channel.  This possibility noted, typical residence time in an NTP 

engine system is on the order of 10's of milliseconds and residence time in a typical fuel cooling 
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channel where dissociation might occur is on the order of a few milliseconds.  Even spontaneous 

conversion between spin isomer forms above roughly 700 K has no impact on thermodynamic 

properties except for the spin isomer form itself, since specific heats are identical for the two spin 

isomers above this temperature.  Thus, for most any conceivable analytical purpose, it is 

appropriate to assume dihydrogen to be 100% parahydrogen throughout an NTP engine system. 

4.1.2.2 A Possible Caveat - Possibly not the Only One 

One exception to it being safe to assume parahydrogen throughout an NTP engine system, though 

possibly not the only such exception, might be a system where dihydrogen is extracted from the 

thrust chamber.  A flow where dissociation in a fuel cooling channel might result in meaningful 

levels of para-to-ortho conversion as discussed in the last section – possibly for the purpose of 

pressurizing a liquid hydrogen storage tank.  Though this para-to-ortho conversion would not 

impact tank pressurization thermodynamics, if the gaseous pressurant were then chilled back to a 

liquid state (e.g. - via a cryogenic fluid management system), the spin isomer effect on 

thermodynamic properties would become necessary to consider. 

4.2 Chemical Equilibrium 

The present database assumes chemical equilibrium in all its property calculations.  In addition to 

their equilibrium values, values for isobaric specific heat and thermal conductivity are reported 

that exclude the effects of the reaction coordinate - 'frozen' values.  Yet, the relative dihydrogen 

and atomic hydrogen concentrations used to calculate these 'frozen' values are the equilibrium 

concentrations for the state of interest. 

Most equilibrium solvers used within the propulsion community assume product species to interact 

as ideal gases when calculating their equilibrium concentrations.  The present work accounts for 

real-gas effects on the equilibrium composition, so one may find dihydrogen mole fraction in the 

present database to increasingly differ from that reported by other sources as one moves towards 

the 100 MPa and 6000 K corner of this database. 

4.3 Some Guidance Regarding Usage - Limitations 

For the most part, this document simply intends to relate assumptions and methods the user needs 

to understand to make responsible use of the database; and it is up to the user to be responsible in 

its use.  Yet, a few bits of ‘guidance’ are offered in the next sections. 

4.3.1 Ionization 

For pressures above 1 bar, even at 6000 K, ionization has a negligible impact on properties - 

typically tenths of a percent or less.  The state point with greatest ionization potential in the present 

database is 1 Pa, 6000 K, and properties at this point are greatly impacted by the fact that this 

database does not include ionization effects (e.g. - the present database underpredicts isobaric 

specific heat by a factor of 4x, overpredicts sound speed by 1.18x, but overpredicts density by only 

1.02x).  Some commonly used properties most impacted by ionization are depicted as lines in 

pressure-temperature space along which each of these properties errs by 1% as estimated using 

CEA (2009).  Points below and to the right of each curve incur error less than 1%.  Due to the 
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logarithmic pressure scale, it appears as if a lot of pressure-temperature space incurs error greater 

than 1%; but the vast majority of pressures of practical interest are above 100000 Pa where 

ionization is negligible.  For the lowest pressure considered by the present database, ionization 

results in 1% error in isobaric specific heat at around 4200 K - a temperature well above the range 

of present practical interest to nuclear thermal propulsion system development. 

 

Figure 4-4. Error Associated with Exclusion of Ionization Effects 

4.3.2 Very Low Density States 

The present database provides access to property values to pressure as low as 1 Pa and temperature 

as low as the parahydrogen triple point temperature of 13.8 K.  For Knudsen Number, Kn <= 0.01, 

a flow condition of interest may be comfortably treated as continuum in nature; where Knudsen 

Number may be estimated from properties tabulated in this present database as: 

 

where  is the absolute viscosity,  is density, L is characteristic length scale for the flow of 

interest, a is sound speed, cp is mass-specific isobaric specific heat, and cv is mass-specific 

isochoric specific heat.  At 1 Pa and 13.8 K, Knudsen Number based on a 1 meter characteristic 

length scale is Kn = 1.9E-4.  Cast another way, the smallest characteristic length for which a flow 

is continuum in nature (Kn <= 0.01) is 0.02 meters.  Thus, many flows are non-continuum at 1 Pa 

and 13.8 K, though along a 13.8 K isotherm most flows of practical interest are continuum in 

nature for pressures above 10 Pa.  The present database can readily produce property data for states 

that likely correspond to non-continuum flow regimes, and the user is cautioned to take care when 

considering conditions that result in very low densities. 
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4.3.3 Extrapolation Below the Triple Point Temperature 

In as much as REFPROP 10 (NIST, 2018) serves as the basis for all low temperature properties in 

the present database, the lowest temperature considered by the present database is the same as that 

applied in REFPROP 10 - the parahydrogen triple point temperature of 13.8 K.  This leaves a 

region between this triple point boundary/isotherm and the sublimation line where one may choose 

to extrapolate to obtain properties (though no such functionality is inherent in the v05 database).  

One may use REFPROP 10 to estimate pressure-temperature pairs along the sublimation line using 

the call form =REFPROP("T","parahydrogen","PSUBL","Mass Base SI", Input Pressure Value), 

and the following (Pa,K) pairs are provided down to the 1 Pa lower limit of the v05 database to 

aid the user with defining the sublimation line: 

(1,6.68), (2,6.98), (5,7.41), (10,7.77), (20,8.16), (50,8.74), (100,9.23), (200,9.77), (500,10.58), 

(1000,11.29), (2000,12.08), (5000,13.29), (7041,13.80) 

where the last pair is the parahydrogen triple point.  Should a user decide they need to extrapolate 

into this gaseous region below 13.8 K, note that the best mathematical-physics forms for such 

extrapolation are driven by the fact that this region behaves like an ideal gas with constant specific 

heat - at least until the sublimation line is reached.  The user is entirely on their own below the 

13.8 K minimum temperature associated with the REFPROP 10 representation of parahydrogen. 

5.0 DESCRIPTION 

National Institute of Standards and Technology Database 23, in the form of REFPROP 10 (NIST, 

2018), serves as the basis for the present work which grafts values resulting from statistical 

mechanics methods onto the REFPROP 10 values in a manner that preserves the most relevant 

thermodynamic interrelationships between the two different sources.  Since a recipient of this v05 

SNP developed database may not have access to REFPROP 10, some key references regarding the 

REFPROP 10 parahydrogen model, as provided internal to the REFPROP 10 application, are: 

Equation of State - Leachman et al. (2009) 

Viscosity - Muzny et al. (2013) 

Thermal Conductivity - Assael et al. (2011) 

Much related here is the same as background from McDonald (2017, 2018) but it is hopefully 

better-related than in those earlier works; and some of the details here are new as well. 

5.1 Zero-Pressure Backbone 

The basis for any fluid property dataset is how the substance under consideration behaves in the 

absence of meaningful interactions - even with itself - or its ideal-gas/zero-presssure behavior.  

Real-gas properties are then obtained by application of relevant thermodynamic relations over a 

suitable pressure-volume-temperature mathematical surface (equation of state).  Such zero-

pressure property data is the topic of many compendium sources, two of the most familiar of which 

are the NIST-JANNAF Thermochemical Tables (Chase, 1998) and Thermodynamic Properties of 

Individual Substances (Gurvich et al., 1989).  The present work bridges the REFPROP 10 property 
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dataset to high temperature calculations and, thus, the first step is to bridge the underlying zero-

pressure properties between these low and high temperature sources. 

The zero-pressure isobaric molar specific heat model used for parahydrogen in REFPROP 10 is 

related in Leachman et al. (2009) and has the form: 

 

where Cp0 is the zero-pressure isobaric molar specific heat, R is the molar gas constant, T is 

temperature, and k and k are fit parameters tabulated below. 

Table 5-1. REFPROP Zero-Pressure Model Constants 

The above relation can be integrated to obtain zero-pressure enthalpy and entropy changes. The 

zero-pressure properties needed for the high-temperature calculations are taken from Gurvich et 

al. (1989).  Many sources for zero-pressure properties exist, but Gurvich et al. (1989) was chosen 

as it lists values for both spin isomers (orthohydrogen, parahydrogen) and the case in which they 

are in equilibrium at each tabulated temperature value.  This allows one to discern the temperature 

above which zero-pressure isobaric specific heat is the same for the two spin isomer forms (700 

K).   Gurvich et al. (1989) also provides extensive discussion of calculation methods / assumptions. 

Ultimately, only zero-pressure enthalpy and entropy (referenced to 1 bar) are needed for the 

present work.  Zero-pressure isobaric heat capacity isn't used explicitly, but it should be accurately 

extractable from the zero-pressure enthalpy model since this process is implicit to how real-gas 

specific heats are calculated.  The high temperature calculations apply zero-pressure curves where 

enthalpy (h) = entropy (s) = 0 at 0 K, and the final real-gas h and s values are shifted to match the 

REFPROP 10 default reference state.  The zero-pressure enthalpy and entropy curves used for this 

work apply the following curve fit form for Cp0: 
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This basic fit form was stolen from CEA (2009) and expanded by adding both negative and positive 

power terms in T to allow it to accurately represent the entire range of current interest - 700 K <= 

T <= 6000 K.  This form is explicitly integrable to obtain zero-pressure enthalpy (H0) and entropy 

at 1 bar (S0_1bar) with the addition of integration constants.  The needed fit and integration 

constants are obtained by constraining the above relation for Cp0 to match the REFPROP 10 Cp0 

representation over the range 700 K <= T <= 1000 K, to be guided by a weighted average of 

REFPROP 10 and Gurvich et al. (1989) values in the range 1000 K < T < 1500 K, and to reproduce 

values from Gurvich et al. (1989) in the range 1500 K <= T <= 6000 K within their tabulated 

precision.  Simultaneous with these Cp0 constraints, constraints were applied to reproduce H0 and 

S0 from Gurvich et al. (1989) in the range 1500 K <= T <= 6000 K within tabulated precision.  

The details of this process and results are related in Appendix B. 

Though zero-pressure properties for atomic hydrogen are very straightforward to obtain, as its Cp0 

value is constant for all temperatures in the range 700 K < T < 6000 K, Appendix B also develops 

and relates mathematical models for atomic hydrogen zero-pressure molar enthalpy and molar 

entropy at 1 bar that are used in the real-gas calculations instead of the Gurvich et al. (1989) 

tabulations themselves. 

5.2 Equation of State for High Temperature Calculations and Supporting 

Parameters 

Calculation of real-gas properties other than specific volume (or its inverse, density) requires a 

suitable real-gas equation of state.  The present work uses the same virial forms used in McDonald 

(2017, 2018), and also used in the works on which those works were built.  While overall the SNP 

v05 database represents parahydrogen, discussion of the high temperature region calculation 

methods refer to dihydrogen as they are generally applicable to any mixture of spin isomers above 

700 K as noted in Section 4.1.2.1 above. 

Dihydrogen 

 

Atomic Hydrogen 

 

where H2 refers to dihydrogen and H to atomic hydrogen, Ru is the molar gas constant, B is the 

second virial coefficient, and C is the third virial coefficient.  The efforts on which this work and 

that from McDonald (2017, 2018) are based found the 3-term model necessary to represent 

dihydrogen, while the 2-term model is sufficient for atomic hydrogen so long as BH accounts for 

quantum effects. 



 
Revision: Baseline/Revision Level Document Number: SNP-DOC-0046 

Effective Date: 07/01/2024 Page: 25 of 149 

Title: Parahydrogen Thermophysical Properties V05 Final Report 

 

 

5.2.1 Collision Interaction Models 

The virial coefficients B and C are functions of temperature only.  Their values depend on the 

interaction potential deployed in their calculation.  The present work is based around the common 

Lennard-Jones 6-12 interaction potential, details of which are readily available in the literature, 

but which depends on two 'force' constants typically referred to as effective collision diameter, , 

and well-depth (a.k.a. - dispersion energy), .  The dispersion energy is commonly used as its ratio 

to the Boltzmann Constant, k, with this ratio, /k, being referred to as the characteristic temperature 

of the well-depth.  Virial coefficients are calculated via integration of appropriate statistical 

mechanics relationships using a normalized form of an interaction potential, such that these curves 

of normalized virial coefficient variation with temperature can approximate different 

species/particles with proper selection of  and /k.  Thus, virial coefficients are usually supplied 

as tabulations versus temperature instead of recalculating them each time. 

5.2.1.1 Dihydrogen 

For dihydrogen, the following force constant values are obtained from Lykova (1968b): 

effective collision diameter - 𝜎𝐻2
= 2.934 𝐴𝑛𝑔𝑠𝑡𝑟𝑜𝑚  

and characteristic temperature - (
𝜖

𝐾
)

𝐻2

= 34.1 𝐾 

McDonald (2017) attempts to relate how these values were found and are believed to be those used 

to calculate the dissociating hydrogen tabulations in Vargaftik et al. (1996).  The short version is 

that the sources referenced by Vargaftik et al. (1996) for its dissociating hydrogen tabulations are 

an S.F. Gorykin Doctoral Dissertation from the Lomonosov Odesa Technical Institute (Gorykin, 

1968) and a conference publication co-authored by S.F. Gorykin and P.M. Kessel’man - both from 

1968.  Lykova (1968b) containing the above constants was from the same conference, and P.M. 

Kessel’man received their doctoral degree from the Lomonosov Odesa Technical Institute in 1966.  

Thus, while the Gorykin dissertation is not available for review, it seems highly likely that Gorykin 

(1968) would have used the above values when developing the calculations behind the tabulation 

of Vargaftik et al. (1996). 

5.2.1.2 Atomic Hydrogen (with Quantum Corrections) 

McDonald (2017) attempted to deduce from available literature sources the methods used by 

Gorykin (1968) to calculate the dissociating hydrogen tabulations of Vargaftik et al. (1996).  

Without access to Gorykin (1968), the atomic hydrogen model used in that work remains unknown 

– though sources contemporary to Gorykin (1968) note that accounting for quantum corrections is 

necessary when modeling atomic hydrogen.  Ultimately, McDonald (2017) used a Lennard-Jones 

6-12 potential with quantum corrections (Boyd, 1971) as it provides sufficient flexibility to 

recreate the only insight currently available into the method of Gorykin (1968) - a tabulation of 

atomic hydrogen second virial coefficient from the Lykova et al. (1968b).  This model approach 

is certainly not the one actually used by Gorkyin (1968), but it works for the present purposes.  

Appendix C relates the details of this approach to modeling atomic hydrogen along with details 

touched upon in the next few sections about special methods applied to allow the models for 
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dihydrogen and atomic hydrogen self-interaction to be joined to model the unlike interaction 

potential for interaction of dihydrogen with atomic hydrogen. 

5.2.1.3 Dihydrogen <-> Atomic Hydrogen Unlike Interaction Model 

The dihydrogen self-interaction model used in this work is based on a simple Lennard-Jones 6-12 

potential.  The atomic hydrogen self-interaction model is derived using a combination of a 

quantum corrected Lennard-Jones 6-12 potential and tabulated values for atomic hydrogen second 

virial coefficient based on an unknown potential model from the unavailable Gorykin (1968) 

dissertation.  The key point here is that these two self-interaction models have different interaction 

potential models as their basis and, thus, their force constants cannot be directly combined for the 

purpose of modeling the unlike interaction between dihydrogen and atomic hydrogen. 

5.2.1.3.1 Requirement for a Common Interaction Potential 

The force constants associated with application of a given collison interaction potential are unique 

to that potential and the particle being modeled.  Thus, modeling of unlike interactions via common 

combining rules for force constants (Hirschfelder et al., 1966) 

 

 

requires the force constants being combined to have the same underlying interaction potential.  As 

the basic Lennard-Jones 6-12 potential is used for dihydrogen self-interaction, the present work 

will apply this same potential for modeling the unlike interaction between dihydrogen and atomic 

hydrogen.  It happens that the quantum corrected Lennard-Jones 6-12 model from Boyd (1971) 

provides a ready means of calculating normalized second virial coefficient with/without quantum 

corrections.  Thus, deploying the Lennard-Jones 6-12 model here is mathematically convenient. 

5.2.1.3.2 Recast Atomic Hydrogen Self-Interaction Potential 

Kessel’man (1964) relates a method that can describe the second and third virial coefficients and 

viscosity coefficient for a wide variety of species and across a broad range of temperature.  This 

method employs a Lennard-Jones 6-12 potential in which the force constants - effective collision 

diameter and characteristic temperature - are both allow to vary with temperature.  It is believed 

that Gorykin (1968) also employed this approach when calculating the dissociating hydrogen 

properties tabulated in Vargaftik et al. (1996); but this cannot be known for certain, or if the method 

is exactly the same as from Kessel’man (1964), without recourse to the Gorykin (1968) text.  Thus, 

McDonald (2017, 2018) deployed a qualitatively similar approach in which the force constants 

corresponding to a standard Lennard-Jones 6-12 potential are allowed to vary with temperature in 

a manner that simultaneously recreates the atomic hydrogen second virial coefficient discussed in 

Section 5.2 and the collision integral from statistical mechanics (<2,2>) on which the viscosity 
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of atomic hydrogen depends (Vanderslice et al., 1962).  The details of this method are related in 

Appendix C.  The results are vectors of effective collision diameter and characteristic temperature 

that vary with temperature.  These vectors are then interpolated to obtain needed values for atomic 

hydrogen second virial coefficient.  They are also combined with the dihydrogen force constants 

already noted to arrive at force constants for modeling the unlike interactions between dihydrogen 

and atomic hydrogen via the same Lennard-Jones 6-12 potential. 

5.2.1.3.3 Derivative of Recast Atomic Hydrogen Potential 

Deploying the method described in the last section brings up the question of whether, or not, the 

temperature dependence of force constants should be captured in the constitutive relations that 

involve derivatives with respect to temperature for calculation of thermodynamic properties.  In 

their usual application in such relations, the effective collision diameter and characteristic 

temperature force constants are ... constant.  This question is addressed here in the following two 

ways. 

First, does inclusion/exclusion of the force constant temperature dependency accurately recreate 

the derivative of atomic hydrogen second virial coefficient with respect to temperature?  This 

question can be avoided altogether where this derivative is explicit in the relations by simply 

deploying the quantum corrected Lennard-Jones 6-12 calculations from Boyd (1971) instead of 

the standard 6-12 potential with temperature varying force constants.  But, this derivative is also 

taken implicitly when taking the derivative with respect to temperature of the unlike interaction 

parameter - which itself depends on second virial coefficients for dihydrogen and atomic hydrogen 

self-interactions and their unlike interaction.  Verification calculations were conducted in which 

the derivative with respect to temperature of the atomic hydrogen second virial coefficient was 

taken for the case operating directly on the quantum corrected calculations of Boyd (1971) and 

those compared with operating on the second virial coefficient calculated using the 6-12 potential 

with temperature dependent force constants both with/without inclusion of the force constant 

temperature dependence.  When using the 6-12 potential with temperature varying force constants, 

failure to capture the force constant temperature dependence results in derivative values that are 

several orders of magnitude off from either operating directly on the calculations from Boyd 

(1971) or when accounting for force constant temperature dependence in the derivative.  These 

latter two methods are in excellent agreement with each other. 

Second, while executing validation comparisons between the current database results and the 

Vargaftik et al. (1996) tabulations, it was found that the present enthalpy calculations exhibit a 

systemic error relative to the Vargaftik values when the present calculations capture temperature 

dependence of the force constants in the derivatives with respect to temperature.  This systemic 

difference in the enthalpies disappeared when the force constant temperature dependence was 

excluded from the present methods.  This finding implies that Gorykin (1968) may not have 

included the temperature dependence of the force constants in their calculations - easy to imagine 

since capturing this dependence in 1968 era computations would be very taxing.  This implication 

isn't certain, by far, since without access to Gorykin (1968) there is no way to understand how 

similar the approaches are between that work and the approach used in the present work. 
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The present work chooses to capture the force constant temperature dependency in its results, as 

this properly replicates the first derivative of the second virial coefficient with respect to 

temperature that appears explicitly and implicitly in the property calculations. 

5.3 Thermodynamic Property Calculations 

This section reviews the mathematical relations used to calculate the properties of interest: 

dihydrogen mole fraction, mass-density, mass-specific enthalpy, mass-specific entropy, isobaric 

mass-specific heat, isochoric mass-specific heat, and sound speed.  Most of the relations come 

from Kessel’man (1968).  Calculations related to the transport properties, absolute viscosity and 

thermal conductivity, are related in Section 5.6 along with calculation of frozen isobaric specific 

heat and frozen thermal conductivity.  Both enthalpy and entropy values depend on the chosen 

reference state.  The reference states used for these high temperature calculations are those for the 

zero-pressure values from Gurvich et al. (1989) used in the present work (see Section 5.1 and 

Appendix B) – H (enthalpy) = 0 at 0 K and S (entropy) = 0 at 0 K and 1 bar. 

The resulting enthalpy and entropy values must be shifted to the REFPROP 10 reference state 

(Section 5.4) prior to output for the final database, and the molar specific volume and entropy 

relations must be modified slightly (Section 5.5.2.2 – items 3 and 6, respectively) to enable smooth 

‘Bridging’ of these higher temperature results with those from REFPROP 10. 

5.3.1 Dihydrogen Mole Fraction 

The present calculation scheme does not account for ionization effects, so dihydrogen mole 

fraction is calculated directly from an algebraic relationship for the single reaction of interest 

𝐻2 →  2𝐻 

where the resulting dihydrogen mole fraction relation is 

 

where P is pressure and KP is the real-gas equilibrium constant.  While the above relation for xH2 

is the form that most naturally falls out of the underlying derivation, the presence of terms where 

KP and P are additive introduces a numerical issue for states where their magnitudes are at opposite 

extremes (relatively low temperature and high pressure or high temperature and low pressure) 

resulting in a stair-step behavior in xH2 and dependent property values.  Thus, the above xH2 

relation is algebraically rearranged such that KP and P only occur in ratio form as follows 

 

which effectively eliminates the aforementioned stair-step behavior in the property values.  The 

real-gas equilibrium constant is defined in terms of the ideal gas version, KP0, as follows: 
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where K accounts for the effect of real-gas behavior on the equilibrium calculation.  The 

following details were nicely related in Lykova (1969a).  The K correction in terms of activity 

coefficients, H and H2, is 

 

where H refers to the atomic hydrogen product with a stoichiometric coefficient of 2 and H2 is the 

dihydrogen reactant with a stoichiometric coefficient of 1.  The activity terms can be expressed in 

terms of the real-gas parts of the virial equations of state for each product as follows: 

 

where BH_LJappx is the second virial coefficient based on the Lennard-Jones approximation where 

force constants depend on temperature (see 5.2.1.3.2 for discussion and Appendix C for 

computational details), and 

 

where C is the third virial coefficient. 

5.3.2 Density 

The virial equations of state for each product species, presented back in Section 5.2, are cast in 

terms of molar specific volume, V.  The mixture molar specific volume is the weighted sum of the 

dihydrogen and atomic hydrogen molar specific volumes and an unlike interaction term, V 

 

The unlike interaction term may be expressed as 

 

where H2H is a second virial coefficient grouping for the unlike interaction.  The atomic hydrogen 

second virial coefficient used above does not have to be the Lennard-Jones approximation with 

temperature dependent force constants - either the quantum corrected model from Boyd (1971) or 

the Lennard-Jones approximation yield the same values - but the Lennard-Jones approximation 

was used in the actual Python calculations for the v05 database to allow investigation of the case 

where force constant temperature dependency was isolated when differentiating with respect to 

temperature (see Section 5.2.1.3.3 and Appendix C).  The unlike interaction second virial 

coefficient term may be expressed as 
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where H2H refers to the unlike interaction of dihydrogen (H2) with atomic hydrogen (H).  This 

unlike interaction second virial coefficient is calculated via the usual force constant combining 

rules (see Section 5.2.1.3.1) where the atomic hydrogen force constants are the temperature 

dependent values discussed in Section 5.2.1.3.2.  The force constant combining rules are now 

where each unlike interaction force constant depends on temperature via the Lennard-Jones 6-12 

approximation model for atomic hydrogen from Section 5.2.1.3.2. 

 

 

Above, one finds all the calculations necessary to arrive at molar specific volume for the 

dissociation products mixture.  Turning this value into mass-specific density requires only the 

molar mass of the dissociated mixture, which may be calculated as follows 

 

where the mole fraction of atomic hydrogen may be replaced by (1 - xH2) since only H2 and H 

products exist.  Mass-specific density is then 

 

where  denotes the mass-specific volume and care should be taken here to correctly account for 

units, since MM is typically provided in units of gm/mol instead of the Base SI unit of kg/mol. 

5.3.3 Enthalpy 

As the heart of these calculations are carried out in molar terms, the following begins with the 

desired end result of mass-specific enthalpy and proceeds backwards, if one will, through the 

detailed molar-based calculation relations. 

 

where Hmix is the mixture molar enthalpy.  This mixture molar enthalpy is calculated as the 

weighted sum of product species H's plus an unlike interaction term, HH2H, as follows 
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Variables HH2 and HH are the contributions of dihydrogen and atomic hydrogen interactions with 

themselves.  The unlike interaction between dihydrogen and atomic hydrogen contribution may be 

expressed as 

 

The enthalpies associated with each product species are calculated as 

 

and 

 

where the H0's are the zero-pressure enthalpies (see Section 5.1 and Appendix B).  The H0 values 

used here correspond to a 0 K reference temperature (H0 = 0 at T = 0 K).  Shifting of these 0 K 

reference calculations to the REFPROP 10 reference state is the topic of Section 5.4.  The enthalpy 

associated with formation of atomic hydrogen from dihydrogen at 0 K reference temperature, 

HformH_0K, is included in the definition of HH since all atomic hydrogen present in the products 

comes from dihydrogen.  The atomic hydrogen second virial coefficients in the relations above 

could be either the quantum corrected model from Boyd (1971) (Section 5.2.1.2) or the Lennard-

Jones 6-12 approximation with temperature dependent force constants (Section 5.2.1.3.2); but the 

latter is chosen here to allow for isolation of the force constant temperature dependence when 

taking its first derivative with respect to temperature.  This isolation of force constant temperature 

dependence allowed investigation of whether the calculations behind the Vargaftik et al. (1989) 

dataset might have included/excluded this temperature dependence (see Section 5.2.1.3.3). 

5.3.4 Entropy 

As the heart of these calculations are carried out in molar terms, the following begins with the 

desired end result of mass-specific entropy and proceeds backwards, if one will, through the 

detailed molar-based calculation relations. 

 

where Smix is the mixture molar entropy.  This mixture molar entropy is calculated as the weighted 

sum of S's for the product species, mixing terms, and an unlike interaction parameter, SH2H, as 

follows 

 



 
Revision: Baseline/Revision Level Document Number: SNP-DOC-0046 

Effective Date: 07/01/2024 Page: 32 of 149 

Title: Parahydrogen Thermophysical Properties V05 Final Report 

 

 

The unlike interaction parameter may be expressed as 

 

The entropies associated with each product species are calculated as: 

 

 

where the S0's are the zero-pressure entropies referenced to 0 K and 1 bar (see Section 5.1 and 

Appendix B).  The Shifting of these 0 K reference calculations to the REFPROP 10 reference state 

is the topic of Section 5.4.  In addition to shifting to the REFPROP 10 reference state, for use in 

the Bridging Region, the above SH2 relation is modified as discussed in list item 6 of Section 

5.5.2.2.  The atomic hydrogen second virial coefficients in the relations above could be either the 

quantum corrected model from Boyd (1971) or the Lennard-Jones 6-12 approximation with 

temperature dependent force constants; but the latter is chosen here to allow for isolation of the 

force constant temperature dependence when taking its first derivative with respect to temperature 

for the same reason noted in Section 5.3.3. 

5.3.5 Isobaric Specific Heat 

Both chemical equilibrium and ‘frozen’ isobaric mass-specific heat values are provided in the 

database.  The present discussion regards the equilibrium calculations, and the 'frozen' subpart is 

reviewed in Section 5.6.3.1.  As these calculations are carried out in molar terms, the following 

begins with the desired end result of mass-specific isobaric specific heat and proceeds backwards, 

if one will, through the detailed molar-based calculation relations.  First off, it is noted that: 

 

This relation is the same as that from Kessel’mann et al. (1968) – see immediately below where 

the subscript CM means mixture - but the above Cpmix and MMmix have not been expanded. 
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First let us define the mixture isobaric molar specific heat using our earlier definition of isobaric 

molar specific enthalpy – repeated here for convenience 

 

The isobaric molar specific heat may then be defined as follows 

 

Or 

 

where terms in the second set of square brackets represent the ‘reaction’ contribution and those 

in the first set of square brackets the so-called ‘frozen’.  Since the ‘frozen’ isobaric mass-specific 

heat is to be output in the tabular database, it is convenient to define it as 

 

where the variation of MMmix with temperature need not be considered as the composition is 

considered to be fixed/‘frozen’.  Returning to the question of calculation of cpmix, the last needed 

item is to express MMmix in terms of calculated mole fractions as follows 

 

and then 

 

Recapitulating the beginning cp relation and substituting the expanded relations for Cpmix and the 

partial derivative of MMmix just defined 
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which on close examination is the same as the relation from Kessel’man et al. (1968), but with 

terms here grouped by ‘frozen’ and ‘reaction’ contributions.  This relation can be further simplified 

for computation by grouping reaction terms on the partial derivatives of xH2 and xH by 

substituting cpfrozen to obtain: 

 

5.3.6 Isochoric Specific Heat 

Isochoric mass-specific heat is provided in the database.  Unlike previous property relations, here 

mass-intensive forms are used and the isochoric specific heat may be calculated as: 

 

Isochoric specific heat is used in the next section to calculate sound speed.  A user may also use 

isochoric specific heat to calculate the ratio of isobaric-to-isochoric specific heat that is commonly 

deployed in various approximate relations for sound speed and compressible flow relationships, 

but such approximations may be avoided with recourse to the present real-gas property database 

by working directly with relevant conservation relations. 

5.3.7 Sound Speed 

From Kessel’man (1968), the sound speed is expressed as 

 

 

and sound speed becomes 
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The K relation from Kessel’man is just the isentropic bulk modulus for the mixture expressed in 

terms of vmix instead of mix, and divided by pressure.  One may substitute the cvmix relation from 

Section 5.3.6 into the relation above to obtain the following working relation 

 

which does not incur the numerical inaccuracy related to propagation of error associated with 

numerical approximation of the partial of vmix with respect to P, holding T constant, through both 

cvmix and amix relationships. 

5.4 Shifting Enthalpy and Entropy to the REFPROP Reference State 

So far, calculated values for enthalpy and entropy correspond to the reference state associated with 

the zero-pressure enthalpy and entropy 'backbones' on which the calculations are built (see Section 

5.1 from earlier in this report).  Those backbones correspond to a reference state where enthalpy 

is zero when both temperature and pressure are 0 and entropy is zero when temperature is 0 and 

pressure is 1 bar.  These high temperature enthalpy and entropy results are to be ‘bridged’ to the 

existing lower temperature results from REFPROP 10. The default reference state for 

parahydrogen in REFPROP 10 is that both enthalpy and entropy equal to 0 for the saturated liquid 

state at 101325 Pa.  Thus, the enthalpy and entropy results calculated as described above must be 

shifted to match REFPROP's default Normal Boiling Point reference state as follows: 

Hmix_table = Hmix + H0_H2_shift_to_RP Smix_table = Smix + S0_1bar_H2_shift_to_RP 

where RP is short for REFPROP.  The higher temperature property calculations related in this 

report have no anchor below the 1500 K lower limit to which the similar (well, believed similar) 

methods of Gorykin and Kessel’man were deployed.  The present approach will only ever use the 

high temperature methods down to about 700 K - which is well above the REFPROP Normal 

Boiling Point default reference state.  Thus, the high temperature zero-pressure enthalpy is shifted 

to exactly match its zero-pressure counterpart from REFPROP 10 at 700 K, and the same is done 

for entropy at 700 K and 1 bar pressure.  Details for this process are provided towards the end of 

Appendix B.  Appendix B also relates the construction of the zero-pressure backbones for the 

present higher temperature enthalpy and entropy calculations, so calculation of the shift to the 

REFPROP 10 reference state was a natural way to end that appendix.  Given that REFPROP 10 

and the present methods use fundamentally different pressure-volume-temperature surface 

(equation of state) models, shifting one to match the other at a single state point for each of 

enthalpy and entropy will still leave them slightly mis-matched everywhere else.  How to handle 

that is the topic of the next section. 

5.5 Bridging High Temperature Thermodynamic Results to REFPROP 

The present higher temperature results need to be integrated with the REFPROP results, referred 

to as bridging in this report, in a manner that smoothly transitions from the REFPROP results to 
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the higher temperature results.  Looking back to the figure from Section 3.3.2.3.1, it helps to think 

of three regions in temperature-space:  1) the REFPROP region where all results come directly 

from REFPROP 10, 2) the Bridging region, which is the topic of this section, and 3) the Higher 

Temperature region where the calculation methods related in the subsections of Section 5.3 are 

applied without modification.  First let us consider the interface between the REFPROP and 

Bridging regions. 

5.5.1 Bridging Temperature 

The underlying models for the REFPROP 10 results do not account for the possibility of 

dihydrogen dissociation to atomic hydrogen.  At the 1000 K upper limit for parahydrogen in 

REFPROP, the mole fraction of atomic hydrogen is very small - even for pressure as low as 1 Pa 

- but its impact on isobaric specific heat is non-negligible for pressures as high as 10 kPa.  Thus, 

in this present work, the boundary temperature between the REFPROP and Bridging regions varies 

with pressure such that the isobaric specific heat reaction component divided by its equilibrium 

mixture value equals 1.0E-08 - this level being considered negligible for the purposes of the present 

database.  Thus, the Bridging Temperature versus pressure curve from Section 3.3.2.3.1. 

5.5.2 Modification of PVT Surface to Enable Bridging 

Along this curve, the higher temperature model is applied, but modified so as to provide additional 

degrees of freedom that allow it to 'bend' to match the REFPROP dataset in terms of key 

thermodynamic parameters at each Bridging Pair (Pressure, Temperature) along the Bridging 

Temperature curve (hereafter the Bridging Line).  These modifications are related in the Bridging 

Parameters subsection below. 

5.5.2.1 Bridging Constraints 

Ideally, all of the bridging constraints listed below would be matched along the Bridging Line, but 

this proves impractical/inadvisable as noted for specific constraints.  The primary goal of the 

bridging process is to ensure continuity and smoothness when transitioning between the REFPROP 

and current P-V-T surfaces; as well as continuity of properties that depend on the shape of these 

P-V-T surfaces. 

1)                     mixture molar specific volume – matched exactly 

2)                     mixture molar enthalpy – matched exactly 

3)                     mixture molar entropy – matched exactly but requires use of an additive shift 

parameter above roughly 10 MPa.  Use of this additive shift results in tabulated 

entropy values not exactly following the real-gas variation term from 

 

4)                     smoothness of P-V-T surface; important to enthalpy and entropy change along an 

isobar, and (Cp - Cv) – matched exactly 
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5)                            smoothness of P-V-T surface; important to (Cp - Cv) – matched exactly 

 

6)                              important to pressure dependency of Cp, but this quantity cannot be reliably 

matched simultaneously with Cp.  So, Cp is actually used as a proxy here. 

 

7)                               minimize impact of dissociation along Bridging Line.  Though Bridging 

Parameters are optimized based on mixture relations; those mixture 

relations essentially represent dihydrogen only along the Bridging Line. 

5.5.2.2 Bridging Parameters 

The 7 bridging constraints are balanced by 7 model degrees of freedom (Bridging Parameters) as 

follows (note that the numbering scheme does not imply a direct connection between constraint 

and degree of freedom): 

1)  𝜎𝐻2,𝑏𝑟𝑖𝑑𝑔𝑒 - effective collision diameter allowed to vary in the Bridging Region 

 

2)  (
𝜖

𝑘
)

𝐻2,𝑏𝑟𝑖𝑑𝑔𝑒
- characteristic temperature allowed to vary in the Bridging Region 

 

 3), 4) ,5)       C0bridge, C1bridge, C2bridge  see modified dihydrogen virial relation immediately below 

 

6)                   additive shift to dihydrogen molar entropy (see Section 5.5.2.1 constraint 3) which 

is applied as follows 

 

7)                   vary T to ensure constraint (7) from Section 5.5.2.1 is satisfied. Though not the only 

Bridging Parameter on which constraint (7) depends; this parameter dominates. 

 

5.5.3 Bridging Parameter Variation Along Bridging Boundary 

Simultaneous solution of the above 7 constraint - 7 parameter problem results in the following 

curves of bridging parameter variation with pressure. 
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Figure 5-1. Bridging Parameters between 10 kPa and 100 MPa 

A purposeful discontinuity exists in all of the Bridging Parameters just above 100 kPa, but its 

impact is not readily apparent in either C0 or Sbridge parameters.  All Bridging Parameters are held 

constant at their 10 kPa values for calculations below 10 kPa.  Details of the bridging process are 

related in Appendix I. 

5.5.4 Bridging Parameter Variation with Temperature Internal to Bridging Region 

For the case of the lowest pressure (1 Pa) tabulated for the present database, the Bridging 

Temperature is roughly 700 K.  The upper limit temperature of the bridging region is taken to be 
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the 1500 K lower limit of the Vargaftik et al. (1996) database.  At/above 1500 K, the Bridging 

Parameter values equal their high-temperature region values as follows: 

H2 = 2.934 Angstrom  (/k)H2 = 34.1 K C0 = C1 = C2 = 1.0  Sbridge = 0 

Internal to the Bridging region, for each bridging pressure, each bridging parameter is forced to 

vary according to a cubic relation in temperature whose end slopes are constrained to be 0.  Using 

C0 as an example: 

 

where the constants may be expressed in terms of knowns as follows 

 

or for the case of effective collision diameter, one finds 

 

and so on for the other bridging parameters. 

5.5.4.1 Exclusion of Bridging Parameter Temperature Variation from Derivatives 

The above methodology for variation of bridging parameters internal to the bridging region 

provides a fairly straightforward means of smoothly transitioning from the Bridging Line, through 

the bridging region (up to 1500 K), into the high temperature calculation region (=> 1500 K).  

Obviously, the cubic temperature variation defined in the last section is not physical in nature; 

thus, it is necessary to exclude the temperature dependence introduced by this temperature curve 

fit when differentiating on the P-V-T surface to calculate properties.  In the Python code, this is 

accomplished by storing bridging parameter values as constants for each P,T pair being calculated 

instead of calculating them for each use from function calls.  A special static variable is also 

provided as part of the numerical differentiation routine that allows one to pass a parallel 

independent variable value (possibly temperature) that does not get perturbed when estimating 

derivatives. 
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5.6 Transport Properties 

The present database provides values for thermal conductivity and absolute viscosity.  These 

properties are calculated using methods from Vanderslice et al. (1962).  Vanderslice et al. (1962) 

notes that their approach does not account for the effects of ionization, and the reader may refer 

back to the figure from Section 4.3.1 to get a feel for the importance of ionization.  In addition to 

their chemical equilibrium values, values for thermal conductivity and isobaric specific are 

provided which exclude the contributions associated with the 'reaction' coordinate - so-called 

'frozen' values.  While these properties have a mathematical-physics basis in statistical mechanics, 

far less effort is expended here when 'bridging' their high-temperature values to the lower 

temperature REFPROP values, since their primary use is for estimation of thermal-hydraulic 

behaviors as opposed to satisfying primary conservation relations. 

5.6.1 Thermal Conductivity 

Thermal conductivity of the dissociating mixture may be expressed as the sum of frozen and 

reaction contributions as follows: 

 

where the frozen contribution is subdivided into its translational (0) and internal (int - rotational 

and vibrational) contributions.  The use of  to represent thermal conductivity dominates the 

theoretical literature, and so it is retained in this work when discussing theory/calculations; but the 

more common variable name 'k' is used in the database output.  Thus, k = mix and kfrozen = frozen 

where the 'mix' subscript is dropped for the final database output (true for all outputs).  The 

translational contribution for a binary mixture may be expressed as: 

 

where the first form is taken directly from Vanderslice et al. (1962) wherein 1 implies H2 and 2 

implies H such that the subscripts 11 and 22 refer to like interactions for H2 and H, respectively, 

and 12 the unlike interaction of H2 with H; and the second form is the same but expressed in the 

interaction nomenclature used for the present work where the lone subscripts H2 and H refer to 

self-interactions and H2H refers to the sole unlike interaction for our dissociating system.  For 

complex multi-component mixtures, the variable L denotes elements in the matrix formulation for 

calculation of the mixture translational contribution.  The various L's relevant here are: 

Dihydrogen interaction with itself: 
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Atomic interaction with itself: 

 

Dihydrogen unlike interaction with atomic hydrogen: 

 

where the 0s are the translational contributions for self-interactions, DH2H is the diffusion 

coefficient for unlike interaction of dihydrogen with atomic hydrogen, and AstarH2H and BstarH2H 

are collision integral combinations that commonly occur in mixture transport calculations - in the 

case of Bstar, not to be confused with the non-dimensional form of the second virial coefficient 

that appears elsewhere in this work.  Both AstarH2H and BstarH2H grouping values are used as 

tabulated in Vanderslice et al. (1962), as these values depend only on the potential energy functions 

applied in the calculation of their constituent collision integrals.  The DH2H and 0s are calculated 

from first principles as follows: 

Unlike interaction diffusion coefficient: 

 

where 11 is used in place of the more common (1,1) nomenclature due to equation typesetting 

limitations, and the 11H2H collision integral is used as tabulated in Vanderslice et al. (1962). 

Dihydrogen self-interaction translational contribution: 

 

where the 22H2 collision integral is used as tabulated in Vanderslice et al. (1962). 

Atomic hydrogen self-interaction translational contribution: 

 

again with the 22H collision integral being used as tabulated in Vanderslice et al. (1962). 

The internal contribution is due to dihydrogen alone since atomic hydrogen has no internal storage 

modes absent electronic excitation.  Thus, Vanderslice et al. (1962) provide the internal 

contribution as: 
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noting that the parenthetical numerator term represents the internal heat capacity.  While this is 

correct for an ideal gas where Cp - Cv = Ru such that the term 5/2*Ru represents the sum of 3/2*Ru 

(translational degrees of freedom) and Cp - Cv = Ru, for a real-gas, one could use the following 

 

where CvH2 is the real-gas dihydrogen molar isochoric specific heat.  Where the 3/2*Ru 

translational contribution is the same for both real/ideal gas assumptions.  Yet, this requires 

calculation of CvH2 for this purpose alone.  Thus, the 1st approximation above is used for the sake 

of simplicity and it captures the major portion of real-gas effects on thermal conductivity.  The 

dihydrogen diffusion coefficient is 

 

where 11H2 is used as tabulated in Vanderslice et al. (1962). 

The final contribution to be considered is that associated with the reaction coordinate: 

 

where Hrxn is the heat of reaction associated with formation of 2 moles of atomic hydrogen from 

1 mole of dihydrogen calculated as follows 

 

where it is noted that the definition of HH used in this work includes the formation enthalpy (see 

Section 5.3.3).  Vanderslice et al. (1962) uses an ideal gas heat of reaction, but this work uses its 

real-gas counterpart since HH and HH2 are readily available.  This ideal vs real-gas difference is 

negligible considering the expected inaccuracy noted by Vanderslice et al. (1962) is as much as 

10% for either thermal conductivity or absolute viscosity taken individually. 
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This completes estimation of thermal conductivity for the dissociating mixture in chemical 

equilibrium.  The next section deals with bridging these values to their lower temperature 

REFPROP counterparts. 

5.6.1.1 Bridging Dissociating Thermal Conductivity Results to REFPROP Output 

This bridging process is far less rigorous than that applied for thermodynamic properties and 

discussed back in Section 5.5.  Here the only goal is to smoothly transition from REFPROP 10 

values to the dissociating values.  The differences between REFPROP 10 values and dissociating 

values are large enough that this bridging process occurs between the Bridging Line (Section 5.5.1) 

and an upper bound Bridging Line at which the reaction contribution to mixture thermal 

conductivity equals 0.1% of the total value.  A simple constant, REFPROP_BP, is defined at each P,T 

pair along the Bridging Line such that: 

 

thus, since the reaction term is negligibly small along the Bridging Line, forcing the mixture value 

in this database to match the REFPROP 10 value everywhere along the Bridging Line.  The value 

of REFPROP_BP then varies cubically between the local Bridging Line and the upper bound Bridging 

Line such that it becomes unity at the upper bound Bridging Line – returning the above relation to 

its normal form. 

5.6.2 Absolute Viscosity 

Absolute viscosity of the dissociating mixture may be expressed as (Vanderslice et al., 1962) 

 

where, here, H's are the individual elements of the matrix formulation for complex mixtures – not 

to be confused with their use to represent molar enthalpy.  The present use of H is common in 

statistical mechanics literature, so it is retained here and should not result in confusion since molar 

enthalpy has nothing to do with calculation of absolute viscosity.  The use of  to represent thermal 

conductivity dominates the theoretical literature, and so it is retained in this work when discussing 

theory/calculations; but the more common variable name '' is used in the database output.  Thus, 

 = mix and, unlike for thermal conductivity above, there is no frozen/reaction breakdown for 

viscosity.  The various matrix elements, H's, are: 

Dihydrogen interaction with itself: 
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Atomic interaction with itself: 

 

Dihydrogen unlike interaction with atomic hydrogen: 

 

where DH2H is the same as for thermal conductivity above, and AstarH2H is used as tabulated by 

Vanderslice et al. (1962).  This leaves only the self-interaction viscosities to be calculated as: 

 

and  

 

where the collision integrals are used as tabulated in Vanderslice et al. (1962), as was the case for 

thermal conductivity above. 

This completes estimation of absolute viscosity for the dissociating mixture in chemical 

equilibrium.  The next section deals with bridging these values to their lower temperature 

REFPROP counterparts. 

5.6.2.1 Bridging Dissociating Absolute Viscosity Results to REFPROP Output 

This bridging process is far less rigorous than that applied for thermodynamic properties and 

discussed back in Section 5.5.  Here the only goal is to smoothly transition from REFPROP 10 

values to the dissociating values.  The differences between REFPROP 10 values and dissociating 

values are large enough that this bridging process occurs between the Bridging Line (Section 5.5.1) 

and the same upper bound Bridging Line related back in Section 5.6.1.1.  A simple constant, 

REFPROP_BP, is defined at each P,T pair along the Bridging Line such that: 
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thus, since the reaction term is negligibly small along the Bridging Line, forcing the mixture value 

in this database to match the REFPROP 10 value everywhere along the Bridging Line.  The value 

of REFPROP_BP then varies cubically between the Bridging Line and its upper bound counterpart, 

such that it becomes unity at the upper bound Bridging Line – returning the above relation to it 

normal form. 

5.6.3 Frozen Transport Properties 

So-called 'frozen' values for isobaric specific heat and thermal conductivity are provided in this 

database.  The sections that follow relate how these values are calculated for the present work.  

Below the bridging temperature, these frozen values are identical to their equilibrium values - since 

both are just the values output by REFPROP 10.  The sections below deal with values for 

temperatures above the bridging curve related back in Sections 3.3.2.3.1 and 5.5.1. 

5.6.3.1 Frozen Isobaric Specific Heat 

The frozen isobaric specific heat is very simply based on Cpfrozen as defined back in Section 5.3.5, 

but converted to a mass basis as follows: 

 

Looking ahead to this output was the reason for breaking out 'frozen' and 'reaction' parts back in 

Section 5.3.5. 

5.6.3.2 Frozen Thermal Conductivity 

The frozen thermal conductivity is simply the sum of translational and internal contributions from 

Section 5.6.1 such that: 
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APPENDIX A. 

 

SYSTEMIC ENTROPY ERROR IN NBS-168 PARAHYDROGEN TABULATIONS 

 

This appendix consists of two main parts: 

RATIONALE FOR EXCLUSION OF NBS-168 DATA FROM VALIDATION EFFORTS 

which reviews the observed error and its apparent source, and 

IDEALIZED THRUST CHAMBER CALCULATIONS USING NBS-168 DATA 

which provides a quantitative assessment of the observed error’s impact on a common thrust 

chamber throat sizing task. 
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APPENDIX B. 

 

DERIVATION OF ZERO-PRESSURE BACKBONES FOR NEW DATABASE AND 

ENTHALPY AND ENTROPY SHIFTS TO THE REFPROP 10 STANDARD 

REFERENCE STATE 

 

This appendix is in a landscape orientation to better accommodate lengthy equations. 
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APPENDIX C. 

 

DERIVATION OF H-ATOM TEMPERATURE-VARYING FORCE CONSTANTS 

 

  



 
Revision: Baseline/Revision Level Document Number: SNP-DOC-0046 

Effective Date: 07/01/2024 Page: 101 of 149 

Title: Parahydrogen Thermophysical Properties V05 Final Report 

 

 

 



 
Revision: Baseline/Revision Level Document Number: SNP-DOC-0046 

Effective Date: 07/01/2024 Page: 102 of 149 

Title: Parahydrogen Thermophysical Properties V05 Final Report 

 

 

 

 

 

 

 

 



 
Revision: Baseline/Revision Level Document Number: SNP-DOC-0046 

Effective Date: 07/01/2024 Page: 103 of 149 

Title: Parahydrogen Thermophysical Properties V05 Final Report 

 

 

 



 
Revision: Baseline/Revision Level Document Number: SNP-DOC-0046 

Effective Date: 07/01/2024 Page: 104 of 149 

Title: Parahydrogen Thermophysical Properties V05 Final Report 

 

 

 



 
Revision: Baseline/Revision Level Document Number: SNP-DOC-0046 

Effective Date: 07/01/2024 Page: 105 of 149 

Title: Parahydrogen Thermophysical Properties V05 Final Report 

 

 

 

 

 

 

 

 



 
Revision: Baseline/Revision Level Document Number: SNP-DOC-0046 

Effective Date: 07/01/2024 Page: 106 of 149 

Title: Parahydrogen Thermophysical Properties V05 Final Report 

 

 

 

 



 
Revision: Baseline/Revision Level Document Number: SNP-DOC-0046 

Effective Date: 07/01/2024 Page: 107 of 149 

Title: Parahydrogen Thermophysical Properties V05 Final Report 

 

 

 



 
Revision: Baseline/Revision Level Document Number: SNP-DOC-0046 

Effective Date: 07/01/2024 Page: 108 of 149 

Title: Parahydrogen Thermophysical Properties V05 Final Report 

 

 

 

 

 

 

 

 

 

 

 

 



 
Revision: Baseline/Revision Level Document Number: SNP-DOC-0046 

Effective Date: 07/01/2024 Page: 109 of 149 

Title: Parahydrogen Thermophysical Properties V05 Final Report 

 

 

 

 

 

 

 

 



 
Revision: Baseline/Revision Level Document Number: SNP-DOC-0046 

Effective Date: 07/01/2024 Page: 110 of 149 

Title: Parahydrogen Thermophysical Properties V05 Final Report 

 

 

 



 
Revision: Baseline/Revision Level Document Number: SNP-DOC-0046 

Effective Date: 07/01/2024 Page: 111 of 149 

Title: Parahydrogen Thermophysical Properties V05 Final Report 

 

 

 



 
Revision: Baseline/Revision Level Document Number: SNP-DOC-0046 

Effective Date: 07/01/2024 Page: 112 of 149 

Title: Parahydrogen Thermophysical Properties V05 Final Report 

 

 

 

 

 

 

 

 

 

 

 

 

 



 
Revision: Baseline/Revision Level Document Number: SNP-DOC-0046 

Effective Date: 07/01/2024 Page: 113 of 149 

Title: Parahydrogen Thermophysical Properties V05 Final Report 

 

 

 



 
Revision: Baseline/Revision Level Document Number: SNP-DOC-0046 

Effective Date: 07/01/2024 Page: 114 of 149 

Title: Parahydrogen Thermophysical Properties V05 Final Report 

 

 

 



 
Revision: Baseline/Revision Level Document Number: SNP-DOC-0046 

Effective Date: 07/01/2024 Page: 115 of 149 

Title: Parahydrogen Thermophysical Properties V05 Final Report 

 

 

 

 



 
Revision: Baseline/Revision Level Document Number: SNP-DOC-0046 

Effective Date: 07/01/2024 Page: 116 of 149 

Title: Parahydrogen Thermophysical Properties V05 Final Report 

 

 

 

 

 

 

 

 

 

 

 

 



 
Revision: Baseline/Revision Level Document Number: SNP-DOC-0046 

Effective Date: 07/01/2024 Page: 117 of 149 

Title: Parahydrogen Thermophysical Properties V05 Final Report 

 

 

 



 
Revision: Baseline/Revision Level Document Number: SNP-DOC-0046 

Effective Date: 07/01/2024 Page: 118 of 149 

Title: Parahydrogen Thermophysical Properties V05 Final Report 

 

 

APPENDIX D. 

 

VALIDATION OF THERMODYNAMIC PROPERTY RESULTS AGAINST 

CHEMICAL EQUILIBRIUM WITH APPLICATIONS 

 

Chemical Equilibrium with Applications is a decades-old program for calculation of equilibrium 

compositions under the assumption that reacting species obey the ideal gas law.  The CEA entry 

for dihydrogen is based on equilibrium hydrogen.  When requesting equilibrium properties of 

dissociating dihydrogen at specified pressure and temperature states, CEA outputs enthalpy in a 

298.15 K reference state and entropy in a 0 K and 1 bar reference state.  Thus, the entropy output 

is already in the reference state used for the dissociating properties calculated in Section 5.3; but 

enthalpy must be shifted from CEA’s 298.15 K reference to the desired 0 K reference.  Also, note 

that if the reader tries to recreate the validation results in this appendix from the database output, 

they must remove the shift that moves the results based on Section 5.3 calculations to the 

REFPROP 10 Normal Boiling Point reference state (Section 5.4 and Appendix B). 

The goal of this section is to compare the current database results with those from CEA to help 

discover errors in coding/methods that might have otherwise gone unnoticed.  Residual errors are 

defined on the basis of the validation source being the reference for the normalized residual error.  

Here that means – Residual Error = (Present Database Value – CEA Value)/(CEA Value). 

Dihydrogen Mole Fraction 

 

All curves are in excellent agreement up to around 2000 K, where the 1 Pa curve begins to exhibit 

considerable error.  Higher pressure curves begin to exhibit similar error/sketchiness on attaining 

temperature where dihydrogen has nearly completely dissociated into atomic hydrogen.  This 
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behavior occurs because the CEA approach for determining equilibrium composition is not as 

precise as our present use of a single algebraic relation that directly applies tabulated equilibrium 

constant values.  The CEA approach permits good estimates of composition for complex systems, 

but at some cost in accuracy of predicted composition.  Above roughly 3000 K, the 10 MPa and 

100 MPa curves move steadily downwards, since the present calculations account for fugacity 

effects on composition – whereas CEA does not. 

Mass-Specific Volume 

Though the database provides mass density, this validation discussion works with its inverse – 

mass-specific volume.  Since CEA assumes ideal gas behavior, one may add 1.0 to the resulting 

residual value to arrive at compressibility factor (commonly referred to by the variable name Z). 

 

All the density isobars appear correct.  If one adds 1.0 to the resulting 100 MPa curve, it matches 

Z output by REFPROP 10 at 1000 K where dissociation is negligible. 

Mass-Specific Enthalpy 
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All curves appear well-behaved and the slightly under 0.06 value for residual at 1000 K agrees 

well with the ratio of real-gas to ideal gas enthalpy equal to 1.059 output by REFPROP 10. 

Mass-Specific Entropy 

 

The entropy residual plot exhibits a handful of interesting behaviors.  Each curve begins at 700 K, 

a temperature at which dissociation is negligible – even at 1 Pa.  All of the curves, except for 100 

MPa, exhibit a residual of roughly 0.0001 at 700 K – this is due mostly to small differences in 

zero-pressure entropy between the two datasets.  As temperature approaches the 1500 K upper 
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bound on the bridging region, the lower pressure entropy curves exhibit very small residuals.  All 

except the 100 MPa curve also exhibit some of the sketchiness discussed above in the section on 

dihydrogen mole fraction. 

The 100 MPa curve behavior up to 1000 K behaves exactly the same as that for REFPROP, since 

up to just under 1000 K (100 MPa Bridging Temperature is 981 K) the source data is, in fact, 

REFPROP 10.  As soon as the current database calculation methods begin being used above 1000 

K, the residual curve drops sharply until the 1500 K upper end of the bridging region is reached.  

This sharp drop is mostly due to the fact that the methodology used to bridge/meld the REFPROP 

10 and current methods together works rather poorly for entropy above about 30 MPa.  The more 

gradual decrease in residual above 1500 K is simply the result of the current database accounting 

for real-gas effects on whereas CEA is ideal gas in nature.  Above 3000 K, the 100 MPa curve 

begins to increase due to the impact of real-gas effects on equilibrium composition – fugacity. 

Isobaric Mass-Specific Heat 

 

This residual comparison shows an interesting trend in the bridging region for all pressure steps 

due to the newly identified bridging methodology. Additionally, the residuals begin to increase in 

a parabolic fashion after roughly 1500 K before returning to zero. This effect is observed due to 

the real-gas effects in the dissociation region prior to returning to an equilibrium state with the 

monatomic hydrogen. For example, the light blue curve for 1 Pa has a very short parabolic peak 

and returns to zero given that the dissociation occurs significantly faster in this low pressure region. 

As such, the higher pressure curves show a peak at higher and higher temperatures as the 

dissociation requires more temperature rise to reach the same dihydrogen mole fraction. The 100 

MPa curve yields the highest residual throughout, but its value does not exceed ~0.01.  
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Sound Speed 

 

The plot above clearly depicts the importance of real-gas effects on sound speed.  All of the results 

appear well-behaved.  The comparisons with the tabulations of Vargaftik et al. (1996) will provide 

a more quantitative idea of the validity of the present calculations.  But, the 1000 K, 100 MPa 

value of 0.17 above agrees with the same residual calculation based on sound speed from 

REFPROP 10. 
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APPENDIX E. 

 

VALIDATION OF THERMODYNAMIC PROPERTY RESULTS AGAINST 

VARGAFTIK ET AL. (1996) TABULATIONS 

Vargaftik et al. (1996) provides thermophysical properties for dissociation dihydrogen.  The 

methods behind the current SNP parahydrogen property calculations were largely based on the 

methods believe to have been used to create the Vargaftik tabulations.  Vargaftik et al. (1996) 

exhibits area of missing data and several datum points for various properties were found to be 

erroneous (typically probable transcription errors) when reviewed by McDonald (2017).  All such 

erroneous datum points are removed from the comparisons in this appendix.  Vargaftik et al. (1996) 

provides enthalpy in a 0 K reference state and entropy in a 0 K, 1 bar reference state.  Note that if 

the reader tries to recreate the validation results in this appendix from the database output, they 

must remove the shift that moves the results based on Section 5.3 calculations to the REFPROP 

10 Normal Boiling Point reference state (Section 5.4 and Appendix B). 

The goal of this section is to compare the current database results with those from Vargaftik et al. 

(1996) to help discover errors in coding/methods that might have otherwise gone unnoticed while 

providing quantitative insight into the accuracy of our newer SNP calculations.  Residual errors 

are defined based on the validation source being the reference for the normalized residual error.  

Here that means – Residual Error = (Present Database Value – Vargaftik Value)/(Vargaftik Value). 

Dihydrogen Mole Fraction 

 

Agreement is excellent.  The large deviations above 5000 K result from Vargaftik only tabulating 

those results to the fourth decimal place resulting in only one significant figure at/above 5000 K 

at 10 kPa. 



 
Revision: Baseline/Revision Level Document Number: SNP-DOC-0046 

Effective Date: 07/01/2024 Page: 124 of 149 

Title: Parahydrogen Thermophysical Properties V05 Final Report 

 

 

Mass-Specific Volume 

Though the database provides mass density, this validation discussion works with its inverse – 

mass-specific volume, since Vargaftik et al. (1996) tabulates specific volume. 

 

The errors observed are in accord with Vargaftik only tabulating 4 significant figures.  No evidence 

of a systemic error is apparent in the residual plot. 

Mass-Specific Enthalpy 
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Though none of the residuals are large – most are less than 0.02% in magnitude – there is obviously 

something of a systemic nature at play.  Each curve exhibits a common behavior with respect to 

temperature.  While the 100 MPa curve exhibits the same basic behavior with respect to 

temperature as the lower pressures, above 3000 K it rises above the remaining curves.  The fact 

that the enthalpy residual from the CEA comparisons in the last appendix exhibit no similar trends 

suggests that the issue might be with the Vargaftik dataset itself.  Thus, a similar residual plot was 

made that compares Vargaftik to CEA, and this plot is found to exhibit exactly the same behavior 

– except that the highest pressure curves are no longer visible since CEA doesn’t account for real-

gas effects.  It would seem that something odd is going on with the Vargaftik tabulation. 
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Mass-Specific Entropy 

 

There is obviously some systemic error at play in the plot above.  This behavior was first noticed 

in McDonald (2017) where it was surmised that the Vargaftik tabulations might have failed to 

include the terms associated with mixing of the individual species 

 

So, those terms were removed from the Python source code with the following result 

 

which strongly suggests that Vargaftik et al. (1996) did fail to include the mixing terms in their 

tabulated entropy results. 
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APPENDIX F. 

VALIDATION OF TRANSPORT PROPERTY RESULTS 

Transport properties calculated for inclusion in the SNP v05 database are compared for validation 

purposes against values from REFPROP 10 (NIST, 2018), Chemical Equilibrium with 

Applications (CEA, 2004), Vargaftik et al. (1996) for pressures up to 20 MPa, and Vargaftik and 

Vasilevskaya (1975) above 20 MPa – these latter two are simply referred to as Vargaftik in the 

plots that follow.  Both Vargaftik sources apply the same Vanderslice et al. (1962) methods used 

for the present SNP v05 database.  Unlike the thermodynamic property validation plots which 

compare normalized residuals, the present transport property validation plots compare curves of 

the property values themselves.  The transport properties are not expected to agree as well with 

validation sources as were the thermodynamic properties.  For the transport properties, the most 

important validation outcomes are that the transition from lower temperature REFPROP values to 

the higher temperature dissociating calculations be smooth/well-behaved and that there is good 

qualitative agreement between SNP v05 values and validation sources. 

Isobaric Specific Heat 

The main body of validation regarding isobaric specific heat is found in Appendix F, but two plots 

are provided here to ensure that the so-called ‘frozen’ version was calculated correctly.  These 

plots also help one to understand the relationship between the equilibrium and frozen values. 

The 100 kPa isobar is provided below.  At this pressure, one can see almost the entire hump 

associated with dissociation of H2 to H.  This hump results from the progressive expression of H 

atom formation enthalpy.  The lower curves depict the frozen values where this expression of 

formation enthalpy is not included in the result.  The SNP v05 frozen curve does account for real-

gas effects, whereas the CEA frozen curve does not; but real-gas effects are minimal at 100 kPa. 
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The highest pressure isobar is considered in the plot on the next page.  The isobaric specific heat 

scale is kept the same as for the 100 kPa plot, so that one may more readily compare these isobars 

– if desired.  Even at 100 MPa, real-gas effects on isobaric specific heat are really not noticeable 

in the plot. 
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Thermal Conductivity 

For the lowest pressure considered in the SNP v05 database, 1 Pa, the figure below depicts values 

from the various validation sources.  The figure depicts the full temperature range in which one 

may observe almost exact agreement between SNP v05 and Vargaftik curves – as should be the 

case since both are based on the methods of Vanderslice et al. (1962).  An inset plot zooms into 

the lower temperature region where one sees that SNP v05 values are taken directly from 

REFPROP 10 up to roughly 700 K above which the SNP v05 curve gradually transitions to the 

methods of Vanderslice et al. (1962), thus, rising above the REFPROP 10 values primarily due to 

the reaction contribution to thermal conductivity for which REFPROP 10 does not account.  Frozen 

curves are also depicted to provide an idea of their relationship to equilibrium values. 

 

From the lowest pressure considered in the SNP v05 database, we jump straight to the highest 

pressure of 100 MPa in the plot immediately below.  At the lowest pressure of 1 Pa, the REPFROP 

10 and CEA/Vargaftik values are in quite good agreement at the roughly 700 K Bridging 

Temperature above which reaction effects begin to become important to thermal conductivity; 

thus, the SNP v05 curve makes a quite smooth transition from REFPROP 10 values to those from 

the dissociating methods of Vanderslice et al. (1962).  The inset plot for the 100 MPa isobar reveals 

that this same transition is more tortuous due to the REFPROP 10 values laying upwards of 20% 

above those of the dissociating methods.  Yet, the SNP v05 curve still appears very acceptable.  
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The fact that the CEA curve lies noticeably above the Vargaftik/SNP v05 curves is readily apparent 

in the 100 MPa isobar plot – far more so than was evident in the 1 Pa isobar plot.  This behavior 

is discussed briefly below. 

 

We next review the 1 kPa isobar, as it best illustrates the extent to which the CEA curve lies above 

those of Vargaftik and SNP v05 in the dissociation region (large hump).  The primary reason for 

the difference, often quite large at the relative maxima in thermal conductivity, is that CEA obtains 

its unlike interaction diffusion coefficient from Tang and Wei (1974) instead of Vanderslice et al. 

(1962).  Tang and Wei (1974) values for this diffusion coefficient are as much as 35% higher than 

those from Vanderslice et al. (1962).  Though Tang and Wei (1974) is newer by 12 years, neither 

Tang and Wei (1974) nor Vanderslice et al. (1962) values are anchored to or validated by 

experimental results.  Kjelstrup et al. (2016) arrive at the same diffusion coefficient via direct 

simulation of molecular dynamics resulting in values at least an order of magnitude smaller than 

those of Tang and Wei (1974).  The best approach for arriving at the unlike interaction diffusion 

coefficient is unknown, but the method of Vanderslice et al. (1962) used for the SNP v05 

calculations do represent a middle-ground between the other approaches. 
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The remaining thermal conductivity isobar plots are supplied without further discussion as 

validation that the calculation methods result in reasonable behavior across the range of pressure 

and temperature considered in the SNP v05 database. 



 
Revision: Baseline/Revision Level Document Number: SNP-DOC-0046 

Effective Date: 07/01/2024 Page: 133 of 149 

Title: Parahydrogen Thermophysical Properties V05 Final Report 

 

 

 

 



 
Revision: Baseline/Revision Level Document Number: SNP-DOC-0046 

Effective Date: 07/01/2024 Page: 134 of 149 

Title: Parahydrogen Thermophysical Properties V05 Final Report 

 

 

 

 



 
Revision: Baseline/Revision Level Document Number: SNP-DOC-0046 

Effective Date: 07/01/2024 Page: 135 of 149 

Title: Parahydrogen Thermophysical Properties V05 Final Report 

 

 

Absolute Viscosity 

For the lowest pressure considered in the SNP v05 database, 1 Pa, the figure below depicts values 

from the various validation sources.  The figure depicts the full temperature range in which one 

may observe almost exact agreement between SNP v05 and Vargaftik curves – as should be the 

case since both are based on the methods of Vanderslice et al. (1962).  The SNP v05 curve makes 

a smooth transition from the REFPROP 10 curve to the Vargaftik curve.  Note that at 2000 K, the 

CEA value is roughly 30 percent larger than the SNP v05 and Vargaftik curves.  This behavior is 

due to the same differences in unlike interaction diffusion coefficient discussed at the end of the 

Thermal Conductivity section above. 

 

Next, the 100 MPa isobar is considered where, as was also the case for thermal conductivity, the 

REFPROP 10 values lie much farther above the Vargaftik values than was the case at 1 Pa.  As a 

result, the transition between these two curves/datasets is far less smooth that for the 1 Pa case.  

Yet, the 100 MPa isobar SNP v05 is deemed acceptable, and the same transitions for lower 

pressures only get better.  Here again, the CEA curve lay well above the other curves due to the 

higher unlike interaction diffusion coefficient applied by CEA. 
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The remaining isobars are provided without further discussion. 
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APPENDIX G. 

 

COMPARISON OF V05 WITH V03B 

 

This appendix compares the current SNP v05 database results with those of the v03b database in 

wide use within the SNP community.  As was the case in Appendix F for thermodynamic 

properties, this section considers normalized residual errors defined as (v03b value – v05 

value)/(v05 value). 

Dihydrogen Mole Fraction 

First note that the error values on the plot are to be multiplied by 1E-05 as denoted by the 1e-05 

found at the top left of the plot.  Thus, the peak error magnitude observed in the plot is 3E-05 and 

not 3.0.  The observed error is due to the typographical error in the fugacity calculation discussed 

back in Section 3.3.3.1.  Though now corrected, this error would not have been greater than 

roughly 2E-06 at 3000 K – 3000 K representing the highest temperature considered by any recent 

nuclear thermal propulsion systems analyses. 

 

Mass-Specific Volume 

The highest pressure isobars exhibit humps that originate at 1000 K.  This 1000 K origin is because 

v03b joined the REFPROP 9.1 and higher temperature methods at 1000 K.  These humps just 

above 1000 K are the result of a greatly improved bridging process for v05 compared to v03b.  The 

residual error near 6000 K for the 100 MPa isobar peaks at only 0.16%, and the error of greater 

practical interest for nuclear thermal propulsion systems analyses at roughly 3000 K and 10 MPa 

is only about 0.001%. 
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Mass-Specific Enthalpy 

The largest difference in enthalpy occurs at the lowest pressures and is never greater than 0.1% in 

magnitude. 

 

Mass-Specific Entropy 

Entropy differences between v03b and v05 are quite large for states where mostly H atom is 

present.  The reason for these large entropy differences is the erroneous manner in which 

McDonald (2017, 2018) shifted H atom entropy in addition to shifting parahydrogen entropy to 

match the REFPROP reference state.  For v05, the entire database is calculated in a 0 K reference 

state and then all results are shifted to the REFPROP 10 default reference state. 
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Isobaric Mass-Specific Heat 

Maximum differences here are around 0.1% in magnitude.  Exact error sources are not known. 

 

Isochoric Mass-Specific Heat 

Maximum differences here are around 0.3%.  Exact sources of error are unknown. 
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Sound Speed 

Differences in sound speed are also quite small except for the 100 MPa isobar.  Exact cause(s) for 

the error is unknown. 

 

Thermal Conductivity 

Both thermal conductivity and absolute viscosity exhibit peaks in their v03b vs v05 residuals in 

the region of each isobar where dissociation of H2 to H first occurs with increasing temperature.  

The v05 process for bridging/joining REFPROP 10 values to the dissociation values calculated 

using the methods of Vanderslice et al. (1962) is much better than that applied for the v03b 
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database release.  The SNP v05 database forces bridging to be complete before any substantial 

dissociation occurs with increasing temperature. 

 

Absolute Viscosity 
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APPENDIX H. 

 

OVERVIEW OF THE BRIDGING PROCESS 

A great deal of care is taken with regards to how the lower temperature REFPROP 10 

parahydrogen properties results are joined to the higher temperature dissociating results from 

Section 5.3.  The REFPROP 10 Pressure-Volume-Temperature surface in the near region of the 

Bridging Line (Sections 3.3.2.3.1 and 5.5) exhibits much greater curvature than that available from 

the cubic virial equation of state the higher temperature methods apply for dihydrogen.  Thus, in 

the end, any attempt to join these two datasets will be imperfect.  The question becomes one of 

where to allow the imperfections to manifest themselves to result in the best possible combined 

working database. 

The present bridging approach demands smooth union of the REFPROP and dissociating P-V-T 

surfaces along the Bridging Line.  Thus, the following constraints are always applied in the 

solution for Bridging Parameters – exact matching of Molar Specific Volume, V, and the first 

partial derivatives of V with respect to temperature at constant pressure, (V/T)P, and its 

complement, (V/P)T.  The remaining properties to be matched are enthalpy, H, entropy, S, and 

specific heat, Cp.  Isochoric specific heat and sound speed are also important, but these are found 

to just fall into place if the former are matched.  Five Bridging Parameters are attached directly to 

the virial equation of state, so it is possible to use these to satisfy two of enthalpy, entropy, and 

isobaric specific heat but not all three – especially not all three at higher pressures. 

At high pressure (definitely for > 10 MPa, the best overall solution approach is directly satisfy V, 

(V/T)P, (V/P)T, H, Cp and apply an additive correction to S that forces matching the 

REFPROP 10 value.  Yet, experience also reveals that this approach works poorly at lower 

pressures (< 1 MPa) – this behavior occurs because the zero-pressure isobaric specific heat 

extracted by differentiation of H0 is not exactly the same as that from REFPROP 10.  Thus, a 

strategy is needed by which to transition from application of constraint sets 

V, (V/T)P, (V/P)T, H, Cp ........................................................................... at higher pressures 

to 

V, (V/T)P, (V/P)T, H, S ............................................................................. at lower pressures. 

Constraint Application Details 

Bridging Parameters are calculated for a suitably dense vector of pressure, temperature pairs along 

the Bridging Line – the chosen density may be viewed in the plots of Section 5.5.3.  The plot of 

C2 Bridging Parameter values versus pressure is repeated here for reader convenience. 
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Bridging Parameters are found by simultaneous solution of the property relations to satisfy the 

constraints related in Section 5.5.2.1 by varying the Bridging Parameters related in Section 5.5.2.2.  

This solution process begins at the highest pressure in the database, 100 MPa, and proceeds down 

the 52 Bridging Pressures denoted in the C2 versus Bridging Pressure plot above.  Broken down 

into numbered steps, the bridging process is: 

0. Establish a vector of Bridging Temperature values by satisfying constraints 1-7 from 

Section 5.5.2.1 (V, H, S, DVDT, DVDP, Cp, Cp_rxn/Cp_mix = 1E-08) by simultaneously 

varying parameters 1-7 (, /k, C0, C1, C2, S_bridge, Tbridge) from Section 5.5.2.2 to 

minimize constraint errors.  Note a simplified nomenclature is used in this appendix.  The 

Bridging Temperature values obtained in this matter will be used throughout the rest of 

this process, as they are good enough due to the very strong coupling of constraint 7 

(Cp_rxn/Cp_mix = 1E-08) with parameter 7 (Tbridge). 
 

Figure to which the remaining numbered steps make reference 



 
Revision: Baseline/Revision Level Document Number: SNP-DOC-0046 

Effective Date: 07/01/2024 Page: 146 of 149 

Title: Parahydrogen Thermophysical Properties V05 Final Report 

 

 

 
 

1. From 100 MPa down to 10 MPa, constraints for V, H, DVDT, DVDP, Cp are satisfied by 

solving for optimal values of , /k, C0, C1, C2, which results in very small normalized 

residual errors for the 5 constraints – typically < 1E-15.  The resulting values for C2 are 

depicted by plus signs (mostly obscured by asterisks) in the reference plot above.  The 

entropy, S, constraint is then satisfied by calculating the S_bridge directly as the 

difference between the current (SNP v05) method result and the corresponding REFPROP 

10 entropy value.  As evident in the C2 plot above, C2 rises increasingly rapidly below 10 

MPa and, were this solution process continued, C2 values upwards of 10000 results at 10 

kPa.  Such large C2 values do not allow the temperature variation scheme related back in 

Section 5.5.4 to work well, so something must be done to control the C2 behavior with 

decreasing Bridging Pressure.  The approach taken here is to define an acceptable 

normalized residual error in the Cp constraint (taken to be -1E-05) and find Bridging 

Parameter sets that just achieve this -1E-05 constraint.  This consistently slightly 

underpredicts Cp, but reigns in the C2 values. 

 

2. Below 10 MPa, constraints V, H, DVDT, DVDP are satisfied by simultaneous variation of 

, /k, C0, C1, and C2 is varied separately to satisfy the -1E05 normalized error constraint 

on Cp.  These C2 values are depicted by asterisks in the reference plot above.  This 

eventually results in C2 passing through a relative maximum at roughly 650 kPa.  The 

resulting Bridging Parameter values are mostly not directly used, but rather a ‘working’ C2 

curve is created in the next step. 
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3. The outcome of this step is noticeable in the reference plot, so the plot immediately below 

depicts a sub-portion that better reveals the purpose of Step 3. 

 

 

Step 3 blends the curves resulting from Steps 1 (plus signs) and 2 (asterisks) by linearly 

decreasing the difference between the C2 values at 10 MPa resulting from Step 1 (plus 

sign) and Step 2 (asterisk) such that it vanishes at the relative maxima – or in equation form 

 C2(P) = C2_10MPa_step2 + (C2_10MPa_step1 - C2_10MPa_step2)* 

 .................................................................................... (P – 650000)/(10000000 – 650000) 

  

 which yields the Step 3 curve (triangles) readily noticeable in the plot immediately above, 

but much less noticeable in the earlier reference plot covering the full C2-Bridging Pressure 

range. 

Use of the above C2 relation for 650000 < P < 10000000 results in Cp normalized error 

values better than -1E-05, when V, H, DVDT, DVDP are satisfied by simultaneous 

variation of , /k, C0, C1.  The entropy, S, constraint is then satisfied by calculating the 

S_bridge directly as the difference between the current (SNP v05) method result and the 

corresponding REFPROP 10 entropy value. 

 

4. Not really a step but on the interval 450000 <= P <= 650000 the Bridging Parameter values 

used are those from Step 2.    The entropy, S, constraint is then satisfied by calculating the 
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S_bridge directly as the difference between the current (SNP v05) method result and the 

corresponding REFPROP 10 entropy value. 

 

5. On the interval 118566 < P < 450000, the methodology transitions away from satisfying a 

Cp constraint towards application of the S constraint.  To aid this transition, Step 5 finds 

the Bridging Pressure value at which satisfying V, H, S, DVDT, DVDP constraints by 

simultaneous variation of , /k, C0, C1 with C2 = 1.0 results in the Cp constraint error 

equal to -1E-05 applied in Step 2 above.  See black diamond in the reference plot above. 

 

6. In this step, C2 values are defined by linearly fitting the (Pbridge,C2) pairs at 118566 Pa 

and 450000 Pa.  The upper bound of 450000 Pa is simply the existing Bridging Pressure 

vector point at which the slope of the line defined here (x’s in the reference plot) most 

closely matches the slope of the curve from Step 2; there is no need to exactly match the 

slope as the idea here to is ride a curve on which normalized Cp error is roughly -1E-05.  

There is nothing magic about -1E-05, so we didn’t make this harder than it had to be.  The 

task now is to transition from applying V, H, DVDT, DVDP, Cp constraints at 450000 Pa 

to applying V, H, S, DVDT, DVDP constraints at 118566 Pa.  This task is accomplished 

by defining a weighting factor, Cp_weight, as follows: 

 

Entropy Constraint: (S_mix – S_REFPROP)/S_REFPROP * (1 - Cp_weight) = 0 

 

Cp Constraint:  (Cp_mix – Cp_REFPROP)/Cp_REFPROP * Cp_weight = 0 

 

The solution methodology satisfies V, H, DVDT, DVDP and the above weighted versions 

of the S and Cp constraints by simultaneously varying , /k, C0, C1 with C2 coming from 
the linear fit defined between 118566 Pa and 450000 Pa points.    The entropy, S, 

constraint is then satisfied by calculating the S_bridge directly as the difference between 

the current (SNP v05) method result and the corresponding REFPROP 10 entropy value. 
 

7. Below the 118566 Pa Bridging Pressure value, C2 = 1.0 and S_bridge = 0.  The 

remaining Bridging Parameters, , /k, C0, C1, are simultaneously varied to satisfy V, H, 

S, DVDT, DVDP constraints. 

The above 7 steps enable calculation of the complete set of needed Bridging Parameter which are 

depicted by open circles in the reference plots above. 
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APPENDIX I. 

 

PYTHON SOURCE CODE LISTING(S) 

 

The following python source code files are included in the distribution with this report. A general 

description of each file and its application to the total code suite is tabulated below: 

File Name Description 

parahydrogen.py 
This script includes all relevant real-gas property calculations, 

bridging parameters, interpolators, and required helper functions. 

parahydrogen_caller.py 

This file serves as the wrapper function to call parahydrogen.py, 

plotter.py, interpolate.py, etc. Several unit tests are included for 

viewing. 

interpolate.py 
Generates multidimensional interpolators for each fluid property 

based on the input dataframe provided by the user. 

plotter.py 
Provides all 2D and 3D plotting features for each fluid property as 

well as the verification activities. 

read_data.py 

Reads input data and stores in python dataframes for usage by 

other scripts. Includes all calls to parse the saturation pairs and 

REFPROP reference data. 

write_data.py Serves as the primary tool for storing output data into CSV files  

saturation_data.zip 

Includes the interpolators to call the saturation liquid / vapor data 

pairs as well as the solidus temperature (lowest T available for 

each P). 

interpolators.zip 

Includes the REFPROP interpolators below the bridging 

dissociation temperatures for all accepted pressure steps (1 Pa – 

100 MPa). 
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