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Abstract

To better identify the necessary attributes of good stage-value predictors (SVPs), numerous SVPs are de-
signed for an existing: ESDIRK4(3)7L[2]SA [26] and a new: ESDIRK4(3)8L[2]SA scheme.1 Both are stiffly-
accurate, stage-order two, explicit, singly-diagonally implicit Runge–Kutta (ESDIRK) schemes. Tradeoffs
are studied in the parameter spaces enforcing the constraints on accuracy, linear stability, nonlinear sta-
bility and coefficient size to determine which objectives correlate with effective predictors. The SVPs are
tested on three challenging external aerodynamics problems [107 − 108 degrees of freedom (DoFs)], each
with a different level of stiffness. The problems include two 3D airfoils simulations and one canonical
turbulence simulation. All simulations use the compressible Navier-Stokes equations (CNSE). An entropy
stable spectral collocation formulation is used for discretizing the spatial terms in the equations. Simu-
lations are performed at a wide variety of temporal error tolerances. Problems that are sufficiently stiff
(e.g., lax temporal error tolerances) benefit from SVPs designed with second-order accuracy and stability
properties: A-stability, and L-stability, rather than high accuracy constraints. Simulations with modest
stiffness (e.g., strict error tolerances) are better suited for SVPs designed using high accuracy constraints.
Designing SVPs with enhanced stability properties is tedious but worthwhile. Simulation times are reduced
with optimal SVPs by as much as 100% on some stages, with combined stepwise improvements of between
50− 100% for both methods. A comparative study is performed with the two aforementioned methods as
well as four other ESDIRKs. The newly designed ESDIRK4(3)8L[2]SA with γ ≈ 1/10, proves to be the
most efficient of the six tested ESDIRK schemes simulating the CNSE.

Keywords
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By-Parts (SBP), Simultaneous-Approximation-Term (SAT), Entropy Stability, Discontinuous Spectral Col-
location, Stiffness
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1 Introduction

Engineering solutions to the compressible Navier-Stokes equations (CNSE) are routinely sought and
are typically very expensive owing to their size. The dimensionality of a state-of-the-art simulation could
be 108 − 1012 degrees of freedom (DoFs), all being advanced temporally using a method of lines approach.
The search for improved time-integration methods is one part of the quest to significantly reduce the com-
putational burden of these challenging simulations. Compressible fluid simulations can manifest extreme
levels of numerical stiffness from a variety of sources: 1) high Reynolds number boundary-layer elements,
2) trailing-edge singularities, 3) sliver cells that are beyond repair, 4) chemical reactions, 5) acoustic time
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scales, 6) turbulence models to name a few. A good ”stiff integrator” is vital in these real-world applications.

A stiff integrator for the CNSE is assembled with the following components: 1) a discretization of
the right-hand side (RHS) of the equations, 2) an exact or approximate Jacobian matrix, 3) a factorization
and storage of said matrix for use as a preconditioner, 4) the nonlinear iteration loop (e.g., Newton’s
method), and 5) a preconditioned algebraic linear solver (e.g., GMRES [35]). The relative cost of each
component can vary dramatically based on algorithmic choices, the simulation hardware, and the level of
solver optimization. Modern CPU hardware typically has two gigabytes of RAM per processor, which al-
lows for the storage and reuse of a high-quality preconditioner. Thus, the Jacobian formation, approximate
factorization, data compression and preconditioner storage are amortized over many linear solves. As a
result, the dominant cost in the ”stiff” integration for the CNSE is associated with the nonlinear/linear
solvers.

Not surprisingly, the implementation of a given method can have a dramatic effect on the perfor-
mance of the integration scheme. The quadratic convergence behavior of a Newton iteration often enables
only three to four nonlinear iterates to reduce the residual to engineering tolerances. Each iterate requires
the solution of an extremely large linear system. The number of search directions required by precondi-
tioned GMRES to converge the linear system is strongly dependent on the temporal method, the timestep,
the preconditioner and the starting guess for the solution vector at the beginning of the nonlinear iteration.
Optimizing the starting solution vector is therefore a sensible place to search for improving the efficiency
of integrators. We refer to the elaborate mechanics which supply these starting guesses as stage-value
predictors (SVPs). Relative to the nonlinear/linear iterations, the SVP mechanics is of negligible cost and
should always be considered mandatory when designing a stiff integrator. Although effective SVPs are
difficult to design for some stiff integrators, the remarkable efficiency improvements demonstrated herein
suggest that they should be considered as essential components in all viable stiff integrators.

Stage-value predictors can improve a solver’s efficiency in three distinct ways. First, an effective
SVP places the starting solution inside the quadratic envelope of Newton’s method. The first iteration is
much less likely to diverge and is less prone to sporadic convergence as the nonlinear solver searches for
Newton’s quadratic convergence ball. A second benefit is that fewer Newton iterates are required to achieve
the specified residual tolerance. Experience suggests that an effective SVP facilitates convergence in one
to two fewer iterations. The third benefit is the impact on the linear convergence rate. Nearly all SVPs
provide starting solutions that converge more rapidly than the trivial guess (i.e., doing nothing). Results
presented herein, however, highlight important SVP design properties that lead to more rapid convergence
of the linear solver. Note that this third benefit does not manifest in simpler settings where the linear
system is solved exactly. For this reason, popular model problems such as the van der Pol equation, or
Kap’s equation, while important in their own right, provide little guidance on the efficacy of SVPs for the
CNSE.

Stage-value predictors may be broadly divided into those which compute the starting guess for the
solution at a given stage as either a linear combination of previous solution data or a solution and function
data [12]. Within both classes, SVPs may also be distinguished by the degree to which past data is included.
We refer to SVPs as intrastep if they only employ data from the current step. These intrastep SVPs are
exclusive to Runge–Kutta schemes from a subclass of implicit Runge–Kutta methods that are implemented
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sequentially, [e.g., Diagonally-Implicit Runge–Kutta methods (DIRKs), Singly-DIRK methods (SDIRKs),
or Explicit-SDIRK methods (ESDIRKs)]. They are simpler and require less computer memory, but on the
early stages have limited data to exploit and are not defined in the first implicit stage. They are previously
studied extensively by Higueras [18]. Alternatively, interstep SVPs use additional data from one or more
previous steps (e.g., one- or two-step SVPs) to predict starting values in the current step. These predictors
are well suited for fully implicit Runge–Kutta schemes (e.g., Radau IIa, Gauss). Note that methods with a
lower-diagonal Runge–Kutta A-matrix are amenable to combinations of interstep and intrastep predictors.

The focus herein is on constructing intrastep SVPs for ESDIRK schemes. All stages with available
data are considered, i.e., three and greater. It seems prudent to limit our initial investigations to this
simpler class of predictors. Design insights and best practices can be established before extending the
scope to the extremely challenging designs that involve intra and interstep data.2

1.1 A brief history of stage-value predictors

A variety of possible stage-value predictors have been developed over the past three decades. Consult the
following references (cited chronologically) for some important contributions. [2–8, 12–15, 17, 18, 20, 22, 23,
27,31,34,37,38,40].

Single-step predictors appear first to have been considered by Sand [37,38]. Sand [38] derives order
and inverse-order conditions for a class of predictors and distinguishes between cases where the timestep-
size ratio, r = (∆t)[n+1]/(∆t)[n], is either r < 0.1, 0.1 ≤ r ≤ 2.0, or 2.0 ≤ r. As r increases, order
is reduced and inverse order is increased. Laburta [27–30] extends the concept of single-step predictors
by including one or more additional function evaluations. Hairer, Lubich and Wanner [15] formalize the
work of Laburta in their book. Roldan and Higueras [34] and Higueras and Roldan [18] focus on single-
and multiple-step predictors for the subclass of DIRK operators. They utilized available intrastep stage
information to augment the data from the previous time step and show that this local information signifi-
cantly improved the quality of the SVP for DIRK class schemes. Roldan and Higueras [34] extend SVPs to
index-1 differential algebraic equations (DAEs) after deriving the general order conditions. No additional
functional evaluations are used, but both single- and multiple-step SVPs are constructed with and without
intrastep solution data. Higueras and Roldan [18–21] derive the consistency conditions for index-2 DAEs
and construct multistep SVPs. They also develop the index-2 DAE SVP theory for the singular coefficient
matrices encountered in ESDIRK and Lobatto IIIA methods, and the simplifying assumptions that lead
to optimal order of accuracy. Their primary focus is on developing SVPs with the highest possible order-
of-accuracy. The numerical stability of the SVPs is largely ignored.

González-Pinto et al. [12–14] made several novel contributions to the development of SVPs. The
first is to distinguish between two design approaches. Define the solution values on the internal stages as
Xi = U [n]ei + ∆t

∑
j=1,s aijf(t0 + cj∆t,Xj), (i = 1, ..., s) where ei is the ith-component of the vector

e = {1, 1, . . . , 1}, t0 is time at the beginning of the step and ∆t is the time step. The two approaches at
the internal stages of the next step are

Type I : Ui,0 = γiU
[n] +

∑
j=1,s(αijXj)

Type II : Ui,0 = U [n] + ∆t δi f(t0, U
[n])+ ∆t

∑
j=1,s(βijf(t0 + cj∆t,Xj)).

(1)

2A rudimentary interstep SVP based on dense output is provided for stage two but is not this investigation’s primary goal.
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where αij , βij , γi and δi are coefficients of the predictor. Type I SVPs are essentially extrapolation methods
based on previous solution data, whereas Type II SVPs adhere more closely to the conventional Runge–
Kutta formalism by setting γi = 1 and using solution and function values. A second contribution is the
recognition that SVPs, like conventional Runge–Kutta schemes, are susceptible to order reduction by stiff
solution components. They define the conventional nonstiff order p as: |Ui−Ui,0| = O(∆tp+1), where Ui,0 is
the starting value and Ui is the converged value. However, they define a stiff order q: |Ui−Ui,0| = O(∆tq+1),
if the accuracy of the SVP is independent of the solution stiffness. The model problem by Prothero and
Robinson [33] is used to investigate the order reduction of SVPs. A third contribution was the recogni-
tion that stiff components could lead to large errors in the predicted starting guesses, despite having high
nonstiff-order p. They conclude that at stringent tolerances the formal predictor order is most impor-
tant, but at more lax tolerances stability properties become increasingly more important. They provide a
switching algorithm based on an SVP error estimator that chooses between low-order but stable predictors
and high-order, less-stable predictors. Calvo and Portillo [5] also conclude that higher-order starters do
not always outperform lower-order ones.

A recent overview of SVPs for DIRKs, SDIRKs and ESDIRKs is given by the present authors [24].
While no SVPs are designed, several recommendations are given on how to design the underlying method
to enhance the efficacy of the SVP. Among these are 1) higher stage order (only stage order two can be
achieved with ESDIRK schemes), 2) stepwise and stagewise A-stability for all internal stages, 3) stepwise
L-stability and stiff-accuracy, 4) stagewise L-stability when possible, and 5) minimized algebraic instability
on both internal stages and the step. All of these attributes are not only consistent with the design of
good SVPs but are also consistent with the design of a good underlying method.

1.2 Objectives

The primary objective addressed herein is to provide insight into the design landscape of SVPs for use
in integrating stiff, nonlinear systems of large dimensions (e.g., CNSE). Characterization of the important
design principles for SVPs is reasonably well established for systems of small dimensionality. Large di-
mensional systems introduce an additional layer of complexity to the design of effective SVPs. Guidance
is needed to navigate through the inevitable design tradeoffs between available data, accuracy constraints,
numerical stability, and their impacts on the efficacy of linear/nonlinear solvers at large scale. Once char-
acterized, these design principles will be applied to construct effective SVPs and dense output capabilities
for the existing seven-stage scheme: ESDIRK4(3)7L[2]SA.

1.3 The Experimental Strategy

Engineering simulations of the CNSE are nearly always performed at extremely coarse tolerances for both
the temporal error and the nonlinear iteration error, owing to the staggering computational costs involved.
SVPs used for the CNSE will necessarily need to minimize the errors resulting from the interpolation or
extrapolation of stiff polynomial components. These error components are closely related to the stability
properties of the SVP. Thus, an essential attribute of the SVP design procedure is a convenient means of
assessing the stability properties of a potential design. This work follows the Type II formalism whereby a
unique Runge–Kutta scheme is constructed for every stage based on the currently available intrastep and/or
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interstep data. The vast knowledge base on designing implicit Runge–Kutta schemes can be brought to
bear when constructing the SVP for each stage. The internal order conditions are well known, and the
methodology for designing A-, L- and algebraically stable schemes is well-traversed.

Designing an effective intrastep SVP is usually a compromise in an overly constrained design space,
particularly in the early stages that suffer an acute shortage of available data. Suffering a limited design
parameter space, beyond first-order consistency which SVP constraints should be treated preferentially?
Seeking greater clarity from this study, a new eight-stage base scheme: ESDIRK4(3)8L[2]SA is constructed
to lend insight into the prioritization of design objectives. The abscissae locations for the eight-stage
scheme are necessarily distinct from those of the ESDIRK4(3)7L[2]SA scheme. The new scheme is in-
ternal L-stability on stages three through seven, stiffly accurate and has minimal nonlinear instability on
all internal stages and the step. Furthermore, the γ is nearly reduced to 1/10 to improve the condition
number of the iteration matrix used in Newton’s method. (The conjecture motivating this design is that
improved convergence behavior combined with good SVPs will offset the additional work. The results
presented herein, substantiate this conjecture. See A for a further discussion.) SVPs are constructed for
both schemes and all the aforementioned questions are tested; many are answered.

The paper is organized as follows: Section 2 presents the Butcher formalism for Runge–Kutta
schemes and then simplifies the expressions specific to ESDIRK schemes. Section 3 introduces Type II
SVPs, including the order conditions and the internal stability functions. Section 4 presents the funda-
mentals of intrastep SVP design, followed by general design guidelines for predictors of ESDIRK schemes.
Section 5 provides the solver mechanics used in the CNSE simulations, including the discrete operator
for the spatial terms, the nonlinear and linear iterative solver algorithms, and the time-step controller.
Section 6 describes the test problems being used to compare the efficacy of predictors. Section 7 presents
the results of an extensive comparison between fifty distinct SVPs constructed for the two aforementioned
ESDIRK schemes. A discussion of important findings as well as outstanding questions is included. Section
8 provides context by comparing the two optimized schemes, with other existing ESDIRK schemes ranging
in order from two to four. Section 9 provides the conclusions. Two appendices are included. A motivates
the utility of an additional state for an ESDIRK scheme. B provides a design summary and the Butcher
tableau for the new ESDIRK4(3)8L[2]SA scheme. SVP and dense-output coefficients for both ESDIRK
schemes being studied are also provided.

2 The Base Methods

DIRK-type methods are used to solve ODEs of the form

dU

dt
= F (t, U(t)), U(a) = U0, t ∈ [a, b] (2)

and are applied over s-stages as

Fi = F (ti, Ui), Ui = U [n] + (∆t)
∑s

j=1 aijFj , ti = t[n] + ci∆t,

U [n+1] = U [n] + (∆t)
∑s

i=1 biFi, Û [n+1] = U [n] + (∆t)
∑s

i=1 b̂iFi.

(3)
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where i = 1, 2, · · · , s, Fi = F
[n]
i = F (Ui, t

[n]+ci∆t). Also, ∆t > 0 is the step-size, U [n] ≃ U(t[n]) is the value

of the U -vector at time step n, Ui = U
[n]
i ≃ U

(
t[n] + ci∆t

)
is the value of the U -vector on the ith-stage,

and U [n+1] ≃ U(t[n] + ∆t). Both U [n] and U [n+1] are of classical order p. The U -vector associated with
the embedded scheme, Û [n+1], is of order p̂ = p− 1. This constitutes a (p, p̂) pair. Each of the respective
Runge–Kutta coefficients aij (stage weights), bi (scheme weights), b̂i (embedded scheme weights), and ci
(abscissae or nodes), i, j = 1, 2, · · · , s are real and are constrained, at a minimum, by certain order of
accuracy and stability considerations.

For the stiffly-accurate (asj = bj , j = 1, 2, . . . , s), stage-order two methods considered in this paper,
ESDIRK methods are chosen. They are given by the general structure

0 0 0 0 · · · 0 0 0
2γ γ γ 0 · · · 0 0 0

c3 a31 a32 γ
. . . 0 0 0

...
...

...
. . .

. . .
. . .

...
...

cs−2 as−2,1 as−2,2 as−2,3
. . . γ 0 0

cs−1 as−1,1 as−1,2 as−1,3 · · · as−1,s−2 γ 0
1 b1 b2 b3 · · · bs−2 bs−1 γ

b1 b2 b3 · · · bs−2 bs−1 γ

b̂1 b̂2 b̂3 · · · b̂s−2 b̂s−1 b̂s.

Some authors prefer to decompose A = aij , b = bi and c = ci, into

c A

bT =

0 0 0T

ĉ a Â

b1 b̂T

with A =

[
0 0T

a Â

]
, (4)

where 0T (composed of zeros), aT , ĉT and b̂T are vectors of length (s-1), {0, aT } = aT.1, {0, ĉT } = cT , and

{b1, b̂T } = bT and Â is a square matrix of dimension (s−1)× (s−1). Hence, although A is not invertible,
Â is often invertible. The motivation for having an explicit first stage is primarily to allow stage-order two
methods.

The results presented herein primarily focus on the ESDIRK4(3)7L[2]SA scheme [26], and a newly
developed ESDIRK4(3)8L[2]SA. Several secondary methods are also considered: 1) ESDIRK2(1)3L[2]SA
[23], 2) ESDIRK3(2)4L[2]SA [23], 3) ESDIRK4(3)6L[2]SA [23],
4) IMEXRK4(3)7L[2]SA1 [25]. B.2.2 compares the properties of all schemes used in this study. The purpose
of the secondary methods is to determine the relative efficiency of all methods. Each method is configured
with a rudimentary SVP and all are run using an H321 step-size controller [26] to remove selection bias
from the testing procedures.

3 Intrastep, Function-Based Predictors

3.1 Trivial Predictor

The simplest stage predictors for the starting value to stage i are given by [15]

Ui,0 = U [n], Ui,0 = Ui−1, Ui,0 = U [n] + (∆t)ciF
[n]. (5)
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The first two are often referred to as the trivial guess or the trivial predictor. The third is the simplest
predictor that utilizes both solution and function information, but has proven to provide little benefit
relative to the trivial guess. A means of assessing the efficacy of a newly designed SVP is needed. A
natural metric is a comparison of the number of iterations required for convergence to some iteration
tolerance, between the SVP and the trivial guess. The cost ratio of a proposed SVP might be evaluated as

ηεEC,εIT =
nSVP

nTrivial
(6)

where εEC and εIT are the error tolerances for the timestep controller and iterative solver, respectively, and
nSVP and nTrivial are the number of iterations required to converge the stage. Implicit in this definition
is that the optimal predictor will often depend on the target temporal error and the mechanics of the
iterative solver as well as the problem being solved.

The order of the predictor is defined as order p if p is the largest integer such that

max
1≤i≤s

∥Ui − Ui,0∥ = O(∆t)p+1. (7)

As such, the differential component of the nonlinear equation should converge as O(∆t)p.

Accounting for order-reduction and a stiffness parameter ϵ ≤ ∆t, the SVP is said to have stiff order
q if max1≤i≤s ∥Ui − Ui,0∥ = O(∆t)q+1, and the accuracy is independent of the stiffness of the problem.
The algebraic stiff-component of the nonlinear equation should converge as O(∆t)q. The convergence order
pair: (p, q) for the SVPs constructed herein is anticipated to be bounded from above by

Differential : (∆t)4 + ϵ(∆t)3 ; Algebraic : (∆t)4 + ϵ(∆t)2.

Note that the design-order of an SVP: ∥Ui − Ui,0∥ is a relative measure of accuracy and not an
absolute measure as would be ∥U exact

i − Ui,0∥. For example, an SVP for a stage-order two method, could
be of design-order four, while only being second-order accurate in an absolute sense.

3.2 SVP Structure and Implementation

3.2.1 Dense-Output SVPs for Stage Two

Dense output may be used to extrapolate function values from the previous step to generate starting
guesses for the stage values in the current step. In the dense output formulation, the previous step begins
at t[n−1] and ends at t[n] while the current step begins at t[n] and ends at t[n+]. With this, the two step
sizes, step-size ratio, r, and dense-output parameter, θ can be defined as

(∆t)[n] = t[n+1] − t[n] ; (∆t)[n−1] = t[n] − t[n−1] ; r =
(∆t)[n]

(∆t)[n−1]
; θ = 1 + ci r. (8)

A third-order dense output is formed from existing derivative data Fi as follows:

Ui,0 = U [n−1] + (∆t)[n−1]
∑s

i=1 β
∗
i (θ)Fi ; β∗

i (θ) =
∑3

j=1 βij θ
j . (9)

The coefficients βij are provided in B for both ESDIRK schemes. Although equation 9 is valid for arbitrary
θ, herein it is used only for predicting U2,0, the starting guess at stage two. Dense output methods may
be assessed for linear and nonlinear stability properties as well as order of accuracy [24]. A key challenge
in designing a good dense-output SVP is that the linear stability function and algebraic stability matrices
depend on θ.
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3.2.2 SVPs for Stages Three Through s

Intrastep SVPs are designed herein for stages 3 ≤ k ≤ s, and use all available stage data from within
the current step. Unlike the SVPs advocated by Laburta [27–30] and Hairer, Lubich and Wanner [15],
no additional function evaluations are considered. The essential idea of intrastep SVPs is to modify the
underlying ESDIRK to create an EDIRK method as the predictor. For a predictor at stage k, we take
the s × s, A-matrix of the ESDIRK and retain the first k rows and columns to form Ã. We also create
c̃ by taking the first k entries from c. Next, the kth row of Ã is replaced with predictor coefficients,
βm, m = 1, 2, . . . , k− 1. Effectively, a different EDIRK is made for stages three through s. For an SVP at
stage k, the ESDIRK (left) and (EDIRK) right take the form

0 0 0 · · · 0 0
2γ γ γ · · · 0 0

c3 a31 a32
. . . 0 0

...
...

...
. . .

. . . 0

ck−1 ak−1,1 ak−1,2
. . . γ 0

ck ak,1 ak,2 · · · ak,k−1 γ

0 0 0 · · · 0 0
2γ γ γ · · · 0 0

c3 a31 a32
. . . 0 0

...
...

...
. . .

. . . 0

ck−1 ak−1,1 ak−1,2
. . . γ 0

ck β1 β2 · · · βk−1 0

The internal stability and accuracy properties of the SVP are evaluated by using Ã and c̃ and treating the
SVP as a k-stage EDIRK.

The SVP for stage k is implemented as

Uk,0 = U [n] + (∆t)
k−1∑
j=1

βkjFj , (10)

where Uk,0 is the approximation to Uk.

3.3 Order Conditions

Stage order-conditions are very similar to the order conditions for the step, and are given in Table 1 for
the baseline ESDIRK. The order conditions for the EDIRK/SVP are obtained by replacing A and c with
Ã and c̃, respectively. The error difference between the truncation errors of both methods is defined as:

∆t
(1)
1 = t

(1)
1 − t̃

(1)
1 , (11)

where t̃
(1)
1 denotes an order condition constructed with Ã and c̃. Note the definition for predictor order

given in equation 7 is consistent with the definition of ∆t
(1)
1 given by equation 11; i.e., SVP order of

accuracy is a relative quantity at each stage. Both the error and the error difference at the ith-stage in
a pth-order Runge–Kutta scheme may be quantified in a general way by taking their L2 principal error
norms as follows:

A
(p+1)
i = ∥t(p+1)

i ∥2 =

√√√√ap+1∑
j=1

(
t
(p+1)
j,i

)2
; ∆A

(p+1)
i = ∥∆t

(p+1)
i ∥2 =

√√√√ap+1∑
j=1

(
∆t

(p+1)
j,i

)2
. (12)

with ap+1 the number of p+ 1 order constraints.
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t
(1)
1 Ae− c

1! t
(2)
1 Ac− c2

2!

t
(3)
1

1
2!Ac2 − c3

3! t
(3)
2 AAc− c3

3!

t
(4)
1

1
3!Ac3 − c4

4! t
(4)
2 ACAc− 3c4

4!

t
(4)
3

1
2!AAc2 − c4

4! t
(4)
4 AAAc− c4

4!

t
(5)
1

1
4!Ac4 − c5

5! t
(5)
2

1
2!AC2Ac− 6c5

5!

t
(5)
3

1
2!A(Ac)2 − 3c5

5! t
(5)
4

1
2!ACAc2 − 4c5

5!

t
(5)
5

1
3!AAc3 − c5

5! t
(5)
6 ACAAc− 4c5

5!

t
(5)
7 AACAc− 3c5

5! t
(5)
8

1
2!AAAc2 − c5

5!

t
(5)
9 AAAAc− c5

5!

Table 1: Stage order-conditions up to fifth-order for Runge–Kutta methods.

3.4 Internal Stability

As the function-based SVPs considered in this paper focus principally on the stages, internal stability of
the predictor plays the central role in issues of stability. To determine the vector of internal stabilities of
the SVP, one evaluates

Rint(z) = (I− zÃ)−1e = {R(1)
int (z), R

(2)
int (z), · · · , R

(s)
int(z)}

T

=

{
P

(1)
int (z)

Q
(1)
int(z)

,
P

(2)
int (z)

Q
(2)
int(z)

, · · · ,
P

(s)
int (z)

Q
(s)
int(z)

}T

. (13)

Note that the internal stabilities of the baseline is by analogy given by Rb
int(z) = (I − zA)−1e. In the

discussion of linear stability of the internal stages, the respective degrees of P
(i)
int (z) and Q

(i)
int(z) are impor-

tant. Define the numerator and denominator polynomial orders of the rational stability polynomials as:

p
(i)
n = deg

(
P

(i)
int (z)

)
and q

(i)
n = deg

(
Q

(i)
int(z)

)
, respectively. A primary concern for establishing a method’s

stability is the value of R
(i)
int(−∞); a necessary condition for its boundedness is that p

(i)
n ≤ q

(i)
n .

One may also consider the E-polynomial at internal stages to determine stagewise I-stability by
using

E
(i)
int(y) = Q

(i)
int(iy)Q

(i)
int(−iy)− P

(i)
int (iy)P

(i)
int (−iy), (14)

where E
(i)
int(y) ≥ 0, y ≥ 0 implies stagewise I-stability.

One could also consider a stagewise analog to the algebraic-stability matrix for irreducible methods
where

M
(i)
jk = ãij ãjk + ãikãkj − ãij ãik ≥ 0, ãij ≥ 0, i, j, k = 1, 2, . . . , s, (15)

and M
(i)
jk is the internal algebraic-stability matrix for stage i.
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4 Predictor Overview and Design Details

The art of making highly efficient SVPs hinges on determining which EDIRK attributes produce the best
predictor, and experience suggests that the hypothetical number of permutations is immense. The number
of available free parameters at stage k when designing an intrastep predictor for an ESDIRK scheme, is
k − 1: one for each previously converged stage. These k − 1 degrees of freedom (DoFs) may be applied to
enforce order or relative order conditions, internal linear stability requirements, nonlinear stability require-
ments or any other attribute of the EDIRK that one wishes to control. Navigating the design parameter
space requires an answer to the following questions. When should an accuracy constraint be enforced
instead of a stability constraint? Is predictor relative order-of-accuracy more important than actual order-
of-accuracy? What is the role of imposing different levels of linear stability (A-, L-) and nonlinear stability
(algebraic)? Should recent stage data be given preferential weight relative to data extrapolated over great
distances? What influence will the abscissae locations of the base scheme have on these design questions?
To date, the specific attributes of very good SVPs for large dimensional problems remain an open question.
Herein, many predictors are constructed in the interest of using the CNSE to formulate design hypotheses
for which design constraints lead to optimality.

The initial stages are seriously lacking available data to enforce desirable constraints. Later stages
may have sufficient data, but it is not clear which constraints should be enforced or whether linearly-
stable predictors even exist. The fortuitous combination of the increased stage order, i.e. two, and the
simplifying assumptions used to design the base methods, yields five rather than eight independent order

conditions. These are the four bushy tree or quadrature order conditions, t̃
(i)
1 , i = 1, 2, 3, 4, and t̃

(4)
3 . The

order conditions are used to enforce the error difference conditions given in equation 11, to force the pre-
dictor towards the implicit main method as much as possible.3 Thus, it is theoretically possible to enforce
all 4th-order conditions on stages six and later, and in addition impose L(−∞) = 0 on stage seven and later.

There are two constraints that experience suggests should, if possible, be enforced at every stage.

The first is ∆t
(1)
1 = 0 whereby the EDIRK is at least first-order accurate on stage k. A second constraint,

β1 = β2, is a proxy towards enforcing I-stability via reducing the degree of the P
(i)
int (z) polynomial. Serious

instability can manifest if the polynomial degree of the numerator, deg P
(i)
int (z), exceeds the polynomial de-

gree of the denominator, deg Q
(i)
int(z), in the internal stability function given in equation 13. Neither A- nor

L- stability is possible if deg P
(i)
int (z) > deg Q

(i)
int(z), so it is advisable to enforce deg P

(i)
int (z) ≤ deg Q

(i)
int(z).

In the context of stage-order two ESDIRKs, enforcing the constraint β1 = β2 reduces deg P
(i)
int (z) by one to

ensure that minimally, deg P
(i)
int (z) = deg Q

(i)
int(z). Thus beginning with stage three, it is possible to enforce

a first-order accurate EDIRK and the constraint β1 = β2. If three or more parameters are available, then

design decisions become more complex. In general, however, enforcing second-order accuracy: ∆t
(1)
1 =

∆t
(2)
1 = 0 , and the proxy I-stability constraint: β1 = β2 are nearly always advisable on stages four and

greater.

Designing SVPs for stages five and greater begins the quest for optimality from among endless
possibilities. Mindful of our stated goal of understanding the SVP design landscape, the following strategy

3Although the accuracy conditions are defined in a relative sense, the linear and nonlinear stability attributes are enforced
directly on the EDIRK.
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is adopted. The important design variables are systematically varied 1) how many and which accuracy
constraints, 2) internal A-stability and neutral A-stability, 3) internal R(−∞) = 0, 4) minimizing internal
algebraic instability: i.e., maximizing the minimum eigenvalue in ∥M∥ with M the stagewise analogue of
the algebraic stability matrix, and 5) keeping the predictor coefficient magnitudes, ∥βj∥, small. Multiple
SVPs are constructed with varying properties for each stage of the two aforementioned ESDIRK schemes.
Between five and thirteen individual predictors are constructed on stages six and beyond. Most are de-
signed with what the conventional wisdom would suggest are desirable properties. However, some methods
are constructed with several desirable properties and one that is suspect (e.g., ∥M∥ ) to measure the
impact of that property on the efficacy of the SVP.

One of the more elusive, yet consequential, constraints is that of internal A-stability, which requires
a careful traversal of the I-stability polynomial in multi-parameter space. No A-stable SVP is found for
ESDIRK4(3)7L[2]SA that is more than second-order accurate (without the assistance of additional function
evaluations [28]). Conversely, an internally A-stable and design-order accurate SVP is found for stage seven
of the ESDIRK4(3)8L[2]SA scheme, confirming the notion that although identical design objectives are
sought, the optimal predictor could be vastly different because of variations in the base scheme. Another
illusive constraint is maximizing the minimum eigenvalue in the internal algebraic stability matrix ∥M∥ ,
which is a measure of the nonlinear L2-stability of the method. Multi-parameter search algorithms using
Mathematica [42] are used for this task.

5 Solver Mechanics

5.1 Spatial Discretization

The CNSE are discretized using a classical method of lines approach. The spatial terms of the partial differ-
ential equation are discretized using an entropy-stable spectral collocation scheme [9–11], which is provably
nonlinearly stable in an integral norm, (provided negative densities are not encountered at shocks). In ad-
dition to the physical dissipation, and that generated at boundaries, nonphysical dissipation is added by
the approximate Riemann solvers at element interfaces. Conforming element interfaces are used exclusively
between elements. Entropy stable solid wall boundary conditions [32] are imposed on the surfaces of the
airfoils. Curvilinear hexahedral elements of polynomial order P1 − P7 (2nd-order to 8th-order) are used
herein.

5.2 Iterative Solver

The nonlinear solver is based on a “Jacobian free” Newton-Krylov approach for each stage of the ES-
DIRK. The solution to a sequence of linear systems (typically 2-4) is needed for each Newton iteration.
Each linear system A.x = b is minimized using GMRES within a right-preconditioned Arnoldi subspace
AP−1PVn = V̄n+1H̄, where P is the preconditioner matrix, and Vn is the orthonormal Krylov subspace.
The necessary matrix-vector products: A.w are formulated using first-order Frechet derivatives with a
perturbation parameter ϵ = sqrt(ϵmachprec) taken from Saad [36].

The preconditioner matrix is constructed from an approximate Jacobian of the nonlinear system
with all cross-derivative terms removed to decrease the matrix footprint. A high-quality factorization of
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P is formed and stored using a dual threshold ILUTP [36] algorithm with 33 (16+1+16) terms on each
block-row and a dropping tolerance of 10(−3). Two GB/process of RAM is sufficient to store a factorized
32-bit preconditioner for a P7 discretization on 400 hexahedral elements. The factorized preconditioner is
reused for 1− 2 timesteps or approximately 3x 102 search directions. The extensive reuse of the factorized
preconditioner makes negligible its formation and factorization. A full Newton update is applied if it
satisfies a threshold criteria based on a realizability constraint and a line search minimization. The line
search mechanics is seldom invoked with an effective SVP. All simulations are performed on one node of a
Xeon Gold 6148 Skylake cluster having forty cores and 192 GB of RAM. A classical domain-decomposition
partitioning: Restricted Additive-Schwarz (0-1 layer overlap) is used to couple the forty computational
partitions.

The SVPs are used at the beginning of the nonlinear iteration for each RK stage except stage 2, for
which a dense output extrapolation is used. Cumulative timings are recorded for 1) individual stages, 2)
Jacobian construction, and 3) preconditioner factorization. The stage timings alone are used to assess the
efficacy of the SVPs.

5.3 Controllers

An objective comparison of multiple stiff integrators is frequently difficult. A hands-off approach must be
adopted during the comparison, and a temporal error controller provides an ideal means to this end. The
embedded error estimator predicts the error and the controller adjusts the timestep to match a specified
error tolerance.

6 Test Problems

Two large-scale airfoil problems are used to compare all SVPs and methods. Fully unstructured finite-
element method (FEM) grids based on curvilinearly mapped hexahedral elements are used for all sim-
ulations. One level of static refinement is performed on a coarse grid to arrive at the final simulation
grids. The boundary conditions (BCs) are 1) uniform free stream farfield, 2) periodic flow in the spanwise
direction, and 3) entropy-stable solid wall BCs on the surface of the airfoil. A H321 controller [26] is used
to adjust step-size based on target errors in L∞ in the range 10(−2) − 10(−5). (An L∞ error of 10(−2)

translates into 10(−3) variations in the integral quantities of lift and drag.) Nonlinear solver convergence
thresholds are set below the target temporal error by factors in the range 101 − 103.

A third test case: the Taylor-Green (TG) vortex [41] is included to establish baseline trends for SVPs
in the limit of negligible stiffness. The TG vortex is an unsteady canonical test problem characterized by
decaying vorticity in a 3D periodic box. A P7 discretization is used on a 163 uniformly distributed cube
of elements for a total of approximately 106 DoFs. A stability bound timestep of 3x 10(−3) is observed
for a fourth-order explicit Runge-Kutta scheme (ERK4), which generates a temporal error of O(10(−10))
per timestep. Typically, implicit methods are ill-advised for this problem owing to the lack of stiffness.
(A fourth-order implicit method could potentially run at timesteps O(10) larger before temporal error
becomes problematic.) Nevertheless, it provides a meaningful test for off-body regions in airfoil simulations
discretized with nearly isotropic (nonstiff) elements. A desirable requirement in SVP design is performance
across the stiffness spectrum, and certainly to do no harm in the nonstiff limit.
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6.1 SD7003 airfoil

The flow around the SD7003 airfoil at an angle of attack of α = 8o, Rechord = 60000 and Mach = 0.2
is considered. [1, 39] Snapshot visualizations of the (a) vorticity magnitude and (b) spatial error estimate
are shown in figure 1, taken from a typical P5 simulation. The flow exhibits a laminar separation bubble
on the top surface with an oscillating reattachment point. Transition to turbulence takes place in the free
shear layer via a Kelvin-Helmholtz instability mechanism. The grids in this study ranged in size from
104 − 5x 104 elements. Simulation times are on the interval 40.0 ≤ T ≤ 40.25 corresponding to vortices
traversing about a quarter the distance of one chord.

(a) Vorticity magnitude (b) Spatial error estimate

Figure 1: SD7003 Airfoil simulation

6.2 Multi-element Airfoil (MD-30P30N)

The flow around the MD-30P30N multielement airfoil at an angle of attack of α = 8o, Rechord = 60000 and
Mach = 0.1 is considered. Visualizations of the (a) vorticity magnitude and (b) temporal error estimate
are shown in figure 2. Both a coarse: (31251) and a fine: (63004) hexahedral FEM grid are used in the
study. Simulation times are on the interval 30.0 ≤ T ≤ 30.1 corresponding to vortices traversing about a
10% the distance of one chord.

(a) Vorticity magnitude (b) Temporal error estimate

Figure 2: MD-30P30N Airfoil simulation
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6.3 Stiffness

Table 2 summarizes the degrees-of-freedom (DoFs) and the stability bound explicit timestep (ERK4) as
functions of polynomial order for the two airfoil test cases. Hexahedral FEM meshes with 11344 and 31251
elements are used for the SD7003 airfoil and MD-30P30N multi-element airfoil, respectively. Polynomial
orders P3 − P5 are used in the comparison studies.

A common metric of stiffness:
∆tphysics

∆texplicitCFL
, quantifies the ratio between the 1) timestep required to

capture the physics of interest, and 2) timestep dictated by an explicit stability constraint. The stiffness
of each airfoil is provided in equation 16, with the ∆tphysics assigned a representative value based on
simulations targeting a temporal error of 10−3/timestep, and the explicit limit taken from table 2.

SD7003 : 3.5x 10(−3)

3.3x 10(−7) ≈ 104 ; MD-30P30N : 2.5x 10(−4)

1.6x 10(−6) ≈ 102 ; TG-vortex : 3.0x 10(−2)

3.0x 10(−3) ≈ 101. (16)

Note the large difference in timesteps needed to accurately resolve integral quantities (SD7003), and acous-
tic phenomena (MD-30P30N). (The acoustic signatures captured by the temporal error estimator (figure
2b) in the slat and cove regions of the MD-30P30N airfoil require both a smaller timestep and a stricter
tolerance on nonlinear iteration error, and thus decrease the effective stiffness of this test case.)

SD7003 Airfoil 30P30N multielement

poly DoFs dtexplct DoFs dtexplct
1 0.45x106 1.4x 10(−5) 0.12x 107 5.6x 10(−5)

2 1.50x106 3.0x 10(−6) 0.42x 107 1.5x 10(−5)

3 3.60x106 1.0x 10(−6) 1.00x 107 4.8x 10(−6)

4 7.09x106 5.8x 10(−7) 1.95x 107 2.5x 10(−6)

5 12.2x106 3.3x 10(−7) 3.37x 107 1.6x 10(−6)

6 19.4x106 1.8x 10(−7) 5.35x 107 7.5x 10(−7)

Table 2: Grid stiffness and DoFs for the SD7003 and 30P30N FEM meshes.

7 Results

7.1 Prologue

Figures 3, 4, 5, and 6, present comparative timing studies of the SVPs constructed for the ESDIRK4(3)7L[2]SA
and ESDIRK4(3)8L[2]SA schemes. Figures 3 and 4 present extensive results from simulations of the SD7003
airfoil test case, using the ESDIRK4(3)7L[2]SA and ESDIRK4(3)8L[2]SA schemes, respectively. Figures 5,
and 6 present a representative subset of results from simulations of the MD-30P30N multi-element airfoil,
and the TG-vortex test cases, respectively. Only simulation results from stages 6 and 8 using the ES-
DIRK4(3)8L[2]SA scheme are presented in the later two figures. Similar conclusions could be drawn from
all stages of both ESDIRK schemes in the later two test cases.

The SD7003 airfoil test case (the most stiff of the three cases), proved to best distinguish the
performance of competing design attributes for all SVPs. Furthermore, multiple discretizations produced
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similar results, i.e., grid densities ranging from 11344 to 31292 elements, discretized with polynomial orders
from P3 − P5. Thus, for reasons of efficiency, the most comprehensive comparisons presented herein are
for simulations of the SD7003 airfoil using 11344 curvilinear hexahedral elements and a P3 discretization,
with results primarily presented in figures 3 and 4. (Note, however, that subfigures 3e and 3f, present
comparisons of stage seven results discretized using P3 and P5 elements, respectively.)

The results presented in figures 3 - 6 may be interpreted as follows. The method number of the SVP
is given on the abscissa of all four figures, while the CPU timing of the simulation is given on the ordinate.
A comparison of relative stage timings is facilitated by using identical time scales on all plots (save 3f).
The time required for the trivial guess is always presented as method 0. Data for distinct controller error
targets: dte and nonlinear iteration tolerances: ite are included on each plot. The preferential data used
to assign the relative efficacy of SVPs always corresponds to the coarsest error tolerance used in the study,
e.g., dte:1e-2, ite:1e-5 in the P3 results presented in figures 3 and 4. This coarse temporal target error is
typical for many engineering simulations. (One could argue these tolerances are too coarse, but answering
this question is beyond the scope of this work.)

Tables 3 and 4 summarize the properties of all SVPs designed for the ESDIRK4(3)7L[2]SA and ES-
DIRK4(3)8L[2]SA schemes, respectively. The column labeled Design provides the design objectives used to

build the SVP. A number (e.g., 1,2,3) denotes enforcing/minimizing the order conditions ∆t
(1)
1 ,∆t

(2)
1 ,∆t

(3)
1 ,

respectively. The designations (e.g. 4a,4b,4ab) denotes enforcing/minimizing the fourth-order conditions:

∆t
(4)
1 , or ∆t

(4)
2 , or both conditions: ∆t

(4)
1 ,∆t

(4)
2 . Stability properties are denoted with A, L, and M , cor-

responding to A-, L-stability and algebraic instability: ∥M∥ , respectively. The designation B denotes
minimization of the magnitude ∥βj∥. The designation N denotes a strictly A-stable predictor. The columns
labeled Astab and Lstab denote whether the scheme is A-stable and L-stable, respectively. A lowercase n
in the Lstab column denotes an SVP that is nearly L-stable. The columns labeled R(−∞), ∥M∥ and ∥βj∥
quantify the amplification at −∞, the minimum eigenvalue in the algebraic stability matrix: ∥M∥ , and
the coefficient magnitude of the SVP, respectively. The columns labeled ∆A(j) provide the relative leading
order truncation term for the SVPs at order j. The SVPs that perform well are highlighted in blue for
each stage, while those that underperform are highlighted in red. Coefficients for the best performing SVP
on each stage for both methods are included in B along with their corresponding number.

An extensive characterization of the data presented in figures 3, 4 is now presented, beginning
first with the simulations performed on the SD7003 airfoil with the ESDIRK4(3)7L[2]SA scheme. The
optimization strategies used to design the SVPs on each stage is first overviewed, followed by a brief
assessment of the performance of the SVPs. Overall trends are then summarized.

7.2 ESDIRK4(3)7L[2]SA: H11344 on SD7003 airfoil

7.2.1 Stage 2

Stage two has no available data to build an intrastep SVP. Thus, the dense-output polynomial from the
previous step is used to initialize the nonlinear iteration.

7.2.2 Stage 3

Stage three has two available coefficients βj that multiply the nonlinear fluxes Fj , j = 1, 2, respectively.
There are no design choices that are available for this SVP and only one SVP is constructed. Enforcing the
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∆t
(1)
1 constraint and β1 = β2 yields a first-order method that is A-stable, has nominal damping at R(−∞)

and has a very desirable algebraic stability matrix M . It significantly outperforms the trivial guess and is
among the best performers for any SVP on any stage. These desirable properties are likely the consequence
of the relative proximity of the abscissa: c(1) < c(3) < c(2), and that stage two is second-order accurate
and strictly A-stable (i.e., trapezoidal rule). This SVP does not suffer from first-order accuracy, implying
that the favorable stability properties of the SVP contribute to the efficacy of the starting procedure.

7.2.3 Stage 4

Stage four has three available coefficients βj for SVP design. Enforcing ∆t
(1)
1 =∆t

(2)
1 = β1 − β2 = 0

results in a second-order method that is remarkably strictly-A-stable; the I-stability polynomial becomes
identically zero! The algebraic stability matrix is of modest conditioning. This strictly stable SVP is quite
anomalous and is observed in only one other circumstance in this study. Tests indicate that this SVP
significantly outperforms the trivial guess, and is among the best performers for any SVP on any stage.

7.2.4 Stage 5

Stage five has four available coefficients βj available for SVP design. Three SVPs are constructed with

distinct design objectives. All methods enforce ∆t
(1)
1 =∆t

(2)
1 = β1 − β2 = 0. Method one enforces ∆t

(3)
1 as

the final constraint. The resulting method is not A-stable, has poor R(−∞) damping and large algebraic

instability: ∥M∥ . The second method enforces A-stability and minimizes the accuracy constraint ∆t
(3)
1 ,

but has large algebraic instability: ∥M∥ . The third method enforces A-stability and minimizes the value
of R(−∞). It has a modest level of algebraic instability: ∥M∥ . Predictor 3 performs the best of the
three. Enforcing A-stability and additional stability properties are the best use for the last free design
space parameter, i.e., enforcing stability is more important than high stage order.

7.2.5 Stage 6

Stage six has five available coefficients βj available for SVP design, and the complexity of building an SVP
expands considerably. Thirteen SVPs are constructed with distinct design objectives. All SVPs enforce the

first two accuracy conditions and the proxy I-stability constraint: ∆t
(1)
1 =∆t

(2)
1 = β1 − β2 = 0. Two free

parameters remain unspecified and are used to construct groups of accuracy and stability SVPs. Predictors

1-3 and 12-13 enforce the third-order constraint: ∆t
(3)
1 , while SVP 1 enforces the first fourth-order con-

straint: ∆t
(4)
1 . No A-stable method is identified that is third-order accurate at this stage. Predictors 4-11

are A-stable with 7-8 also L-stable. Predictors 10-11 attempt to simultaneously approximate L-stability

while minimizing ∆t
(3)
1 . Predictors 4 and 6 attempt to minimize the ∆t

(3)
1 consistency constraint. Predictor

5 is A-stable but is designed with a large negative algebraic stability eigenvalue.

The performances of four SVPs are distinguished: 3, 6, 7, 10. Predictor 3 is third-order consistent
but has poor stability properties relative to the others in the group. It is not stable at R(−∞) and has
large algebraic instability: ∥M∥ . Predictor 3 is an anomaly in that it has reasonably poor properties and
yet performs well. Its only virtue is third-order accuracy. Predictors 6, 7, 10, are all A-stable with 7 and
10 being nearly L-stable. Two pairs of SVPs were designed with similar objectives: 7,8 and 10,11. Note

18



that based on the performance metrics listed in table 3, SVP 8 should have performed better than 7 and
that 11 should have performed better than 10, but neither did.

The poor performers are SVP 2 and SVP 5. Both are on par with the trivial guess. SVP 2 is third-
order accurate but is not A-stable, while SVP 5 is A-stable. Both 2,5 have a very large algebraic instability
metric: ∥M∥ . Note that the magnitude of the coefficient norm ∥b∥ is highly correlated with the algebraic
instability metric: ∥M∥ . Also, note the wide variations in ∥M∥when comparing the first 6 stages. While
it is appropriate to compare algebraic instability metrics within a common stage, comparisons between
different stages are less meaningful.

7.2.6 Stage 7

Stage seven has six available coefficients βj available for SVP design, and again the complexity of building
an SVP expands accordingly. Eleven SVPs are constructed with distinct design objectives. All SVPs

enforce the first two accuracy conditions and the proxy I-stability constraint: ∆t
(1)
1 =∆t

(2)
1 = β1 − β2 =

0. Three free parameters remain unspecified and are used to construct groups of accuracy and stability

SVPs. Predictors 1-4 and 10,11 enforce the third-order constraint: ∆t
(3)
1 = 0. Predictor 1 enforces both

fourth-order constraints ∆t
(4)
1 =∆t

(4)
2 = 0. Predictors 2 and 3 enforce the fourth-order constraint ∆t

(4)
1 = 0

and ∆t
(4)
2 = 0, respectively and use the remaining parameter to optimize the algebraic instability: ∥M∥ .

Predictor 4 uses the two remaining parameters to minimize algebraic instability: ∥M∥ . No A-stable
method is identified that is third-order accurate for stage seven. Predictors 5-7 and 9 enforce A-stability
with 9 also enforcing L-stability and minimizing algebraic instability: ∥M∥ . Predictors 5-7 are strictly
A-stable at −∞, although the signs of their amplification is opposite: R(∞) = ±1.

The best performers are SVPs 3, 4, 6, 7, 9. Predictors 3, 4 are both third-order accurate and yet

their performance is remarkably good. Enforcing the fourth-order accuracy constraint: ∆t
(4)
2 = 0, in SVP

3, enables a very small fourth-order error term, but leads to very poor algebraic instability. Predictor
4 minimizes the algebraic instability: ∥M∥ . Predictors 6, 7 are A-stable with 7 nearly L-stable. The
algebraic instability: ∥M∥ is quite large when compared with the minimum value found for SVP 4. SVP
9 is A-stable, L-stable, has very small algebraic instability ∥M∥ , and enforces β1 = β2 = 0. The leading
order truncation error term, however, is the largest of all SVPs for this stage. Predictors 3, 4 and 7, 9 are
optimal for stiff and marginally stiff simulations, respectively.

The poor performers are SVPs 1, 5, 8, 10, 11. Predictors 1, 10, 11, are all third-order methods
and all have excessive algebraic instability. Enforcing R(−∞) = 0 for SVP 11 does not improve its
performance. Methods 8, attempts to minimize algebraic instability, has R(−∞) = 1.022, and a modest
algebraic instability: ∥M∥ , but still performs poorly. Minimizing algebraic instability alone does not
appear to be sufficient to guarantee good performance. Among all poor performers, only SVP 5 is A-
stable. It has R(−∞) = 1 and a modest algebraic instability: ∥M∥ . It is not apparent why this scheme
underperforms.

7.3 ESDIRK4(3)8L[2]SA: H11344 on SD7003 airfoil

7.3.1 Stage two

The dense-output polynomial from the previous step is used to initialize the nonlinear iteration.
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(a) P3: Stage 3
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(b) P3: Stage 4
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(c) P3: Stage 5
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(d) P3: Stage 6
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(e) P3: Stage 7
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(f) P5: Stage 7

Figure 3: ESDIRK4(3)7L[2]SA simulations of the SD7003 airfoil
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SVP Design Astab Lstab R(−∞) −∥M∥ ∥β∥ ∥∆A(2)∥ ∥∆A(3)∥ ∥∆A(4)∥
3.1 1 Y N 0.4142 −0.0023 0.30 0.0065 0.0027 0.0043

SVP Design Astab Lstab R(−∞) −∥M∥ ∥β∥ ∥∆A(3)∥ ∥∆A(4)∥ ∥∆A(5)∥
4.1 A N Y N 1.0 −3.0261 0.85 0.0027 0.0043 0.0023

5.1 3 N N −2.829 −31.613 2.53 0.0 0.0062 0.0019
5.2 A 3 Y N −0.992 −12.217 1.58 0.0051 0.0032 0.0033
5.3 AL Y n −0.056 −5.891 1.09 0.0077 0.0066 0.0053

6.1 3 4 N N −0.004 −0.354 0.162 0.0 0.0011 0.0013
6.2 3M N N +3.137 −28.04 2.156 0.0 0.0068 0.0025
6.3 3B N N −1.601 −5.591 0.987 0.0 0.0038 0.0016
6.4 A 3 Y N 1.000 −0.739 0.318 0.0067 0.0082 0.0061
6.5 AM Y N −1.000 −18.256 1.754 0.0170 0.0150 0.0130
6.6 A 3 Y N −0.997 −4.867 0.918 0.0049 0.0042 0.0044
6.7 AL Y Y 0.0 −0.603 0.333 0.0058 0.0058 0.0051
6.8 AL Y Y 0.0 −0.244 0.142 0.0016 0.0022 0.0023
6.9 AL Y N −0.202 −0.255 0.210 0.0016 0.0021 0.0022
6.10 AL Y n 10−10 −2.007 0.587 0.0098 0.0093 0.0079
6.11 AL Y n 10−6 −0.234 0.147 0.0020 0.0025 0.0025
6.12 3 L N N 0.0 −0.357 0.164 0.0 0.0011 0.0013
6.13 3 L N N 0.274 −0.241 0.177 0.0 0.0013 0.0013

7.1 3 4ab N N −1.617 −62.54 3.008 0.0 0.0 0.0097
7.2 3 4a N N −3.837 −130.66 4.336 0.0 0.0048 0.0082
7.3 3 4b N N −1.618 −62.91 3.02 0.0 0.0003 0.0098
7.4 3M N N −2.331 −1.64 0.524 0.0 0.0110 0.0120
7.5 A Y N 1.000 −5.51 0.937 0.0074 0.0073 0.0094
7.6 A Y N −1.000 −26.24 1.957 0.0095 0.0110 0.0010
7.7 AL Y n 10−7 −12.96 1.389 0.0092 0.0097 0.0099
7.8 M N N 1.022 −0.73 0.340 0.0190 0.0220 0.0200
7.9 ALM Y Y 0.0 −0.85 0.358 0.0290 0.0290 0.0220
7.10 3 N N 1.800 −6.00 0.990 0.0 0.0075 0.0120
7.11 3 N N 0.0 −28.68 2.050 0.0 0.0035 0.0120

Table 3: SVP properties for stages three to seven.
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7.3.2 Stage three

The design scenario for stage three of ESDIRK4(3)8SA is identical to that described above for ES-
DIRK4(3)7SA. Stage three has two available coefficients βj , j = 1, 2 and one SVP is designed. It enforces

the first-order constraint ∆t
(1)
1 = 0 and the proxy I-stability condition β1 = β2. The abscissa for this

stage satisfies c(1) < c(3) < c(2), and is likely the reason why the method has desirable properties
despite being only first-order accurate. Note that the following properties are identical between the two
ESDIRK schemes considered herein: Astab, Lstab, R(−∞), ∥M∥ . This results from enforcing identical
design constraints (albeit with different γ) on stages two and three in the main methods.

7.3.3 Stage four

Stage four has three available coefficients and two SVPs are designed. The first enforces ∆t
(1)
1 =∆t

(2)
1 =

β1 − β2 = 0. The resulting scheme is not A-stable but does have modest instability for both R(−∞) and

∥M∥ . The second SVP only enforces condition ∆t
(1)
1 = β1 − β2 = 0. No A-stable schemes exist in the

available one-parameter space. The final constraint is used to enforce zero amplification R(−∞) = 0.
Both SVPs outperform the trivial guess. Since neither SVP is A-stable, it is not surprising, that SVP 1 is
the better of the two.

7.3.4 Stage five

Stage five has four available coefficients βj available for SVP design. Two SVPs are constructed with both

methods enforcing ∆t
(1)
1 =∆t

(2)
1 = β1−β2 = 0. Method one enforces ∆t

(3)
1 = 0 as the final constraint. The

resulting method is not A-stable, has poor R(−∞) damping and large algebraic instability: ∥M∥ . Methods
that satisfy the I−stability constraint do exist in a narrow interval of the one remaining parameter. The
second method enforces A-stability and the remaining constraint is used to minimize the value of R(−∞).
Predictor 2 has good algebraic instability: ∥M∥and is noticeably better than SVP 1. Enforcing A-stability
and additional stability properties are a better use for the last free design parameter βj , i.e., stability is
more important than high stage order.

7.3.5 Stage 6

Stage six has five available coefficients βj available for SVP design. Seven SVPs are constructed and all

enforce the first two accuracy and the proxy I-stability constraints: ∆t
(1)
1 =∆t

(2)
1 = β1 − β2 = 0. Two

free parameters remain unspecified. Predictors 1-4 enforce ∆t
(3)
1 = 0, while SVPs 1-2 enforce the ∆t

(4)
1 = 0

and ∆t
(4)
2 = 0, respectively. Predictor 2 has large algebraic instability: ∥M∥ . Predictor 3 minimizes

the algebraic instability: ∥M∥ , while SVP 4 sets the condition R(−∞) = 0. No A-stable method
is identified that is third-order accurate for stage six. Predictors 5-7 enforce A-stability and with the

remaining parameter minimize R(−∞), ∆t
(3)
1 and algebraic instability: ∥M∥ , respectively.

Both of the best performers are A-stable: SVPs 5, 6. Predictor 5 is nearly L- stable, although it has
a large algebraic stability coefficient. Predictor 6 is a compromise between minimizing R(−∞) and ∥M∥ .
The poor performers are SVPs 2, 3, and both are very unstable at R(−∞). In addition, SVP 3 has very
poor algebraic instability: ∥M∥ . Together these attributes no doubt contribute to the poor performance
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of SVP 3. Enforcing A-stability and additional stability properties are the best design choices for the free
parameters. Again, note the correlation between ∥βj∥ and the norm of the algebraic instability: ∥M∥ .

7.3.6 Stage 7

Stage seven has six available coefficients βj available for SVP design. Three SVPs are constructed and all
enforce the first three accuracy and the proxy I-stability constraints:

∆t
(1)
1 =∆t

(2)
1 =∆t

(3)
1 = β1 − β2 = 0. Two free parameters remain unspecified. Predictor 1 enforces both

available parameters with the accuracy constraints: ∆t
(4)
1 = ∆t

(4)
2 = 0. Astonishingly, the predictor is

A-stable, nearly L-stable and fourth-order accurate. Predictor 2 enforces A- and L-stability while simul-

taneously minimizing ∆t
(4)
1 and ∆t

(4)
2 . Predictor 3 enforces A- and L-stability and minimizes the norm of

the algebraic instability: ∥M∥ . All perform well as SVPs with the best being SVPs 1 or 2. These SVPs
are the only ones designed herein that are A- and L- stable and of order three or higher. (The third-order
barrier can be eclipsed with additional function evaluations as suggested by Laburta [27].) The abscissa
for this stage satisfy: c(5) < c(7) < c(6), so the SVP is an interpolation rather than extrapolation. This
is the likely reason for the superior performance of all SVPs at this stage.

7.3.7 Stage 8

Stage eight has seven available coefficients βj available for SVP design. Six SVPs are constructed and

all enforce the first two accuracy and the proxy I-stability constraints: ∆t
(1)
1 =∆t

(2)
1 = β1 − β2 = 0.

Four free parameters remain unspecified. Predictor 1 enforces ∆t
(3)
1 = 0, R(−∞) = 0, and uses the

remaining parameters to minimize ∥M∥ . No A-stable predictor satisfying ∆t
(3)
1 = 0 is identified despite

there being three available parameters. Predictor 2 enforces A-stability and once again is strictly A-stable;
the I-stability polynomial vanishes. Predictor 3 minimizes the algebraic instability: ∥M∥ but is not A-
stable. Predictors 4, 5 enforce A- and L-stability but exhibit excessively large algebraic instability: ∥M∥ .
Predictor 6 enforces all third- and fourth-order accuracy constraints.

The best-performing SVPs are both A-stable: 2, 4. SVP 2 is strictly A- stable: the I-stability
polynomial vanishes. SVP 4 is L-stable. Both 2 and 4 suffer from huge algebraic stability coefficients.
The worst performer is SVP 6 which is fourth-order accurate but has very poor stability at R(−∞).

7.3.8 Summaries: ESDIRK4(3)7L[2]SA and ESDIRK4(3)8L[2]SA

Twenty-nine and twenty-one individual SVPs are constructed for the ESDIRK4(3)7L[2]SA and ESDIRK4(3)8L[2]SA
schemes, respectively. Nearly all SVPs outperform or significantly outperform the trivial guess on each
stage for both methods. Groups of equally performant SVPs emerged on the latter stages e.g., 6, 7 for
ESDIRK4(3)7L[2]SA and 6, 8 for ESDIRK4(3)8L[2]SA. Nevertheless, both schemes have at least one per-
formant SVPs on every stage that is 1) A-stable, and fully or partially 2) L-stable. (Stage four is an
exception, not having enough parameters to enforce all stability conditions.)

The algebraic instability: ∥M∥ metric proves useful in some instances, but in general does not
provide significant insight into SVP design. The best performing SVPs all have reasonable algebraic
instability compared with other methods within their stage, but are typically not the least unstable.
Methods with extremely large algebraic instability: ∥M∥ are seldom competitive. Conversely, designing
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solely for ∥M∥seldom yields a performant SVP. (Comparing algebraic instability between the two schemes
is deceptive because ESDIRK4(3)8L[2]SA has significantly larger values on most stages and over the step.)
The ∥M∥ correlates well with the norm ∥βj∥ on all stages of both schemes. This suggests that a simple
approach to minimize ∥M∥ is to minimize ∥βj∥ . Constraining the remaining free parameters with ∥M∥ is
advisable provided that it is not the sole design metric. No truly algebraically stable SVPs are encountered
during this design study, which is not surprising given that ESDIRK schemes can not be algebraically stable.

Anomalous results appear on stages 6 and 7 of the ESDIRK4(3)7L[2]SA scheme. Some of the SVPs

that enforce third-order accuracy ∆t
(3)
1 = 0 perform quite well: e.g., stages 6: SVP 3, and stage seven:

SVPs 3, 4. The majority of schemes that enforce ∆t
(3)
1 = 0 and especially ∆t

(4)
1 =∆t

(4)
2 = 0, perform

poorly relative to the performant A- and L-stable schemes. The unpredictability of enforcing the ∆t
(3)
1 = 0

constraint makes it considerably more difficult to design effective SVPs. These ambiguous results related

to enforcing ∆t
(3)
1 = 0 suggests that another important SVPs metric has yet to be identified.

Two SVPs are constructed that are strictly A-stable: SVPs 4.1 on ESDIRK4(3)7L[2]SA and 8.2
on ESDIRK4(3)8L[2]SA. All other stages in either scheme do not support strict A-stability. Neither of the
SVPs have small values of algebraic instability: ∥M∥ . The fact that both SVPs perform well is surprising
given the previously noted importance of full or partial L-stability.

Another anomalous result appears on stage seven of the ESDIRK4(3)8L[2]SA scheme. Predictor
7.1 is nearly an ideal SVP. It is fourth-order accurate, A- and nearly L-stable and performs extremely well
in all tests at all error tolerances. It routinely outperforms the trivial guess by a factor 2x. Establishing
the existence of such an SVP is important, as it provides a benchmark against which all other SVPs can
be judged. Predictor designs that approach the 2x factor are at the point of diminishing returns.

7.4 ESDIRK4(3)8L[2]SA: H63004 on MD-30P30N ME-airfoil

Figure 5 presents a representative subset of results comparing the efficacy of SVPs on simulations of
the MD-30P30N multi-element airfoil. The ESDIRK4(3)8L[2]SA scheme is used for these simulations.
(Additional simulation results for the MD-30P30N multi-element airfoil simulated with both temporal
schemes are available but provide no additional information.) Recall that this airfoil was only modestly
stiff (e.g., O(102)). The performance of all SVPs on both stages is nearly indistinguishable at the coarse
and medium error tolerances. Only at the finest tolerance is there significant deviation in performance and
the third-order schemes are the best performers. Note that all SVPs decisively outperform the trivial guess
by at least 1.6X with increasing benefits achieved at stricter error tolerances (less stiffness). One could
argue that this problem doesn’t warrant the use of SVPs designed with stability attributes appropriate for
problems with significant stiffness.

7.5 ESDIRK4(3)8L[2]SA: H4096 on TG-Vortex

Figure 6 presents a representative subset of results comparing the efficacy of SVPs on TG-vortex simulations
using the ESDIRK4(3)8L[2]SA scheme. Recall that this test case is typically simulated using explicit
temporal schemes owing to its lack of stiffness. Observe that the trivial guess (method:0) is competitive
with all SVP designed for these two stages. Several of the SVPs reduce the efficiency of the simulations
relative to the trivial guess. Note that the performant methods in the highly stiff SD7003 simulations (e.g.,
6.5, 6.6 and 8.2, 8.4 ) are as efficient as the trivial guess. Further investigation is warranted in determining
whether any SVPs can consistently outperform the trivial guess in the nonstiff limit.
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(a) Stage 3
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(b) Stage 4
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(c) Stage 5
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(d) Stage 6
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(e) Stage 7
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(f) Stage 8

Figure 4: ESDIRK4(3)8L[2]SA simulations of the SD7003 airfoil
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SVP Design Astab Lstab R(−∞) −∥M∥ ∥β∥ ∥∆A(2)∥ ∥∆A(3)∥ ∥∆A(4)∥
3.1 A 1 Y N 0.4142 −0.0023 0.24 0.0042 0.0012 0.00027

4.1 A 2 N N 1.21 −2.2629 0.74 0.0 0.0017 0.0021
4.2 A L N N 0.0 −1.2990 0.85 0.012 0.0043 0.0023

SVP Design Astab Lstab R(−∞) −∥M∥ ∥β∥ ∥∆A(3)∥ ∥∆A(4)∥ ∥∆A(5)∥
5.1 3 N N −3.408 −15.611 1.78 0.0 0.0021 0.00057
5.2 AL Y N −0.191 −2.071 0.64 0.0051 0.0032 0.0033

6.1 3 N N −0.537 −9.403 1.28 0.0 0.0014 0.0032
6.2 3 N N +9.993 −31.830 2.29 0.0 0.0056 0.0038
6.3 3 N N +3.891 −0.615 0.29 0.0 0.0021 0.0033
6.4 L 3 N N +0.000 −12.637 1.47 0.0 0.0014 0.0032
6.5 AL Y N +0.16 −14.05 1.55 0.0045 0.0043 0.0054
6.6 A 3 Y N +0.729 −9.992 1.31 0.0036 0.0039 0.0050
6.7 AM Y N +0.999 −8.699 1.23 0.0040 0.0043 0.0052

7.1 A 3 4 Y N 0.027 −4.434 0.811 0.0 0.0 0.0032
7.2 A 3L Y Y 0.000 −4.441 0.812 0.0 1x 10−5 0.0038
7.3 A 3LM Y Y 0.000 −0.329 0.207 0.0 5x 10−4 0.0073

8.1 M3 N N 0.00 −1.17 0.415 0.0 0.0140 0.0021
8.2 AN Y N −1.00 −43.17 3.415 0.0014 0.0140 0.0052
8.3 M N N +1.00 −2.47 0.415 0.0013 0.0140 0.0031
8.4 AL Y Y +0.0 −53.17 2.569 0.0100 0.010 0.0017
8.5 AL Y Y +0.00 −26.17 1.807 0.0069 0.0120 0.0003
8.6 3 4 N N +25.0 −4.32 0.805 0.0 0.0 0.0038

Table 4: SVP properties for stages three to eight.
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(a) ESDIRK4(3)8L[2]SA: Stage 6
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Figure 5: MD-30P30N Airfoil simulation
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Figure 6: Taylor-Green Vortex simulations

7.6 Stability contours of performant schemes

Figure 8 presents linear stability plots of the amplification factor z for four of the performant SVP designs.
The internal amplification z = λδt determines the growth of complex modes for a given timestep with
∥z∥ <= 1 implying stability. (See equation 13 for the definition of z for SVPs.) Recall that A-stability
requires the entire left-half of the complex plane satisfy ∥z∥ <= 1 for a neutrally stable or dissipative
system. Only the upper left quadrant is presented as z is symmetric about the real axis. For reference,
the stability boundary ∥z∥ = 1 is synonymous with the boundary of the red contours in all plots.

7.6.1 ESDIRK4(3)7L[2]SA

Subfigures 8a, 8c and 8d are all A-stable methods that are highly effective in the SD7003 test simulations.
Note that all three stability contours show rapid damping on the negative real axis and reasonably good
damping on the imaginary axis. Subfigure 8b has a significant portion around the origin that is stable
although clearly it is not A-stable. Modestly stiff problems could be stable for this third order method
provided their scaled eigenvalues are within the ∥z∥ <= 1 lobe. This would explain why some of the
third-order methods perform well as SVPs.

7.6.2 ESDIRK4(3)8L[2]SA

Subfigures 9a, 9b, 9c and 9d are all A-stable methods that are highly effective in the SD7003 test simu-
lations. The first three stability contours show rapid damping on the negative real axis and reasonably
good damping on the imaginary axis. Subfigure 8d is one of the two strictly A-stable SVPs that performs
extremely well in tests despite having no damping at R(−∞). Note the large lobe that is highly damped
along the negative real axis. Scaled eigenvalues along the negative real axis will be adequately damped for
modestly stiff problems.
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Figure 7: Taylor-Green Vortex simulations

7.7 Discussion

Fifty distinct SVPs are constructed for two ESDIRK schemes, and are tested in simulations of the com-
pressible Navier-Stokes equations at a very large scale: (1x 106− 3x 107 DoFs). An exhaustive study of the
SVP design parameter space was conducted to determine the important design constraints. The findings
in this study are generally consistent with the “conventional wisdom” in the SVP community interpreted
through the lens of computations at a very large scale. Specifically, designing for accuracy is advisable at
modest levels of stiffness (e.g., strict error tolerances ≤ 10(−4)/timestep). However, if significant stiffness is
present (e.g., lax error tolerances: 10(−2)/timestep), A-stability and full/partial L-stability are paramount.

Another nugget of SVP “conventional wisdom” is that low-order SVPs can outperform high-order
SVPs. While this statement is true, in light of the results presented herein, it should be sharpened to
account for the stability properties of both low- and high-order SVPs. Designing an intrastep SVP for any
stage nearly always results in a highly over-constrained minimization problem. Frequently, there are no
stable and high-order SVPs available for a particular stage. In this case, the efficacy of a stable, low-order
SVP will be superior on stiff problems. A more precise statement comparing low- and high-order SVPs
might be “low-order, stable SVPs can outperform high-order, unstable SVPs.”

When constructing an intrastep SVP for stage s of an ESDIRK, there are s − 1 free parameters
in the design space. In the early stages, few choices can be made, and the efficacy of the intrastep SVP
is almost completely determined by the properties of the baseline scheme. At later stages, a hierarchy of
design constraints emerges for building an intrastep SVP. The following list prioritizes the importance of

design constraints: 1) ∆t
(1)
1 = 0 , 2) β1 − β2 = 0, 3) ∆t

(2)
1 = 0, 4) A-stability, 5) L-stability, 6)

∆t
(3)
1 = 0, 7) ∥M∥ (or minimize ∥βj∥), 8) ∆t

(4)
1 =∆t

(4)
2 = 0 . Recognize, however, that the baseline

scheme and the targeted error tolerance dictate the relative importance of the constraints and the design
procedure must be adjusted accordingly for every stage of every scheme. A realistic goal for an intrastep
SVP is to outperform the trivial guess by a factor 1.5x − 2x. The upper bound is possible but elusive; it
is consistently achieved on stage seven of the ESDIRK4(3)8L[2]SA scheme, but not on the other stages of
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(a) Rint(z): Stage 5.3 (b) Rint(z): Stage 6.3

(c) Rint(z): Stage 6.7 (d) Rint(z) : Stage 7.7

Figure 8: ESDIRK4(3)7L[2]SA: Stability contours of performant SVPs on SD7003 airfoil

29



(a) Rint(z): Stage 5.3 (b) Rint(z): Stage 6.3

(c) Rint(z): Stage 6.7 (d) Rint(z): Stage 7.7

Figure 9: ESDIRK4(3)8L[2]SA: Stability contours of performant SVPs on SD7003 airfoil
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either ESDIRK scheme considered.

The following insights are drawn from the results of this study. Recall that all ESDIRK schemes
used in this study are designed with superior internal and stepwise stability properties and high stage
order. Thus, the converged data available at each stage is of high quality. Building an SVP is tantamount
to passing a polynomial through said data and evaluating it at the next desired abscissa location. If the
problem (and the polynomial) is only modestly stiff, then interpolation/extrapolation error is dictated
by design-order accuracy arguments. SVPs constructed in this scenario should focus on high accuracy
conditions. As stiffness increases, however, the stiff components of the polynomial (which is subject to
order reduction down to second order), will diverge significantly away the polynomial knots. Interpolation
is more accurate than extrapolation, but generally both interpolation/extrapolation of data suffer if the
polynomial is extended great distances to evaluate the next abscissa. This problem becomes even more
acute for interstep predictors that try to ride stiff polynomials even greater distances.

Many questions about the relevance of stability are clarified herein, although several outstanding
questions still remain unanswered. 1) Generally, the aforementioned design constraints: A-stability and

∆t
(3)
1 = 0, are mutually exclusive (with rare exception). Why and how does one know a priori if an A-stable

scheme exists that is third-order accurate? 2) Why do the SVPs on stage 4 perform well given their modest

design metrics? 3) Why do most schemes that enforce the ∆t
(3)
1 = 0 constraint perform poorly, but a few

work extremely well? 4) Why are SVPs ineffective in the nonstiff limit? And are there SVPs that are
effective? 5) Will multiple additional function evaluations (e.g., Laburta [27] ) improve the SVPs or will
the loss of stability properties negate their efficacy? 6) Will the conclusions herein extend to stage order
one ESDIRKs? 7) Will interstep data extrapolated over long distances improve the efficacy of the intrastep
SVPs? Stage two is currently using dense output as an SVP. Will stages three and four also benefit from
a similar approach?

8 The Efficiency Landscape of ESDIRK Schemes

A new eight-stage base scheme: ESDIRK4(3)8L[2]SA with γ reduced to ≈ 1/10 is designed for this study of
SVPs.4 The principal objective is to ensure distinct abscissae locations for the eight-stage scheme relative
to the ESDIRK4(3)7L[2]SA scheme. Furthermore, it is conjectured that the improved convergence behavior
combined with good SVPs will offset the increased work of an additional stage. To test this hypothesis
and in general, to understand the relative efficiency landscape of ESDIRK schemes, an extensive study of
simulation costs is performed using six popular ESDIRK schemes.

Table 5 presents a comparison of the simulation times and the SVP gains in efficiency for six popular
ESDIRK schemes. Accuracy-based stage-value predictors are constructed for the four schemes not directly
the focus of this study. Three target temporal errors ϵtarget = 10(−2), 10(−4), 10(−6) are considered. Both
the trivial guess and an optimized SVP is used to start the nonlinear simulations. The error in the nonlinear
solver is driven below the target temporal error by at least a factor 102−103. The temporal error controller
automates all simulations in this scheme comparison. The test problem is the P3 (fourth-order) simulation
of the SD7003 airfoil using the H11344 hexahedral grid.

Three schemes, all with seven or more stages: ESDIRK4(3)7L[2]SA, ESDIRK4(3)8L[2]SA, and
IMEXRK4(3)7L[2]SA, are most efficient over the entire temporal error range: 10(−2) − 10(−6), including

4The recent papers by Kennedy and Carpenter [25, 26] demonstrate potential improvements in efficiency for seven-stage
ESDIRKs. This notion is extended herein to eight stages. A presents this argument in more mathematical terms.
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the ridiculously coarse limit of 10(−2). Note that the second order scheme: ESDIRK23 is performant in
the 10(−2) limit, but still not competitive. At strict error tolerances ESDIRK23 is suboptimal by 3x.

The SVP improves the efficiency η = tSV P
ttriv

in all cases and even more so at strict error tolerances.

Reductions in simulation times for the seven and eight-stage schemes is approximately η = 2
3 . These

simulations do not include dense output prediction in stage two, so further improvements are expected.

Time Error dte = ϵtarget = 10(−2) dte = ϵtarget = 10(−4) dte = ϵtarget = 10(−6)

Nonlin resid ite = ϵresid = 10(−5) ite = ϵresid = 10(−6) ite = ϵresid = 10(−8)

Scheme SVP Trivial η SVP Trivial η SVP Trivial η

ESDIRK23 [24] 16310 19963 0.81 52058 61608 0.84 382780 - -
ESDIRK47 [26] 12048 17392 0.69 17130 25648 0.66 32195 57466 0.56
ESDIRK48 12058 17594 0.68 16009 23829 0.67 29642 55737 0.53
IMEXRK34 [23] 20693 25189 0.82 29941 44539 0.67 71655 108195 0.66
IMEXRK46 [23] 18133 27548 0.65 22299 36692 0.60 43928 82467 0.53
IMEXRK47 [25] 12637 18667 0.67 15155 24199 0.62 29961 56064 0.53

Table 5: Timings for three target errors ϵt

The simulation data that produced the coarse level results shown in table 5 is now presented in
much finer granularity in 10 to gain insight into the performance characteristics of the seven and eight-
stage schemes. Figures 10a, 10c show scatter plots of the normalized cost of all six methods, with each
symbol corresponding to a single timestep. Two additional baseline results are included corresponding to
the ESDIRK23 and ESDIRK48 schemes run with the trivial guess. (The “normalized cost” is defined as
the total Krylov vectors required per step, divided by the timestep.) Data scatter results from variations in
the timestep as the temporal controller adjusts to instantaneous flow phenomena (e.g., vortex shedding),
which in turn strongly influences the efficiency of the linear and nonlinear iterations. Figures 10b, 10d
show a quadratic fit to the scatter data of all eight methods. Figures 10a, 10b correspond to a target
timestep errors of 10(−2) and a nonlinear residual reduction of 10(−5). Figures 10c, 10d correspond to a
target timestep errors of 10(−4) and a nonlinear residual reduction of 10(−6).

The efficiency of all schemes is concave with respect to timestep; i.e., decreasing the timestep could
improve efficiency if the integrator is “overstepping” the capability of the linear/nonlinear solver machinery.
All schemes achieve a minimum unit cost (the optimal timestep for a given target accuracy) at the lax
tolerance: dte = 10(−2). At the strict error tolerance: dte = 10(−4) the ESDIRK23 scheme lacks sufficient
accuracy to achieve the minimum, while the IMEXRK46 (γ = 1/4) scheme oversteps the capabilities of
the nonlinear/linear solver mechanics in trying to achieve the temporal error target. Note that the optimal
timestep of the ESDIRK48 (γ ≈ 0.1) is larger than ESDIRK47 (γ = 0.125), by approximately the ratio
in γs. Also, note that the optimal timestep for ESDIRK48 decreases when the SVP is in use.

The absolute ranking at coarse tolerance of 10(−2) is 1) ESDIRK48, 2) ESDIRK47, 3) IMEXRK47,
4) ESDIRK23, 5) IMEXRK46, 6) IMEXRK34, while at the strict error tolerance (10(−4)) the relative
position of the 4) IMEXRK46, 5) ESDIRK23 is reversed. The fourth-order, ESDIRK47, ESDIRK48 and
IMEXRK47 schemes are the most efficient of those tested at both error tolerances. The fourth-order
ESDIRK46 scheme is notably less efficient than the other fourth-order schemes, the IMEXRK34 scheme
is the least efficient. While the ESDIRK23 scheme is advantageous at the lax error tolerances (10(−2)), its
poor accuracy severely limits its efficacy at strict tolerances. Note that at 10(−4)/timestep the ESDIRK23
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(a) P3 Scatter: dte = 10(−2), ite = 10(−5)
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Figure 10: Method comparison on normalized costs: scatter plots and data fits
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scheme is accuracy limited and never achieves an optimal timestep. Thus, the potential efficiency of only
two implicit stages can never be exploited.

9 Conclusions

To better identify the necessary attributes of good stage-value predictors (SVPs), numerous SVPs are
designed for an existing: ESDIRK4(3)7L[2]SA [26] and a new: ESDIRK4(3)8L[2]SA (eight stages) scheme.
Both are stiffly-accurate, stage-order two, explicit, singly-diagonally implicit Runge–Kutta (ESDIRK)
schemes. As many as thirteen SVPs are constructed for different stages of each method designed with
different objectives. Tradeoffs are studied in the parameter spaces enforcing the constraints on accuracy,
linear stability, nonlinear stability and coefficient size to determine which objectives correlate with effec-
tive predictors. The SVPs are tested in challenging external aerodynamics simulations (107 DoFs) using
the compressible Navier-Stokes equations (CNSE). Three test cases with varying degrees of stiffness are
investigated. They are the SD7003 airfoil, the MD-30P30N multielement airfoil and the Taylor-Green
vortex. Curvilinearly mapped hexahedral FEM grids are used in all simulations. An entropy-stable spec-
tral collocation formulation discretizes the spatial terms in the equations. Simulations are performed at
a wide variety of temporal error tolerances. Problems that are sufficiently stiff (e.g., lax temporal error
tolerances), benefit from SVPs designed with second-order accuracy and stability properties: A-stability,
and L-stability, rather than high accuracy constraints. Simulations with modest stiffness (e.g., strict error
tolerances) are better suited for SVPs designed using high accuracy constraints. Minimizing the algebraic
instability of the SVPs does not contribute significantly to their efficacy. However, methods with exceed-
ingly large algebraic instability are consistently poor performers. Designing SVPs with enhanced stability
properties is tantamount to constructing an individual Runge–Kutta scheme at every stage of the ESDIRK.
Although this approach is tedious it is worthwhile. Simulation times are reduced with optimal SVPs by
as much as 100% on some stages, with combined stepwise improvements of between 50 − 100% for both
methods. A comparative study is performed with the two aforementioned methods as well as four other
ESDIRKs. Optimized SVPs are used in all cases. The most efficient ESDIRK methods are those with
six or more implicit stages including the two used in this study. The newly designed ESDIRK4(3)8L[2]SA
with γ ≈ 1/10, proves to be the most efficient of the six tested ESDIRK schemes simulating the CNSE.
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Appendix A

Improving Efficiency with Additional Stages

Adding a stage to a six stage ESDIRK formulation is shown elsewhere to be beneficial [25,26]. The
improvements manifest from 1) better overall design characteristics (e.g., minimized algebraic instability
and leading order truncation error (L.O.T.E.) terms, better embedded scheme), 2) reducing by (2x) the di-
agonal coefficient γ of the method. This reduction strongly influences the conditioning of the preconditioner
and the overall convergence characteristics.

The following simple observation motivates the design of these ESDIRKs. Consider the linear system
that must be solved at every Newton iteration on all stages of an ESDIRK. It is of the form

(I − γ ∆tJ) (δUi,k) = N (δUi,k) = −ri,k (A1)

where the subscripts i and k denote the ith stage and the kth iteration, respectively, ∆t is the timestep,
γ is the weight of the diagonal term arising from the DIRK, I is the identity matrix, (∂F/∂U) = J is the
Jacobian of the RHS of the CNSE, (I− (∆t)γJ) = N is the (Newton) iteration matrix, (δUi,k) is the
update of the solution and the vector ri,k of (A1) is the residual of the nonlinear system of equations.

Definition A.1 Let N be an n x n matrix with entries nij, with row-wise Gershgorin circle radius Ri =∑
j ̸=i |nij |, i = 1, n. Next define a Gershgorin row i metric as Gi = Ri/nii. The L∞-norm of Gi yields a

“Gershgorin metric”; G = maxiGi.

The convergence rate of the linear system for the CNSE is strongly dependent on the G of the
iteration matrix N. Observe that reducing either ∆t or γ will reduce the Gershgorin metric by decreasing
the off-diagonal contributions relative to the diagonal, and thus improving the convergence behavior of the
linear solver.

Table A1 provides important properties for several popular schemes including γ, the temporal order,
the number of implicit stages, and L.O.T.E. of the 4th-order schemes to facilitate comparison.

Scheme order γ Impl Stages L.O.T.E.

1 BDF1 1 1.0000 1 N.A.
2 BDF2 2 0.6667 1 N.A.
3 ESDIRK3(2)4L[2]SA [23] 3 0.4359 3 N.A.
4 ESDIRK4(3)6L[2]SA [23] 4 0.2500 5 0.01224
5 ESDIRK4(3)7L[2]SA [25] 4 0.1250 6 0.00026
6 IMEXRK4(3)7L[2]SA [26] 4 0.1235 6 0.00163

7 ESDIRK4(3)8L[2]SA 4 0.1009 7 0.00033

Table A1: Diagonal coefficients γ for popular schemes.

Consider the four fourth-order schemes 4,5,6,7. Schemes 5,6,7 are significantly more accurate than
4 and could potentially run at timesteps large by a factor of two. Since the γ is smaller by a factor of
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two, the Gershgorin metric of both linear systems is effectively equal. The additional cost of schemes 5,6,7
relative to scheme 4, is easily absorbed by the much larger timestep. Additional stages can potentially
increase efficiency.

39



Appendix B

Methods

B.1 ESDIRK4(3)7L[2]SA

B.1.1 Stage-value predictors

The SVPs are implemented using the formulae given in equation (10). The βkj coefficients for the ES-
DIRK4(3)7L[2]SA scheme are give in table B1. Lower precision is adopted owing to the approximate nature
of the SVP: Uk,0.

c3 β31
3998607

109216786 0 0 0 0 1

c4 β41
46611179
54608393 − 178447502

147830751 0 0 0 1

c5 β51 − 47797639
50219660

120185484
62590349

17
25 0 0 3

c6 β61 − 22672606
107793547

48949423
70512297

94971561
371244478

177
1000 0 7

c7 β71 − 181872246
122088097

215909468
73524603

3579
10000

2749
5000

1351
10000 7

Table B1: SVP for ESDIRK4(3)7L[2]SA, with βi1 = βi2 for i = 3, 7.

The method corresponding to the reported coefficients is given in the last column of table B1.

B.1.2 Dense Output

Dense output is used to extrapolate function values from the previous step to generate starting guesses for
the stage values. The implementation coefficients: βi,j needed in equations (8) and (9) are given in table
B2.

B.2 ESDIRK4(3)8L[2]SA
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β1j
−266426472506

7112241585
+331477915752

5127050801
−170359219871

6173927403

β2j
−266426472506

7112241585
+331477915752

5127050801
−170359219871

6173927403

β3j
+431609494593

6579011485
−727141547929

6408476411
+521433824925
10684957954

β4j
+148211146869
10218122302

−230866228517
11439148937

+199192141
32148900

β5j
−12953801331
12143793896

+33225514585
8647497831

−2
1

β6j
−58429657621
14620201597

+3
2

+97
50

β7j
+7
8

−1
1

+1
4

(B1)

Table B2: Dense output for ESDIRK4(3)7L[2]SA.

B.2.1 Method Design

One way to make an ESDIRK more efficient is to reduce the burden on the solver mechanics used for the
nonlinear system. A key way to do this is to reduce the magnitude of γ. The ESDIRK4(3)7L[2]SA method
is a fourth-order method with γ = 1/8. With this in mind, how low could γ be driven if another stage
were to be added while still producing a useful method? To do this, we enforce

0 = τ
(1,2,3,4
1 = q

(1)
2,3,4,5,6,7 = q

(2)
2,3,4,5,6,7 = τ

(4)
3 = p7 = R

(3,4,5,6,7)
int (−∞), (B2)

0 = τ̂
(1,2,3)
1 = p̂6,7, (B3)

for the main method and for the embedded method. The shorthand notation may be understood with

q(k) = Ack−1 − 1

k
ck, Rint(z) = [I− zA]−1 · e =

Pint(z)

Qint(z)
, (B4)

P (z) =
s∑

i=0

piz
i = Det

[
I− zA+ ze⊗ bT

]
, P̂ (z) =

s∑
i=0

p̂iz
i = Det

[
I− zA+ ze⊗ b̂T

]
. (B5)

For the abscissae, we choose c1 = 0, c2 = 2γ, c8 = 1 and

c3 =
(
2−

√
2
)
γ, c4 =

402

971
, c5 =

250

439
, c6 =

993

1283
, c7 =

256

345
, γ = 59/585; (B6)

Imposing various degrees of freedom for the main and embedded methods, we have

τ
(5)
4 = − 1

22906
, τ

(5)
5 = − 1

26393
, τ

(6)
1 =

1

47678
, τ

(6)
4 =

1

11409
,

τ
(6)
6 =

1

16303
, τ

(6)
7 = − 1

9308
, τ

(7)
1 =

1

161688
,

τ̂
(4)
1 = − 1

11725
, τ̂

(5)
1 =

1

73400
, τ̂

(6)
1 =

1

73950
. (B7)
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where τ
(k)
1 = 1

(k−1)!b
T ck−1 − 1

k , τ̂
(k)
1 = 1

(k−1)! b̂
T ck−1 − 1

k and

τ
(4)
3 =

1

2
bTq(3) + τ

(4)
1 , τ

(5)
4 =

1

2
bTCq(3) + 4τ

(5)
1 , τ

(5)
5 =

1

6
bTq(4) + τ

(5)
1

τ
(6)
4 =

1

4
bTC2q(3) + 10τ

(6)
1 , τ

(6)
6 =

1

6
bTCq(4) + 5τ

(6)
1 , τ

(6)
7 =

1

24
bTq(5) + τ

(6)
1 . (B8)

The ESDIRK4(3)8L[2]SA method is L-stable, internally L-stable on stages three through eight and strictly
A-stable on the second stage. Relative to ESDIRK4(3)7L[2]SA, the ESDIRK4(3)8L[2]SA scheme reduces
γ by 19.3% at the price of adding an implicit stage, a 16.7% increase in implicit stages. The efficiency of
the seven- and eight-stage methods are nearly identical on all problems tested to date.

B.2.2 Butcher Tableau and properties

A new stiffly-accurate, stage-order two ESDIRK method in eight stages: ESDIRK4(3)8L[2]SA is developed
herein to study the behavior of SVPs. The abscissae of the new method are distinct from those of the
existing ESDIRK4(3)7L[2]SA scheme. The Butcher tableau for the new method is given in table B3 with
the remaining coefficients given in table B4.

0 0 0 0 0 0 0 0 0

118
585 a21

59
585 0 0 0 0 0 0

c3 a31
−19518028676870
934427233300157

59
585 0 0 0 0 0

402
971 a41

344729309340395
1131933348968038

−341351779839085
1153422898589157

59
585 0 0 0 0

250
439 a51

−407310541348277
1457416150858249

825797892681077
1108830414526536

347150461205827
1227445856948264

59
585 0 0 0

993
1283 a61

1365085473788065
2144135753095052

−1182497954870351
1420056438593455

−63695567441873
1007972570448412

553123701809414
1870580602846629

59
585 0 0

256
345 a71

−526494814415147
1342446036971084

972489732556969
1041901655162605

231710015292815
710040785046631

149813302106005
784935650003848 a76

59
585 0

1 b1
43330198141423

1552245574212436
126920317765990
976320234585877

144252338374735
235812665300824

−461586332999218
981082973953595 b6 b7

59
585

bj b1
43330198141423

1552245574212436
126920317765990
976320234585877

144252338374735
235812665300824

−461586332999218
981082973953595 b6 b7

59
585

b̂j b̂1
63525278823359
589073924187652

−1215341952797
169743795871373

568324990202744
980157605573067

−260265382870227
560889253908905 b̂6 b̂7 b̂8

Table B3: ESDIRK4(3)8L[2]SA, with ai1 = ai2, b1 = b2, b̂1 = b̂2, and a8,j = bj .

Five ESDIRK methods are compared herein: three fourth-order, a third-order and a second-order.
The properties of the new eight-stage scheme as compared with the other four ESDIRK schemes are
given in table B5. The methods being compared in the table B5 (and in table A1) are as follows:
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c3 = 156018921355884
2640838318719043 a76 = −33068834936140

1321803926597241 b6 = −274883779192603
365924002944524 b7 = 624128017493557

471650707219883

b̂6 = −700237699821775
93074423579744 b̂7 = 1054294140731335

793259632340454 b̂8 = 76832074920277
776473806427012 .

Table B4: ESDIRK4(3)8L[2]SA: remaining coefficients

Name ESDIRK ESDIRK ESDIRK ESDIRK ESDIRK
2(1)3L[2]SA 3(2)4L[2]SA 4(3)6L[2]SA 1 4(3)7L[2]SA 4(3)8L[2]SA

s 3 4 6 7 8
p 2 3 4 4 4

γ (2−
√
2)/2 0.435867 1

4
1
8

59
585

A(p+1) 0.05719 0.03663 0.003401 0.000260 0.000337

A(p+2) 0.07944 0.07870 0.005405 0.001177 0.001024

Â(p) 0.02513 0.02552 0.000824 0.000301 0.000271

Â(p+1) 0.07801 0.07418 0.004517 0.000977 0.000305

{B(5), C(5), E(5)} {3.11, 0.828, 2.28} {2.91, 1.64, 1.44} {5.48, 1.38, 4.13} {3.24, 3.07, 0.861} {1.13, 0.902, 1.25}
D 1.0 1.27 0.810 1.00 1.32

{λM
Min, λ

M̂
Min} {−0.127,−0.114} {−1.13,−2.34} {−0.492,−0.565} {−1.990,−1.361} {−2.902,−2.971}

{bi,Min, aij,Min} {+0.293,−0.000} {−0.595,−0.595} {−0.275,−0.592} {−0.557,−0.557} {−0.751,−0.833}
λM(2)

Min −0.086 −0.190 −0.312 −0.016 −0.010

λM(3)

Min −0.127 −0.988 −0.097 −0.009 −0.006

λM(4)

Min − −1.13 −0.972 −0.314 −0.274

λM(5)

Min − − −2.30 −1.225 −0.783

λM(6)

Min − − −1.04 −0.204 −1.765

λM(7)

Min − − − −1.990 −1.267

λM(8)

Min − − − − −2.902

{R(−∞), R̂(−∞)} {0.0, 0.0.293} {0.0, 0.218} {0.0, 0.0} {0.0, 0.0} {0.0, 0.0}

Table B5: ESDIRK methods

1) ESDIRK2(1)3L[2]SA from [24], 2) Implicit portion of ARK3(2)4L[2]SA [23], 3) Implicit portion of
ARK4(3)6L[2]SA [23] and ESDIRK4(3)6L[2]SA 1 from [26], 4) ESDIRK4(3)7L[2]SA from [26], 5) ES-
DIRK4(3)8L[2]SA designed in this paper. The ESDIRK4(3)8L[2]SA scheme has better properties overall,
except the algebraic instability on internal stages and the step.

B.2.3 Stage-value predictors

The βkj coefficients for the ESDIRK4(3)8L[2]SA scheme are give in table B6. The SVPs are implemented
using the formulae given in equation (10). The method corresponding to the reported coefficients is given
in the last column of table B6.

B.2.4 Dense Output

The implementation coefficients: βi,j needed in equations (8) and (9) for the ESDIRK4(3)8L[2]SA scheme
are given in table B7.
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c3 β31
1812329
61352403 0 0 0 0 0 1

c4 β41
50245319
68549022 − 29595219

28133372 0 0 0 0 1

c5 β51 − 85334134
164083875

520239157
462388393

38482782
79429241 0 0 0 2

c6 β61 − 81820811
52047104

224142662
74716127

537
1000

7623
20000 0 0 5

c7 β71 − 30577813
36373682

108338209
62935626

33363543
84030943

19865774
71044047

2740356
108459265 0 1

c8 β81
196155495
88245572 − 362835506

104934831 − 79435259
57861274

129849
100000

324093
500000 − 56177

100000 4

Table B6: SVP for ESDIRK4(3)8L[2]SA, with βi1 = βi2 for i = 3, 8.

β1j
+4111165927
17552424484

−3065939197
13865167531

+93934989
6339375476

β2j
+4111165927
17552424484

−3065939197
13865167531

+93934989
6339375476

β3j
+2675205767
11272080602

−10926757293
12093844160

+685437919
860923542

β4j
+22780857425
6249027518

−18619344673
7554573043

−7544868238
13256738257

β5j
−63709336598
11730941487

+43463834873
7292108227

−1
1

β6j
−31566902283
13091756221

+0
1

+83
50

β7j
+61648759756
14426552075

−29
20

−3
2

β8j
+509
2340

−7
10

+7
12

(B9)

Table B7: Dense output for ESDIRK4(3)8L[2]SA.
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Appendix C

Order Reduction

C.1 Van der Pol’s Equation

Van der Pol’s (vdP) equation describes a nonlinear oscillator with solutions that are damped (amplified)
for large (small) values of y1, [16, 17]

ẏ1(t) = y2(t), ẏ2(t) = ε−1
(
(1− y1(t)

2)y2(t)− y1(t)
)
. (C1)

Unperturbed initial conditions are given by y1(0) = 2, y2(0) = −0.6666654321121172. Van der Pol’s
equation develops a very challenging boundary layer at time T ≈ 0.8 based on these initial conditions,
and is an effective test problem to quantify a method’s susceptibility to order reduction [23,25,26].

The stiffness parameter: ε appearing in Van der Pol’s equation is used to arbitrarily adjust the
dynamics of the system. As ε decreases, the ODE gradually transitions in behavior toward an index-1
differential-algebraic equation (DAE). For Runge-Kutta methods, accompanying this transition is an order-
reduction phenomena where the observed convergence rates of the methods fall below the classical order
of accuracy. Some differential variables transition to algebraic variables, displaying different convergence
rates. Hairer et al. [17] determine the convergence rates of SDIRK methods with and without the stiffly
accurate assumption. Global error for both differential and algebraic variables are of the form ϵglobal =
c1(∆t)α + c2ε(∆t)β for ε ≤ Const. (∆t). Independent of stiff accuracy, SDIRK methods have α = q and
β = qso + 1 for the differential variable, where q and qso are the classical and stage-orders of the method.
The convergence rate of the algebraic variables is α = q and β = qso for stiffly accurate methods.

Figure C1 compares the convergence behavior and order reduction of the ESDIRK437 and ES-
DIRK438 schemes. Figures C1a and C1b quantify the convergence behavior of the differential variable,
while figures C1c and C1d quantify the convergence of the algebraic variable. Four stiffness parameters
are shown in each plot. Note that ε = 10−3 and 10−6 experience the most severe reduction in accuracy.
Figures C1e and C1f show the rate of convergence of the differential and algebraic variables as a function of
the stiffness parameter ε. Note that the differential variables of the ESDIRK437 and ESDIRK438 schemes
order reduce in the DAE limit of small ε, to a rates of ≈ 3.0 and ≈ 3.6, respectively. The algebraic variable
convergence rates are similar between the two schemes with the ESDIRK438 scheme experiencing slightly
less order reduction in the DAE limit.

It was shown in [25, 26] that the ESDIRK437 scheme was best among several tested seven stage
ESDIRK437 schemes and was clearly better than the ESDIRK436 scheme introduced in [23]. The ES-
DIRK438 scheme is as accurate, and is comparable if not less susceptible to order reduction than the
ESDIRK437 scheme.
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(a) Differential Variable Error: ESDIRK437 (b) Differential Variable Error: ESDIRK438

(c) Algebraic Variable Error: ESDIRK437 (d) Algebraic Variable Error: ESDIRK438

(e) Order Reduction: ESDIRK437 (f) Order Reduction: ESDIRK438

Figure C1: Comparison of order reduction: ESDIRK437 vs. new ESDIRK438
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