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+ Direct measurement (stable)
– Cold-wall conditions

+ Hot wall conditions
– Indirect reconstruction (unstable)
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Recovering TPS Surface Heat Flux

Alpert, H., et al. J Spacecr Rockets (2023) 

TimeTime

Te
m

pe
ra

tu
re

H
ea

t F
lu

x

Miller, R., et al. J Spacecr Rockets (2024) 

– Time-marching based methods



+ Direct measurement (stable)
– Cold-wall conditions

+ Hot wall conditions
– Indirect reconstruction (unstable)

4

Recovering TPS Surface Heat Flux

Alpert, H., et al. J Spacecr Rockets (2023) 

TimeTime

Te
m

pe
ra

tu
re

H
ea

t F
lu

x

Miller, R., et al. J Spacecr Rockets (2024) 

– Time-marching based methods



Hot-Wall Heat Flux Reconstruction Algorithm

Ø Objective:
Ø Develop an algorithm to reconstruct the local hot-wall TPS heat 

flux solely from collocated temperature and heat flux sensor 
instrumentation.

Ø Two Components
1. Efficient thermal model of the TPS-Sensor system

Ø 𝑞 → 𝑇 and 𝑇 → 𝑞 in one (or few) step(s).
2. Mechanism to stabilize hot-wall heat flux recovery
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Thermal Model
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𝛼 Thermal Diffusivity 𝛿 Dirac-Delta Function

𝑘 Thermal Conductivity 𝑔 Volu. Energy Generation
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Thermal Model – Applied

Ø Applied to the TPS
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Thermal Model – TPS-Sensor System  
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Recovering 𝒒𝑯𝑾

Ø Regularization used to stabilize inversion
Ø E.g., Tikhonov regularization
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Recovering 𝒒𝑯𝑾 – TPS Challenges

Ø System condition is worsened due to
Ø TPS is significantly more insulating than most materials.

Ø E.g., SLA-561 (heritage): 𝑘 ≈ 0.05	𝑊/𝑚 ⋅ 𝐾, 𝛼 ≈ 2×10!"	𝑚#/𝑠
Ø Temperature sensors are embedded under the TPS surface

Ø Large values of 𝜆 are needed to damp instabilities
Ø loss of sharp solution features.

15 Smyly, E. and Pears, C., NAS1-7732-1 (1971)

Alpert, H., et al. J 
Spacecr Rockets 

(2023) 



Recovering 𝒒𝑯𝑾 – Regularization Surrogate

Ø Achieve stability by coupling 𝑞67 and 𝑞87
𝑞67 = 𝐶 𝑡 𝑞87

where 𝐶 𝑡  is an arbitrary, but smooth, function
Ø Linear system becomes

𝛾 = −
𝛼9:;
𝑘9:;

𝐺9:;,9:; 𝑑𝑖𝑎𝑔 𝑞87 𝐶
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Recovering 𝒒𝑯𝑾 – Regularization Surrogate

Ø Solution of 𝐶 is stabilized by penalizing the 2nd derivative

min 𝛾 +
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!
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!

Ø 𝑞67 is recovered via
𝑞67 = 𝑑𝑖𝑎𝑔 𝑞87 𝐶
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Results

Ø 1D Model System
Ø Algorithm verification
Ø Convergence criteria
Ø Analysis of algorithm robustness

Ø Axisymmetric Model System
Ø Model verification
Ø Analysis of algorithm robustness
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Ø 1D Model System
Ø Algorithm verification
Ø Convergence criteria
Ø Analysis of algorithm robustness

Ø Axisymmetric Model System
Ø Model verification
Ø Analysis of algorithm robustness

Results
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Results – Axisymmetric Model System

Ø Axisymmetric model with convective boundary conditions
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𝑞 = ℎ 𝑇$ − 𝑇%&'( Finite Element 
Analysis (FEA)1. Copper

2. SLA-561
Smyly, E. and Pears, C., 

NAS1-7732-1 (1971)
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Algorithm Verification
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Reconstruction 
Algorithm

FEA solution
Reconstructed solution

Solution time ~𝒪(20𝑠)



Algorithm Verification
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Reconstruction 
Algorithm

FEA solution
Reconstructed solution

Peak heat time predicted to 
within 0.375s FEA solution

Peak heat flux predicted 
to within 9% FEA solution

Solution time ~𝒪(20𝑠)



Algorithm Robustness

Ø Real measurements will contain noise or errors.
Ø Goal: Analyze the impact of varying 𝜆H subject to different 

input noise levels.

min 𝛾 +
𝛼9:;
𝑘9:;

𝐺 𝑑𝑖𝑎𝑔 𝑞87 𝐶
H

H
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23



Algorithm Robustness – Measurement Noise

Ø FEA-generated measurements perturbed with noise.
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Ø Sweep of 𝜆H performed for 3 levels of noise
Ø Sweeps repeated 50 times to generate distribution of results

Varying 𝝀𝟐

25



Ø Sweep of 𝜆H performed for 3 levels of noise
Ø Sweeps repeated 50 times to generate distribution of results

Varying 𝝀𝟐

26



Comparison vs. Tikhonov Regularization
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Comparison vs. Tikhonov Regularization
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RMSE-Optimized Solutions
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Surrogate

Tikhonov

Increasing noise

Increasing noise



Conclusions

Ø We have developed an algorithm to recover the TPS 
surface heat flux from on-board thermal instrumentation.

Ø The algorithm can resolve sharp solution features in an 
ill-conditioned TPS-sensor system.

Ø The algorithm demonstrates strong robustness to varying 
input measurement characteristics.
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Backup Slides
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Temperature-Dependent Thermal Properties

Ø TPS-sensor system (Temp-dependent properties)
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Temperature-Dependent Thermal Properties

Ø TPS-sensor system (Temp-dependent properties)
Ø Cole-Hopf transformation à 𝑇 = 𝑓 𝜃
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Green’s Function

Ø General Green’s function formulation
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456

7
𝑘*,2
𝛼*,2

𝜙4
0 𝒙 𝜙4

2 𝒙𝟎 𝑒!8!,! 9!: 	 𝑙, 𝑚 = 𝑇𝑃𝑆	𝑜𝑟	𝐻𝐹𝑆

Ø Galerkin Eigenvalue Approximation
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Eigenfunctions (First 3 Modes)
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