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We present robust trajectory optimization techniques using a sweeping gradient method
for ordinary differential equations with events (SGM) and linear covariance analysis (LinCov).
SGM is a method for computing the gradient of trajectory analyses defined by performance
indices over initial value problems with events with respect to static parameters. LinCov is
an analytic technique for predicting stochastic behavior of dynamical systems. By combining
SGM and LinCov, it is possible use efficient, off-the-shelf, gradient-based optimizers to solve
robust optimal trajectory design problems. We describe the individual methods and some
details on how they can be combined. Then we apply the combined techniques to a variety of
orbital trajectory design problems to demonstrate its use, including minimum fuel transfer and
mid-course correction burn scheduling.

L. Introduction

Incorporating the impacts of system uncertainty such as navigation errors, disturbance accelerations, burn execution
biases and misalignments, orbit insertion dispersions, and a host of other influential factors into the design of a trajectory
profile to make it robust to these unknown perturbations is becoming more feasible, particularly with the maturation
of linear covariance analysis (LinCov)[1} [2] for closed-loop GN&C systems. LinCov is an analytic technique for
predicting stochastic behavior of dynamical systems. Previous studies interfaced a genetic algorithm (GA) with a linear
covariance analysis tool to provide the initial demonstration of applying this non-traditional approach to robust trajectory
optimization. These robust trajectory design techniques were originally developed for rendezvous applications in low
Earth orbit[3]. It was then extended to cis-lunar outbound trajectories to a Near Rectilinear Halo Orbit (NRHO)[4] and
introduced for a simple rendezvous approach trajectory in the NRHO for mid-course correction placement[5]]. Recently,
these robust trajectory optimization principles have been applied to solve cislunar transfers to low-lunar orbit[6], NRHO
rendezvous and docking[7]], angles-only navigation for NRHO rendezvous [8], lunar powered descent and landing[9]],
along with Mars aerocapture[[10] problems. They were also utilized to determine the optimized trajectory correction
burn placement for the upcoming Artemis II free-return cis-lunar trajectory profile[11]] and exercised to determine the
optimized trajectory correction burn placement for NRHO orbit maintenance anticipated for the Artemis III mission[12].

This paper presents an alternate strategy and a set of robust trajectory optimization techniques that use a sweeping
gradient method for ordinary differential equations with events (SGM) and linear covariance analysis. SGM is a method
for computing the gradient of trajectory analyses defined by performance indices over initial value problems with events
with respect to static parameters[[13]. SGM allows analysts to model a trajectory analysis as a black-box mapping
T: R" — R, where ng is the dimension of a parameter space and n; is the dimension of the trajectory analysis
output space, and enables the construction of optimization problems of the form

minigmize Iv(J,0)

subjectto T} (J,0) <0, i=1,...,m ey
where J =T (0)

where I is an objective function and the I'; are constraint functions. Since SGM provides an efficient method for
computing the gradients of J with respect to the parameters 6, application of the chain rule enables the computation of
the gradient of the objective and constraint functions with respect to the trajectory model parameters. The availability of
these gradients permits the use of efficient, off-the-shelf gradient-based solvers for solving optimal control or system
design problems of the form (T)). By combining SGM and LinCov, these gradient-based optimizers can be used to solve



robust optimal trajectory design problems with minimal additional effort. The individual methods and details on how
they can be combined is the focus of this research. To illustrate how these combined techniques can be applied, a variety
of orbital rendezvous trajectory design problems are solved, including a minimum fuel transfer problem and mid-course
correction burn scheduling. Several examples also highlight the limitations of this approach.

Other trajectory optimization techniques have also been used for orbital rendezvous design, including direct
collocation methods|[[14] and convexification[15]], which may be considered a special case of direct collocation, and
multiple-shooting methods[16]]. Collocation methods are often able to converge more rapidly than shooting methods like
SGM, particularly for the final convergence near the optimum. However, a number of modeling limitations motivates
the use for SGM. In particular, the fixed ordering of trajectory segments is not well suited for certain features of
robust orbital rendezvous trajectory modeling such as free-drift safety performance or the search for measurement and
maneuver execution times. Methods like hp mesh adaptation may be able to address this with potential computational
cost[17]]. Convexification methods can be applied to the dynamic nonlinearities[18]] in these trajectories but may
require significant offline computation before the optimization can be applied. In contrast, modeling the robust orbital
rendezvous trajectories as a system of ODEs with events allows the maneuver plan and a variety of relevant performance
criteria to be modeled naturally as illustrated in the examples. Gradient-free methods like GA can also be applied with
similar modeling approaches and can fully explore a design space without becoming stuck in local optima but lack the
efficiency and accuracy of gradient-based methods. These methods exist on a continuum from most efficient to most
robust and flexible; we believe the methods presented in this work provide a useful trade-off between performance and
flexibility.

The paper is organized as follows. Section [[joutlines the robust trajectory optimization techniques which includes
defining the performance metrics, describing the fundamental linear covariance analysis equations, formulating the
sweeping gradient method equations, and combining both SGM and LinCov. Section [[II] provides an overview of
the scenario and analysis inputs used for the robust trajectory optimization demonstration which includes the system
dynamics models, GN&C system modeling, and the core inputs to utilize SGM and LinCov. Section [[V]illustrates
the proposed robust trajectory optimization techniques using SGM and LinCov with five examples that build on
complexity starting with a simple Hohmann transfer scenario that is then expanded to include mid-course correction
burns, navigation measurement scheduling, burn magnitude and execution error, initial condition dispersions, and other
factors. A conclusion summary is provided in Section [V]

I1. Robust Trajectory Optimization Techniques

A. Performance Metrics
To develop the techniques of robust trajectory optimization using a sweeping gradient method and linear covariance
analysis, there are several performance metrics that must be defined which include the true trajectory dispersions Jx, the
navigation dispersions 6%, the true navigation error e, and the onboard navigation error §€ as depicted in Figure[l}
The true dispersions 0x are defined as the difference between the true state x and the nominal state X. The true state
X is an n-dimensional vector that represents the real world environment or the realization of the actual state.

SxEx—-x D = E [6xox| )

The nominal state X is also an n-dimensional vector that represents the desired or reference state. The covariance of the
environment dispersions, D, indicates how precisely the system can follow a desired trajectory.

The navigation dispersions dX are defined as the difference between the navigation state X and the nominal state X.
The navigation state is an 7i-dimensional vector (7 < n) that represents the filter’s estimated state.

% — M X D = E [6%6%"] 3)

The matrix M is an (7 X n) matrix that maps the estimated state in terms of the true and nominal state. The covariance
of the navigation dispersions, D, reflects how precisely the onboard system thinks it can follow a prescribed reference
trajectory.

The true navigation error de is the difference between the environment and navigation states. It is also the difference
between the environment and the navigation dispersions.

5e £ M,x — & = M,.ox - 6% P = E [sese” | )
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Fig.1 GN&C Performance Metric Variables

The covariance of the true navigation error, P, quantifies how precisely the onboard navigation system can estimate the
actual state.

The onboard navigation error € itself is never computed, but it is used to develop the onboard navigation filter
equations. It is defined as the difference between the design state, X, and the navigation state X.

11>

de=X-% P =E [sese"] Q)
The covariance of the onboard navigation error, P, quantifies how precisely the onboard navigation system expects it can
determine the actual state. The performance of the onboard navigation system is determined by comparing P to the
actual navigation performance P. If the frue states x and the design states X are assumed to be the same, then the true
navigation covariance will equal the onboard navigation covariance.

The covariances of the true dispersions, navigation dispersions, true navigation error, and the onboard navigation
error are ultimately used to analyze and assess the performance of a proposed GN&C system. A common approach to
obtain these performance metrics is to use a Monte Carlo simulation as outlined in Figure 2] where the sample statistics
of hundreds or thousands of runs, N, are used to numerically compute the desired covariance matrices.

1 . 1 1
D ~ D oxox" D~ D s%ek" P~ > sese’ 6

N-1 N-1 N-1 ©
The onboard navigation error covariance P is the navigation filter covariance for each run. This same statistical
information can be obtained using linear covariance analysis techniques.

B. Linear Covariance Analysis

In comparison to the hundreds or thousands of runs typically required for Monte Carlo analaysis, LinCov utilizes
augmented and onboard state covariance matrices to produce the statistical performance metrics of a closed-loop
GN&C system in a single-run. Linear covariance analysis incorporates the non-linear system dynamics models and the
non-linear GN&C algorithms to generate a nominal reference trajectory X which is then used to propagate, update, and
correct an onboard navigation covariance matrix P and an augmented state covariance matrix C,

C =E [6X6X"] @)

where the augmented state X' = [6x' 6%"] consists of the true dispersions and the navigation dispersions. Pre- and
post-multiplying the augmented state covariance matrix by the following mapping matrices results in the covariances for
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Fig.2 Extracting GN&C Performance Metrics Using Monte Carlo Techniques

the trajectory dispersions, navigation dispersions, and the navigation error:
D = [ Lisn> Onxci | C [ Lnxns Onxa ]T
D= [ 0iixn, Lixa 1 C[ 0axn, Lixa ]T 3
P = [ Lixn, —Tixia ] €[ Taxns —Tixa 1"

For details regarding the development and implementation of the linear covariance simulation, see the following

references|2, [19]].

1. Truth Models
The truth models governing the system dynamics, both continuous and discrete sensor measurements, and impulsive

state corrections are provided in context of establishing the core LinCov equations. The true state or environment system

is governed by the state equation
x=f(x,0,1)+w )

where x are the true states with dimension n, @ are the actuator commands with dimension n;, and w is the zero-mean
white-noise with covariance S,, (¢) 6 (# — ¢”). If continuous measurements such as gyros and accelerometers are utilized,
the measured angular rates and accelerations are captured with

Jy=cx,0)+n
where 7 is the zero-mean white noise with covariance S,, (¢) § (¢ — t’), and the discrete measurement equations are
ij =Ac (Xj,[j) + AI]j
Zk = h (Xg, 15) + v

where A is inertial and Zj is non-inertial, with covariances, S, (t j) 0;;» and R, (fx) Oxxs, respectively. When discrete
measurements are processed by the onboard navigation filter, the truth state does not change at that instant of time.

X =X (10)

However, when the impulsive translational control inputs are modeled, the truth state is instantly corrected according to
the mapping d and accounting for the correction noise Aw;

Xp¢ = X7 +d (X6 Ay 1) + Awy (11)

with covariance Sa,, (t j) Ojjr -



2. Nominal Models
The nominal state dynamics are a function of the nominal state X, the nominal control inputs @, and time ¢, such that
there are no disturbance accelerations, maneuver execution errors, navigation errors, or initial condition uncertainty
impacting the state propagation,
x=f(x 0,1 (12)

where the nominal control input is a function of the nominal state and time,
a=g(x1). (13)
When discrete navigation measurements are processed, it does not impact the nominal state so
X; =X;. (14)

However, impulsive corrections do impact the nominal state by instantly correcting it according to the targeting algorithm
logic
Al = Ag (i;“, r‘,-) (15)

and mapping d. It is assumed that the burn is executed perfectly and is not impacted by navigation errors, so that
“+d (%, Ay, 1 (16)

3. GNC System Model
The dynamics of the navigation state utilized by the guidance, navigation and control (GNC) system is modeled as

x=f& 050 (17)
P= [Fi+FyCi| P+ P [Fe+F5Cs| + F5S,FL +8,, (18)

where % is the navigation system’s estimate for the current state and P represents the onboard state covariance of
the navigation state relative to the design state defined in equation[5] The continuous onboard controller models are
expressed as

a=g(x1)
When discrete measurement updates are processed by the onboard navigation filter, the state and covariance matrix are
instantly updated using the Kalman gain, K, so that

K5 =% + K (1) |2 — h (R, 1) ] (1>
P (1) = [1- R () s (0] P (1) [7 - R (1) e ()] "+ R (00 RKT (1) 20
K (1x) = P (1) AL (1) [Hz (1) P (1) HL (1) + R, (tk)]—l (1)

For discrete control inputs such as impulsive translational burns, the navigation state update instantaneously adjusts the
vehicles’ velocity state and covariance according to,

“+d (%5, A0y, (22)
(23)

where Afi; is given by the impulsive control algorithm model

My =8 (%551))



4. Augmented State Covariance Models

In addition to deriving the navigation errors, computing the integrated GN&C performance metrics such as trajectory
dispersions and control dispersions, requires the augmented state covariance defined in equation [7]to be initialized,
propagated, updated, and corrected using the linear equations

=FC+CF" +6S,6" + WS, W’ (24)
C (1) = ALC (1)) Ag + BiRy (1) B (25)
C (1) = D€ (17) DT + MySay (1) MT + NS (1) N (26)
where ) . )
| Fy,Gz 0 I
= |A A, A A = | A w:
T lbe RerkiGy 9=k, H
I 0 o
A= |, A By =
“7 R () Hi (1) I—K(rk)Hok)l IR (m)l
| 1epe(ty) Dai (1) AG <~) | o |
Di= 1P, (1) AC, (1) 14 Ds + Dz Mi= b (1, o
| Day (1j) ACx (t;) T+ Dy (t;) +Daa (t;) AGx (1) as (1))

C. Sweeping Gradient Method
We assume each component J; of the trajectory analysis output J is defined by

r
Ji=¢i(tr. & (tr):0) +/ Li (1, (1):0) dt

fp
fori = 1,...,n; where ¢; is a terminal function and L; is an on-going function over a trajectory defined by a
parameterized initial value problem with events. Every component depends on the same trajectory & () with initial
condition

& (to) =hg (10;0)

with the ordinary differential equation governing the continuous evolution of the state is given by
E(n)=£(1,£(1);0)
An event i occurs at the zero-crossing of an its event function
Yi (6,6 (1) :0) =0
at which point its update equation h; is applied to the state so that
€ (1) =hi (1€ (1) 36)

enabling the modeling of discontinuous changes to the state or dynamics.

The continuous-time SGM method emerged during early analysis of differential equations and was used through the
1960s to solve optimal control problems. The SGM for a trajectory analysis for an initial value problem without events
involves a four step process:

1) Evaluate the trajectory by solving IVP with the given set of parameters

2) Evaluate the performance index of interest for the given set of parameters and trajectory.

3) Solve the differential equation adjoint to the trajectory model and each performance index, given by

. of T T
A1) = - [_f (1.6 (1) ;0)] A(1) - [ - (1€ 0)}

0§
Aoy) = G 7€ (11):0)

where the forcing function a_f and terminal condition 22 0 z L induce a unique adjoint trajectory for each performance
index J;. Notice also that the adjoint trajectory depends on the particular trajectory determined by the parameters
6 as solved in Step 1.



4) Evaluate the gradient of the performance index with respect to the parameters by computing

aJ; Yor o OLi T, \ 00
- = A () = (1,6 (1);0) dt + A" (ty) - (1,E(1) ;0
5= AT G €0 e (1) T .6 0):0)
This sweeping gradient method was recently extended to trajectories modeled by ODEs with events by inducing an

associated adjoint event with update equation

_ 0 +) . ! +
A(1;) = [%h (te,§ ()5 0) | A(22) (27)
. [fz_tg Tl (1€ (12):0) £ {10 € ():0) =1 (10 12):0) | A()

where

e 2 e )0 1):0)) v et ()10

represents the sensitivity of the event time with respect to the state. The events in the state and adjoint trajectories
contribute additional discontinuous terms to the gradient of the form

dr, (28)

de

where

de 96
represents the sensitivity of the event time with respect to the parameters. For additional details, we refer the interested
reader to [13]]. To apply this method for n; > 1 trajectory analysis outputs, steps 2-4 are repeated for each output. This
approach is extremely efficient when the space of the trajectory analysis output is smaller than the dimension of the
parameter space. Alternative sensitivity methods or alternative modeling choices may be warranted for problems where
the size of the parameter space is smaller than the size of the trajectory analysis output space.

dte _ (8%7 (te € (27):0) + iy (te € (17):0) F (te. € (27) ;6'))_1 iy (te € (27):6)

D. Combining Linear Covariance Analysis and Sweeping Gradient Method
To combine LinCov with SGM, we form the basic complete state vector consisting of the nominal state vector X,
onboard state covariance matrix P, and the augmented state covariance matrix C,

X (1)
£ (1) = [vecP (1) (29)
vec C (1)

where the vec operator un-ravels the argument matrix into a column vector, optionally ignoring repeated elements of a
symmetric matrix for computational and storage requirement reduction. As is common in optimal control settings,
additional state augmentation is used to accumulate performance indices so all performance indices of interest can be
evaluated with terminal functions. The basic complete state &, defined by equation is denoted by the sub-script
zero so the complete state for any particular scenario may be augmented with the additional elements as needed.

The vector functions of initial conditions, state equation, and update equations are similarly concatenations of the
corresponding component functions. In other words, the complete state has an initial condition

X (1)
£ (t0) = | vec P (1) (30)
vec C (19)



and is governed by the state equation

E) =D (1,£(1); 0)

where B
f(2,x(1); 0)

O£ 0)=| veels (1X(0).P(1):0) an
vec fc (t,i (1), P(1),C(1); 0)

is formed by concatenating the (vec-operated) state equation for each of the constituent components, defined by equations
(12),[5} and (24). The cascading dependence of each of the components would produce a lower-block triangular structure
to the Jacobian of the complete state equation.

A similar procedure could be used for the update equations. For discrete measurement updates, we assume an event
function fully defined by time and a complete state update defined by concatenating the associated measurement updates
for each component of the complete state of the form

Vi (1,6:0) =1 —1x

X (fi) (32)

where the nominal state is unchanged by the measurement update as defined in equation (14} and the on-board covariance
and augmented covariance updates are defined by equations (20) and (23)), respectively. Likewise, impulsive control
corrections are modeled with an event function fully defined by time and a complete state update defined by concatenating
the associated correction updates for each component of the complete state of the form

Y (t,€) =1—1j
X (ﬁ)
& (1) = vecfrj(t;.) (33)
vec C (t;')

where the nominal state, on-board covariance, and augmented covariance updates are defined by equations (16)),[23] and
(26), respectively.

The event models for generic discrete measurements (32)) and impulsive control actions (33)) illustrate how naturally
the LinCov and SGM techniques can be combined to formulate robust optimal control and system design problems,
particularly for orbital trajectory design where maneuvers are typically modeled impulsively.

IT1. Robust Trajectory Optimization Scenario and Analysis Inputs
To demonstrate the robust trajectory optimization, we show its application to a rendezvous and docking problem in
low-Earth orbit (LEO). This section provides an overview of the system dynamics model, rendezvous scenario, GN&C
system models, and the core SGM and LinCov models used for this application.

A. System Dynamics Model

The relative motion between two orbiting vehicles around a central body can be described with the Clohessy-Wiltshire
(CW) equations[20]. The relative reference frame is a rotating reference frame with the target vehicle acting as the
origin as shown in Figure |3| with Figure [3alemphasizing the relative motion in the Earth Centered Inertial (ECI) frame
and Figure [3b] highlighting the relative position in the Local Vertical Local Horizontal (LVLH) frame.

The LVLH reference frame, has three orthogonal basis vectors — {x,, ,; ¥, ,, Zrv.n } — defined approximately by
the velocity, orbital angular velocity, and position of the target vehicle respectively. The z-axis points along the radial
direction from the target vehicle to the central body or Earth and for this reason is often labeled as the r-bar. Since this
axis describes the altitude or vertical position of the chaser with respect to the target, it is also referred to as the altitude
component or the local vertical. The y-axis is perpendicular to the target vehicle’s orbital plane in the direction of the
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target’s orbital angular velocity. This out-of-plane motion is commonly known as the cross-track motion of the chaser.
The x-axis is the local horizontal and is defined as the cross-product of the other two axes. It generally points along the
velocity vector of the target and describes how far downrange the chaser is from the target. For these two reasons, this
axis is called the v-bar or downrange direction. Mathematically, each of these axes have the following definition,

Downrange: Xivig = Yiviw XZivim
)
Cross-Track:  y, .. = - @l (34
. r
Altitude: Zivin - ﬁ
t

where the target’s angular velocity is proportional to the cross product between its position and velocity vectors

X
_ I :t (35)
|z
Using this relative coordinate system, the chaser’s relative position, p, can be completely described as,
p=1Ixy2" (36)

where x, y, and z are the downrange, cross-track, and altitude components of the relative position vector respectively.
The resulting linear CW-equations modeling the relative motion between two orbiting vehicles where the target is in a
circular orbit with the orbital angular rate w,

X 2wz
= —w?y 37)
Z w3z — 2wx



The relative position and velocity can be expressed in the state space form such that the CW-system dynamics are

X = AcpX (38)
i ] [0 0 0 1 0 0 |[x]
y 0 O 0 0 1 0 y
i _ |0 0 0 0 0 1 : 39)
X 0 0 0 0 0 2w X
i 0 —-w? 0 0 0 0 y
Z |0 0 30w 20 0 0 | 2]

B. Relative Trajectory Profile

The demonstration scenario assumes the chaser vehicle starts on a co-elliptic trajectory relative to the target spacecraft
at a specified downrange distance. As illustrated in Figure[d] a coelliptic trajectory produces the relative motion profile
that causes the chaser to pass either above or below the target vehicle at a constant relative altitude.
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Fig. 4 Notional Coelliptic Trajectory

The scenarios in Section[[V]mimic a rendezvous with the International Space Station (ISS) in low-Earth orbit, where
the chaser spacecraft starts 2 km behind ISS and 1 km below. If no translation burns are executed, the vehicle drifts
below the ISS as depicted in Figure[5} Each scenario accounts for the onboard GN&C system, disturbance accelerations
acting on the vehicle, navigation errors and periodic discrete measurement updates, initial trajectory dispersions, and
impulsive maneuver execution errors.

C. GN&C System Models

The models governing the GN&C system include relative targeting logic and the relative navigation sensors along
with the initial relative navigation error, initial relative trajectory dispersions, maneuver execution errors, and the relative
disturbance acceleration.

Relative Targeting Model The relative targeting utilizes the CW-equations and targets the relative position r;,| after
some specified transfer time Az;. To demonstrate how this is done, the system’s state transition matrix ® is required
which is a function of the state dynamics A.,, defined in equation @ and the transfer time, At; using the matrix
exponential

@ = Aewhi (40)

10
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The state transition matrix can be divided in terms of the relative position and velocity state,
(0 O
q) — rr rv (41)
‘I)VV (DVV

Using @ to determine how an instantaneous change in velocity Av will influence the relative position at time #; + At;,

Tl | _ D, D r; 42)
Visl @, Dy || Vit+AV
the three rows associated with the position can be expressed as
riy) = O 1 + @, (Vi + Av) (43)
Targeting a final relative position state r;;; from the current state requires an instantaneous velocity change of
Av =@ ! (ri - @,1) — v (44)

which is treated as the nominal and on-board control model Ag = Ag for this scenario. This controller has a corresponding
mapping from the nominal control Au to the change in the nominal state by

- T ,
d ()_(;C, Al_lj, tj) = [03X3, I3X3] Ag (i;c’ tj)

Relative Sensor Models For simplicity, the relative sensor model for this study is a relative GPS measurement that
measures the relative position directly, p. To reduce the computational load, a simplified model is adopted

p=p+1p (45)

The performance parameters assumed for the maneuver execution error, relative GPS measurement error, initial
relative position and velocity navigation error, initial relative position and velocity dispersions, and process noise are
defined below in Table [Tl

11



Table1 GN&C System Performance Parameters

symbol component description value
oy, Relative GPS Accuracy 15 mm
Aty Time between relative GPS measurements 10 min
P (0) 30 per-axis initial position navigation error 10m
30 per-axis initial velocity navigation error 11.4mm/s

30aw and 307, 30 per-axis maneuver execution error (and onboard)  1.5mm/s

1o per-axis position process noise (and onboard) Omm/s
oy and oy

1o per-axis velocity process noise (and onboard) 480 nm/s?

D. SGM and LINCOV Models

Implementation considerations For these measurement and impulsive control models, the event time is independent
of the state so the adjoint update terms containing dfe/d¢ = 0 can be ignored. If the event time is specified as a parameter,
the associated differential d7/d6 becomes unity. Most measurement or impulsive maneuver state updates will depend on
both the state and parameters, inducing corresponding terms in and (28), respectively. Since these terms are simple
partial derivatives of the models described in the preceding sections, their explicit expressions will be left as an exercise
for the reader.

Modeling considerations To compute trajectory outputs that are functions of event behavior, the authors have found
it useful to create auxiliary components of the complete state that remain constant during the continuous portions of the
trajectory with initial condition of zero. The update equations can be used to accumulate each event’s contribution to
that particular output. For example, we can consider a nominal impulse requirement accumulator state, ‘A_v| (t) which
is constant during the continuous portion of the trajectory and during discrete measurements, but takes as an update
during impulsive maneuvers

8] (1) = [8v] (17 ) + v, (46)

where the second term is computed according to {#4). With this state, we can define the corresponding trajectory output
equation as )
Tav (8) = |A] (ty) (47)

which may be used in a trajectory design problem to minimize propellant requirements.

IV. Demonstration of Robust Trajectory Optimization Techniques Using SGM and LINCOV
In this section, we present a set of simple cases demonstrating the applicability SGM and LinCov for robust orbital
rendezvous trajectory design. As part of the description for each case, any additional elements to the complete state, the
trajectory analysis parameters and outputs, and optimization problem formulation will be listed. To solve these problems,
we use a mathematical modeling framework in Python called Condor[21]] which is in NASA’s open-source software
release process. IPOPT[22] is used for the optimization and the CVODE solver[23]] is used to solve the ODEs for SGM.

A. Minimum fuel circular transfer

In this case, we define the maneuver ignition time, #ig, and the maneuver duration, 4, for a single impulsive maneuver
as the parameters to the trajectory. For output, we augment the complete state to include the nominal propellant
accumulator defined by the nominal Av magnitude for a maneuver to transfer between coelliptic circular orbits. We can
therefore define this case by the optimization problem,

minimize  |AV| (z7)
tig,td

where T:

] 1)

12



Table 2 Constant values for minimum fuel optimization scenario

symbol component description value
w target angular velocity 0.00114
%(0) nominal initial position [-2,0, 1]Tkm
nominal initial position [1.71,0,0] T mls
C(0) 30 per-axis initial position dispersion 100 m
30 per-axis initial velocity dispersion 114 mm/s
ry target final position [500, 0, 0] Tm

Table 3 Comparison of initial and solution values for the minimum fuel transfer

variable initial value  solution
tig (s) 156.7 84.1
t4 (8) 900 2760
|AV| (¢7) (mm/s) 1480 285

where the accumulator state |Av| (7) defined by is appended to the basic complete state of (29). The constants used
for the numerical example are listed in Table 2]

The optimizer produces a solution of #ig = 84.1s and ty = 2760s, corresponding to a 180 degree transfer angle,
recovering the Hohmann solution with an impulse requirement of 285 mm/s. A comparison of the initial value given to
the optimizer and the solution is listed in Table[3] The optimized trajectory is shown in Figure[6] with the nominal
positions in dots and the 30 position dispersions marked with corresponding ellipses. The LinCov model of the root
sum of squares (RSS) true dispersions, true navigation dispersions, and on-board navigation dispersions for this result
is also shown, illustrating the well known singularity of the solution with the true position dispersion on the order of
103 m. Since this problem is only two dimensional, we can visualize the design space using the “mission map” shown in
Figure[7} which shows the required nominal impulse over the space of ignition time and maneuver durations. The map
shows a single local minima that coincides with the solution from the gradient-based optimizer.
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Fig. 6 Nominal fuel optimal solution of Case 1
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Fig. 7 Mission map for the nominal Av magnitude of Case 1
B. Robust Minimum total fuel circular transfer

To address the dispersion risk of the Hohmann transfer, we can further augment the complete state with a RSS
propellant dispersion accumulator, oa,| which has an impulsive maneuver update defined by

TlAv| (t;—) = 0|y (tj_) + 4/tr (MCCMZ),

MC = [f)x (l‘j) +IA)A,Q (l‘j) A(A;fc (tj)] [Onxn» Inxn]

Then a robust minimum fuel transfer can be described by the optimization problem minimizing the so-called total
impulse requirement,

with

minimize  |AV| (t¢) + 307av| (15)

tig,lem

lig IAV| (27)

—

fom | | Tlavi (t7)
with the same constants that were used in the previous case. In this case, the optimizer finds #jg = 51.9 s and e, = 22005
corresponding to a transfer angle of 144 degrees. This transfer angle is close to a heritage estimated solution of
135 degrees, which was found by averaging the Hohmann solution and the 90 degrees transfer which minimizes the
out-of-plane dispersions. The solution has a total impulse requirement of 663 mm/s where 322 mm/s is due to the
nominal impulse requirement. We notice that this robust solution has only marginally more nominal impulse required
(13%) while risking orders of magnitude less dispersions as shown in Table[d The optimized trajectory and LinCov
model of the true dispersions, true navigation dispersions, and on-board navigation dispersions for this result is shown
in Figure[§]

As with the previous case, we can visualize the two-dimensional design space using a mission map for the Total
Av, shown in Figure[0] This map shows the singularity associated with the 180 degree Hohmann transfer (a maneuver
duration of 2760 s in this case) is independent of the maneuver execution time. Since the optimizer was provided an
initial value below the singularity, the optimizer found the local optimum for a single revolution transfer. If the optimizer
is initialized above the singularity, it finds the other local optimum shown in the map which is a multi-revolution transfer
with 220 degree transfer angle.

where T':

C. Mid-Course correction optimization
In this scenario, we consider a rendezvous of a chaser to a target using one primary burn and one correction burn to
recreate the example in [2]. For this scenario, we will consider two different objectives for the optimization problem of
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Table 4 Comparison of initial and solution values for the robust minimum fuel transfer

variable initial value  non-robust solution  robust solution
tig (8) 156.7 84.1 51.9
tq (s) 900 2755.8 2200
|AD| (¢7) (mm/s) 1480 285 322
30100 (17) (m/s) 0.383 166000 0.341
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Fig. 8 Fuel optimal solution for Case 2
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Fig. 9 Mission map for the total Av magnitude of Case 2

15



Table 5 Constant Values for the Mid-Course Correction problems

symbol component description value

1 (8) primary burn maneuver execution time 10

tq4 (min) maneuver duration 20
te (s) lower bound, 10 minutes after #, 610
fe (s) upper bound, 2 minutes before 7 ¢ 1090

Table 6 Comparison of initial and solution values for the Mid-Course Correction problems

variable initial value  solution minimizing Iy,  solution minimizing I,
te (s) 850 610 1090
ojay| (mm/s) 148 128 241
Iy, (m) 3.35 3.37 3.33

the form
minimize I
te

subjectto  t. <t. <t

. AV (z7)
where T: | “| = |ojay (t7)
ar (t5)
where 7. defines the maneuver execution time for the correction burn, which along with the primary burn initiating at ¢,
are targeting the position r at time 7.
The new trajectory analysis output for the RSS position dispersion

o (C (t7)) = yJtr (M, CMY)
is a function of the final augmented covariance matrix, C (¢ ), and the constant selection matrix
M, = [I3x3 03x9] .
When using an objective to minimize the total impulse requirement
Tav = |AV] (t5) + 3070 (t7)

the optimizer will take the correction burn to the lower bound 7. but will incur large final position dispersions. We can
alternatively minimize the position dispersions with an objective

l—‘(rr =0r (tf)

which the optimizer solves by delaying the maneuver until the upper bound 7, since that produces the most accurate
maneuver. The trajectory for the solutions to the two optimization problems are shown in Figure [10| with numerical
results listed in Table[6] The additional constants required to specify the scenario are listed in Table[5] Since this is a
1-dimensional problem, we can also visualize the design space as shown in Figure [IT]

This modeling approach would also permit the design specifications from [2]], such as using the total impulse
requirement as the objective and enforcing a constraint that the final position dispersions remain below some requirement
value. With SGM, the required gradients for both objective and constraints can be computed to solve such a constrained
optimization problem.
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Table 7 Constant Values for the optimal measurement time problem

symbol  component description  value

tig ()  maneuver execution time 850

tq (s) maneuver duration 1450

Table 8 Comparison of initial and solution values for the optimal measurement time problem

variable initial value  solution

Im (5) 0 850
Iy, (m) 26.7 9.02

D. Optimal timing for discrete measurement

Next we consider a single impulsive maneuver with given targeting constants using the initial values from Table
[6l In this scenario, we introduce a single discrete measurement from a notional relative-position sensor and wish to
minimize the total impulsive requirement by finding the best time to perform the measurement at time #,,. This case is
described by the optimization problem

minimize Iy,

tm

where T: [tm] - [(rr (tf)]

For this one dimensional problem, we can visualize the design space as shown in Figure [[2]using the constant values in
Table[/} The measurement has no impact on the nominal impulse requirement, but can greatly increase the accuracy
and therefore reduce the dispersions of the maneuver the closer the measurement leads the impulse. Despite the
discontinuity in the curve and the strong nonlinearity required to propagate the impact of the measurement on the total
impulse requirement, the gradient-based optimizer solves this problem by correctly moving the measurement time to be
immediately prior to the maneuver initiation time, within solver tolerance as shown in Table[§] This requires that the
optimizer start the measurement before the burn so that it can follow the gradient from SGM to the minimum. If the
initial measurement time is after the maneuver execution time, the gradient is null and the optimizer has no information
to find the minimum.

Like the robust minimum propellant example in this example highlights the primary challenge of this local
method: the initial values for the variables must be selected so that the optimizer can use first-order (gradient) information
to find a minimum. “Basin hopping” strategies exist to avoid local barriers to the global solution, and essentially amount
to sampling the initial value to a gradient-based method over the design space like the Oth iteration of a gradient-free
method.

Other techniques would face additional challenges for solving this problem. Collocation would require significant
manipulation of the optimization problem to efficiently evaluate the entire design space and would require significant

50

40

o, (m)

20+

0 500 1000 1500 2000
tm (s)

Fig. 12 Final position dispersions over the design space for the optimal measurement time problem
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software development to handle the arbitrary ordering and separation of discrete events with sufficient accuracy.
Convexification would require pre-computation of all candidate measurement times so that it essentially becomes an
exhaustive search. In contrast, by employing SGM, the model can be solved at least for each continuous region of the
design space.

E. Multi-Burn Maneuver

A common design scenario involves using multiple burns to acquire some relative position during rendezvous. For
these scenarios, free drift safety requires that for each burn, the trajectory is passively safe if no additional burns are
completed. To model this, we use a trajectory analysis for each required free drift in addition to the nominal trajectory.
For each free drift trajectory, we create an accumulator state that stores the 30 RSS dispersed point of closest approach
(PCA), denoted by o ol The DPCA is the minimum value of the 30~ dispersed closest distance (DCD), denoted by o),
over the free-drift trajectory. The DCD can be computed as a function of the complete state

Tl (£ (1) = 1p (D] =3/pT () C (1) p (1)

R T s .
where p (t) = [03Tx1, PO/ 1p@)1, 06T Xl] captures the position dispersion along the vector from the chaser to target. Then
we define a new event that occurs when the relative velocity of the DCD changes sign, which is modeled as an event

function
dap (£ (1))
0

‘ £(2,£(1):0)

Ypcpa (1, € (1) ;0) =

with a corresponding update

o (oes) = {O'IPI (& ("oepa))  Tipr (Foeea) > ol (€ (Fpepa))
=lel 1" DCPA o1 (Thepa) o1 (Toepa) < o1 (€ (Thepa))

which updates the DPCA accumulator o ol with the current DCD o, if it was closer than the current value. The
trajectory design can then be formulated as the optimization problem

minimize T'a,
0=[n.r2.17]"
subject to Tp|,1 (tf) (lf) > Rkos
Tlpl.2 (1) (t¢) = Rkos
3 < l‘}
At <t3 -1
At <t
where T1: 0 |51 (t7)]
Tr: 0 [G1p12 (17)]
AV (t5)

T3 0>
alav] (tr)

where we consider a three burn maneuver using constant values specified in Table[9] It is assumed that the first maneuver
occurs at the start of the scenario, targeting r, with an end time that coincides with the second maneuver execution time,
t>. The second maneuver targets the final position r3, ending at time #3, the execution time of the final maneuver. The
final maneuver is a station-keeping burn to bring the relative velocity to rest. The total impulse for all three maneuvers
is minimized subject to free drift and timing constraints. The timing constraints represent notional mission requirements
for the total flight duration and operational limitations for the time between burns, such as communications losses and
target acquisition.

The five-dimensional design space for this problem goes beyond our ability to visualize, but the previous cases build
our confidence that combining SGM on the trajectory analysis with a gradient-based optimizer finds the local optimum.
To aid in our understanding of this problem, we also solve the problem without the free-drift constraints. Figure[T3]
shows the optimal trajectories without and with the free-drift constraints, with the target vehicle’s position location
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Fig. 13 Optimal trajectories for multi-burn maneuver design

Table 9 Constant Values for multi-burn maneuver design

symbol component description value
r3 target final position [250,0, O]Tm
tr maximum final time 45 minutes
At minimum time between burns 60 s
Rkos keep out sphere radius 150 m

Table 10 Comparison of initial and solution values for multi-burn maneuver design

variable initial value solution without free-drift constraints  solution with free-drift constraints
t (s) 1800 850 899
r3 (m) [-1250,0,667]" [235,0,369]7 [-511,0,752]"
13 (s) 2700 2700 1937
|AV| (2£) + 30 jav| (15) (m/s) 4.74 1.02 1.78
Tiplo (1) (m) 1278 -269 150
Tlp|,1 (t7) (m) 3.83 -126 150
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marked with a black dot and the keep-out sphere perimeter around it. Table[T0|compares the initial values with the two
solutions.

The optimal trajectory without free-drift constraints derives a mid-course correction burn like the one used in[[V.C}
this can be seen visually by noting that nominal trajectories are coincident while the free-drift after the correction burn
has reduced dispersions. In contrast, the optimal trajectory with the free-drift constraints starts with the surfaces of the
dispersion ellipses closest to the target for each free-drift coincident. As is common with constrained optimization,
the solution is driven by the constraints. For example, the solution to the multi-maneuver problem without free-drift
constraints has the final time at the upper limit. With the free drift constraints, the solution has the free drift dispersions
tangent to the keep-out boundary. The results seen here and in the authors’ other experience suggests that optimal
trajectories with free-drift constraints will not include true mid-course correction burns but will instead exhibit this
modified correction.

V. Conclusion

In this work, we developed techniques to use Linear Covariance Analysis (LinCov) and a sweeping gradient method
for ordinary differential equations with events (SGM) to solve robust optimal trajectory design problems with canonical
examples for orbital trajectory design. The canonical examples demonstrate the ability of this approach to recover
well-known and intuitive solutions to various orbital rendezvous scenarios. The examples demonstrate several modeling
approaches to naturally formulate the scenarios as optimization problems. By using SGM to provide sensitivities
of the trajectory model outputs with respect to the optimization variables, efficient off-the-shelf solvers can be used.
A companion paper [24]] applies these techniques to a more sophisticated trajectory design and navigation system
requirement specification for a rendezvous scenario.
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