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Overview

* The Big Picture: Vector Spaces of Functions & Their Properties
* Family of Orthogonal Polynomials

* Example Orthographic Projection

» Least Squares Approximation & Uncertainty Estimates

* Conclusions & Wrap-up
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Vector Spaces

Collections of mathematical objects

Example vector spaces of functions (n =0,1,2,...,N):

* Meet properties listed in table

= xn -1 <x<
* Vectors: fulx) = X7, l=x=1
. R2, R} RN fn(x) = sin(nh), 0<6<2m
 Functions (some examples): f(x) = e, —0 <0<

* Polynomials of degree N & less

e Fourier Series (both real & complex) Properties of a Vector Space, V

Vector addition Scalar Multiplication
Must be closed - 1. fx)+gx) eV 6 af(x) €V
2. frg=g+f 7. a(bf) = (ab)f
3. f+tg9+h=f+(@+h) g (a+Db)f = af +bf
Needs to include the zero “vector” » 4 0O+f=f 9. a(f+9) =af +ag
5 f+-H=0 10. 1f=f
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Inner Product

* Operation that measures length, distance, and orientation

* Vectors (dot product):

Measure Formula
U-v=uyv +u,v, +--+uyv length VD
* Functions (inner product): Distance J g, f—9)
b
<f,g> _ J‘ w(x)f(X)g*(X)dx Orientation (f.9)
a/ \ }.
complex conjugate

Choice of weight, w(x) along
with a vector space makes an Properties that define an Inner Product

inner product space 1. (f+g,h)=(f,g)+(f h)
Length = RMS when, 2. (af, g) = a(f, g)
1
w(x) = - 3. (f.9)=49.1
. a (F.f)>0.f %0
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Basis Functions @

. . . Example orthonormal bases:
* Basis Vectors (1, j, k)

T

 Basis Functions (e,(x))

f(x) = fS,e, (x) + fe, (x) +--+fe (x)

* [f orthogonal, the inner product finds the coefficients

<en’em>:a5n,m ‘ b = <faek>
—

1
o

Kronecker delta function

 If orthonormal (e, e;) = 1

ﬁk :<foek>

(x,p)
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Family of Orthogonal Polynomials

Jacobi Polynomials (most general)
(_1)Z dﬁ +/ B+
PP (x) = (10 (1+x)" ] —1=x

20 (1=x)* (14+x) '
\ B=0,n=20+m,x=2p%2-1

o,p=-% B=0 Zernike Radial Polynomials
Chebyshev R” (p) = me(SE:Z;/z (2,02 — 1); 0<p<l1
Polynomials

l Multiply by e ¢

Legendre Polynomials . . . .
Zernike Circle Polynomials (complex function)

V" (p,0)="n+1R"(p)e™; 0<0<2x
| et componen
N"R" cos(m@); m>0
~N"R" sin(m@); m<0
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Orthographic Projection of a Hemisphere @

Basis Projected
Project sag equation onto basis: Index Normalization polynomials coefficient  Aberration
0 _ RO
S=1-\1-p*, 0<p<l nm Np=vntl () T
0 0 1 1 0.3333  Piston
S, = Zﬂ N°R’, 1n=0,2,4,6 2 0 V3 -1+ 2p? 0.2309 Defocus
n, no'n
p 4 0 V5 1-6p2 + 6p* 4.259e-2 1%-Spherical
6 0 V7 -1+ 12p? - 30p* +20p° 1.680e-2 2"-Spherical
Normalized Radial Zernike Basis Functions Radial Profile Comparison Radlial Profile Difference: AS=S-S,
e ! | AS_ = 112602 ! AS is orthogonal
- —-S(p.0) to all the basis
051 i 08 : 017 A‘Si”ms = \/ Srzms _Slz,rms | funCtions
|
R 061 |
Oj{: Or . N : %I 005+
04} '
—RY ! |
|
0.5+ —Ry | o2l | 0 |
|
——R, | \/|
——RY 0 : !
10 0.2 0.4 0.6 0.8 1 1.2 0 0.2 0.4 0.6 0.8 1 1.2 0 0.2 0.4 0.6 0.8 1 1.2

p

Iz P
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Least Squares Approximation with Discrete Points @

1000 random measurment locations

Matrix representation of the surface:

S=7Zp+AS

S(pl’gl)

1 Zz(ppgl) ZJ(pl’gl) B
= : : Do+

S(pN70N) 1 Zz(pngN) ZJ(pN90N) IBJ AS(pNagN)

AS(p,,6,)

y-axis

Estimate of the coefficients: Estimate of the difference: 1 -0.5 0 0.5 1

X-axis
AN

_1 A A
ﬁ = (ZTZ) ZT S ‘ AS = S — ZB Standard error of the regression (s)
I\ J 50

(1000 data points, 100000 runs, 4 terms)
: , — : : .

Y
Moore-Penrose pseudoinverse matrix ' » 400 - ,

Variance of the coefficients Estimate the standard error c;; 300
(with non-stochastic 2): of the regression: % 200

VoY VoY E

1 T S
~ 2 2 AS AS <100 ¢

var ([3) ~—s§ @@= 22

N N_J 0 0.009 0.01 0.011 0.012 0.013 0.014

C. Heij, "Least squares in matrix form," in Econometric methods with applications in business and economics, USA, Oxford University Press, 2004, pp. 118-133. S
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Estimating Variance with Discrete Random Points @

When (p.0) is stochastic and uniformly distributed:

* Define new function A, (p,0) Variance is proportional to the rms of A; (p,0)
A(p,0) = Z,(p,0)AS(p,0)
Aj(p,H)sz(p,H)AS(p,Q) > 005
0.04 |
e Covariance Matrix of A 03|
— - 0.02
Var(Al) cov(A.l,AJ) ol
ZA = . . 21] ol
(cov(A,,A) -+ var(A,) 001}

P e e — ——— ———————

-0.02 :
* The variance of the estimated coefficients is o (Tms:0.0112)
0.03 +A2 (rms: 0.0165)
G —s— A, (rms: 0.0193)
1 Swap AS for AS 1 0044 4
R) = _ —.(0) — _ % —o— A (rms: 0.0213)
Var(B) - NZA — Var(B) —_ NZA 0.05 . . . . |
0 0.2 0.4 0.6 0.8 1.2
P
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Model Comparisons with Monte Carlo Simulations @

Predicted ————p p: 0.333; o_: 3.549e-04 g 0.231; 0,1 5.231e-04
“*%ﬂ i - - -ty i
£ 1000 | LA £ 10p0 | 18] :
o G :
100,000 trials of 1,000 uniformly b 3
N o
distributed random points T 500t S 500t
S 5
—. Monte Carlo z =
var(B) Std. Dev. & 5
- 0332 03325 0.333 0.3335 0.334 03345 0.229 0.23 0.231 0232 0233
Piston (£ o) 3.549e-4 3.551e-4 % 3
00 “ 20
Defocus (53, ) 5.231e-4 5.259e-4 p: 0.0426; o : 6.096e-04 p,: 0.0168; o _: 6.7260-04
. ; i1 0.0426; o : 6.1152-04 p,: 0.0168; o : 6.755e-04
1* Spherical (5,,)  6.096e-4  6.115e-4 . —L. . . : — .
2™ Spherical (f,) 6.726e-4  6.755e-4 o P i . "~ Ps0 l
6,0 . - . - — Fe— f 1 - — _ 1
S 1000 NIg.o] ! S 1000 NIg.a] !
[ 1 (8 |
o 1 ) i
@ @ i
N N
g 500 E 500 f
[ (=]
= =
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0.041 0.042 0043 0.044 0.045 0015 0016 0017 0.018 0.019

B a0 350
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Estimate of Coefficients using AS

Estimated coefficients for 10 trials of 1,000 randomly sampled

Fitted surface to 1,000 sample points . .
x surface points along with 3¢ error bars compared to real value

Piston Defocus
0.336 - ‘ ; v ' -
$ Est. 0.034 T $ Est.
0.335 ~~ ool T T
, 0334 |, 0232!
0.333 | 1 T T T r 1T
0.23 ¢
y-axis iy 0.332 1
Zernike Coefficients (first 22 terms) 0.228
T T T T T T T 0331 L L L L L i L L L L L
h_o%gﬁ 0 2 4 6 8 10 0 2 4 6 8 10
20 - 0 . 1st-Spherical 2nd-Spherical
0.001 T T ‘ T ‘ 0.022 ‘ " :
0 ) $ Est. $ Est
0 0.046 | B, ——-8
~15¢ 0.001 4,0 0.02 - 6,0
S 8.001
= -0.001 I
b N 0.042 o 0.044 1 0.018
£ 10 8 1 £ ) € A A N ZN [ RN S S - . —
[0) — =
. 0 N A N S P N N A S e Xo k[
-0.001 0.042 ¢ L 1
° . 0.231 1 0.014
0
;
oL ——_ 0333 | 0.04 : : : ‘ 0.012
005 0 005 01 015 02 025 03 035 o 2 4 6 8 10 o 2 4 6 8 10
rms trial # trial #
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Conclusions

Estimated coefficient () standard deviation agrees with
simulations

Higher order coefficients have increased variance

Estimates change based on

e Number of data points

* Number of Zernike terms (points are not orthogonal)

Is this the most accurate? — No

* Instead of random locations, point selection can be intentional

* Gauss Quadrature to be examined in part II

Enables informed trade-off between accuracy and speed

z-axis (m)

Gauss quadrature points

Nodal points for Zernike degree < 12
- = TR

08 L+ R
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041, i
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02[ + * e + +
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+ + +
02f P +
.
04t T4t + F
o6r * +

08|
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y-axis (m) A4 4
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x-axis (m)
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Thank You
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