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Abstract—In this work, we present composite Bernstein
polynomials as a direct collocation method for approximating
optimal control problems. An analysis of the convergence
properties of composite Bernstein polynomials is provided, and
beneficial properties of composite Bernstein polynomials for
the solution of optimal control problems are discussed. The
efficacy of the proposed approximation method is demonstrated
through a bang-bang example. Lastly, we apply this method to
a motion planning problem, offering a practical solution that
emphasizes the ability of this method to solve complex optimal
control problems.

I. INTRODUCTION

Optimal control problems are often too complex to be
solved analytically, thus requiring the application of nu-
merical methods to find a solution. Numerical methods for
solving optimal control problems are typically separated
into two primary classifications: direct and indirect methods.
Indirect methods involve the transformation of the optimal
control problem into a boundary-value problem, resulting
in a system of differential equations. These methods rely
on the calculus of variations and Pontryagin’s maximum
principle, often resulting in solutions that can be harder
to implement for complex problems. Alternatively, direct
methods discretize the continuous optimal control problem
into a nonlinear programming (NLP) problem, allowing the
solution to be found via collocation and pseudospectral (PS)
methods.

A common approach to solving optimal control problems
using direct methods is to employ PS methods, which have
been used to solve a wide range of optimization problems
[1], [2], due in large part to their spectral (exponential)
rate of convergence. Various collocation methods have been
introduced, including Legendre-Gauss-Lobatto (LGL) PS for
finite time-horizon problems [3], [4], as well as Legendre-
Gauss (LG) PS [5] and Legendre-Gauss-Radau (LGR) PS
[6], [7] for infinite time-horizon problems. Although PS
methods have gained extensive adoption solving real-world
optimal control problems, they are not without their own set
of limitations.

The primary drawbacks of PS methods lie in the dis-
cretization and approximation of the optimal control problem
[8]. When discretizing the state and input of the optimal
control problem, the constraints are enforced only at the
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specific discretization points, with no guarantees on con-
straint satisfaction between each point. Additionally, PS
methods struggle to approximate discontinuous solutions
due to the Gibbs phenomenon, which can be observed as
oscillations around a jump discontinuity. There are methods
of reducing the effects of the Gibbs phenomenon, though
the most powerful of which require that the location of the
discontinuities are known a priori [9], a condition that is
not feasible for many optimal control problems. Confronted
with these challenges, researchers have been motivated to
explore more robust alternatives that are not plagued by these
limitations.

One alternative approach is Bernstein polynomial approx-
imation, which has many properties that aid in the accurate
solution of optimal control problems [10]. Due to geometric
properties of Bernstein polynomials, constraint satisfaction
can be guaranteed throughout the solution, not solely at the
discretization points. Furthermore, Bernstein polynomials do
not suffer from the Gibbs phenomenon, allowing for smooth
approximations of discontinuous solutions. With these prop-
erties, Bernstein polynomials are able to approximate the
solution for the whole time horizon, without inducing oscil-
lations at jump discontinuities. Composite Bernstein polyno-
mials, a series of Bernstein polynomials segmented together
at various knotting locations along the time horizon, enjoy
these same properties as Bernstein polynomials. However,
unlike single Bernstein polynomials, composite Bernstein
polynomials are able to accurately approximate both smooth
and discontinuous solutions, and converge to the solution at a
faster rate than single Bernstein polynomials, as presented in
this work. Due to the introduction of these knotting locations,
composite Bernstein polynomials are capable of accurately
approximating discontinuous solutions, such as bang-bang
control inputs, which are a common occurrence among opti-
mal control problems. This paper extends our previous work
[11]-[13] on Bernstein polynomial-based optimal control
to composite Bernstein polynomials, and proposes a new
direct method to solve optimal control problems using these
approximants.

This paper is structured as follows: in Section II we
present the Bolza-type optimal control problem. Section
IIT introduces composite Bernstein polynomials and their
convergence properties. Section IV presents the proposed
direct method with the discretization of the Bolza-type
optimal control problem. In Section V, a method to determine
the quantity of knots is discussed. Numerical examples are
provided in Section VI, including a collision avoidance
motion planning problem. Finally, conclusions are presented
in Section VII.



II. PROBLEM STATEMENT

Consider the Bolza-type optimal control problem:
Problem 1 (Problem P):

m(t)rﬂnui(rg)’tf J(x(t),u(t), ty) =
ty (1)
B(w(0), z(t7), t7) + / F(a(t), u(t))dt
subject to
i(t) = f(w(t»u(t)), Vi € [0,/], @
e((0), (ty), ty) = 3
h(x(t),u(t)) <0, Vt € [0,tf], “4)

where J : R™" x R™ xR - R, £ : R"% x R" xR — R,
F:R%™ xR"™ - R, f:R" xR™ — R", e: R"™ x
R"™ x R — R™, and h : R™* x R" — R"". v

For Problem P, J represents the Bolza-type cost function,
E is the initial point and end point cost, and F' is the running
cost; Equation (2) governs the dynamics of the system,
Equation (3) imposes boundary conditions, and Equation (4)
ensures compliance with the inequality constraints of the
system.

IIT. COMPOSITE BERNSTEIN APPROXIMATION

In this section, we describe the process of function ap-
proximation through composite Bernstein polynomials, and
present key convergence results. The Bernstein basis for
polynomials of degree N over the domain I}, = t € [tr_1, t)]
is defined as

(N) (t —tp—1)/ (tx — )N

J (te — tr—1)N
N, with

()=

An Nth order Bernstein polynomial xyf,] (t) defined over the
domain [} is a linear combination of N + 1 Bernstein basis
polynomials of order N, i.e.,

_[k k]
Zwﬁ M),

for y =0,...,

Vte L Vk=1,...K (5

where fgk;v for j = 0,...,IN are referred to as Bernstein

coefficients (or control points). Given time knots tp, k =
0,...,K, with ty < t; < ... < tg, a composite Bernstein
polynomial is defined as follows:

eyt =a2l), Vel Vk=1,. K (6)

The derivative of a composite Bernstein polynomial x p;(t)
is defined for the closed set [0,ty], and is computed as

N—-1 N

=2 >l

7=0 =0

VDML @), ten ()

where Dz[k]] is the (4, j)th entry of the Bernstein differentia-
tion matrix

- N -
N0 .0
N
tp—tk—1
(k]  _ . .
Dy, = 0 S 0
: N
: tk]_vtk—l
L 0 - Pl

e RINFUXN "y — 1, K.

The definite integral of a composite Bernstein polynomial
xa(t) is computed as

ty N
/ xpr(t)dt = Zw[k] Za’cgk;\, (®)
0 —

where wl*l = M vk =

Composite Bernsteln polynomlals can be used to approx-
imate functions.

Definition 1: Let z(t) be a function defined over [0,%].
Let the time knots satisfy tg = 0, tx = ¢, and |t —tx_1| <
% forall k = 1,..., K, where C; > 0 is independent of
K. Let

J

—(tp — tg—

N( k= tk-1)

Then, the composite Bernstein approximant for x(t) is a

composite Bernstein polynomial x,;(t) with coefficients
mgk;\, = x(tk, ;)

Next, we introduce convergence results for composite
Bernstein polynomials.

Lemma 1: Let x(t) € C?([0,ts]). Let zp(t) be the
composite Bernstein polynomial approximation of x(t¢). The

following bound holds:

tk,j =tk—1 +

A
lwar(8) = ()] < 2o

for all t € [0,t¢], where

02
=t max |Z(7)]
8 Te[tk_l,tk},kzl ..... K

Proof: The proof of Lemma 1 is presented in [14]. Addi-
tionally, an outline of the proof is given in Appendix I.
Lemma 2: Let xz(t) € C""2(0,ts) for some r € Z*. Let
20 (t) be the composite Bernstein polynomial approximation
of z(t). The following bound holds:
- + —_—

[25(0) — e ()] < e+ e+ 2

where (") (t) denotes the rth derivative of 2(t), and B, B,
and Bsj are constants independent of both K and N:

By B3

C2(r?> +1)

B, = t (r+2)

! 2 Te[tk,l,rtrii}ljzl,...,l( ||x (T)”
Cur? (r+1)

By = ——, max 2" ()| ©)
r(r—1

By= "D e )

2 k=1,....K



Proof: The proof of Lemma 2 is presented in [14]. Addi-
tionally, an outline of the proof is given in Appendix II.

Lemma 3: Let x/(t) be the composite Bernstein poly-
nomial approximation of x(t) € C2. The following bound
holds:

Y d Y d ¢
— <
/0 xp(t)dt /0 x(t) tH 3

where
3

t .
T8 Te[{srfi{,tk] [#(7)]

Proof: The proof of Lemma 3 is presented in [14]. Addi-
tionally, an outline of the proof is given in Appendix III.

Notice that the convergence rate of composite Bernstein
polynomials is quadratic w.r.t. K, in contrast to the linear
convergence rate, w.r.t. K, observed with single Bernstein
polynomials (where K = 1), see also [11]. Building upon
this enhanced convergence rate, this paper extends our previ-
ous work [11]-[13] on Bernstein polynomial-based optimal
control to composite Bernstein polynomials.

IV. PROPOSED DIRECT METHOD

Here we formulate a discretized version of Problem P,
referred to as Problem Pj;. Where M + 1 = K(N + 1)
is the number of control points of the composite Bernstein
polynomial, with K denoting the number of polynomials
in the approximant and N denoting the order of each
polynomial.

We approximate the states and control inputs of Problem P
with composite Bernstein polynomials, with each individual
polynomial defined as:

N
:EE]\?] (t) = Zil_tg{c;vbj,]v(t), t € [th—1,tx]

7=0

. (10)
uld () = al'hoin (), teltir,ti

=0

vk = 1,..., K, where :cy\?] represents the k-th polynomial
of the composite Bernstein polynomial, a’zgk}v is the j-th
element of 53%,], ﬂgk}v is the j-th element of ﬁy\?], and where
to,t1,...,tx are the time knots.

The composite Bernstein polynomials @/ (t) and wps(t),
defined in the same form as Equation 6, approximate x(t)
and u(t) with xps : [to,tx] — R™ and wys : [to,tx] —
R™ where tg = 0 and tx is an approximation of the final
mission time ?y. Let

- :i:[l] —[1] —[K] —[K] ],E Rn,,x(M-&-l)

Ty = | ON+ s EN N s Lo Nse s TNN
=yl —[1] = [K] ~[K] N X (M+1
Uy = [Ug s s Uy s By s -5 Uy ], € R ( )

i.e., 5y and wps are matrices that comprise all the control
points from each Bernstein polynomial. Let £x be a vector
of the time knots between each polynomial, ie., tx =
[to, t1, ., tK] € RE+1L. Then, Problem P,; can be defined
as follows:

Problem 2 (Problem Py;):

min

~m Iv(@n,un, i) = E(Zo v, @i, t)
TN L,UM K

K N
+ wh F(:zg’“}v a&’f}v) (11)
k=1 §=0

subject to

<6y,

M

— M = -
> @i uDY — f(@rw50)
i=0

Vi=0,..,M (12)

e(Zo.ar, Enrars b)) = 0, (13)

h(&; 0, @i 0r) <0, Vj=0,..., M (14)
ey — &l =0, vk=1,... K ~1 (15)

tg >tgk_1>...>1t =0, (16)

where wlfl = Bl g = 1K, @ is the jth

element of &y, 4, 5/ is the jth element of s, 6 is a re-
laxation bound equal to a small positive number that depends
on M and converges uniformly to 0, i.e., limp;_, 51];/[ =0.
Finally, D,/ is the (i, j)th entry of the differentiation matrix
D, € RIM+D)x(M+1)

Dy = bikdiag (DY, EY_,,.... DY BY_ )
where blkdiag() is defined as the block diagonal operator,
and EY | is the degree elevation matrix of order N — 1 to
N, see [10]. Differentiation of Bernstein polynomials results
in a polynomial of N — 1 order, degree elevation returns
Dy _4 to a square matrix.

The following results can be stated regarding the feasibility
and consistency of the proposed method, by establishing that
solutions to the approximated Problem 2 exist and converge
to the optimal solution of the original Problem 1. Due to lim-
itations in space, detailed proofs are omitted here. However,
the proofs follow steps similar to the proofs in [13]. We
highlight that, while reference [13] is primarily concerned
with single Bernstein polynomials, our investigation extends
this framework to the application of composite Bernstein
polynomials.

Theorem 1: Assume that Problem 1 is feasible, and the
solution satisfies & € C2, u € C2. Then, there exist order
of approximations K* and N*, and for any approximation
orders K > K* and N > N* there exist Bernstein
coefficients s, wps and final time tg that constitute a
feasible solution to Problem 2.

Theorem 2: Assuming the functions J, f, and h in
Problem 2 are Lipschitz with respect to their arguments,
and under the same assumptions outlined in Theorem I, it
follows that as K — oo or N — o0, the solution to Problem
1 i.e., &}, uy, and final time ¢}, gives composite Bernstein
polynomials «?%,(¢) and w},(¢) that converge to the optimal
solution to Problem 1.

The above theorems are based on the convergence princi-
ples detailed in Lemmas 1-3, which form the basis for the



assumptions in Theorems 1 and 2, where it is assumed that
Problem 1 possesses solutions in C2. These results could
be extended by integrating insights from research on the
composite Bernstein approximation of C° functions [15],
as well as functions with Lipschitz derivatives and Holder
continuous functions [15]-[17].

Finally, one distinct advantage of composite Bernstein
polynomials lies in their ability to approximate discontin-
uous functions. This feature is critically relevant to optimal
control, as many optimal control problems manifest bang-
bang control functions. Traditional polynomial approxima-
tion methods, such as Fourier series, Lagrange interpola-
tion, Hermite and Laguerre polynomial approximations, and
Chebyshev or Legendre polynomials, often struggle when
approximating step functions [18]. This typically manifests
as oscillatory behavior near points of discontinuity, a phe-
nomenon often referred to as the Gibbs phenomenon. How-
ever, Bernstein polynomials are notable for their immunity
to this phenomenon [19] as well as their convergence when
approximating discontinuous functions with bounded varia-
tions [15].

V. KNOTTING METHOD

The collocation method presented in this paper can be
used by simply predefining K and optimizing the location
of the knots. However, it might be more efficient to directly
estimate the number of discontinuities and their locations to
deduce an optimal K. When the number of discontinuities is
known a priori, it is apparent how many segments should be
used to approximate the solution. However, in cases where
the number of discontinuities is unknown, the number of
segments required to approximate the solution is not clear.
One such method used to identify these discontinuities is to
evaluate the derivative of the control against some derivative
threshold [20], chosen as a design variable by the user.
Intuitively, this method identifies the location of sudden
changes, i.e., the discontinuities, through the following steps:
(1) Solve the NLP with K = 1; (2) Calculate the derivative
of the control input, i.e., @y; (3) Evaluate the elements of
uy against the threshold D,y; (4) For each element of
in violation of Dy, K = K + 1.

Once the number of discontinuities is known, knots are
placed near each jump. Subsequently, the locations of the
knots can be defined as a decision variable in the optimal
control problem formulation, enabling the optimization al-
gorithm to find their optimal placement.

VI. NUMERICAL RESULTS

In this section, two numerical examples are presented,
highlighting the efficacy of using composite Bernstein poly-
nomials to solve optimal control problems. These solutions
were found using a constrained nonlinear optimization algo-
rithm.

Bang-Bang Problem [21]
Determine y : [0,2] — R and w : [0,2] — R that minimize

J(y(t), u(t)) = / (3u(t) — 2y(t))dt,

Order K=1 K=2
N=10 | J~= —59.35 | J~ —59.83
N =15 | J=~ —59.50 -

N =30 | J~ —59.67
N =55 | J=~ —59.74

(I) Bang-Bang Problem Results: Evaluated cost function
for each scenario.

subject to
§(t) = y(t) +u(t), vt € [0,2],

y(0) = 4, y(2) = 39.392,
0 <wu(t) <2,Vtel0,2].

This problem is initially solved using the approximation
method with one segment, i.e., the Bernstein approximation
method. From Figure 1(a), it is obvious that even though
the approximation improves as /N increases, it remains
inadequate for discontinuous solutions. The algorithm then
evaluates the derivative of the control and compares it against
some threshold to determine whether additional segments are
required. A discontinuity is detected at ¢ = 1.2s, shown
in Figure 1(b), where the threshold is exceeded by one
control point, indicating that two segments should be used to
approximate the solution. The example is then solved with
K =2, i.e., the composite Bernstein approximation method,
with the results shown in Figure 1(c).

The composite Bernstein approximant, used with the pre-
sented knotting method, is able to detect the exact value of
the discontinuity at ¢ = 1.096s, from the initial guess of
t = 1.2s. The evaluated cost functions of each scenario are
shown in Table I. The cost of the analytical solution shown
as a dotted line in Figures 1(a) and 1(c), is J ~ —59.83, the
exact solution obtained with this method.

Multi-vehicle Motion Planning Problem

For this example, a multi-vehicle motion planning problem
is formalized as an optimal control problem. The scenario
described below is that of an aircraft conducting a standard
45-degree entry into the traffic pattern, which is subsequently
alerted to a potential collision with an intruding aircraft,
requiring replanning of the remaining trajectory to reach the
runway at a free final time.

Determine 1, x2, 3, T4, 5, U1, Uz, and ugz that minimize

J((t), u(®) = 5,
subject to
sin(xs(t)), Vt € [0, 4]
cos(z5(t)),Vt € [0,t5]

3(t) = ua(t) sin(ws(t)), vt € [0, 7]

) = us(t), vt € [0, ]

21(0) = 0, 22(0) = —4000,
23(0) = 1000, 24(0) = 180, z5(0) = 0,
w1(ty) = —3110.9, 2a(ts) = 0,
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(1) Solution to Example 1: (a) Approximation of a bang-bang input using a single Bernstein polynomial for orders
N = 10,15,30,55. (b) Derivative of the control input for the single Bernstein polynomial solution for N = 10. (c)
Approximation of a bang-bang input using a composite Bernstein polynomial consisting of two polynomials of order N = 10.

:Bg(tf) = 2592395, 1’4(tf) = 0, $5(tf) = 0,
0 < z3(t) < 25000, —3 < z5(t) < 3.5,Vt € [0, /]
100 < uq(t) <295, =3 < wuq(t) < 3,Vt € [0, ty]

where x1, 9, and x3 are the respective [z, y, z] position of
the aircraft in ft, x4 is the heading in deg, x5 is the angle
of attack in deg, u; is the aircraft’s velocity in %, Uy 18 the
yaw rate in %, and wug is the pitch rate in %. A separation
variable of 500 ft is defined to specify the minimum safe
distance between the aircraft and the intruding vehicle to
avoid collision.

The initial, replanned, and intruder trajectories are shown
in Figure 2(a). A potential collision is detected when the
vehicle is at roughly [0, —4000,1000] ft, thus replanning
occurs. With the replanned trajectory, the vehicle evades
the intruder, avoiding collision. This maneuver is shown
in Figure 2(b). Flight trajectories, like the initial trajectory
shown in Figure 2(a), exhibit explicit geometric patterns
contingent upon vehicle position and velocity. This example
highlights the ability of composite Bernstein polynomials
to precisely capture specific flight patterns, which a single
Bernstein polynomial would struggle to represent at low
orders.

VII. CONCLUSION

In this paper, we introduced composite Bernstein polyno-
mials as a means to solve optimal control problems. This
method builds off of the favorable properties of Bernstein
polynomials for motion planning, and extends this work to
composite Bernstein polynomials, allowing for faster conver-
gence and more accurate approximations of discontinuous
solutions, due to their enhanced convergence rate and the
added flexibility of additional segments. Two numerical
examples and their solutions via this method were exhibited,
including a motion planning problem, demonstrating the
efficacy of using composite Bernstein polynomials to solve
complex optimal control problems. Additionally, rigorous
analyses of the convergence properties of composite Bern-
stein polynomials were presented in the context of smooth

realized traj. | |
initial traj.
= = ‘intruder traj. |

-2000

(ft)

=, -4000 -
-6000
-8000 . - - -
-1 -0.5 0 0.5 1 15
x (ft) x10*
(@
15000 T
m— nitial traj.
= 10000 rep!apneq traj. |
= == === collision limit
[0
2 5000
S
7]
o 10 it N—,
5000 . . . .
21 215 220 225 230 235
t(s)
(b)

(2) (a) Aerial map of runway with aircraft following
45° entry until an intruding aircraft is detected and the
initial trajectory is replanned to avoid collision. (b) Distance
between the initial trajectory of the aircraft and the replanned
trajectory of the aircraft, and the trajectory of the intruder for

the motion planning example, with a separation variable of
500 ft.

functions. In future work, we plan to extend this work
by studying the convergence rate of composite Bernstein
polynomials to discontinuous functions.

APPENDIX I
OUTLINE OF PROOF OF LEMMA 1

First, notice that

128 (7) — ()],

a7

xp(t) —x(t)|] < max max
|z () —z(t)]| < k=To K 7€t rtnsa]



for all ¥ € 1,...,K and for all 7 € [tx_1,tx]. Let
[to, ... ,tk;x] denote the k-th order divided difference of
x(7) at the points tg, . .., tx. Then, the generalized Stancu’s
remainder formula is derived following steps outlined in [12],
resulting in:

2R () — a(r)

N-1
T—tp_1)(te — 7 e — e
_ (T —te1)(tr —7) 3 Fkl_%] k7= S

N pm N
. lg — tk—1 k
+(+ I)T, T; x} bHV_l(T),
(18)
that is
k (T —tp1)(tx —7) 1 .
[ (r) — 2(7)] < 7 3 e ),

Thus, the following result holds:

02

(] t .
[z (1) —z(7)] < SIEN Te[g}iX, bl 1Z(7)],

which proves Lemma 1.

APPENDIX II
OUTLINE OF PROOF OF LEMMA 2

Consider the operator By, s ,»,2(7T), defined in [22], for all
kel,..,K and for all 7 € [ty_1, tx]. Then, Equation (18)
can be rewritten as follows:

() — () = Tl 2 7)

By 112(7),
The above equation is differentiated using the Leibniz rule,

and with the derivatives of By 1,12(7), from [22], we get

28O (r) — 2 ()] < g (7~ ta)  — Dl

+r(te = 27+t [ (7| + (e = D2 (7)),

19)

Then, Lemma 2 follows with Equation 9.

APPENDIX III
OUTLINE OF PROOF OF LEMMA 3

Using Lemma 1, we have

ty

Tk :
/ JU[II\C/] (r)dr — / x(r)dr
th—1 th—1

tr 2
</k Ci
B th—1

— |%(7)|dT,
which gives the result in Lemma 3.
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