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A PHYSICS-BASED WORK-ENERGY FORMULATION FOR
REAL-TIME TRAJECTORY GUIDANCE OF A LUNAR LANDER

Jorge M. Munoz-Burgos * and Peter J. McDonough †

Throughout the years, many researchers have calculated and optimized trajectory
solutions for lunar landing systems by employing sophisticated mathematical meth-
ods, that include: Hamilton’s Principle of Variation, Pontryagin’s maximum princi-
ple, and well known convex-optimization techniques among others. Many of these
approaches typically require expensive computational resources to achieve conver-
gence in the solution. In an effort to reduce complexity and the computational load
required to generate real-time guidance commands, a simple physics-based work-
energy approach has been formulated. This approach is based on the dissipation
of the mechanical energy of the vehicle to its final desired energy state required to
achieve a safe landing. The rocket engine(s) employed during landing (among other
maneuvers) dissipates mechanical energy by both doing work against the velocity
vector of the vehicle (thus defining the trajectory path), and by jettisoning mass.
Therefore, by solving the energy dissipation problem at every step of the maneuver,
a much simpler formulation that naturally and quickly attains convergence is ob-
tained. This formulation is not limited to approach, landing, and divert maneuvers,
but in principle it can be employed during de-orbiting, braking burn, ascent, as well
as orbit insertion.

INTRODUCTION

Trajectory calculation and optimization during lunar de-orbiting, approach, and landing is a rele-
vant and ongoing area of research, particularly in modern times when the U.S. and other countries
are conducting efforts to return humans to the moon. Since the 1960’s until recently, algorithms that
employ fractional-polynomials to well known convex-optimization techniques have been employed
in these studies.1–4 Due to the time-critical nature of the maneuvers and the possibility of rapidly
changing conditions during an actual lunar-descent (or need of manual control), a simple and com-
putationally fast physics-based approach is presented.

The physics-based approach formulated in this work is based on the energy conservation princi-
ple, where a lunar lander approaching the surface with a total amount of mechanical energy (kinetic
plus potential) is guaranteed to achieve a soft landing by dissipating its mechanical energy. The lan-
der can only dissipate energy by employing two mechanisms: Jettisoning mass, and by doing work
against its velocity vector by directing the thrust-force of the engine. From this simple concept,
real-time guidance commands and minimum fuel are calculated.

As an additional feature derived from this formulation, a Physics-Based Lunar Altimeter is sug-
gested in Appendix D as a final approach and descent navigational aid.
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GENERAL WORK-ENERGY FORMULATION

Fig. 1 illustrates a Lunar Module (LM) with initial kinetic and potential energy on a parking
orbit initiates a descent trajectory towards the desired landing location. To land successfully, it is
necessary to achieve full energy dissipation at the landing-site (LS) in order not to crash.

Figure 1 LM Final Approach Trajectory to Landing-Site.

In general, the gravitational potential energy expressed in the spherical-harmonics expansion
form can be expressed as
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where G is the universal gravitational constant, mo is the mass of the lander, Mo and Ro are the
mass and the average lunar radius, and z is the altitude above the lunar surface. The gravitational
potential is also a function of the lunar latitude λ, and longitude φ. From the difference between the
potential energies during any point along the trajectory and the LS, a local pseudo-constant value of
the gravitational acceleration g can be calculated using

g(z, φ, λ) =
GMo

R2
o

(
1 + z

Ro

) ·
{[

1 + Ro
z

]
·

∞∑
n = 0

n∑
m = 0

Pn,m

[
sin(φo)

]
·
[
Cn,m· cos(m·λo) + Sn,m· sin(m·λo)

]

−
∞∑

n = 0

n∑
m = 0

[
Ro

(Ro+z)

]n
·Pn,m

[
sin(φ)

]
·
[
Cn,m· cos(m·λ) + Sn,m· sin(m·λ)

]}
.

(2)



Fig. 2 represents a summary of the physics-based work-energy formulation presented in this work,
and illustrates the two energy dissipation mechanisms necessary to achieve a safe landing.

Figure 2 Energy dissipation mechanisms. The jettisoned energy is lost by the mass
of fuel m

Fl
exhausted by the engine, while the rest of the energy is dissipated by the

work done by the thrust force F
T

of the engine along ∆z.

As illustrated on Fig. 2, the work-energy formulation assumes constant vehicle settings that guar-
antee full energy dissipation along the total displacement of the trajectory. The assumption of
constant settings in the formulation yields analytical solutions that simplifies the calculation of real-
time guidance commands.

In this formulation, local right-hand coordinates are conveniently defined as: x-Cross-Range, y-
Down-Range, and z-Altitude with respect to the LS as shown in Fig. 3. The start of the approach
maneuver is considered to take place when the lander is near the lunar surface, thus validating the
assumption of a constant gravitational acceleration g.

Figure 3 Definition of the Local Landing-Site (LS) Coordinates for the Approach Trajectory.

From the definition of LS-coordinates shown in Fig. 3, the attitude θ is defined as the angle be-



tween the axial axis of the rocket and the z-axis, while the yaw ϕ is defined as the right-hand rotation
angle on the xy-plane along the negative z-axis.

The mass-flow rate expelled from the rocket engine is defined as

dm

dt
= ṁ = Thrtl · ṁmax. , (3)

where ṁ ≤ 0, and the engine throttle is defined as 0 ≤ Thrtl ≤ 1, and the magnitude of ṁmax.

represents the maximum mass-flow rate possible at full throttle. For a constant mass-flow rate during
a certain time interval t, the space-craft mass as a function of time is given by

m(t) = mo + ṁ·t , (4)

with initial mass mo at t = 0. The magnitude of the rocket engine thrust force as derived by
Konstantin E. Tsiolkovsky is

FT = −ve·ṁ , (5)

with the effective exhaust velocity ve = go·Isp, the standard gravity go, and the engine’s specific
impulse Isp. The maximum thrust force possible is given by

FTmax.
= −ve·ṁmax. . (6)

With respect to the LS coordinates frame, the breaking force that the engine exerts on the rocket
is given by
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·k̂
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]
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The components of the acceleration vector are obtained by dividing Eq. (7) by the vehicle’s mass
as a function of time defined by Eq. (4)

ax(t) = ve· ṁm · sin(ϕ) sin(θ) , (8a)

ay(t) = ve· ṁm · cos(ϕ) sin(θ) , (8b)

az(t) = −g − ve· ṁm · cos(θ) . (8c)

Eqs. (8a) through (8c) are integrated with respect to time to obtain the velocity components
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that are also integrated to obtain the vector components of the position in the form
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mo
·t
]
, (10a)

y(t) = yo +
[
vyo − ve cos(ϕ) sin(θ)

]
·t+ ve cos(ϕ) sin(θ)·

mo
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It can be shown that by combining Eqs. (9a) through (9c), with Eqs.(10a) through (10c), the
time-intervals for each of the vector components to achieve their final states are given by
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ṁ ·
[
vzo − vz(τz)

]}
, (11c)

where: x(τx), y(τy), z(τz), vx(τx), vy(τy), and vz(τz) represent the final components of the position and
velocity vectors of the vehicle at the end of the maneuver (e.g. landing).

WORK-ENERGY TRAJECTORY APPROACH

The initial and final energy states of the lunar lander during the approach maneuver can be ex-
pressed as

Eo =
1
2mo·

[
v2
o + 2g·zo

]
, (12a)

Ef = 1
2

(
mo −m

Fl

)
·
[
v2
f + 2g·zf

]
, (12b)

where the horizontal components of the velocity are set to zero on the landing in order to avoid
a crash, and the vertical velocity is set to a small descent velocity vzf (negative) at a final target
altitude zf , therefore

v2
o = v2xo

+ v2yo + v2zo , (13a)

v2
f = v2zf . (13b)

By assuming constant conditions along the trajectory, the work done by the engine thrust along
the displacement vector ∆r is given by

WT = FT ·∆r . (14)



The second energy dissipation mechanism is the jettisoning of mass (in the form of fuel) with the
assumption of a constant mass-flow ṁ in the form

EJet =
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, (15)

where the jettisoned fuel mass during the interval τ with constant ṁ is given by

m
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The average square of the velocity v̄2 and average altitude displacement z̄ in Eq. (15), are calcu-
lated using the average integral functions
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By plugging in the velocities from Eqs. (9a) through (9c) into Eq. (17a), and by integrating along
the interval τ , the average square of the velocity components are obtained
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By plugging in the altitude from Eq. (10c) into Eq. (17b), and by integrating along the time
interval τ , the average altitude displacement is obtained in the form
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mo
·τ
]2

· ln
[
1 + ṁ
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Therefore, the total energy dissipated by both the work done by the engine and mass jettisoning
is expressed as

Eo − Ef = WT + EJet . (20)

To employ the work-energy approach to calculate optimal guidance commands, the problem is
only formulated in 2D. This is due to the initial definition of the local LS coordinates in Fig. 3,
where the net cross-range displacement ∆x = 0. Fig. 4 illustrates the separation of the problem
between horizontal and vertical components.

Figure 4 Separation of the approach trajectory into predominantly horizontal and
vertical stages. In general τy < τz, which means that the horizontal energy (horizontal
velocity) is dissipated before the vertical (landing) in order to avoid a crash.

Therefore, the problem is simplified by dividing Eq. (20) into both horizontal and vertical com-
ponents in the form

Eoy −�
��>

0
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, (21a)

Eoz − Efz = Fz ·∆z + EJetz
, (21b)



where the jettisoned energy is represented by
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and the mass loss with respect to horizontal and vertical stages during the approach given by

m
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The horizontal and vertical force components during the approach are calculated using
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that yield an optimal attitude approach angle given by

θOpt. = tan−1

(
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)
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It can be shown that by combining Eqs. (9a) through (11c) that two different solutions for the yaw
angle ϕ are found, the first one is time-dependent and more applicable during the predominantly
horizontal stage, and the second one more applicable during the quasi-vertical stage of the approach
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ṁ ·
(
vyf−vyo

)
]

}
. (26b)

In general, the engine throttle is calculated using

Thrtl =
Fz

FTmax.
· cos

(
θo +

1
2ωθ

·∆t
) , (27)

where the throttle is always calculated with respect to the vertical force Fz , to prioritize full vertical
energy dissipation at every point of the maneuver and avoid a crash.



The horizontal and vertical force components given by Eqs. (24a) and (24b) are calculated recur-
sively by first setting the mass-flow rate ṁ at an arbitrarily initial value within the throttle limits,
and by setting both fuel masses in Eqs. (23a) and (23b) to zero. The initial optimal attitude θOpt.

is calculated using Eq. (25) by first setting the yaw angle ϕ = 0. A new value for the engine
throttle is obtained from Eq. (27) and a mass-flow rate ṁ is calculated using Eq. (3). These values
are employed to calculate both the horizontal and vertical time intervals in Eqs. (11b) and (11c),
and that are used to calculate: the fuel masses with Eqs. (23a) and (23b), the average square of
the horizontal and vertical velocities in Eqs. (18b) and (18c), and the average altitude displacement
in Eq. (19). These values are employed in Eqs. (22a) and (22b) to calculate the energy lost by
mass jettisoning. The whole calculation is repeated until convergence is achieved, and the optimal
horizontal and vertical forces together with optimal attitude and yaw [Eq. (26a)] angles are obtained.

Fig. 5 summarizes the recursive calculation cycle employed in obtaining optimal guidance com-
mands. In general, it has been observed that between 5 and 8 iterations are enough to achieve
convergence. In the work presented here, a default value of 10 iterations was chosen.

Figure 5 Summary of the work-energy calculation cycle during τy < τz. The yaw an-
gle is limited to |ϕ| ≤ 2.5◦ in order not to overcorrect both cross-range position and
velocity. The differential time ∆t is defined by the frequency of the guidance com-
mands calculation (in this work ∆t = 0.1 sec). The angular rate constants kθ1 and
kϕ1 , and the 0.8 factors are obtained heuristically, and are affected by the particular
delays caused by the control system governing the actuators of the lander.5



The work-energy cycle illustrated in Fig. 5 is performed as long as τy < τz , or τz > τRot. ,
where τRot. is given by Eq. (42), and derived in Appendix A. For the cases when either τy ≈ τz or
τz ≈ τRot. conditions are achieved, both τo = τy = τz are set, and a countdown of τ = τo −∆t for
every future guidance calculation is employed.

Fig. 6 summarizes the recursive calculation cycle for the case when τy = τz = τ .

Figure 6 Summary of the work-energy calculation cycle when τy = τz = τ . During
every guidance calculation, the remaining time for landing is reduced by τ = τo −∆t.
The optimal yaw angle is calculated using Eq. (26b), and is limited to |ϕ| ≤ 10◦. The
angular rate constants kθ2 and kϕ2 are also obtained heuristically. As an alternative
for the heuristic approach to obtain the angular-rate for the attitude, ω

θ
can also be

calculated using Eq. (41) derived in Appendix A.

Notice that during both of the work-energy calculation cycles summarized in Figs. 5 and 6, all
commanded angular rates ω

θ
and ω

ϕ
are calculated with respect to the local LS coordinates defined

in Fig. 3. The Navigation-Body angular-rates (Roll, Pitch, and Yaw) of the lander (as illustrated on
the right of Fig. 3) are calculated using

ω
Nav.

LS
= −ω

ϕ
· cos(θ)·x̂Nav.

+ ω
θ
·ŷNav.

− ω
ϕ
· sin(θ)·ẑNav.

, (28)

which is based on the solution expressed in Eq. (55), and derived in Appendix C.



MONTE-CARLO APPROACH TRAJECTORY CALCULATIONS

The work-energy approach has been implemented into the NASA Marshall Space Flight Cen-
ter GeneraLized Aerospace Simulation in SIMULINK Framework (GLASS) lunar-lander 6DoF
simulator.5 The GLASS simulator encompasses all maneuvers from lunar de-orbiting to landing.
However, for the purpose of comparison the work-energy formulation is employed only during the
final approach maneuver and compared to the default classical fractional polynomial Apollo pow-
ered descent guidance algorithm.4

In this section, both final landing position and velocities are qualitatively compared to the bound-
ary limits around the landing-site, and horizontal and vertical velocity limits at touchdown. Figs. 7,
8, and 9 show the Monte-Carlo (MC) results for 31 different seeds that begin at the de-orbiting burn.

Figure 7 MC GLASS position results with respect to the LS. The work-energy ap-
proach yields a greater dispersion compared to the Apollo guidance.4

Figure 8 MC GLASS landing horizontal velocity results. The work-energy approach
yields greater accuracy when compared to the default Apollo guidance algorithm.4



Figure 9 MC GLASS landing vertical and horizontal velocity results. The work-
energy approach yields greater accuracy when compared to the default Apollo guid-
ance algorithm.4

Accuracy in both vertical and horizontal velocities is critical in order to guarantee soft landings
and avoid crashes. Preliminary results obtained from the MC GLASS simulation show that the
work-energy approach yielded better performance for staying within the velocity limits at touch-
down. However, the work-energy approach produced a higher dispersion that the Apollo guidance
with respect to landing within the LS boundaries, thus requiring further tuning. With respect to
fuel efficiency, the work-energy approach showed a minimal improvement when compared to the
Apollo guidance. These results are expected since the work-energy approach formulation is based
on the physical mechanism of energy dissipation that balances mass jettisoning with engine thrust.
The work-energy accuracy also relies on accurate navigation.

WORK-ENERGY FOR REAL-TIME DIVERT-SPACE DETERMINATION

The work-energy formulation is applied in the real-time calculation of the divert space around the
LS that satisfies the energy conservation principle. A divert landing is a maneuver that is performed
when astronauts may consider the current LS to be unfeasible or unsafe to reach, and an alternate
LS must be determined. Fig. 10 illustrates in general the divert maneuver mechanism.

Figure 10 Divert-Space determination by applying the work-energy formulation.
The total maneuvering time along the down-range and cross-range directions must
be equal to the total flight (”airborne”) time τz, and the optimal attitude θ

Div.
is con-

stantly calculated while applying precise timing on the yaw control to guarantee ef-
fective energy dissipation and a safe landing.



The divert maneuver is initiated by setting the throttle to the selected maximum optimal value
that satisfies both full energy dissipation and fuel constraints.

dm

dt
= ṁ = ṁmax. . (29)

As shown in Fig. 10, a higher value of the throttle translates into a higher thrust vector, and thus
a higher optimal divert angle θDiv. . The higher the divert angle and the higher the thrust vector, the
higher the horizontal control authority available to expand the divert space, but also translates into
a higher fuel consumption. The optimal divert attitude angle is calculated using

θDiv. = cos−1

(
Fz

FTmax.

)
, (30)

where FTmax.
is the maximum optimal thrust force that corresponds to the maximum optimal mass-

flow ṁmax. . Fig. 11 shows the work-energy approach cycle employed to determine the optimal
divert attitude θDiv. , and the total flight time τz available to perform the divert maneuver.

Figure 11 Divert maneuver work-energy calculation cycle to determine the optimal
divert attitude angle θ

Div.
, and the total available flight time τz for optimal ṁmax.

. The
calculation starts by setting the mass-flow to the maximum optimal mass-flow value,
that combined with the calculated total flight time τz, is employed to estimate the total
consumed fuel during the maneuver. This gives the flexibility of adjusting the optimal
ṁmax.

in order to satisfy fuel constraints and full energy dissipation at landing.



Once the optimal divert attitude, the total flight time, and the optimal fuel mass-flow is obtained
from the work-energy formulation cycle, the divert space boundary is calculated analytically by
time management of the yaw direction as shown on the right of Fig. 10.

The divert space is symmetric with respect to the horizontal velocity vector at the moment the
divert maneuver is initiated. Therefore, during the calculation of the boundary of the divert space,
an alternate yaw angle ϕ

′
is defined with respect to the horizontal velocity vector, and then is trans-

formed to the local LS coordinate reference. Therefore, during the divert boundary calculation,
the cross-range direction is defined as to the right/left of the velocity vector, while the down-range
is defined either along or against the initial horizontal velocity vector. To achieve zero horizontal
velocity at the time of landing (full horizontal energy dissipation), precise time-management of the
alternate yaw angle must be achieved. Appendix B contains the analytical solutions of the thrust-
vector timing of the engine thrust vector (right/left-forward/backward).

Fig. 12 shows examples of the divert space boundary calculated using the work-energy approach
during equally spaced time intervals along the approach trajectory.

Figure 12 Divert space boundaries calculated using the work-energy formulation.
The figure on the left shows the 3D nominal approach trajectory (green-line), while
the ovals around the LS represent the divert boundaries initiated at equally spaced
time intervals along the trajectory. The right plot shows a top view of the divert
boundaries, and are symmetric with respect to the horizontal velocity vector present
when the divert is initiated. The blue arrow represents the direction of the horizon-
tal velocity vector direction at the beginning of the approach trajectory. The divert
boundaries shrinks around the LS as the divert maneuver is initiated later in time.

CONCLUSION

The work-energy approach applies the energy conservation principle to calculate instant guidance
commands at any point of the descent maneuver. A physics-based formulation is more intuitive, and
does not require extra computational time to optimize and propagate reference trajectories in order
to achieve the desired landing condition. Instead, the approach seeks to instantly satisfy the local
work-energy physical conditions that guarantee achieving a safe landing.



This approach simplifies the math, and allows the possibility of providing astronauts with real-
time guidance commands to aid manual control during different maneuvers (including landing), as
well as providing them with real-time boundary limits of the available divert space.

In summary, employing the work-energy formulation: Allows a more intuitive physical under-
standing of the trajectory and the consequences of changes due to perturbations and manual control,
eliminates the need of constant calculation of reference trajectories, reduces the need of constant
trajectory optimization, allows fast real-time calculation and recalculation of guidance commands
at any point along the flight to achieve a safe landing, and allows fast real-time determination of
the physically possible divert space for alternate landing maneuvers. Future work will include fuel-
optimization comparisons against various convex-optimization methods.
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APPENDIX A: FINAL ROTATION MANEUVER FORMULATION

The transition region between the horizontal to the final vertical decent maneuver as shown in
Fig. 4, is critical when trying to achieve complete horizontal energy dissipation. The goal of this
final rotation maneuver is to successfully achieve vertical landing (attitude θ ≈ 0) with minimum
horizontal velocity. From the work-energy perspective, this is achieved with a constant vertical
force Fz obtained from Eq. (24b) as illustrated in Fig. 13.

Figure 13 Final attitude rotation maneuver before landing. The maneuver starts
with initial attitude θo and initial down-range velocity vyo . A constant vertical force
Fz is necessary to dissipate the total vertical kinetic and potential energy, and thus to
achieve a safe landing with final down-range velocity vy = 0, and with attitude θ = 0.



In order to formulate the solution with constant rotation, the down-range acceleration from Eq. (8b)
is written as

dvy
dt

= ve· ṁm · cos(ϕ) sin(θ) , (31)

where by assuming a constant vertical force Fz , Eq. (5) is written in the form

FT =
Fz

cos(θ)
= −ve·ṁ , (32)

and the mass-flow rate is expressed as a function of the attitude angle θ as

ṁ = − Fz

ve· cos(θ)
. (33)

By plugging Eq. (33) into Eq. (31), and by assuming a constant angular attitude rate ω
θ

dvy
dt

=
∂vy
∂θ

·
∂θ

∂t
= ω

θ
·
dvy
dθ

= −Fz · cos(ϕ)·
tan(θ)

m(θ)
. (34)

The mass as a function of the attitude angle m(θ) is obtained from Eq. (4) by setting the time
t = (θ−θo)

ω
θ

, and by employing Eq. (33), thus giving

m(θ) = mo·

[
1− Fz

ω
θ
move

·
(θ − θo)

cos(θ)

]
. (35)

The difference between down-range velocities is obtained by integrating and solving Eq. (34)
with respect to the attitude angle in the form

�
��*0

vy(0)− vy(θo) = −Fz

ω
θ

· cos(ϕ)·

∫ 0

θo

dθ·
tan(θ)

m(θ)
. (36)

By expanding to the first order, the reciprocal of the mass yields

1

m(θ)
≈ 1

mo
·

[
1 +

Fz

ω
θ
move

·
(θ − θo)

cos(θ)

]
, (37)

and with vyo = vy(θo), the integral Eq. (36) is expressed as a simple trigonometric integral

vyo =
Fz

ω
θ
mo

· cos(ϕ)·

∫ 0

θo

dθ· tan(θ)·

[
1 +

Fz

ω
θ
move

·
(θ − θo)

cos(θ)

]
, (38)

with solution given by

vyo =
Fz

ω
θ
mo

· cos(ϕ)·

{
ln
[
cos(θo)

]
− Fz

ω
θ
move

·

[
θo + ln

[
cos( θo2 )− sin( θo2 )

cos( θo2 )+ sin( θo2 )

]]}
. (39)



Eq. (39) is written in the quadratic form with respect to ω
θ

ω2
θ
− Fz

movyo
· cos(ϕ)· ln

[
cos(θo)

]
·ω

θ
+

F 2
z

m2
ovyove

· cos(ϕ)·

{
θo + ln

[
cos( θo2 )− sin( θo2 )

cos( θo2 )+ sin( θo2 )

]}
, (40)

and by completing the square, the solution of the optimal constant attitude angular rate is given by

ω
θ
=

Fz

2movyo
·

{
cos(ϕ)· ln

[
cos(θo)

]
−

√
cos2(ϕ)· ln2

[
cos(θo)

]
− 4F 2

z · cos(ϕ)·
(vyo
ve

)
·

{
θo + ln

[
cos( θo2 )− sin( θo2 )

cos( θo2 )+ sin( θo2 )

]}}
.

(41)

The estimated time for the final rotation maneuver is simply calculated using

τRot. = − θo
ω

θ

. (42)

APPENDIX B: TIME-MANAGEMENT FOR DIVERT SPACE CALCULATION

The outer boundaries of the divert space are limited to the total vertical descent (“airborne”) time
τ calculated using Eq. (11c), and the optimal attitude angle θ obtained from Eq. (30). When the
divert maneuver is initiated, the divert space is symmetric with respect to the latest horizontal ve-
locity vector. Therefore, for divert calculations purposes, the cross-range position is defined as to
the right/left of the current velocity vector (not with respect to the LS) defined with a yaw angle ϕ

′
,

initial cross-range velocity vxo = 0, and initial down-range velocity vyo . Once the divert space is
calculated with respect to the velocity vector, it is then transformed into the LS coordinates.

In order to maneuver the lander to the maximum boundaries, the yaw angle is changed according
to the desired divert direction, and the change of the yaw angle orientation must be timed precisely
to guarantee a zero horizontal velocity at the time of landing. Therefore, Eq. (9a) is broken into two
maneuvers with different yaw angles (pointing right/left), and times for the cross-range in the form

vx1
=���*0vxo

+ ve sin(ϕ
′
1) sin(θ)· ln

[
1 + ṁ

mo
·τx1

]
, (43a)

�
�>

0
vx2

= vx1
+ ve sin(ϕ

′
2) sin(θ)· ln

[
1 + ṁ

m1
·τx2

]
, (43b)

where ϕ
′
1 = ϕ

′
and ϕ

′
2 = −ϕ

′ (
or ϕ

′
2 = ±ϕ

′
+ π

)
, and m1 = mo + ṁ·τx1

. By noticing that
τ = τx1

+ τx2
, Eq. (43a) is plugged into Eq. (43b) and solved for τx1

thus giving

τx1 = −mo

ṁ
·

[
1−

√
1 + ṁ

mo
·τ

]
, (44)

and τx2
= τ − τx1

.



In a similar manner, Eq. (9b) is broken into two maneuvers with two different yaw angles (for-
ward/backward) for the downrange (forward/backward) component in the form

vy1 = vyo + ve cos(ϕ
′
1) sin(θ)· ln

[
1 + ṁ

mo
·τy1
]
, (45a)

�
�>

0
vy2 = vy1 + ve cos(ϕ

′
2) sin(θ)· ln

[
1 + ṁ

m1
·τy2
]
, (45b)

with ϕ
′
1 = ϕ

′
and ϕ

′
2 = −ϕ

′ (
or ϕ

′
2 = ±ϕ

′
+ π

)
, m1 = mo + ṁ·τy1 , and τ = τy1 + τy2 , Eq. (45a)

is plugged into Eq. (45b) to solved for τy1

τy1 = −mo

ṁ
·

[
1−

√
1 +

mo

ṁ
·τ ·e

vyo

2ve cos(ϕ
′
) sin(θ)

]
, (46)

with τy2 = τ − τy1 .

APPENDIX C: LS-TO-BODY TRANSFORMATION OF ANGULAR-RATES

The LS attitude and yaw angles (θ and ϕ) defined in Fig. 3, greatly simplify the mathematics em-
ployed to derive the angular-ratio commands. However, these angular ratios are given with respect
to the local LS coordinate frame, while the lander needs to perform these rotations with respect to its
body-reference (or navigation), as shown on the right of Fig. 3. In this appendix, the angular-rates
in the navigation-frame are separated into two simple rotations to derive the frame transformation
summarized in Fig. 14.

Figure 14 Yaw and attitude angular rotation-rate transformation from LS-
coordinates into the body frame. First rotation (Yaw) is performed from the LS frame
into the intermediate prime frame, while the second rotation (Attitude) is performed
from the intermediate prime frame into the body (navigation) frame of the lander.

As shown on the left of Fig. 14, the Yaw rotation consists on a left-hand (negative) angular
rotation of magnitude ϕ with respect to the ẑLS axis, and that coincides with the intermediate prime
reference ẑ′ expressed in the form

ωr′

LS
= −ϕ̇·ẑLS = −ϕ̇·ẑ′ , (47)



with the frame-rotation from the LS frame into the intermediate prime frame represented by the
matrix operation x̂′

ŷ′

ẑ′

 =

− sin(ϕ) − cos(ϕ) 0
cos(ϕ) − sin(ϕ) 0
0 0 1

 ·

x̂LS

ŷLS

ẑLS

 . (48)

The attitude rotation shown on the right of Fig. 14, consists on a right-hand angular rotation of
magnitude δθ along the intermediate prime ŷ′ axis that coincides with the body ŷB axis, and that is
expressed in the form

ω
B

r′ = θ̇·ŷ′ = θ̇·ŷB , (49)

with the frame-rotation from the intermediate prime frame into the body frame represented byx̂B

ŷB

ẑB

 =

 cos(δθ) 0 − sin(δθ)
0 1 0

sin(δθ) 0 cos(δθ)

 ·

x̂′

ŷ′

ẑ′

 . (50)

Therefore, the total angular-rate transformation between the LS and body is given by

ω
B

LS
= ωr′

LS
+ ω

B

r′ = −ϕ̇·ẑ′ + θ̇·ŷB , (51)

where the prime intermediate frame is expressed in terms of the body frame by inverting the matrix
from Eq. (50) x̂′

ŷ′

ẑ′

 =

 cos(δθ) 0 sin(δθ)
0 1 0

− sin(δθ) 0 cos(δθ)

 ·

x̂B

ŷB

ẑB

 , (52)

and the ẑ′ axis written in terms of the body frame yields

ẑ′ = − sin(δθ)·x̂B + 0·ŷB + cos(δθ)·ẑB . (53)

By plugging the solution from Eq. (53) into Eq. (51), the angular-rates transformation is expressed
in the form

ω
B

LS
= ϕ̇· sin(δθ)·x̂B + θ̇·ŷB − ϕ̇· cos(δθ)·ẑB . (54)

Notice from Fig. 14, that δθ = θ − π
2 . Therefore, the final form of the frame transformation of

the angular-rates from LS into body is given by

ω
B

LS
= −ϕ̇· cos(θ)·x̂B + θ̇·ŷB − ϕ̇· sin(θ)·ẑB . (55)

APPENDIX D: FORMULATION OF A PHYSICS-BASED LUNAR ALTIMETER

In general during the final descent phase, a lander relies on the fusion of both Inertial Navigation
System (INS), and Radar Altimeter (through Kalman filtering) to accurately estimate the altitude
and vertical velocity needed to achieve a soft-landing. In case of radar blackout or failure when
performing this critical maneuver, the INS integration becomes less reliable with respect to time
due to the accumulation of process noise during the forward propagation process.



In an effort to reduce error estimation, a physics-based altimeter to help correct the INS during
final descent is suggested. A simple numerical integration with respect to the navigation interval
∆t, in the form of Eqs. (9c) and (10c) may be employed as

vz = vzo − g·∆t− ve cos(θi)· ln
[
1 + ṁ

mo
·∆t
]
, (56a)

z = zo +
[
vzo + ve cos(θi)

]
·∆t− 1

2g·∆t2 − ve cos(θi)·
mo
ṁ ·
[
1 + ṁ

mo
·∆t
]
· ln
[
1 + ṁ

mo
·∆t
]
,

(56b)

where vzo , zo, θo, mo, and ω
θ

are the latest vertical velocity, altitude, attitude, estimated mass, ef-
fective exhaust velocity, and attitude-rate states of the lander with standard deviations: σvzo , σzo ,
σ

θo
, σmo , σve , and σω

θ
.

The average attitude angle along the integration interval ∆t, is estimated using θi = θo +
1
2ωθ

·∆t,
and the variances for the estimated states are calculated using

σ2
vz = σ2

vzo
+ σ2

g ·∆t2 + σ2
ve · cos

2(θi)· ln
2
[
1 + ṁ

mo
·∆t
]
+

v2e cos
2(θi)·∆t2[

mo + ṁ·∆t
]2 ·[σ2

ṁ + ṁ2

m2
o
·σ2

mo

]
+ v2e sin

2(θi)· ln
2
[
1 + ṁ

mo
·∆t
]
·
[
σ2
θo +

1
4σ

2
ω
θ
·∆t2

]
, (57a)

σ2
z = σ2

zo + σ2
vzo

·∆t2 + 1
4σ

2
g ·∆t4 + σ2

ve · cos
2(θi)·

{
∆t− mo

ṁ ·
[
1 + ṁ

mo
·∆t
]
· ln
[
1 + ṁ

mo
·∆t
]}2

+ v2e sin
2(θi)·

{
∆t− mo

ṁ ·
[
1 + ṁ

mo
·∆t
]
· ln
[
1 + ṁ

mo
·∆t
]}2

·
[
σ2
θo +

1
4σ

2
ω
θ
·∆t2

]
+ v2e cos

2(θi)·
{
∆t− mo

ṁ · ln
[
1 + ṁ

mo
·∆t
]}2

·
[
σ2
mo
m2

o
+

σ2
ṁ

ṁ2

]
, (57b)

with the standard deviations of the modeled gravity and mass-flow represented by σg and σṁ .
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