Comparison of Multisine Peak Factor
Minimization Algorithms for Aircraft
System ldentification

Justin J. Matt
NASA Langley Research Center — Flight Dynamics Branch
18 October 2024



Outline

* Introduction

* Multisine Signals

« Multisine Design and Optimization
« Sample Results

 Discussion and Applications

« Conclusions



Introduction

« Efficient experiment design saves time and money

* Phase-optimized multisines have proven very effective for
efficient system identification testing
« Optimized to minimize peak factor

 Existing optimization methods can be time-consuming
depending on application

* Two peak factor minimization algorithms are evaluated and
compared against typical current approach


Presenter
Presentation Notes
Peak factor measures compactness of signal
Low peak factor signals are good for modeling - result in data with lots of information without inducing large, undesirable motions in flight
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Multisine Signals

« Multisines can be expressed In « Peak factor measures
time domain: compactness of signal:
N
2mk;t max(|u|) max(lul)
U(t) =2Al Sin( e +¢l> PF(u) — —
T rms(u) 5
=1 ,/ZAi /2
or frequency dlc\),maln: . » Relative peak factor defined as:
U(k) = 5A(k)e’ 9007 RPF(u) = PF(u) /N2

Objective of optimization:
For given amplitudes, A, and frequencies, k, find phase angles, ¢,
that minimize max(|u|) (and thus PF/RPF)




Multisine Design and Optimization

» Peak Factor Minimization Algorithms
* Clipping Algorithm
* Infinity Norm Algorithm
 Additional Considerations
« “Snowing”
« Simultaneous Input-Output Peak Factor Minimization
 Effect of Sampling Rate



Clipping Algorithm

nitialize # with random phases a
prescribed power spectrum, |U,|

|

Clip peaks of # above threshold

|

U=FFT(u)

.

Enforce designed power spectrum
U =Tl

Clipping threshold

|

u =IFFT(U)

|

Stop after 1000 iterations.
Optionally, repeat algorithm several
times and choose best u
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Clipping algorithm.
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Presentation Notes
Left figure – mention original reference 1988
Right figure – mention new reference from 2015 looked at different functions and this was the best one
Benefits of tweaks – first step and last step


Clipping Algorithm
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Infinity Norm Algorithm

Prerequisites:
« The Chebyshev or infinity norm of a function u(t) is the maximum absolute value:

[lull , = max [u(®)

* p-norm of a continuous function:

1 (T 1/p
o, = (7 [ wora)
0

 Infinity norm is related to the p-norm of a function by
Tim [ful], = [full,

» Recall objective is to minimize peak factor — can achieve by minimizing ||u||oo
max(lul)  [lul],

rms(u) \/ZT?/Z

PF(u) =
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Presentation Notes
Comes from 1991 paper


* Find phase angles, ¢,, that minimize p-
norm for a sequence of p such as

Infinity Norm Algorithm

p = 4,8,16, ..., 512

e Last solution is used for next iteration
(i.e., ¢p=4 is starting value for solving ¢,,_g)

« Converges to optimal solution™;

« Can be solved efficiently as nonlinear
least squares problem
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lim Op = oo

p—>00

*Subject to some regularity conditions. See paper.

RPF
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Additional Considerations

1. "Snowing”
2. Simultaneous input-output peak factor minimization
3. Effect of sampling rate on algorithm performance



Additional Considerations

Snowing is the process of adding power at additional harmonics in order to
further reduce the peak factor of the signal

RPF =1.02
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Example of optimized multisine signals without snow, u,(t), and with snow, u,(t), and their

respective power spectra
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Presentation Notes
Can easily be applied to either algorithm - explain


Additional Considerations
Input-Output Peak Factor Minimization

Input optimization
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Comparison of a phase-optimized multisine signal, u(t), and its time derivative, y(t), after

input optimization (left) and simultaneous input-output optimization (right)
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Presentation Notes
Only works for infinity norm algorithm


Additional Considerations
Sampling Rate

* Number of samples in signal will affect run-time of any algorithm

« Sample rate for algorithm comparisons selected to have less than 1% error when
comparing the discrete signal with the equivalent continuous multisine signal

» Less than 1% error (95% CI) for

N: number of samples
N/kmaX =16 kmax: maximum harmonic number
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Results

« Evaluate both algorithms as function of multisine properties
* Number of harmonics
* Harmonic number spacing
* Inclusion of snow harmonics

« Compare against traditional approach (SIDPAC) of direct
optimization using simplex algorithm
» Modified to generate signals in frequency domain then IFFT — faster

 Evaluate effect of repeating clipping algorithm from multiple
initial conditions


Presenter
Presentation Notes
Results shown as box and whisker plots – shows median, quartiles, non-outlier maximum and minimums, and marks outliers
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Presentation Notes
Results for multisines with flat power spectrum and different number of sequential harmonics
Infinity norm is lowest peak factor
Clipping is close and still significant improvement from simplex
Clipping is fastest  - <0.1 seconds for all cases
Run-time increases for infinity and simplex because optimization problem increases in degrees of freedom
Clipping moves up slightly in run-time because of more samples 


Results
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Presentation Notes
Effect of harmonic number spacing was analyzed next. Look at signals with flat power spectra with 20 and 50 harmonics.
Similar results – infinity norm has loweest RPF with clipping nearby
Clipping is still significantly faster
Interestingly, when the spacing is one or two all algorithms produce signals with noticeably lower RPFs
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Results

Harmonic number spacing = 1 Harmonic number spacing = 4
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Effect of snow harmonics was analyzed next – flat power spectra, two different harmonic number spacings.
Increasing snow harmonics decreases RPF, getting as low as 0.84.
Again similar results when comparing algorithms.
For almost all cases, clipping results in lowest RPF. Infinity norm is comparable.
Clipping is very fast still.
Infinity norm algorithm sometimes fails to converge as seen by large number of RPF outliers and variance on run-time

TRANSITION: Talk about speed of clipping, makes it easy to repeat from multiple initial conditions


Results
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TRANSITION: Talk about speed of clipping, makes it easy to repeat from multiple initial conditions

As the clipping algorithm repeats from different initial conditions, the median RPM decreases and the run-time increases linearly (as expected)
With 30 repetitions, results in lower RPFs than infinity norm for all cases tested and is still much faster (< 3s median)


Discussion and Applications

* Infinity norm and clipping algorithm resulted in comparable RPFs
« Both lower than simplex algorithm

* If clipping algorithm is run from muiltiple initial conditions, it also resulted in the lowest
RPFs

 Clipping algorithm runs fastest, nearly instantly

 Effectiveness and speed of clipping algorithm opens door for potential
applications:

« Designing signals with hundreds of thousands of harmonics for structural mode
testing

« Optimization of signals in real-time based on observations or real-time modeling
results



Conclusions

« Two multisine peak factor minimization algorithms were presented,
evaluated and compared

 Clipping algorithm is best choice for rapid design of phase-optimized
multisine signals
» Very fast (typically <1s)
* Most effective at minimizing RPF

 Clipping algorithm can reduce time spent designing and optimizing
multisine signals for flight tests and other experiments

« High-speed of clipping algorithm could facilitate new test techniques
» Real-time optimization of signals
« Experiment design for aeroelastic model identification



Thank You!

 Thanks to Gene Morelli and Ben Simmons for assistance with
this report

e Questions?
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