4+
3

National Aeronautics and Space Administration

A Physics-Based WQrsk Energy
Formulation for Real Tlme Trajectory
Guidance of a Lunar La‘m:i T, |

\" @\
Q! \\fj‘ e

. SR
Jorge M. Munoz-Burgos ari.d’Peter 3\&(}Domough
Amentum Space Exploratlon Grgu?\f)‘ R ) 'M?
EV-42, NASA MSFC EBAGER I R
jorge.m.munoz-burgos@nasa.gov

02/02/2025

WWW.Nasa.gov




Introduction

The goal of the final approach maneuver is to get as close as possible to the intended landing
site, but most importantly, to achieve full energy dissipation to attain stability and a close to zero velocity at
a predetermined safe landing altitude in order not to crash.

The work-energy approach applies the energy conservation principle to determine instant
guidance commands at any point during the approach maneuver. Instead of spending computational time
optimizing and propagating a reference trajectory to achieve the desired final conditions. The approach
seeks to instantly satisfy the local work-energy conditions that the laws of physics guarantee that the
desired final landing will be achieve (The laws of Thermodynamics are convex in nature).

This approach simplifies the math, reduces the computational process time and eliminates the
need of calculating reference trajectories and optimizations, thus providing astronauts with real-time
vectors to follow to achieve manual control during different kind of maneuvers (including landing), as well
as real-time calculation of the divert space.

This presentation only includes a summarized introduction to the concept and its applications in

order not to make it mathematically heavy in its content.
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Introduction

Problem with non-linear systems (Butterfly Effect)
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Summary of the Work-Energy Approach

For a lunar lander, there are only 2 energy dissipation mechanisms available:
Work done by the engine, and mass jettisoning.
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General Equations of Motion

The mass-flow rate expelled from the rocket engine is defined as

dm . .
I =m = Thrrl'mmax' , (1)

where m < 0, and the engine throttle for the Raptor engine is defined as O < Tyt < 1, and
the magnitude of m_ ., represents the maximum magnitude mass-flow rate at full throttle.

For a constant mass-flow rate during a time interval t, the space-craft mass as a
function of time is given by

m(t) =m, +n-t, (2)

with the initial mass at the beginning of the time interval m,. The magnitude of the rocket
engine force as derived by Konstantin E. Tsiolkovsky is

Fr=—ven, 3)

and the effective exhaust velocity v, = g Isp, where g, is the standard gravity, while Isp is
the engine’s specific impulse. The maximum thrust force possible is given by

F = —V,-M : 4)

Tmax. max.
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General Equations of Motion

From the local landing-site coordinates frame perspective, the
breaking force that the engine exerts on the lander is given by

F,=F, i+F,j+F,k
= Ve -1it1- sin(0) sin(gb)-f + Ve-mi-sin(0) cos(gb)-j — [m-g + V-1l cos(@)] k. (5)

The components of the acceleration vector are obtained by dividing
Eqg. (5) by the mass from Eqg. (2)

ax(t) =v.-2.sin(6)sin(¢) , (6a)
ay (1) = ve-2-sin(0) cos(¢) , (6b)

a (1) =—g —ve-2Z.cos() . (6¢)



General Equations of Motion

Egs. (6a) through (6c¢) are integrated with respect to time to obtain the velocities

vi(t) = vy, +vesin(6) sin(¢)-In |1 + J%z‘] , (72)
vy(t) = vy, +vesin(d) cos(¢)-In [1 + mﬂot] , (7b)
v, (t)=v, —gt—v,cos(h)-In [1+%-t] , (7¢)

and integrating again to obtain the vector components of the position in the form

x(t) = xo + vy, — ve sin(0) sin(@) | -7 + v, sin(0) sin(¢)-Z2-[ 1 + n%t] In |1+ n%r] , (8a)
¥(1) = Yo + |vy, — ve sin(8) cos(p)|-1 + v, sin(8) cos(¢)-Z2-[ 1 + %t] In |1+ %t] , (8b)
2(t) = 2o + [vo, +vecos(0)|t — $g17 — v, cos(h)-Z2.[1 + %-t]-ln |1+ 2] . (8¢)
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General Equations of Motion

It can be shown that by combining Egs. (7a) to (7c) with Egs.(8a) to (8c) the
time-intervals for each of the vector components are given by

My,

{W‘[vxo —vx(n)] = %0 _X(T")]}

= [V (r) = ve sin(6) sin(¢) | N
N [ Ee)

Ty = [vy(5,) = vesin(@) cos(¢)| N

T. = — {é'["’z(ﬂ:) + Ve COS(Q)] + %}

+ \/{é-[vz('rz) + v, cos(0)] + %}2 — %'{[Zo —z(r)| - =2 |ve, - vz(?})” : (9c¢)



Work-Energy Formulation

The initial and final energy states of the lunar lander during the approach
maneuver can be expressed as

E, = 3m,- Vo +2820] » (10a)

Ef=5(mo—my,)- [V} +2gzs] , (10b)

ra]—

where the horizontal velocities are set to zero on the landing, and the vertical velocity is
set to a small negative value v, at a final altitude zs , therefore

V(Z) = vzo +v§,,0 + vgo , (11a)

v’i =2 . (11b)
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Work-Energy Formulation

To achieve the desired final energy conditions at landing, most of the energy is
dissipated by the work done by the engine along the displacement vector Ar in the form

W, =F, -Ar. (12)

The second energy dissipation mechanism is due to the jettisoning of mass in
the form of fuel during time intervals of constant m in the form

E,.

[\JI'—

e[V +282] (13)

where the jettisoned fuel mass during the interval t with constant m is given by

m,, =—7T-m. (14)

Fl
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Work-Energy Formulation

The average square of the velocity v2 and average altitude displacement Z. in
Eq. (13) are calculated using the average integral functions

2 = %f div3 (1) (152)
0

7= %f drz(1) . (15b)
0
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Work-Energy Formulation

V2o = vy +2.v7 sin’(6) sin®(¢) — 2-vy, ve sin(#) sin(¢) By plugging in the velocities
+ Lo, sin(0) sin(¢)-2e.[1 4 2L 1] from Egs. (7a) through (7c) into Eq.
i e | (15a) and integrating along the
X 42.[vs, = ve sin(8) sin(g) | + ve sin(0) sin(¢)-In [1 + 2 7]} interval 7, the average square of the
cin [1 4 2] (16a) velocity components are obtained

V2 = vio +2.v2 sin?(6) cos?(¢) — 2.vy, Ve sin(0) cos(¢)

+ L., sin(f) cos(¢)-Z2.[1 + mﬂor]

X {2. [vyo — Ve sin(0) cos(gb)] + Ve sin(#) cos(¢)-In [1 + mﬂor]}

xIn|1+tr], (16b)

2

ot 2-v§ cos?(0) + 2.v_. v, cos(0)

Vi, =v
+gT-{%-gT — [vzo + %-ve COS(G)] + %-ve COS(Q)-%}

+ Ly, cos(8)-Z=.[1+ mﬂor]

X {g.[r - %] - 2'[Vzo + v, cos(@)] + v, cos(8)-In [1 4 %T]}

13

xIn[l+-27]. (16¢)
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Work-Energy Formulation

By also plugging in the altitude from Eqg. (8c) into Eq. (15b) and integrating
along the interval 7, the average altitude displacement is obtained in the form

7=2,+ %T-[VZO + %-ve COS(E))] — ég-rz

+hvecos(0)-Ze {1 - Lo [1 4 g2 [14 2 r]f (17a)

0

Therefore, the total energy dissipated by both the work done by the engine and
mass jettisoning is expressed as

E,~E;=W,+E,_ . (18)
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Work-Energy Formulation

To employ the work-energy approach to calculate an optimal trajectory, the
problem is first formulated in 2D because Ax = 0. Fig. 4 illustrates the formulation
between the horizontal and vertical directions

* The cross-range calculation is
performed by simply solving for
the yaw angle ¢ in Egs. (7a),
(8a), (9a), and (9b).

Fig. 4. 2D Approach Trajectory
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Work-Energy Formulation

Therefore, Eg. (18) is broken into the horizontal and vertical components in the form

0

Eo, ~Ef=F, AV +E,,, . (19a)

E,,—Ef, =F.-Az+E,, . (19b)
where

E,., =3, Vs (20a)

E,, =73mg [v’:+2g7]. (20b)
with

My, = —TyHl, (21a)

my, = —T;Hl. (21b)

16



Work-Energy Formulation

By combining and solving Egs. (7a) and (7b) together with Egs. (8a) and (8b), it
can be show that the solutions for the yaw angle ¢ along the trajectory to correct for the
cross-range are simply given by

[x(r) =0 ]~ Vag Tx | :Ty‘%'(l+%'7y)‘ln (1+%'7y)] }
7

|
= t - —
¢ = arctan 1 ST -

2 [ [x (1) =x0 1= vip 7|

~ arctan { — =0, (22a)
T;v[[y(r)—yo]—\fyo"fy_

¢ = arctan { [(xf—xo)——-‘;-(vx)c—vxo)] } . (22b)

)‘%‘(Vyf‘vyo)]
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Work-Energy Formulation

Set the initial yaw angle Mer, = 0,=0 For:r. <t
and fuel masses to zero -0 4 4
Fl, —
V2 = v_%o +22 5in?(6) cos?(¢) — 2.vy, v, sin(8) cos(¢)
+ L.y, sin(6) cos(¢)-Z2[1 + A= > 7| Calculate the l
X {2-[1}_\0 — v sin(@) cos(¢)| + v sin(8) cos(¢)-In [1 + el } jettisoned energlels _
A E,. =3Mg vy
xIn[1+2.7], ’ ’

Calculate the horizontal and

-1 2 =
V2, = p§0 +2.v2 cos?(0) + 2-v,, v, cos(6) EJerz - 2m;.-lz [ zt 28 Z] \ vertical thrust forces
+gf-{_%-gr = [vz, + 3vecos()] + Lv, cos(h) B } (E(,y — Ejety )

1 ng it y =
Fevecos(@ et ] Calculate the (Yf Y 0)
{g [T— T] -2 [ + Ve ws(H)] + v, cos(6)- ln[ RuN T]} fuel masses (E —E, —E )
. Oz Iz Jet,
xin [ 1+ 5kr] . Calculate the horizontal and vertical Mp, = —Tyn, Fr = (Z _ )
average square velocities and f ¢
=2+ 57|V, +3vecos(8)] - Lgr*  average vertical displacement My, =—T. .
N Calculate the optimal
+ £v, cos(f)-2e. {1 - L2+ %-T]z-ln [1+ m”—'or]} attitude and yaw
angles and
1 engine throttle
Rl B " ~ w2 [ [x(r) ~xo ] vy 7 |
.= {ﬁ'["z(n) +Ve COS(Q)] + %} Oop:. = tan (Fz-cos(cp)) ¢ = arctan {Ti-[[y(r_\-)—ya]—“ya-Ty] }
2 F <25°
N \/{é'[vz(rz) +vecos(6)] + %} a %'{[Zf’ - 2w = 5 [ve, - vZ(T:)]} Thret = F, -cos (ZH,, +1wgAr) = I
. 2 7, =081y

{% Vy, = Vy()] = [yo — _\‘(ry)]} Calculate the \ / : =
&l i i . - = L Yopt.” = .
: [vy(1,) = ve sin(6) cos(9) ] horlzo:.tal.and'vert'lcal tiv = Threr i, wy = kg, - 202L"%0) chD Z)a '_I'I_f::)e ?ltt
ener issipation times ) = . cMD = Po [
e P Calculate the mass-flow rate wg = kg, - wo,
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Work-Energy Formulation

Set the initial fuel My, = 0
masses to zero and Forit>t=>0
enters fixed time my, =0
Ty=T, =T
. tgalcul:te the_ Calculate the horizontal and
_ ) , _ jettisoned energies _ vertical thrust forces
viy=vy +2 v sin?(8) cos? () — 2.y, v, sin(6) cos(¢) — %m -Vz)
.Iety Fly / _
+ L.y, sin(0) cos(¢)-Z2.[1 + %r] | 5 \ Fo— (Eoy EJery )
Jer, = 5mHz-[v Z+2g-z] y =
X {2-[%” Ve sin(@) cos(¢)] + ve sin(@) cos(¢)-In [1 + 2= T]} (yf - yo)
xIn[1+ ] (Eo, —Ef. — E,,,_)
V2, = vga + 2.2 cos?(0) + 2v, v, cos(h) Calculate the FZ = (Z ;- Zo)
+g‘r‘{_—,|§.gr [Lm 5Ve COS(H)] L TVe C()g(é)) }:in } fuel masses ‘
+ e cos(6)- e[ 1 + Aor] Mpy, = —TyM, Calculate the optimal
attitude and yaw
{ |7 = B2] =2:[vz, +vecos(8)] +ve cos(6): In[l+ J} m = angles and
) F, — 7tz .
xIn[1+ 07 Calculate the horizontal and vertical engine throttle
average square velocities and . F, [(e-%0) =22 (1x, ~ve) |
F=z,+ %T'[Vz,, + 3, cos(é))] - %g.fz average vertical displacement 90,,,_ = tan (m) ¢= afCt‘dﬂ{ [(U N ) " L - ")] }
Z 4 4 B o ,i[ VY f Yo
+ 3V, cos(é))-%-{l — L1+ T] n [1+ 2 ]} - F. o] < 10°
hrel =
_ (Bopt.—bo) —
m = Tpre-m,,,, wg = kg, - 22— Ocmp = 6, + wg - At
wg =kg, - Wy Pcmp = Po T wg - At
Calculate the mass-flow rate
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GLASS Monte-Carlo (Apollo vs Work-Energy)

Horizontal Position at Touchdown Horizontal Position at Touchdown
Precision Constraint Precision Constraint
x Target x Target

Monte Carlo Monte Carlo

E E

C |

] [}

= =

i x &

[ [

- -

t t

i} ]

= =

East Position {(mi) East Position {(mi)

Fig. 11a. Apollo Guidance Fig. 11b. Work-Energy

(Fractional-Polynomial) Guidance 20
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Fig. 12a. Apollo Guidance
(Fractional-Polynomial)
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Fig. 12b. Work-Energy
Guidance
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GLASS Monte-Carlo (Apollo vs Work-Energy)

Velocity at Touchdown Velocity at Touchdown

— e locity Limits Velocity Limits
Monte Carlo Maonte Carlo

Vertical Velocity (mifs)
Vertical Welocity (mifs)
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Fig. 13a. Apollo Guidance Fig. 13b. Work-Energy

(Fractional-Polynomial) Guidance 22
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Set the initial fuel m

mass to zero and
throttle to optimal max.

maximum
Calculate the l

jettisoned energy

Calculate the vertical average square velocity Jefz — FI, z +2g8 Z]
and average vertical displacement
2, = V2 +2v; cos*(6) + 2., v cos(6) / \ Calculate the vertical thrust force
+gT {,, g7 — [vz, + 3vecos(8)] + L-v, cos(6)- B2 } - Eo, —Eg — EjetZ )
; - ; Calculate the Z (Zf o Zo)
o 11
+ 5-Ve c0s(6)-Z2- 1 + Z.7] fuel mass .
Mg, = —T;m

<z
m

X {g-[‘r— ﬂ] —2.[v + v, cos(0)] + v, cos(0)-In [1 + AL i ]}
xIn[1+ 2] .

1 3 |2 Calculate the optimal
%+ 47 [V, + 3 vec08(0)] - gpr divert attitude angle

+4vecos(0) e {1 - L2 14 2] hn 1+ 2 7]}

I
Il

Div. i F

Calculate the vertical energy
dissipation time

ol

- {%'[vz(rz) + Ve cos(())] + %}

+ \/{é-[vz(n) +vecos(6)] + 7;’}7 - ﬁ-{[za - 2(r)] - %[z, - v2(r)]]
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Work-Energy Fast Divert Space Determination

Divert Space Trajectory

y-Down-Range (m)

Altitude (m)

BNG —

x-Cross-Range (m)
Crs-Range (m)

Fig. 21. Divert Space Calculation

Down-Range (m)

25



Conclusions

Employing the Work-Energy formulation:

Allows a more intuitive physical understanding of the trajectory and the consequences of changes
due to perturbations and manual control.

Reduces the need of constant calculation of reference trajectories and optimization (trajectory is
optimized by the physics).

Allows fast real-time calculation and recalculation of guidance commands at any point along the
flight to achieve successfully the determined final state of the vehicle for landing.

Allows fast real-time determination of the physically possible divert space for alternate landing.
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