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The numerical integration of ordinary differential equations (ODEs) is common in trajectory
optimization. Previous studies have shown that the use of adaptive-step Runge-Kutta integration
schemes can introduce errors in the derivatives due to non-differentiable behavior within the
integration scheme itself. The authors previously demonstrated the use of an implicit adaptation
to the Runge-Kutta methods to mitigate this issue, but at a significant computational cost. In this
work, the authors demonstrate an explicit adaptation to the Runge-Kutta methods to address
the issue that does not incur a significant computational cost.

I. Introduction

Numerical integration of ODEs is a subject of interest in a number of fields, particularly in trajectory optimization,
whether as a stand-alone problem or embedded in a multidisciplinary optimization. Obtaining derivatives of the

output of such an integration is also of interest when application of gradient-based optimization is desired [1].
A variety of approaches to computing the derivatives have been put forth in the literature [2–6]. References [2, 3]

use a direct or a forward approach while references [4–6] use an adjoint or a reverse approach. In the direct approach,
the ODE is integrated and the derivatives are computed simultaneously. Whereas in the adjoint approach, the ODE is
integrated and then a backward propagation of the ODE is used to compute the derivatives.

Another distinguishing factor is whether the derivatives computed are that of the ODE being integrated or those
corresponding to the system that is numerically propagated. In the former approach, additional differential equations
are constructed to represent the flow of the derivatives, which are then numerically integrated. This represents a
"differentiate-then-discretize" approach and is used in [3–5]. The alternative approach to this, as presented in [2, 6],
is to treat the numerical integration of an ODE as a series of discrete processes and to compute the derivatives of
the numerical computation being performed, a "discretize-then-differentiate" approach. In [6], the author notes that
this approach is better for applications involving numerical optimizers or solvers since the derivatives are those of the
actual function being minimized or solved for. Whereas the differentiate-then-discretize approaches are better suited to
sensitivity analyses.

In a discretize-then-differentiate approach, the integration method used naturally has an impact on how the derivatives
are computed. In [3] it was shown that using a fixed-step integration method yields more accurate derivatives than using
an adaptive-step method. In [2], these authors identified the source of the error in adaptive-step computed derivatives as
the potential alternation between implicit and explicit behavior when computing the size of the time step. This error
was significantly reduced by enforcing purely implicit behavior when computing the time step size. However, doing
so caused a large increase in the computation time, thereby eliminating much of the benefit of using an adaptive-step
method.

In this paper, we will explore a different modification of adaptive-step to improve the accuracy of derivative
computation when using a direct discretize-then-differentiate approach. Additionally, we will summarize direct and
adjoint versions of the differentiate-then-discretize methods and compare these against the new approach proposed.

II. Theory

A. Numerical Integration of an ODE
Suppose we would like to integrate some ODE that provides the rates of change of the state variables ¤𝑥 as a function

of the current state 𝑥, the current time 𝑡, and some set of parameters 𝜃.
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¤𝑥 = 𝑓 (𝑥, 𝑡, 𝜃) (1)

where 𝑓 is the dynamics function. In the course of our analysis, we need to integrate this equation starting from some
initial time 𝑡0 for some duration of time 𝑡𝑑 ,

𝑥 𝑓 = 𝑥0 +
∫ 𝑡0+𝑡𝑑

𝑡0

𝑓 (𝑥, 𝑡, 𝜃) 𝑑𝑡 ≡ I(𝑧) (2)

where 𝑥 𝑓 is the final state and 𝑥0 is the initial state. Here we treat the integration of the ODE as a function I and all the
parameters of the integration function are packaged into some single array-valued argument 𝑧.

𝑧 =

[
𝑥 𝑡0 𝑡𝑑 𝜃

]𝑇
(3)

In many dynamical systems of interest an analytic solution is not known and 𝑥 𝑓 is obtained by numerically integrating
Eq. (1). There are a variety of options available for numerical integration schemes but in this paper we focus on
Runge-Kutta (RK) methods. RK methods are well known but the general form of such methods is detailed here for
completeness. For a fixed-step RK method, the equations of the step update are

𝑥𝑞 = 𝑥𝑞−1 + ℎ𝑞−1

𝑠∑︁
𝑖=0

𝑏𝑖𝑘𝑞𝑖 (4)

𝑡𝑞 = 𝑡𝑞−1 + ℎ𝑞−1 (5)

Where 𝑠, the number of stages, is a property of the specific RK method applied and 𝑘 , the state rate at each stage of the
given RK method, is computed as

𝑇𝑖 = 𝑡𝑞−1 + 𝑐𝑖ℎ𝑞−1 (6)

𝑋𝑖 = 𝑥𝑞−1 + ℎ𝑞−1

𝑖−1∑︁
𝑗=0
𝑎𝑖 𝑗 𝑘𝑞 𝑗 (7)

𝑘𝑞𝑖 = 𝑓 (𝑇𝑖 , 𝑋𝑖 , 𝜃) (8)

with 𝑇𝑖 and 𝑋𝑖 being the time and state respectively at the intermediate stages. For a fixed-step integration scheme, the
size of the time step, ℎ, is computed as

ℎ =
𝑡𝑑

𝑁
(9)

where 𝑁 is the pre-specified number of steps. The 𝑎, 𝑏, and 𝑐 terms are coefficients of the given the RK scheme. The
coefficients for any given RK scheme are often laid out in a Butcher tableau.

𝑐0 𝑎11 𝑎12 . . . 𝑎1𝑠

𝑐1 𝑎21 𝑎22 . . . 𝑎2𝑠
...

...
...

. . .
...

𝑐𝑠 𝑎𝑠1 𝑎𝑠2 . . . 𝑎𝑠𝑠

𝑏1 𝑏2 . . . 𝑏𝑠

(10)

Adaptive-step integration schemes seek to minimize the total number of time steps taken while ensuring the
accumulated error does not exceed some pre-specified tolerance, 𝜖𝑡𝑜𝑙 [7]. If the integration error for a given time step is
above the acceptable threshold, the step size is deemed too large and is rejected. Conversely, if the error is smaller than
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the tolerance, and the step size is increased for the next time step. This is done by computing the step using two methods,
one of order 𝑝 and one of order 𝑝 + 1, and the error is then computed as the difference between the two steps. In order to
achieve this, the Butcher Tableau is augmented with an additional coefficient, 𝑏∗, corresponding to the higher-order step

𝑐0 𝑎11 𝑎12 . . . 𝑎1𝑠

𝑐1 𝑎21 𝑎22 . . . 𝑎2𝑠
...

...
...

. . .
...

𝑐𝑠 𝑎𝑠1 𝑎𝑠2 . . . 𝑎𝑠𝑠

𝑏1 𝑏2 . . . 𝑏𝑠

𝑏∗1 𝑏∗2 . . . 𝑏∗𝑠

(11)

In addition, to the state computed in Eq. (4), an additional state, 𝑥∗ is computed as

𝑥∗𝑞 = 𝑥𝑞−1 + ℎ𝑞−1

𝑠∑︁
𝑖=0

𝑏∗𝑖 𝑘𝑞𝑖 (12)

and the error at the step, Δ is computed as the magnitude of the difference of Eq. (4) and Eq. (12)

Δ = ∥
𝑠∑︁
𝑖=0

(𝑏∗𝑖 − 𝑏𝑖)𝑘𝑞𝑖 ∥ (13)

In this paper, we use the equivalent expression

Δ =

√︂(
(𝑏∗ − 𝑏)𝑇 𝑘𝑞

)2
(14)

At each step, the computed error must be below some specified tolerance, 𝜖𝑡𝑜𝑙 . If the error is larger than the tolerance,
then the step is rejected. Regardless of whether the step is rejected, the step size is adjusted based on the error. The step
is updated heuristically based on the error and the tolerance. The update used here is

ℎ𝑞 = 0.84ℎ𝑞−1

( 𝜖𝑡𝑜𝑙
Δ

)1/4
(15)

If the computed step size causes the updated time to overshoot the specified final time, the step size is simply
re-computed as

ℎ𝑞 = 𝑡0 + 𝑡𝑑 − 𝑡𝑞−1 (16)

The integration is terminated when 𝑡𝑞 = 𝑡0 + 𝑡𝑑 .

B. Computing Derivatives Across Numerical Integration
We seek the derivatives of the final state vector, 𝑥 𝑓 and, in the case of time-varying systems, the final time, 𝑡 𝑓 , with

respect to the inputs, 𝑧. One approach to computing these derivatives is to propagate them alongside the propagation of
state, equivalent to the forward mode in algorithmic differentiation. This is the direct method. The other approach, akin
to reverse mode in algorithmic differentiation, is to propagate the ODE forward in time to compute the states and then
backward in time to compute the derivatives. This approach is also known as the adjoint method. Within each of these
approaches there are two further subsets of methods to compute derivatives across ODEs; differentiate-then-discretize
and discretize-then-differentiate.

In the direct method, using a differentiate-then-discretize approach yields the so-called variational equations. These
equations are then propagated in tandem with the states to obtain the derivatives with respect to the inputs [3, 8, 9]. In
astrodynamics applications, the derivative matrix of the final state with respect to the initial state is typically referred
to as the state transition matrix [10]. The discretize-then-differentiate approach was examined in [2]. Reference [3]
includes a brief treatment of the differences in the two approaches but does not fully capture the nuance associated with

3



computing derivatives when a time step is computed and then rejected. This is the subject of further examination in
II.B.2.

In the adjoint method, adjoint equations are derived for the dynamical system of interest. In a differentiate-then-
discretize approach, these equations are propagated backwards in time to obtain the desired derivatives [4]. In the
discretize-then-differentiate case, the adjoint equations are applied at each time step and the chain rule is used to obtain
the derivative of the final state with respect to the initial state [6].

In the following sections, we will outline the both of the direct methods of computing derivatives. In the case of the
direct discretize-then-differentiate method, we will describe a modification to the traditional RK integration scheme that
will greatly improve derivative accuracy. Additionally, we will also explore the differentiate-then-discretize version of
the adjoint method.

1. Direct Differentiate-then-Discretize
For an ODE given by Eq. (1) with inputs, 𝑧, we can construct an augmented dynamical system [11]


¤𝑥
¤𝑡0
¤𝑡𝑑
¤𝜃


=


𝑓 (𝑥, 𝑡, 𝜃)

0
0
0


= 𝐹 (𝑥, 𝑡, 𝜃) (17)

with the initial conditions [
𝑥0 𝑡0 𝑡𝑑 𝜃

]𝑇
(18)

This can be re-written as

¤𝑍 (𝑡) = 𝐹 (𝑍, 𝑡) , 𝑍 (𝑡0) = 𝑧 (19)

Following the procedure described in Eqs. (11)-(17) of [11], we can obtain equations of motion for the derivatives of the
state with respects to the inputs as

𝑑

𝑑 𝑡

[
𝑑 𝑥

𝑑 𝑧

]
=

[
𝜕 𝑓

𝜕 𝑍

] [
𝑑 𝑍

𝑑 𝑧

]
(20)

These equations may now be integrated numerically, In practice, this may be done in one of two ways. Firstly, they are
treated as a part of the state vector and used in the error minimization process described in II.A. This is the so-called
augmented state approach with 𝐹 being the augmented dynamics function. The alternative is to exclude these equations
from the iteration on the step size and only use the state vector when computing the error. In this paper we will only
consider the augmented state approach.

2. Direct Discretize-then-Differentiate
In the discretize-then-differentiate approach, we take the derivative of the discretized update equations Eq. (4),

Eq. (5), and Eq. (15) to obtain update equations for the derivatives of the final state with respect to the inputs.[
𝑑 𝑥𝑞

𝑑 𝑧

]
=

[
𝜕 𝑥𝑞

𝜕 𝑧

]
+
[
𝜕 𝑥𝑞

𝜕 𝑥𝑞−1

] [
𝑑 𝑥𝑞−1

𝑑 𝑧

]
+
[
𝜕 𝑥𝑞

𝜕 ℎ𝑞−1

] [
𝑑 ℎ𝑞−1

𝑑 𝑧

]
+

𝑠∑︁
𝑖=0

[
𝜕 𝑥𝑞

𝜕 𝑘𝑞𝑖

] [
𝑑 𝑘𝑞𝑖

𝑑 𝑧

]
(21)[

𝑑 𝑡𝑞

𝑑 𝑧

]
=

[
𝜕 𝑡𝑞

𝜕 𝑧

]
+
[
𝜕 𝑡𝑞

𝜕 𝑡𝑞−1

] [
𝑑 𝑡𝑞−1

𝑑 𝑧

]
+
[
𝜕 𝑡𝑞

𝜕 ℎ𝑞−1

] [
𝑑 ℎ𝑞−1

𝑑 𝑧

]
(22)[

𝑑 ℎ𝑞

𝑑 𝑧

]
=

[
𝜕 ℎ𝑞

𝜕 𝑧

]
+
[
𝜕 ℎ𝑞

𝜕 ℎ𝑞−1

] [
𝑑 ℎ𝑞−1

𝑑 𝑧

]
+
[
𝜕 ℎ𝑞

𝜕𝑘𝑞𝑖

] [
𝑑 𝑘𝑞𝑖

𝑑 𝑧

]
(23)

The detailed derivation for each of the values may be found in [2]. However, these update equations are insufficient. As
noted in [2], there is an error in these update equations stemming from steps that are rejected. That is, when the error
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is larger than allowed, the size of the time step is reduced, and the update is re-computed. When this rejection and
re-computation is performed at a given time step, the integrator is in essence attempting to converge the residual of a
series of implicit equations, exhibiting implicit behavior locally. When the step is not rejected, the integration process
is purely explicit at that given time step. This alternation of implicit and explicit behavior was found to be the cause
inaccuracies in the derivatives.

This framing is helpful in analyzing the problem when we think of adaptive-step methods as finding an ”optimal”
step size and motivated the solution proposed in [2]. An alternate framing of the problem is to view the numerical
integration equations Eq. (4), Eq. (5) and Eq. (15) as a discrete dynamical system. When viewed through this lens, we
can see there are time steps that are not captured when a step is rejected for being too large. Specifically, time steps
where the step size is zero are missing. A more accurate representation of Eq. (4), Eq. (5) and Eq. (15) is

𝑥𝑞 = 𝑥𝑞−1 + 𝐻 (𝜖 − Δ)ℎ𝑞−1

𝑠∑︁
𝑖=0

𝑏𝑖𝑘𝑞𝑖 (24)

𝑡𝑞 = 𝑡𝑞−1 + 𝐻 (𝜖 − Δ)ℎ𝑞−1 (25)

ℎ𝑞 = 0.84ℎ𝑞−1

( 𝜖
Δ

)1/4
(26)

where 𝐻 (.) is the heaviside step function

𝐻 (𝑥) =
{

0 for 𝑥 < 0
1 for 𝑥 ≥ 0

(27)

This modification captures the behavior of the ”zero” time steps. However, 𝐻 (𝑥) is not continuous. So, we instead use
the differentiable approximation

𝜂 =
1
2
+ 1

2
tanh

(
−𝐾 (Δ − 𝜖𝑡𝑜𝑙)

2

)
(28)

where 𝐾 is coefficient that determines the smoothness of the approximating curve. For this application where we are
attempting to mimic the behavior of step function, we may select arbitrarily large values for K. Replacing 𝐻 (𝑥) with
Eq. (28) in Eq. (24)-Eq. (25), we can obtain

𝑥𝑞 = 𝑥𝑞−1 + 𝜂ℎ𝑞−1

𝑠∑︁
𝑖=0

𝑏𝑖𝑘𝑞𝑖 (29)

𝑡𝑞 = 𝑡𝑞−1 + 𝜂ℎ𝑞−1 (30)

with the step size update unchanged. Differentiating these equations yields[
𝑑 𝑥𝑞

𝑑 𝑧

]
=

[
𝜕 𝑥𝑞

𝜕 𝑧

]
+
[
𝜕 𝑥𝑞

𝜕 𝑥𝑞−1

] [
𝑑 𝑥𝑞−1

𝑑 𝑧

]
+
[
𝜕 𝑥𝑞

𝜕 ℎ𝑞−1

] [
𝑑 ℎ𝑞−1

𝑑 𝑧

]
+
[
𝜕 𝑥𝑞

𝜕 𝜂

] [
𝑑 𝜂

𝑑 𝑧

]
+

𝑠∑︁
𝑖=0

[
𝜕 𝑥𝑞

𝜕 𝑘𝑞𝑖

] [
𝑑 𝑘𝑞𝑖

𝑑 𝑧

]
(31)[

𝑑 𝑡𝑞

𝑑 𝑧

]
=

[
𝜕 𝑡𝑞

𝜕 𝑧

]
+
[
𝜕 𝑡𝑞

𝜕 𝑡𝑞−1

] [
𝑑 𝑡𝑞−1

𝑑 𝑧

]
+
[
𝜕 𝑡𝑞

𝜕 𝜂

] [
𝑑 𝜂

𝑑 𝑧

]
+
[
𝜕 𝑡𝑞

𝜕 ℎ𝑞−1

] [
𝑑 ℎ𝑞−1

𝑑 𝑧

]
(32)

These equations may be propagated alongside the state vector. Unlike in the differentiate-then-discretize approach, these
update equations never need to be included in the error minimization process.

The derivatives computed in this, the discretize-then-differentiate approach, take into consideration derivatives of
the numerical integration process itself. As such, the derivatives computed in this approach will differ from those
computed when following the differentiate-then-discretize. As pointed out in [6], the derivatives of the discretized
process are a more accurate representation of the derivatives of the numerically integrated state since they capture the
exact operations performed to obtain that final state. The derivatives obtained from propagating differentiated equations
will more accurately capture the sensitivities of the analytical ODE solution.
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3. Adjoint Method
The adjoint method to computing derivatives detailed here is the differentiate-then-discretize approach, also known

as a continuous adjoint or the adjoint sensitivity method[12]. We take the ODE given by Eq. (1) and then define the
adjoint states

𝛼(𝑡) = 𝑑 𝐽1
𝑑 𝑍 (𝑡) (33)

𝛽(𝑡) = 𝑑 𝐽2
𝑑 𝑍 (𝑡) (34)

Here 𝛼 and 𝛽 are the adjoints corresponding to the state and time and 𝑍 (𝑡) is the augmented state defined in Eq. (19).
The functions 𝐽1 and 𝐽2 typically represent cost functions that are to be minimized but in this case are the outputs we
seek the derivatives of. So

𝐽1 = 𝑥(𝑡 𝑓 ) (35)
𝐽2 = 𝑡 𝑓 (36)

These adjoints in turn have the equations of motion

𝑑 𝛼

𝑑 𝑡
= −𝛼(𝑡) 𝜕 𝐹 (𝑍, 𝑡)

𝜕 𝑍 (𝑡) (37)

𝑑 𝛽

𝑑 𝑡
= −𝛽(𝑡) 𝜕 𝐹 (𝑍, 𝑡)

𝜕 𝑍 (𝑡) (38)

where 𝐹 (𝑍, 𝑡) is the rate of change of the augmented state. From Eq. (33) and Eq. (35), we can see it is trivial to
compute the values of 𝛼 at 𝑡 𝑓 once the original ODE is integrated. We can also note that this value at 𝑡0 corresponds to
the desired derivatives with respect to the state. With this information we can determine the outputs and their derivatives
with respect to the inputs.

The first step is to integrate the ODE given by Eq. (1) forward in time to determine 𝑥 𝑓 and 𝑡 𝑓 . Next, we use these
outputs to compute the values of 𝛼(𝑡 𝑓 ) and 𝛽(𝑡 𝑓 ). We then integrate the adjoint ODEs Eq. (37) and Eq. (38) backwards
in time, that is, starting at 𝑡 𝑓 and ending at 𝑡0 to determine 𝛼(𝑡0) and 𝛽(𝑡0). From Eq. (19), Eq. (33), and Eq. (35) we
can show that

𝛼(𝑡0) =
𝑑 𝑥 𝑓

𝑑 𝑧
(39)

Similarly,

𝛽(𝑡0) =
𝑑 𝑡 𝑓

𝑑 𝑧
(40)

The integration forward and backward in time may be performed using either the equation set of Eq. (4), Eq. (5),
and Eq. (15) or Eq. (24), Eq. (25), and Eq. (26). Both methods yield the same results. In the test cases presented the
modified algorithm presented in II.B.2 is used for the integration.

III. Applications
In order to demonstrate the advantages of the discretize-then-differentiate approach presented in II.B.2, we will

examine two test cases. The first test problem will study the propagation of a spacecraft under the two-body model.
This example, while simple, presents a motivating case for the use of adaptive-step integration. The second is the
well-known van der Pol oscillator. As we will see, the dynamics of the van der Pol oscillator present a challenge for
certain methods and represents a stressing case. In both problems, the derivatives will be propagated in the direct
differentiate-then-discretize approach as described in II.B.1, the direct discretize-then-differentiate approach proposed
in II.B.2, and the adjoint approach described in II.B.3 . The accuracy of the derivatives will be evaluated by comparing
against derivatives obtained via complex-step differentiation (CSD) [13] and by using the line search application as
shown in [3]. To briefly summarize the line search application, a trajectory with some initial state 𝑥0 is propagated to
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obtain some final state 𝑥 𝑓 ,0 and the derivatives of 𝑥 𝑓 ,0 with respect to the inputs. Then, a perturbation 𝛿𝑧 is applied to
the inputs and the trajectory is re-propagated to obtain the final state 𝑥 𝑓 ,actual. This same final state is approximated
using the derivatives from the initial propagation as

𝑥 𝑓 ,expected = 𝑥 𝑓 ,0 +
[
𝑑𝑥 𝑓 ,0

𝑑𝑧

]
𝛿𝑧 (41)

The error is computed as the magnitude of the relative error in the final states:

error =
|𝑥 𝑓 ,expected − 𝑥 𝑓 ,actual |

|𝑥 𝑓 ,actual |
(42)

All propagations are performed using a Runge-Kutta-Fehlberg integrator with order 7 and embedded order 8(RK78).
The integration tolerance, 𝜖𝑡𝑜𝑙 , used is 10−9. For the direct discretize-then-differentiate integration, the steepness factor,
𝐾 , for the heaviside approximation in Eq. (28) is 1015.

A. Orbit Propagation
The test case examined here is the propagation of a two-dimensional orbit under the two-body gravity model. The

equations of motion are [
¤𝑟𝑥 ¤𝑟𝑦 ¤𝑣𝑥 ¤𝑣𝑦

]
=

[
𝑣𝑥 𝑣𝑦 − 𝜇

(𝑟2
𝑥+𝑟2

𝑦 )3/2 𝑟𝑥 − 𝜇

(𝑟2
𝑥+𝑟2

𝑦 )3/2 𝑟𝑦

]
(43)

The initial conditions for the integration in normalized Length Units (LU) and Time Units (TU) are:[
𝑟𝑥0 𝑟𝑦0 𝑣𝑥0 𝑣𝑦0

]
=

[
1 − 𝑒 0 0

√︃
1+𝑒
1−𝑒

]
(44)

where 𝑒 is the eccentricity of the orbit. For this test case, 𝑒 = 0.8 and the period of the orbit is 2𝜋. The standard
gravitational parameter is 𝜇 = 1 LU3/TU2. The orbit is propagated for a duration 𝑡𝑑 = 2𝑛𝜋 where 𝑛 is the number of
revolutions. Different values of 𝑛 are used and the impact of extended propagation on the derivatives is examined.
For brevity, only the derivatives with respect to the initial state are shown here. The derivatives with respect to 𝑡0 are
identically zero since this is a time invariant system and, as shown in [2], the derivatives of 𝑡𝑑 and 𝜇 largely follow the
same trends as the derivatives with respect to the the initial state.

As a result of the integration, the derivatives with respect to the states are computed. In Fig. 1, we can see the
accuracy of the predicted state using the line search application and in Fig. 2, we see the accuracy of the propagated
derivatives when compared to those computed using CSD. In both instances, we find that the differentiate-then-discretize
approach is less accurate than the discretize-then-differentiate approach. This appears to indicate that the modifications
to the adaptive-step algorithm were successful in mitigating the issues in the traditional method.

The results obtained from the adjoint method showcase an interesting phenomenon. The derivatives are accurate
to a similar order as the direct discretize-then-differentiate method when using the line search error as the evaluation
metric but the error is substantially larger when using CSD as the criterion. This appears to indicate that there is
path-dependent behavior in the integration process that is captured by CSD but not by the analytical adjoint equations.
Ultimately, from the perspective of a numerical solver or optimizer, the line-search error is the most important metric
and from that perspective the adjoint method computes accurate derivatives. It is more likely the CSD is providing
erroneous derivatives but further study is warranted.

In addition to accuracy, run time is an important consideration. A previous study proposed a solution to the
inaccuracy of derivative computation but did so at the cost of a significantly increased run time [2]. This is obviously
undesirable as it eliminates a major advantage of using adaptive-step integration, improved run time due to the smaller
amount of time steps taken. To examine the performance of different methods of propagation, we compare them to a
simple state-only integration. Fig. 3 shows the computation time for each of the three methods normalized by the time
taken to integrate the ODE without propagating the derivatives. This allows us to examine the additional computational
cost associated with the each of the approaches. We can see that the proposed discretize-then-differentiate method
outperforms the other two methods. This is as we would expect since this new method does not include the derivatives in
the error computation process and can therefore take fewer time steps and achieve the same integration accuracy. We may
also note that the adjoint method is significantly slower than both of the direct methods. The adjoint method suffers from
two setbacks. First, the propagation must be performed twice, once forward and once backward. Second, the reverse
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Fig. 1 Error in the final state computed using the line search application - orbit propagation

propagation consists of both the state and the adjoints meaning that more time steps must be taken to remain under
the error tolerance. So while the adjoint method achieves the same accuracy as the direct discretize-then-differentiate
method, it does so at a significant cost in compute time.

B. Van der Pol Oscillator
The van der Pol oscillator is a dynamical system that obeys the ODE

¥𝑥 + 𝑥 = 𝜇 (1 − 𝑥2) ¤𝑥 (45)

where 𝜇 is a constant parameter. This equation is put into state space form to obtain the system of equations

¤𝑥 = 𝑦 (46)

¤𝑦 = −𝑥 + 𝜇 (1 − 𝑥2) 𝑦 (47)

The van der Pol oscillator will eventually settle into a periodic motion regardless of initial conditions [14]. This can
be visualized by integrating the ODEs forward in time with two differing initial conditions[

𝑥0 𝑦0

]
=

[
0.5 1.0

]
,

[
−1.0 4.0

]
(48)

This propagation is performed for a duration 15 s. The resulting phase space diagram Fig. 4 shows the convergence of
both initial conditions to the periodic solution.

To illustrate the challenge of computing derivatives for this ODE, we will use the first of the two initial conditions
listed and integrate for different durations. For each duration, we will apply the line search technique for a perturbation
𝛿𝑧 of 10−9. The results can be seen in Fig. 5.

We initially observe a similar trend in the results as in the orbit propagation problem, the direct differentiate-then-
discretize method yields the least accurate derivatives while the adjoint and the direct discretize-then-differentiate
method are at a similar accuracy. However, at a certain point the inaccuracy of the adjoint derivatives spikes and we no
longer obtain useful results. This is the reason those data points are missing from Fig. 5, they are so inaccurate as to not
be useful. This is due to the nature of the dynamics in the van der Pol oscillator. The dynamics converge to a limit cycle
and remain in that periodic motion but when propagating backward it is not always possible to recover the exact path
that forward integration follows. Even extremely small errors cause the forward and backward trajectories to diverge.
Fig. 6 shows one such case. Similar issues have previously been noted in other works [15] and have been addressed
using check-pointing. Consideration of such mitigation strategies is beyond the scope of this work.
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Fig. 2 Error in the derivatives compared to complex-step differentiation - orbit propagation

Fig. 3 Normalized compute times - orbit propagation
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Fig. 4 Van der Pol oscillator trajectories in phase space given different initial conditions

Fig. 5 Error in the final state computing using the line search application - van der Pol oscillator
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Fig. 6 Van der Pol oscillator trajectory divergence when integrating forward and backward

IV. Conclusion
In this work we have demonstrated a new method for integrating ODEs and accurately computing the derivatives

of their outputs. We built upon previous work that mitigated this issue and developed approach this is both fast and
accurate. This new approach eliminates the issue of inaccurate derivatives when using traditional adaptive-step methods
to integrate ODEs. It eliminates the alternating implicit and explicit behavior found in the traditional approach by forcing
purely explicit behavior. By forcing explicit behavior, the new approach is able to compute highly accurate derivatives
without an accompanying increase in compute times and it is able to do so for sensitive and chaotic systems. Applying
this approach should significantly improve the quality of derivatives obtained when integrating ODEs, enabling for
better and faster trajectory optimization when using gradient-based solvers and optimizers.
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