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This paper presents an analytical flight dynamic model development method for a multi-
rotor eVTOL aircraft in hover and transition flight. The method captures the analytical
stability and control sensitivities of rotor unsteady aerodynamic loads about a trim solution
generated by a rotorcraft aeromechanics comprehensive analysis tool. The rotor aerody-
namic forces include circulatory and non-circulatory components to account for unsteady
aerodynamics. The circulatory forces are corrected for unsteady aerodynamics using the
time-domain approximation of Theodorsen’s function. The integrated flight dynamic model
includes the rigid-body aircraft flight dynamics, inflow dynamics, unsteady aerodynamics,
and blade pitch and rotor actuator dynamics. Stability analyses shows that the Lift+Cruise
aircraft is statically unstable in roll and yaw axes and also dynamically unstable in hover.
Closed-loop feedback control is necessary for stable hover flight.

I. Introduction

The flight dynamic motion of a rotorcraft is generally much more complex than that for a fixed-wing
aircraft. The complex flight physics of a rotorcraft is difficult to predict precisely. The complex unsteady
flow and unsteady wake interactions between rotors and airframe makes the flight dynamic modeling of
eVTOL a particularly challenging task. Flight control system design for rotorcraft still largely depend on
experimentally-derived flight dynamic modeling using system identification flight experiments. With the
emerging Advanced Air Mobility (AAM), there exist a plethora of multi-rotor eVTOL aircraft designs with
highly complex aerodynamic configurations. These complex configurations pose significant challenges in
stability and control of AAM aircraft. Due to the need for computational efficiency, flight dynamic modeling
of eVTOL aircraft still depends on relatively lower fidelity tools such as unsteady vortex lattice method
which cannot capture complex unsteady flow fields with viscous dissipation generated by rotor wakes. CFD
methods have been coupled to rotorcraft comprehensive analysis tools such as CAMRAD II9 for use in
analyzing rotorcraft dynamics, but the computational cost is quite high which limits the broad applicability
of these high-fidelity tools in conceptual flight dynamic analysis.

In the current practice, general nonlinear flight dynamic models of eVTOL aircraft are generated by rotor-
craft comprehensive analysis tools such as CAMRAD II,10 CHARM,3 and FLIGHTLAB.4 These rotorcraft
tools are widely used in rotorcraft community. Linearized flight dynamic models are usually extracted from
nonlinear models created by rotorcraft comprehensive analysis tools using system identification techniques or
numerical differentiation for linearization. Due to nonlinearity, traditional system identification techniques
using sinusoidal inputs results in signal distortion which could result in inaccurate identified models.

In this work, we present a general method for estimating the analytical stability and control derivatives for
a multi-rotor eVTOL aircraft which can be applied to trim solutions obtained from rotorcraft comprehensive
analysis tools. The method affords a computationally efficient process for evaluation of the analytical stability
and control derivatives and flight dynamic model development for eVTOL aircraft. A numerical tool has
been developed to be used in conjunction with CHARM to automate the process of creating a linear flight
dynamic model. The tool is applied to the NASA Lift-Plus-Cruise eVTOL aircraft5 in hover and transition
flight.
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II. Analytical Flight Dynamic Model Development

In this section, a flight dynamic analysis is performed to develop the analytical stability and control
derivatives of an eVTOL aircraft in hover and transition flights. For the analysis purpose, the NASA
Lift-Plus-Cruise (LPC) eVTOL aircraft is used.5 The development assumes a small perturbation about a
nonlinear trim equilibrium solution which is obtained by a trim analysis provided by CHARM which is chosen
as the rotorcraft comprehensive analysis tool in this work. Complex unsteady wake interactions between the
rotors and fixed-wing airframe are neglected in the present analysis due to the lack of fidelity in the wake
models employed by CHARM.

A. Reference Frames

The various reference frames of the LPC vehicle are shown in Figure 1. We assume a rigid blade system
with no flapping motion in the present analysis, but this assumption will be relaxed in future work.

Figure 1. Lift+Cruise Vehicle Reference Frames
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(a) Wing Reference Frame (b) Aircraft Reference Frame

(c) Counterclockwise Rotor 5 Reference Frame (d) Counterclockwise Blade Reference Frame

(e) Clockwise Rotor 3 Reference Frame (f) Clockwise Blade Reference Frame

Figure 2. Wing, Aircraft, Rotor, and Blade Reference Frames

The wing has a negative dihedral angle −Γ and a positive sweep angle Λ. The wing elastic reference frame
is defined by (xw, yw, zw). The reference frame defined by (x′, y′, z′) is obtained by a rotating (xw, yw, zw)
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about xw = x′ by −Γ where Γ is a negative value. This is shown in Figure 2(a). The negative value indicates
that the dihedral angle is negative or equivalently a positive anhedral angle. Thus, i′

j′

k′

 =

 1 0 0

0 cos Γ − sin Γ

0 sin Γ cos Γ


 iw

jw

kw

 (1)

where i′, j′, and k′ are unit vectors along the x’-axis, y′-axis, and z′-axis, respectively.
The z′-axis points in the upward vertical direction in the direction opposite to the aircraft za-axis.

Referring to Figure 2(b), the (x′, y′, z′) reference frame is related to the aircraft reference frame defined by
(xa, ya, za) as  i′

j′

k′

 =

 − cosΛ − sinΛ 0

− sinΛ cosΛ 0

0 0 −1


 ia

ja

ka

 (2)

There are eight lift rotors on the Lift+Cruise vehicles, numbered 1 through 8. Rotors 1, 4, 5, and 8 are
rotating in the counterclockwise (CCW) direction as viewed from the top of Figure 1. Rotors 2, 3, 6, and 7
are rotating in the clockwise (CW) direction. The rotors are canted by an angle ηi in the ya-za plane where
the positive angle is about the xr-axis. Referring to Figures 2(c) and (e), the CCW and CW rotor reference
frames defined by (xri , yri , zri) are related to the aircraft reference frame (xa, ya, za) by iri

jri
kri

 =

 −1 0 0

0 cos ηi − sin ηi

0 − sin ηi − cos ηi


 ia

ja

ka

 (3)

Referring to Figures 2(d) and (f), the CCW blade reference frames is defined by (xbi , ybi , zbi), i = 1, 4, 5, 8,
where the blade pitch axis is aligned with the ybi -axis. The CW blade reference frames is defined by
(xbi , ybi , zbi), i = 2, 3, 6, 7, where the blade pitch axis is aligned with the ybi-axis. The CCW and CW
rotations are defined by the angle Ψi where the positive angle is about the zbi-axis .The CCW and CW
blade reference frames (xbi , ybi , zbi) are related to the rotor reference frames (xri , yri , zri) by ibi

jbi
kbi

 =

 sinΨi ∓ cosΨi 0

cosΨi ± sinΨi 0

0 0 ±1


 iri

jri
kri

 (4)

where the upper sign corresponds to the CCW blade reference frame.
The rotor support reference frames are defined by (xsi , ysi , zsi), i = 1, 2, 3, 4 in the same orientation as

the aircraft reference frame (xa, ya, za). Therefore, isi
jsi
ksi

 =

 1 0 0

0 1 0

0 0 1


 ia

ja

ka

 (5)

The aircraft body station, buttline station, and waterline station are defined by the global reference frame
(x, y, z) as shown in Figure 1. The global reference frame (x, y, z) is related to the aircraft reference frame
(xa, ya, za) as  i

j

k

 =

 −1 0 0

0 1 0

0 0 −1


 ia

ja

ka

 (6)

The aircraft center of gravity (CG) is located at (xcg, ycg, zcg) in the global reference frame (x, y, z).
The origin of the wing elastic reference frame is located at (xw0

, yw0
, zw0

) relative to the CG location with
respect to the global reference frame (x, y, z). The origins of the rotor support reference frames are located
at (xsi0 , ysi0 , zsi0) relative to the CG location with respect to the global reference frame (x, y, z). The origins
of the rotor and blade reference frames are located at (xri0 , yri0 , zri0) relative to the CG location with respect
to the global reference frame (x, y, z).
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B. Air Velocity and Acceleration

The lift forces are created by the air velocity and air acceleration due to the motion of the aircraft and
the rotors. The circulatory lift force on an airfoil due to circulation is created by the downwash at the
three-quarter chord collocation point. The non-circulatory lift force due to the inertial acceleration of the
air is also accounted in the model.

1. Air Velocity Analysis

The air velocity on a rigid blade section is computed by a coordinate transformation from the global reference
frame (x, y, z) to the blade reference frames (xbi , ybi , zbi) as

vbi = v̄bi + vri (7)

where v̄bi is the air velocity due to the aircraft motion and vri is the relative air velocity due to the blade
motion in the rotor reference frame. These air velocities are given by

v̄bi = v + ω × (rri +∆rbi) (8)
vri = vi + ωbi ×∆rbi (9)

where

• v = −uia − vja − wka = ui− vj+ wk is the air velocity opposite to the aircraft velocity,

• ω = −pia− qja− rka = pi− qj+ rk is the air angular velocity opposite to the aircraft angular velocity,

• vi = −vpi
kri is the inflow velocity normal to the rotor plane,

• ωbi = ∓θ̇bijbi −Ωikbi is the air angular velocity on the rotor blades opposite to the rotor blade angular
velocity,

• θ̇bijbi is the blade pitch velocity about the blade pitch axis,

• Ωikbi is the blade angular velocity,

• rri is a position vector from the aircraft CG to the origin of a rotor reference frame, and

• ∆rbi is a position vector from the origin of a rotor reference frame to a point on a blade section.

The airfoil coordinate is defined along the blade chord direction, pointing from the leading edge ξ at ξ = 0
to the trailing edge at ξ = cb. The velocity at the collocation point at the three-quarter chord establishes
the equivalent lift circulation. Thus, the position vectors are given by

rri = ∆xri0 i+∆yri0j+∆zri0k (10)
∆rbi = (ξ − ξe) ibi + r′jbi (11)

where

• (∆xri0 ,∆yri0 ,∆zri0) = (xri0 − xcg, yri0 − ycg, zri0 − zcg) is the coordinate of the origin of the rotor i-th
reference frame relative to the aircraft CG,

• ξ is the blade chord coordinate from 0 at the leading edge to cb at the trailing edge,

• ξe is the location of the pitch center, and

• r′ is the blade radial station.

The air velocity due to the aircraft motion is obtained in the blade reference frame (xbi , ybi , zri) as

v̄bi = v̄xbi
ibi + v̄ybi

jbi + v̄zbikbi (12)
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where

v̄xbi
=(u− q∆zri0 − r∆yri0) sinΨi ± (v + p∆zri0 − r∆xri0) cos ηi cosΨi

∓ (w + p∆yri0 + q∆xri0) sin ηi cosΨi ∓ qr′ sin η∗i ∓ rr′ cos ηi (13)
v̄ybi

=(u− q∆zri0 − r∆yri0) cosΨi ∓ (v + p∆zri0 − r∆xri0) cos ηi sinΨi

± (w + p∆yri0 + q∆xri0) sin ηi sinΨi ± q (ξ − ξe) sin ηi ± r (ξ − ξe) cos ηi (14)
v̄zbi =± (v + p∆zri0 − r∆xri0) sin ηi ± (w + p∆yri0 + q∆xri0) cos ηi

− p [(ξ − ξe) cosΨi − r′ sinΨi]± (q cos ηi − r sin ηi) [(ξ − ξe) sinΨi + r′ cosΨi] (15)

The relative air velocity due to the blade motion is

vri = Ωir
′ibi − Ωi (ξ − ξe) jbi ∓

[
vpi − θ̇bi (ξ − ξe)

]
kbi (16)

The tangential, radial, and normal airspeeds on a rotor blade section are obtained Vt (r
′, ξ, t)

Vr (r
′, ξ, t)

Vz (r
′, ξ, t)

 =

 v̄xbi
+Ωir

′

v̄ybi
− Ωi (ξ − ξe)

±v̄zbi − vpi
+ θ̇bi (ξ − ξe)

 (17)

The inflow velocity is prescribed by6

vpi = v0,pi + vs,pi

r′

R
sinΨi + vc,pi

r′

R
cosΨi (18)

The Pitt-Peters three-state dynamic inflow model is used to describe the inflow velocity7

Mpi
v̇pi

= −L−1
pi

vpi

RΩ
+Cpi

(19)

where vpi
=
[
v0,pi

vs,pi
vc,pi

]⊤
, Cpi

=
[
CTri

Clri
Cmri

]⊤
, Mpi

= 1
RΩ2

i
diag

([
8
3π − 16

45π

− 16
45π

])
is the apparent mass matrix, and Lpi

=
R2Ω2

i

v̄pi
diag

([
1
2 −1 −1

])
for hover and Lpi

=

R2Ω2
i

V

 64
75π 0 − 1

2

0 64
45π 0

2
5 0 0

 is the reciprocal of the sensitivity matrix. The thrust and moment coefficients

are defined as

CTri
=

Tri
ρ∞πR4Ω2

i

(20)

Clri
=

lri
ρ∞πR5Ω2

i

(21)

Cmri
=

mri

ρ∞πR5Ω2
i

(22)

2. Air Acceleration Analysis

The air acceleration creates inertial forces, also called non-circulatory forces. The air acceleration is computed
as

abi =

(
dvbi

dt

)
bi

+ (ω + ωbi)× vbi (23)

where
(

d
dt

)
bi

denotes differentiation with respect to the blade reference frame.
We are interested in the vertical acceleration component in the rotor thrust kri-direction which contributes

to the non-circulatory force. It is given by

azbi =± ˙̄vzbi −
[
v̇pi − θ̈bi (ξ − ξe)

]
± (p sinΨi ± q cos ηi cosΨi ∓ r sin ηi cosΨi)

[
v̄ybi

− Ωi (ξ − ξe)
]

∓
(
p cosΨi ∓ q cos ηi sinΨi ± r sin ηi sinΨi ∓ θ̇bi

)(
v̄xbi

+Ωir
′
)

(24)

6 of 28

American Institute of Aeronautics and Astronautics



C. Unsteady Aerodynamic Forces

The unsteady aerodynamic forces comprise forces due to lift circulation, also called circulatory forces, and
non-circulatory forces which are inertial reaction forces exerted by the air.

1. Circulatory Lift Analysis

The air velocity vb

(
r′, 3cb4 , t

)
at the three quarter-chord location is obtained by letting ξ−ξe = 3cb

4 −ξe = ecb
where ecb is the distance between the three-quarter-chord and the pitch axis, positive when the three quarter-
chord location is aft of the pitch axis.

The blade angle of attack is defined as

αbi

(
r′,

3cb
4
, t

)
= tan−1 Vz

(
r′, 3cb4 , t

)
Vt
(
r′, 3cb4 , t

) (25)

The circulatory lift is given by
dlc,bi
dΨi

= cl
1

2
ρ∞V

2 (r′, ξe, t) cb (26)

where cb (r′) is the blade chord.
The lift coefficient is given by

cl = cl0 + clαα+ clα2α
2 (27)

where α is the angle of attack on a blade section which is defined as

α = θbi (r
′, t) + αbi

(
r′,

3cb
4
, t

)
(28)

The blade pitch angle is given by

θbi (r
′, t) = θ̄bi (r

′) + θ̃bi (r
′,Ψ, t) (29)

where θ̃bi (r′, t) is the blade pitch control input which can be expressed as

θ̃bi =

N∑
n=0

θsi,n sinnΩt+ θci,n cosnΩt (30)

The circulatory drag is modeled as

ddc,bi
dΨi

= cd
1

2
ρ∞V

2 (r′, ξe, t) cb (31)

where the drag coefficient cd is given by

cd = cd0
+ cdα

α+ cdα2α
2 (32)

The circulatory force on a blade section in the blade reference frame is expressed as

fc,bi =
dfxc,bi

dΨi
ibi +

dfzc,ri
dΨi

kri (33)

where

dfxc,bi

dΨi
= −dlc,bi

dΨi
sinαbi +

ddc,bi
dΨi

cosαbi (34)

dfzc,ri
dΨi

=
dlc,bi
dΨi

cosαbi +
ddc,bi
dΨi

sinαbi (35)

The circulatory force on a blade section in the aircraft reference frame is

fc,bi =
dfxc,ai

dΨi
ia +

dfyc,ai

dΨi
ja +

dfzc,ai

dΨi
ka (36)
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where

dfxc,ai

dΨi
= −

dfxc,bi

dΨi
sinΨi (37)

dfyc,ai

dΨi
= ∓

dfxc,bi

dΨi
cos ηi cosΨi −

dfzc,bi
dΨi

sin ηi (38)

dfzc,ai

dΨi
= ±

dfxc,bi

dΨi
sin ηi cosΨi −

dfzc,bi
dΨi

cos ηi (39)

The circulatory force on a blade section in the rotor reference frame is

fc,bi =
dfxc,ri

dΨi
iri +

dfyc,ri

dΨi
jri +

dfzc,ri
dΨi

kri (40)

where

dfxc,ri

dΨi
=
dfxc,bi

dΨi
sinΨi (41)

dfyc,ri

dΨi
= ∓

dfxc,bi

dΨi
cosΨi (42)

dfzc,ri
dΨi

=
dfzc,bi
dΨi

(43)

The circulatory rotor thrust force in the rotor reference frame is

d2Tc,ri
dr′dΨi

=
dfzc,ri
dΨi

=
dlc,bi
dΨi

cosαbi +
ddc,bi
dΨi

sinαbi (44)

The position vector of the quarter-chord point on a blade from the origin of the rotor reference frame is
expressed as

∆rbi

(cb
4

)
=r′jbi − ebibi (45)

where eb = ξe − cb
4 is the offset between the blade elastic center and the aerodynamic center at the quarter-

chord location.
The circulatory rotor moment about the origin of the i-th rotor reference frame is

Mc,ri =
1

2π

∫ R

Ri

∫ 2π

0

∆rbi

(cb
4

)
× fc,bidΨidr

′ = −lc,ri iri +mc,rijri −Qc,rikri (46)

where

lc,ri = ∓Nb

2π

∫ R

Ri

∫ 2π

0

(r′ sinΨi + eb cosΨi)
dfzc,bi
dΨi

dΨidr
′ (47)

mc,ri = −Nb

2π

∫ R

Ri

∫ 2π

0

(r′ cosΨi − eb sinΨi)
dfzc,bi
dΨi

dΨidr
′ (48)

Qc,ri = ±Nb

2π

∫ R

Ri

∫ 2π

0

r′
dfxc,bi

dΨi
dΨidr

′ (49)

with Nb = 2 is the number of blades.
Note that the negative sign in front of the rolling moment lc,ri and yawing moment or rotor torque Qc,ri

reflects the sign convention in flight dynamics where the positive rolling moment points forward and positive
yawing moment points down.

The circulatory rotor force acting on the aircraft due to the i-th rotor is obtained as

Fc,ai
= Xc,ai

ia + Yc,ai
ja + Zc,ai

ka (50)
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where

Xc,ai
=
Nb

2π

∫ R

Ri

∫ 2π

0

dfxc,ai

dΨi
dΨidr

′ (51)

Yc,ai =
Nb

2π

∫ R

Ri

∫ 2π

0

dfyc,ai

dΨi
dΨidr

′ (52)

Zc,ai
=
Nb

2π

∫ R

Ri

∫ 2π

0

dfzc,ai

dΨi
dΨidr

′ (53)

The circulatory rotor moment about the aircraft CG due to the i-th rotor is obtained as

Mc,ai = Mc,ri + rri × Fc,ri = lc,ai ia +mc,aija + nc,aika (54)

where

lc,ai
=lc,ri + Yc,ai

∆zri0 + Zc,ai
∆yri0 (55)

mc,ai
=mc,ri cos ηi +Qc,ri sin ηi −Xc,ai

∆zri0 + Zc,ai
∆xri0 (56)

nc,ai
=−mc,ri sin ηi +Qc,ri cos ηi −Xc,ai

∆yri0 − Yc,ai
∆xri0 (57)

2. Non-Circulatory Lift Analysis

Theodorsen’s unsteady aerodynamic theory for an oscillating airfoil in pitch and plunge provides the non-
circulatory forces and moments as functions of the air acceleration.8 In this work, we extend the Theodorsen’s
theory to account for a general blade motion. The air vertical acceleration component can be expressed as

azbi (r
′, ξ, t) = az0,bi (r

′, t) + aξ (r
′, t) (ξ − ξe) (58)

The time derivative of the velocity potential due to the air acceleration according to Theodorsen’s theory
is given by9

dϕ

dt
=
√
ξ (cb − ξ)

[
az0,bi + aξ

(
ξ

2
+
cb
4

− ξe

)]
(59)

The non-circulatory lift contribution is computed as

dlnc,bi
dΨi

= 2ρ∞

∫ cb

0

∂ϕ

∂t
dξ =

π

4
ρ∞c

2
b

[
az0,bi + aξ

(cb
2

− ξe

)]
=
π

4
ρ∞c

2
bazbi

(
r′,

cb
2
, t
)

(60)

The non-circulatory pitching moment contribution about the blade pitch axis is computed as

dmnc,bi

dΨi
=
dmac,bi

dΨi
− 2ρ∞

∫ c

0

∂ϕ

∂t
(ξ − ξe) dξ

=
dmac,bi

dΨi
− π

4
ρ∞c

2
b

{(cb
2

− ξe

)
az0,bi + aξ

[(cb
2

− ξe

)2
+

1

32
c2b

]}
=
dmac,bi

dΨi
− emb

dlnc,bi
dΨi

− π

128
ρ∞c

4
baξ (61)

where emb =
cb
2 − ξe is the offset between the blade pitch axis and the mid-chord location and dmac,bi

dΨi
is the

pitching moment about the aerodynamic center of a blade section given by

dmac,bi

dΨi
= cmac

1

2
ρ∞V

2 (r′, ξe, t) c
2
b (62)

The pitching moment about the aerodynamic center does not depend on lift, hence it is a non-circulatory
pitching moment. Moreover, it is a function of the effective blade mean camber angle which is expressed as

dz

dξ
= − tan−1 Vz

Vt
≈ −α∗

bi (r
′, t)− αξ (r

′, t) (ξ − ξe) (63)
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where

αξ (r
′, t) =

V̄t

V̄t
2
+ V̄z

2

∂Vz
∂ (ξ − ξe)

− V̄z

V̄t
2
+ V̄z

2

∂Vt
∂ (ξ − ξe)

(64)

Using the transformation ξ = cb
2 (1− cosϕ), the pitching moment coefficient about the quarter-chord

aerodynamic center is evaluated as10

cmac
=

1

2

∫ π

0

dz

dx
(cos 2θ − cos θ) dθ = −π

8
cbαξ (65)

We assume the non-circulatory drag is zero. Then, the non-circulatory force on a blade section in the
blade reference frame is expressed as

fnc,bi =
dfxnc,bi

dΨi
ibi ±

dfznc,bi

dΨi
kbi (66)

where

dfxnc,bi

dΨi
= −dlnc,bi

dΨi
sinαbi (67)

dfznc,bi

dΨi
=
dlnc,bi
dΨi

cosαbi (68)

The non-circulatory force on a blade section in the aircraft reference frame is

fnc,bi =
dfxnc,ai

dΨi
ia +

dfync,ai

dΨi
ja +

dfznc,ai

dΨi
ka (69)

where

dfxnc,ai

dΨi
= −

dfxnc,bi

dΨi
sinΨi (70)

dfync,ai

dΨi
= ∓

dfxnc,bi

dΨi
cos ηi cosΨi −

dfznc,bi

dΨi
sin ηi (71)

dfznc,ai

dΨi
= ±

dfxnc,bi

dΨi
sin ηi cosΨi −

dfznc,bi

dΨi
cos ηi (72)

The non-circulatory force on a blade section in the rotor reference frame is

fnc,bi =
dfxc,ri

dΨi
iri +

dfyc,ri

dΨi
jri +

dfzc,ri
dΨi

kri (73)

where

dfxnc,ri

dΨi
=
dfxnc,bi

dΨi
sinΨi (74)

dfync,ri

dΨi
= ∓

dfxnc,bi

dΨi
cosΨi (75)

dfznc,ri

dΨi
=
dfznc,bi

dΨi
(76)

The non-circulatory rotor thrust force in the rotor reference frame is

d2Tnc,ri
dr′dΨi

=
dfznc,ri

dΨi
=
dfznc,bi

dΨi
=
dlnc,bi
dΨi

cosαbi (77)

The position vector of the mid-chord point on a blade from the origin of the rotor reference frame is
expressed as

∆rbi

( c
2

)
= r′jbi + embibi (78)
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The non-circulatory rotor moment about the origin of the i-th rotor reference frame is

Mnc,ri =
1

2π

∫ R

Ri

∫ 2π

0

[
∆rbi

(cb
2

)
× fnc,bi +

(
dmac,bi

dΨi
− π

128
ρ∞c

4
baξ

)
jbi

]
dΨidr

′

= −lnc,ri iri +mnc,rijri −Qnc,rikri (79)

where

lnc,ri =
1

2π

∫ R

Ri

∫ 2π

0

[
∓ (r′ sinΨi − emb cosΨi)

dfznc,bi

dΨi
−
(
dmac,bi

dΨi
− π

128
ρ∞c

4
baξ

)
cosΨi

]
dΨidr

′ (80)

mnc,ri =
1

2π

∫ R

Ri

∫ 2π

0

[
− (r′ cosΨi + emb sinΨi)

dfznc,bi

dΨi
±
(
dmac,bi

dΨi
− π

128
ρ∞c

4
baξ

)
sinΨi

]
dΨidr

′ (81)

Qnc,ri =
1

2π

∫ R

Ri

∫ 2π

0

±r′
dfxnc,bi

dΨi
dΨidr

′ (82)

The non-circulatory force acting on the aircraft due to the i-th rotor is obtained as

Fnc,ai = Xnc,ai ia + Ync,aija + Znc,aika (83)

where

Xnc,ai
=

1

2π

∫ R

Ri

∫ 2π

0

dfxnc,ai

dΨi
dΨidr

′ (84)

Ync,ai =
1

2π

∫ R

Ri

∫ 2π

0

dfync,ai

dΨi
dΨidr

′ (85)

Znc,ai
=

1

2π

∫ R

Ri

∫ 2π

0

dfznc,ai

dΨi
dΨidr

′ (86)

The non-circulatory moment about the aircraft CG due to the i-th rotor is obtained as

Mnc,ai = Mnc,ri + rri × Fnc,ri = lnc,ai ia +mnc,aija + nnc,aika (87)

where

lnc,ai
=lnc,ri + Ync,ai

∆zri0 + Znc,ai
∆yri0 (88)

mnc,ai
=mnc,ri cos ηi +Qnc,ri sin ηi −Xnc,ai

∆zri0 + Znc,ai
∆xri0 (89)

nnc,ai
=−mnc,ri sin ηi +Qnc,ri cos ηi −Xnc,ai

∆yri0 − Ync,ai
∆xri0 (90)

D. Stability and Control Derivative Analysis

To construct a linearized flight dynamic model of eVTOL aircraft, the partial derivatives of the forces and
moments are evaluated.

1. Partial Derivatives of Circulatory Forces and Moment

We write the lift force as

dlc,bi
dΨi

=
dlc,bi
dΨi

(
V
(
xa,vpi

, θ̇bi ,Ωi

)
, cl

(
M (V ) , α

(
θ̃bi , αbi (V )

)))
(91)

where xa (t) =
[
u (t) v (t) w (t) p (t) q (t) r (t)

]⊤
is the aircraft state vector and θ̃bi (t), θ̇bi (t), and

Ωi (t) are the control variables.
Let x (t) be a place holder variable for a state or control variable. The partial derivative of dlc,bi

dΨi
with

respect to x (t) is evaluated as

∂

∂x

(
dlc,bi
dΨi

)
=

∂

∂V

(
dlc,bi
dΨi

)
∂V

∂x
+

∂

∂cl

(
dlc,bi
dΨi

)(
∂cl
∂M

∂M

∂x
+
∂cl
∂α

∂α

∂x

)
(92)
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The partial derivatives of dlc,bi
dΨi

are

∂

∂V

(
dlc,bi
dΨi

)
= c̄l

1

2
ρ∞2V̄ cb (93)

∂

∂cl

(
dlc,bi
dΨi

)
=

1

2
ρ∞V̄

2cb (94)

where
V̄ =

√
V̄t

2
+ V̄r

2
+ V̄z

2 (95)

The partial derivatives ∂V
∂x and ∂M

∂x are

∂V

∂x
=
V̄t
V̄

∂Vt
∂x

+
V̄r
V̄

∂Vr
∂x

+
V̄z
V̄

∂Vz
∂x

(96)

∂M

∂x
=

1

a (h)

∂V

∂x
=

1

a (h)

∂V

∂x
(97)

∂α

∂x
=
∂αw

∂x
+
∂αsi

∂x
+
∂αbi

∂x
(98)

∂αbi

∂x
=

V̄t

V̄t
2
+ V̄z

2

∂Vz
∂x

− V̄z

V̄ 2
t + V̄z

2

∂Vt
∂x

(99)

The Prandtl-Glauert compressibility correction formula is given by10

cl =
c∗l√

1−M2 +
c∗l

πAϵ

(100)

where c∗l is the ideal incompressible lift coefficient,A is the aspect ratio, and ϵ is the span efficiency factor.
The partial derivative ∂cl

∂M is evaluated as

∂cl
∂M

=
clM

√
1−M2

(√
1−M2 +

c∗l
πAϵ

) (101)

c∗l can be solved in terms of cl as

c∗l =
cl
√
1−M2

1− cl
πAϵ

(102)

Upon substitution, we obtain
∂cl
∂M

=
cl (1− kbicl)M

1−M2
(103)

where

kbi =
1

πAϵ
=

1

cl
−

√
1−M2

c∗l
(104)

The partial derivative ∂cd
∂M is evaluated as

∂cd
∂M

=
∂cd
∂α

∂α

∂cl

∂cl
∂M

=
c̄dα

c̄lα

c̄l (1− kbi c̄l)M

1−M2
(105)

The partial derivative of dlc,bi
dΨi

is
∂

∂x

(
dlc,bi
dΨi

)
=
dl̄c,bi
dΨi

∂fbi
∂x

(106)

where
dl̄c,bi
dΨi

= c̄l
1

2
ρ∞V̄

2cb (107)

∂fbi
∂x

=
kcl
V̄

∂V

∂x
+
c̄lα
c̄l

(
∂αw

∂x
+
∂αsi

∂x
+
∂αbi

∂x

)
(108)

kcl = 2 +
(1− kbi c̄l)M

2

1−M2
(109)

c̄lα = clα + 2clα2 ᾱ (110)
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The partial derivative of ddc,bi

dΨi
is

∂

∂x

(
ddc,bi
dΨi

)
=
dd̄c,bi
dΨi

∂gbi
∂x

(111)

where

dd̄c,bi
dΨi

= c̄d
1

2
ρ∞V̄

2cb (112)

∂gbi
∂x

=
kcd
V̄

∂V

∂x
+
c̄dα

c̄d

(
∂αw

∂x
+
∂αsi

∂x
+
∂αbi

∂x

)
(113)

kcd = 2 +
c̄dα c̄l
c̄lα c̄d

(1− kbi c̄l)M
2

1−M2
(114)

c̄dα = cdα + 2cdα2 ᾱ (115)

We express ∂fbi
∂x , ∂gbi

∂x , and ∂αbi

∂x as

∂fbi
∂x

=
∂f0,bi
∂x

+
∂fs,bi
∂x

sinΨi +
∂fc,bi
∂x

cosΨi (116)

∂gbi
∂x

=
∂g0,bi
∂x

+
∂gs,bi
∂x

sinΨi +
∂gc,bi
∂x

cosΨi (117)

∂αbi

∂x
=
∂α0,bi

∂x
+
∂αs,bi

∂x
sinΨi +

∂αc,bi

∂x
cosΨi (118)

2. Partial Derivatives of Rotor and Aircraft Circulatory Forces and Moments

The partial derivatives of the circulatory axial and normal forces in the blade reference frame are

∂

∂x

(
dfxc,bi

dΨi

)
= −dl̄c,bi

dΨi

∂fbi
∂x

sin ᾱbi +
dd̄c,bi
dΨi

∂gbi
∂x

cos ᾱbi −
df̄zc,bi
dΨi

∂αbi

∂x
(119)

∂

∂x

(
dfzc,bi
dΨi

)
=
dl̄c,bi
dΨi

∂fbi
∂x

cos ᾱbi +
dd̄c,bi
dΨi

∂gbi
∂x

sin ᾱbi +
df̄xc,bi

dΨi

∂αbi

∂x
(120)

where

df̄xc,bi

dΨi
= −dl̄c,bi

dΨi
sin ᾱbi +

dd̄c,bi
dΨi

cos ᾱbi (121)

df̄zc,bi
dΨi

=
dl̄c,bi
dΨi

cos ᾱbi +
dd̄c,bi
dΨi

sin ᾱbi (122)

The partial derivatives of the integrated circulatory thrust force and rotor moments which affect the
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inflow velocity are computed as

∂Tc,ri
∂x

=
1

2π

∫ R

Ri

∫ 2π

0

∂

∂x

(
dfzc,bi
dΨi

)
dΨidr

′

=

∫ R

Ri

(
l̄c,bi

∂f0,bi
∂x

cos ᾱbi + d̄c,bi
∂g0,bi
∂x

sin ᾱbi + f̄xc,bi

∂α0,bi

∂x

)
dr′ (123)

∂lc,ri
∂x

=∓ 1

2π

∫ R

Ri

∫ 2π

0

∫ 2π

0

∂

∂x

[
(r′ sinΨi + eb cosΨi)

dfzc,bi
dΨi

]
dΨidr

=∓ 1

2

∫ R

Ri

r′
(
l̄c,bi

∂fs,bi
∂x

cos ᾱbi + d̄c,bi
∂gs,bi
∂x

sin ᾱbi + f̄xc,bi

∂αs,bi

∂x

)
dr′

∓ 1

2

∫ R

Ri

eb

(
l̄c,bi

∂fc,bi
∂x

cos ᾱbi + d̄c,bi
∂gc,bi
∂x

sin ᾱbi + f̄xc,bi

∂αc,bi

∂x

)
dr′ (124)

∂mc,ri

∂x
=

1

2π

∫ R

Ri

∫ 2π

0

∂

∂x

[
− (r′ cosΨi − eb sinΨi)

dfzc,bi
dΨi

± dmc,bi

dΨi
sinΨi

]
dΨidr

′

=− 1

2

∫ R

Ri

r′
(
l̄c,bi

∂fc,bi
∂x

cos ᾱbi + d̄c,bi
∂gc,bi
∂x

sin ᾱbi + f̄xc,bi

∂αc,bi

∂x

)
dr′

+
1

2

∫ R

Ri

eb

(
l̄c,bi

∂fs,bi
∂x

cos ᾱbi + d̄c,bi
∂gs,bi
∂x

sin ᾱbi + f̄xc,bi

∂αs,bi

∂x

)
dr′ (125)

∂Qc,ri

∂x
=± 1

2π

∫ R

Ri

∫ 2π

0

∂

∂x

(
r′
dfxc,bi

dΨi

)
dΨidr

′

=±
∫ R

Ri

r′
(
−l̄c,bi

∂f0,bi
∂x

sin ᾱbi + d̄c,bi
∂g0,bi
∂x

cos ᾱbi − f̄zc,bi
∂α0,bi

∂x

)
dr′ (126)

where

l̄c,bi =
1

2π

∫ 2π

0

∂l̄c,bi
∂Ψi

dΨi (127)

d̄c,bi =
1

2π

∫ 2π

0

∂d̄c,bi
∂Ψi

dΨi (128)

f̄xc,bi
=

1

2π

∫ 2π

0

∂f̄xc,bi

∂Ψi
dΨi (129)

f̄zc,bi =
1

2π

∫ 2π

0

∂f̄zc,bi
∂Ψi

dΨi (130)
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The partial derivatives of the aircraft integrated circulatory forces are evaluated as

∂Xc,ai

∂x
=

1

2π

∫ R

Ri

∫ 2π

0

∂

∂x

(
−
dfxc,bi

dΨi

)
sinΨidΨidr

′

=− 1

2

∫ R

Ri

(
−l̄c,bi

∂fs,bi
∂x

sin ᾱbi + d̄c,bi
∂gs,bi
∂x

cos ᾱbi − f̄zc,bi
∂αs,bi

∂x

)
dr′ (131)

∂Yc,ai

∂x
=

1

2π

∫ R

Ri

∫ 2π

0

∂

∂x

(
∓
dfxc,bi

dΨi
cos ηi cosΨi −

dfzc,bi
dΨi

sin ηi

)
dΨidr

′

=∓ 1

2
cos η̄i

∫ R

Ri

(
−l̄c,bi

∂fc,bi
∂x

sin ᾱbi + d̄c,bi
∂gc,bi
∂x

cos ᾱbi − f̄zc,bi
∂αc,bi

∂x

)
dr′

− sin η̄i

∫ R

Ri

(
l̄c,bi

∂f0,bi
∂x

cos ᾱbi + d̄c,bi
∂g0,bi
∂x

sin ᾱbi + f̄xc,bi

∂α0,bi

∂x

)
dr′ (132)

∂Zc,ai

∂x
=

1

2π

∫ R

Ri

∫ 2π

0

∂

∂x

(
±
dfxc,bi

dΨi
sin ηi cosΨi −

dfzc,bi
dΨi

cos ηi

)
dΨidr

′

=± 1

2
sin η̄i

∫ R

Ri

(
−l̄c,bi

∂fc,bi
∂x

sin ᾱbi + d̄c,bi
∂gc,bi
∂x

cos ᾱbi − f̄zc,bi
∂αc,bi

∂x

)
dr′

− cos η̄i

∫ R

Ri

(
l̄c,bi

∂f0,bi
∂x

cos ᾱbi + d̄c,bi
∂g0,bi
∂x

sin ᾱbi + f̄xc,bi

∂α0,bi

∂x

)
dr′ (133)

The partial derivatives of the aircraft integrated circulatory moments are evaluated as

∂lc,ai

∂x
=
∂lc,ri
∂x

+
∂Yc,ai

∂x
∆zri0 +

∂Zc,ai

∂x
∆yri0 (134)

∂mc,ai

∂x
=
∂mc,ri

∂x
cos η̄i +

∂Qc,ri

∂x
sin η̄i −

∂Xc,ri

∂x
∆zri0 +

∂Zc,ri

∂x
∆xri0 (135)

∂nc,ai

∂x
=− ∂mc,ri

∂x
sin η̄i +

∂Qc,ri

∂x
cos η̄i −

∂Xc,ri

∂x
∆yri0 −

∂Yc,ri
∂x

∆xri0 (136)

Let vp (t) =
[
v⊤
p1

(t) v⊤
p2

(t) · · · v⊤
pnrotor

(t)
]⊤

where vpi
(t) =

[
v0,pi

(t) vs,pi
(t) vc,pi

(t)
]⊤

,

uθ (t) =
[
θ̃b (t) θ̇b (t)

]⊤
where θ̃b (t) =

[
θ̃b1 (t) θ̃b2 (t) · · · θ̃bnrotor

(t)
]⊤

, and Ω (t) = [Ω1 (t)

Ω2 (t) · · · Ωnrotor (t)
]⊤

. We sum all the aircraft integrated circulatory force and moment contribu-
tions by the rotors and express them in terms of the partial derivatives as

Fc,a =

nrotor∑
i=1

Fc,ai
=
∂Fc,a

∂xa
xa +

∂Fc,a

∂vp
vp +

∂Fc,a

∂uθ
uθ +

∂Fc,a

∂Ω
Ω (137)

Mc,a =

nrotor∑
i=1

Mc,ai
=
∂Mc,a

∂xa
xa +

∂Mc,a

∂vp
vp +

∂Mc,a

∂uθ
uθ +

∂Mc,a

∂Ω
Ω (138)

In addition, the rotor circulatory thrust and moments acting at the origin of the i-th rotor reference
frame are expressed in terms of the partial derivatives as

Tc,ri =
∂Tc,ri
∂xa

xa +
∂Tc,ri
∂vpi

vpi
+
∂Tc,ri
∂uθi

uθi +
∂Tc,ri
∂Ωi

Ωi (139)

Mc,ri =
∂Mc,ri

∂xa
xa +

∂Mc,ri

∂vpi

vpi
+
∂Mc,a

∂uθi

uθi +
∂Mc,a

∂Ωi
Ωi (140)

Note that the aircraft circulatory force and moment contributions by the airframe including wings,
horizontal tail, and vertical tails as well as the control surfaces should also be included for both hover and
especially for transition flight. These contributions are well-developed and are not included here.
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3. Partial Derivatives of Non-Circulatory Forces and Moment

We write the non-circulatory lift force and the quarter-chord pitching moment as
dlnc,bi
dΨi

=
π

4
ρ∞c

2
bazbi

(
xa, ẋa, v̇pi

, θ̇i, θ̈bi

)
(141)

dmac,bi

dΨi
= cmac

1

2
ρ∞V

2
(
xa,vpi

, θ̇bi ,Ωi

)
c2b (142)

The partial derivatives of dlc,bi
dΨi

and dmac,bi

dΨi
are evaluated as

∂

∂x

(
dlnc,bi
dΨi

)
=
π

4
ρ∞c

2
b

∂azbi
∂x

(143)

∂

∂x

(
dmac,bi

dΨi

)
=
∂cmac

∂x

1

2
ρ∞V̄

2c2b =
dl̄c,bi
dΨi

cb
c̄l

∂cmac

∂x
(144)

where x (t) is a place holder variable.
The partial derivatives of the non-circulatory axial and normal forces in the blade reference frame are

∂

∂x

(
dfxnc,bi

dΨi

)
=− ∂

∂x

(
dlnc,bi
dΨi

)
sin ᾱbi = −π

4
ρ∞c

2
b sin ᾱbi

∂azbi
∂x

(145)

∂

∂x

(
dfznc,bi

dΨi

)
=
∂

∂x

(
dlc,bi
dΨi

)
cos ᾱbi =

π

4
ρ∞c

2
b cos ᾱbi

∂azbi
∂x

(146)

We express
∂azbi

∂x , ∂aξ

∂x , and ∂cmac

∂x as

∂azbi
∂x

=
∂a0,zbi
∂x

+
∂as,zbi
∂x

sinΨi +
∂ac,zbi
∂x

cosΨi (147)

∂aξ
∂x

=
∂a0,ξ
∂x

+
∂as,ξ
∂x

sinΨi +
∂ac,ξ
∂x

cosΨi (148)

∂cmac

∂x
=
∂c0,mac

∂x
+
∂cs,mac

∂x
sinΨi +

∂cc,mac

∂x
cosΨi (149)

The partial derivative of the integrated non-circulatory thrust force and rotor moments are computed as

∂Tnc,ri
∂x

=
1

2π

∫ R

Ri

∫ 2π

0

∂

∂x

(
dfznc,bi

dΨi

)
dΨidr

′ =
π

4
ρ∞

∫ R

Ri

c2b cos ᾱbi

∂az0.bi
∂x

dr′ (150)

∂lnc,ri
∂x

=
1

2π

∫ R

Ri

∫ 2π

0

[
∓ (r′ sinΨi − emb cosΨi)

dfznc,bi

dΨi

−
(
dmac,bi

dΨi
− π

128
ρ∞c

4
baξ

)
cosΨi

]
dΨidr

′

=∓ π

8
ρ∞

∫ R

Ri

(
r′
∂as,zbi
∂x

− emb

∂ac,zbi
∂x

)
c2b cos ᾱbidr

′

− 1

2

∫ R

Ri

(
l̄c,bi

cb
c̄l

∂cc,mac

∂x
− π

128
ρ∞c

4
b

∂ac,ξ
∂x

)
dr′ (151)

mnc,ri =
1

2π

∫ R

Ri

∫ 2π

0

[
− (r′ cosΨi + emb sinΨi)

dfzn,bi

dΨi

±
(
dmac,bi

dΨi
− π

128
ρ∞c

4
baξ

)
sinΨi

]
dΨidr

′

=− π

8
ρ∞

∫ R

Ri

(
r′
∂ac,zbi
∂x

+ emb

∂as,zbi
∂x

)
c2b cos ᾱbidr

′

± 1

2

∫ R

Ri

(
l̄c,bi

cb
c̄l

∂cs,mac

∂x
− π

128
ρ∞c

4
b

∂as,ξ
∂x

)
dr′ (152)

Qnc,ri =
1

2π

∫ R

Ri

∫ 2π

0

±r′
dfxnc,bi

dΨi
dΨidr

′ = ∓π
4
ρ∞

∫ R

Ri

r′
∂a0,zbi
∂x

c2b sin ᾱbidr
′ (153)
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The partial derivatives of the aircraft integrated non-circulatory forces are evaluated as

∂Xnc,ai

∂x
=

1

2π

∫ R

Ri

∫ 2π

0

∂

∂x

(
−
dfxnc,bi

dΨi

)
sinΨidΨidr

′ =
π

8
ρ∞

∫ R

Ri

c2b
∂as,zbi
∂x

sin ᾱbidr
′ (154)

∂Ync,ai

∂x
=

1

2π

∫ R

Ri

∫ 2π

0

∂

∂x

(
∓
dfxnc,bi

dΨi
cos ηi cosΨi −

dfznc,bi

dΨi
sin ηi

)
dΨidr

′

=
π

8
ρ∞

∫ R

Ri

c2b

[
±
∂ac,zbi
∂x

sin ᾱbi cos η̄i − 2
∂a0,zbi
∂x

cos ᾱbi sin η̄i

]
dr′ (155)

∂Znc,ai

∂x
=

1

2π

∫ R

Ri

∫ 2π

0

∂

∂x

(
±
dfxnc,bi

dΨi
sin ηi cosΨi −

dfznc,bi

dΨi
cos ηi

)
dΨidr

′

=
π

8
ρ∞

∫ R

Ri

c2b

[
∓
∂ac,zbi
∂x

sin ᾱbi sin η̄i − 2
∂a0,zbi
∂x

cos ᾱbi cos η̄i

]
dr′ (156)

The partial derivatives of the aircraft integrated non-circulatory moments are evaluated as

∂lnc,ai

∂x
=
∂lnc,ri
∂x

+
∂Ync,ai

∂x
∆zri0 +

∂Znc,ai

∂x
∆yri0 (157)

∂mnc,ai

∂x
=
∂mnc,ri

∂x
cos η̄i +

∂Qnc,ri

∂x
sin η̄i −

∂Xnc,ri

∂x
∆zri0 +

∂Znc,ri

∂x
∆xri0 (158)

∂nnc,ai

∂x
=− ∂mnc,ri

∂x
sin η̄i +

∂Qnc,ri

∂x
cos η̄i −

∂Xnc,ri

∂x
∆yri0 −

∂Ync,ri
∂x

∆xri0 (159)

We sum all the aircraft integrated non-circulatory force and moment contributions by the rotors and
express them in terms of the partial derivatives as

Fnc,a =

nrotor∑
i=1

Fnc,ai =
∂Fnc,a

∂xa
xa +

∂Fnc,a

∂ẋa
ẋa +

∂Fnc,a

∂v̇p
v̇p +

∂Fnc,a

∂u̇θ
u̇θ (160)

Mnc,a =

nrotor∑
i=1

Mnc,ai =
∂Mnc,a

∂xa
xa +

∂Mnc,a

∂ẋa
ẋa +

∂Mnc,a

∂v̇p
v̇p +

∂Mnc,a

∂u̇θ
u̇θ (161)

In addition, the rotor non-circulatory thrust and moments acting at the origin of the i-th rotor reference
frame are expressed in terms of the partial derivatives as

Tnc,ri =
∂Tnc,ri
∂xa

xa +
∂Tnc,ri
∂ẋa

ẋa +
∂Tnc,ri
∂v̇pi

v̇pi
+
∂Tnc,ri
∂u̇θi

u̇θi (162)

Mnc,ri =
∂Mnc,ri

∂xa
xa +

∂Mnc,ri

∂ẋa
ẋa +

∂Mnc,ri

∂v̇pi

v̇pi +
∂Mnc,ri

∂u̇θi

u̇θi (163)

Note that the aircraft non-circulatory force and moment contributions should be included for both hover
and transition flight. These contributions show up as the apparent mass derivatives such as Cmα̇ for fixed-
wing flight dynamics.

III. Integrated Flight Dynamic Model of eVTOL Aircraft

An integrated flight dynamic model of an eVTOL aircraft includes

• An unsteady aerodynamic model which models the phase delay and amplitude attenuation by a state-
space realization of the frequency-domain Theodorsen’s function,

• A flight dynamic model of the rigid-body aircraft,

• A rotor dynamic inflow model, and

• A closed-loop servo-actuator dynamic model of the control effectors which includes a closed-loop PID
controller that tracks an actuator command.

Each of these elements are described as follows.
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A. Unsteady Aerodynamic Correction

The unsteady aerodynamic effect of a rotor in motion is much more complex than that of a fixed wing.
The dynamic inflow models are generally used in flight dynamic modeling of rotors to capture the unsteady
aerodynamics of the induced flow. Since the flight dynamic motion of a rigid-body rotorcraft or aircraft
involves very low frequencies, the dynamic inflow models are sufficient. For motions that involve high
frequency dynamics such as structural modes when those modes are coupled to the rigid-body modes, the
unsteady aerodynamic behaviors created by the high frequency motion which involved pitching and plunging
of the entire rotor are less well-understood. Theodorsen’s unsteady aerodynamic theory for an oscillating
airfoil in free air is well-known,8 but there exist gaps in the theoretical knowledge of unsteady aerodynamics
of a rotating airfoil in a pitching and plunging motion. The unsteady aerodynamic response of a rotor can
be estimated by conducting forced oscillation numerical experiments using CFD 6,11,12 but such studies are
computationally very expensive. In this study, we propose to use the Theodorsen’s theory to capture some
semblance of unsteady flow on an airfoil in a rotating period motion subject to high-frequency dynamic
motion in the vertical plane. While the present study pertains to flight dynamic model development, the use
of the Theodorsen’s theory creates a general framework for future consideration of high frequency dynamic
motion such as coupled flight dynamic motion with aeroelasticity for eVTOL aircraft. The simplicity of the
Theodorsen’s theory facilitates the analytical flight dynamic model development readily. Other methods
such as the Leishman’s method13 are also considered.

The circulatory lift according to Theodorsen8 is given by

dlc,bi
dΨ

= [c̄l + C (k) clαα]
1

2
ρV 2cb (164)

where C (k) is the Theodorsen’s function which adjusts the lift expression to correct for unsteady aerody-
namics. The Theodorsen’s function C (k) is a complex-valued transcendental function given by

C (k) =
H

(2)
1 (k)

H
(2)
1 (k) + iH

(2)
0 (k)

= F (k) + iG (k) (165)

where H(2)
0 (k) and H(2)

1 (k) are the Hankel functions.
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Figure 3. Theodorsen’s Function

The functions F (k) and G (k) are plotted in Fig. 3. It is noted that F (0) = 1 and G (k) = 0 for
steady-state aerodynamics when ω = 0. As k → ∞, F (k) → 1

2 and G (k) → 0. So the magnitude of the
unsteady circulatory lift coefficient is always less than the magnitude of the steady-state lift coefficient.
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In the time domain, the unsteady lift may be approximated by a rational fraction approximation in the
form

c̃l = clαC (k)α = clα

(
r0 +

r1
s̄− p1

+
r2

s̄− p2

)
α (166)

where r0 = 0.5, r1 = 0.08851, r2 = 0.003620, p1 = −0.2278, and p2 = −0.03249.
Let [

ẋ1

ẋ2

]
=

2V̄t
c̄b

([
p1 0

0 p2

][
x1

x2

]
+

[
1

1

]
α

)
(167)

Then, the unsteady lift coefficient is obtained as

c̃l = clα (r0α+ r1x1 + r2x2) (168)

We now generalize the unsteady aerodynamic analysis for the aerodynamic force acting on the aircraft.
We write the aircraft circulatory force and moment expressions in the time domain with the unsteady
aerodynamic correction as

C (k)Fc,ai
=
∂Fc,ai

∂xa
(r0xa + raya) +

∂Fc,ai

∂vp
(r0vp + rpyp)

+
∂Fc,ai

∂uθ
(r0uθ + rθyθ) +

∂Fc,ai

∂Ω
(r0Ω+ rΩyΩ) (169)

C (k)Mc,ai =
∂Mc,ai

∂xa
(r0xa + raya) +

∂Mc,ai

∂vp
(r0vp + rpyp)

+
∂Mc,ai

∂uθ
(r0uθ + rθyθ) +

∂Mc,ai

∂Ω
(r0Ω+ rΩyΩ) (170)

where r(a,p,q,θ,Ω) =
[
r1I r2I

]
with I as an identity matrix of appropriate dimension, and y(a,p,q,θ,Ω) are

the aerodynamic lag state vectors described by

ẏa = Aaya +Baxa (171)
ẏp = Apyp +Bpvp (172)
ẏθ = Aθyθ +Bθuθ (173)
ẏΩ = AΩyΩ +BΩΩ (174)

with A(a,p,q,θ,Ω) =
2V̄t

c̄b
diag

([
p1I p2I

])
and B(a,p,q,θ,Ω) =

2V̄t

c̄b

[
I I

]⊤
.

Note that for rigid-body flight dynamic motion at very low frequencies, the quasi-steady aerodynamic
assumption is generally valid. Therefore, C (k) ≈ 1. This results in a simplification with r0 = 1 and
r1 = r2 = 0 which effectively removes the aerodynamic lag states y(a,p,q,θ,Ω) from the model.

B. Flight Dynamic Model

The nonlinear flight dynamic equation of a rigid-body aircraft is described by

maI3v̇ + ω × v = C (k)Fc,a + Fnc,a + Fb (175)
Iaω̇ + ω × Iaω = C (k)Mc,a +Mnc,a +Mb (176)

The body and propulsive force and moment vectors Fb and Mb are given by

Fb =

 T −mag sin θ

mag cos θ sinϕ

mag cos θ cosϕ

 (177)

Mb =

 lT

mT

nT

 (178)
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where T denotes forward flight thrust force, lT , mT , and nT are thrust-induced moments, θ (t) is the aircraft
pitch angle, and ϕ (t) is the aircraft bank angle.

We are interested in the linearized equations of motion about the equilibrium condition given by σ̄ = 0
and ω = 0. Upon linearization, we obtain

maI3v̇ =
∂F

∂ω
ω + C (k)Fc,a + Fnc,a +

∂Fb

∂σ
σ (179)

Īaω̇ = C (k)Mc,a +Mnc,a (180)
σ̇ = ω = H̄xa (181)

where σ (t) =
[
ϕ (t) θ (t) ψ (t)

]⊤
, ψ(t) is the heading angle, Īa = diag (Ia), ∂F

∂ω =

 0 −w̄ v̄

w̄ 0 −ū
−v̄ ū 0

 ,
∂Fb

∂σ =

 0 −mag 0

mag 0 0

0 0 0

, and H̄ =
[
0 I

]
.

Let Sa =
[
F⊤

a M⊤
a

]⊤
and Mv = diag

([
maI3 Īa

])
. The linearized equation of motion is ex-

pressed with the unsteady aerodynamic correction as(
Mv −

∂Snc,a

∂ẋa

)
ẋa −

∂Snc,a

∂v̇p
v̇p −

∂Sna

∂u̇θ
u̇θ =

∂S

∂xa
xa +

∂Sc,a

∂xa
(r0xa + raya) +

∂Sc,a

∂vp
(r0vp + rayp)

+
∂Sc,a

∂uθ
(r0uθ + rayθ) +

∂Sc,a

∂Ω
(r0Ω+ rayΩ) +

∂Snc,a

∂xa
xa +

∂Sb

∂σ
σ (182)

where ∂S
∂xa

=

[
0 ∂F

∂ω

0 0

]
and ∂Sb

∂σ =

[
∂Fb

∂σ

0

]
.

C. Dynamic Inflow Model

The linearized Pitt-Peters three-state dynamic inflow model is given by

Mpv̇p = −L−1
p vp + C (k)Cc,p +Cnc,p (183)

Applying the unsteady aerodynamic correction by the Theodorsen’s theory yields

− ∂Cnc,p

∂ẋa
ẋa +

(
Mp −

∂Cnc,p

∂v̇p

)
v̇p −

∂Cnc,p

∂u̇θ
u̇θ = −L−1

p vp +
∂Cc,p

∂xa
(r0xa + raya)

+
∂Cc,p

∂vp
(r0vp + rayp) +

∂Cc,p

∂uθ
(r0uθ + rayθ) +

∂Cc,p

∂Ω
(r0Ω+ rayΩ) +

∂Cnc,p

∂xa
xa (184)

D. Actuator Dynamic Models

The control effectors include the aerodynamic control surfaces δe (t), δa (t), and δr (t), the blade pitch angle
θbi , and the rotor speed Ωi. For hover, the blade pitch and rotor speed are used as control effectors.

1. Blade Pitch Actuator Dynamic Model

The blade pitch angle is driven by a DC drive motor which is modeled as

Jbθ̈b +Gbθ̇b = mb +Tb (185)

where Jb is the motor inertia matrix, Gb is a matrix representing the motor friction windage loss, mb is the
blade pitching moment vector about the pitch axis, and Tb is the motor torque vector.

The blade pitch actuator dynamic model is also expressed as

Mbu̇θ = Sbuθ +BbC (k)mc,b +Bbmnc,b +BbTb (186)
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where Mb =

[
I 0

0 Jb

]
, Sb =

[
0 I

0 −Gb

]
, and Bb =

[
0

I

]
.

The circulatory and non-circulatory blade pitching moments are computed as

mc,bi =
Nb

2π

∫ R

Ri

∫ 2π

0

eb
dfzc,bi
dΨi

dΨidr
′ (187)

mnc,bi =
Nb

2π

∫ R

Ri

∫ 2π

0

(
dmac,bi

dΨi
− emb

dlnc,bi
dΨi

− π

128
ρ∞c

4
baξ

)
dΨidr

′ (188)

The partial derivatives of the circulatory and non-circulatory pitching moments are obtained as

∂mc,bi

∂x
=
Nb

2π

∫ R

Ri

∫ 2π

0

∂

∂x

(
dmc,bi

dΨi

)
dΨidr

′ = Nb

∫ R

Ri

l̄c,bieb
∂f0,bi
∂x

dr′ (189)

∂mnc,bi

∂x
=
Nb

2π

∫ R

Ri

∫ 2π

0

∂

∂x

(
dmac,bi

dΨi
− emb

dlnc,bi
dΨi

− π

128
ρ∞c

4
baξ

)
dΨidr

′ (190)

= Nb

∫ R

Ri

(
l̄c,bi

cb
c̄l

∂c0,mac

∂x
dr′ − π

4
ρ∞c

2
bemb

∂a0,zbi
∂x

− π

128
ρ∞c

4
b

∂a0,ξ
∂x

)
dr′ (191)

The blade pitch angle is to be controlled by a PI controller. The control motor torque is given by

Tb = ub −Kb,puθ −Kb,ieb (192)

where eb (t) is the blade pitch angle integral error and the controller gain matrices Kb,p and Kb,i are computed
by the linear quadratic regulator (LQR) optimal control.

The error dynamics are given by
ėb = Cbuθ − θb,c (193)

where Cb =
[
I 0

]
.

The equation of blade pitch dynamics is expressed with the unsteady aerodynamic correction as

−Bb
∂mnc,b

∂ẋa
ẋa −Bb

∂mnc,b

∂v̇p
v̇p +

(
Mb −Bb

∂mnc,b

∂u̇θ

)
u̇θ = Sbuθ +Bb

∂mc,b

∂xa
(r0xa + raya)

+Bb
∂mc,b

∂vp
(r0vp + rayp) +Bb

∂mc,b

∂uθ
(r0uθ + rayθ) +Bb

∂mc,b

∂Ω
(r0Ω+ rayΩ)

+Bb
∂mnc,b

∂xa
xa +Bbub −BbKb,puθ −BbKb,ieb (194)

2. Rotor Actuator Dynamic Model

The rotor speed is driven by a DC drive motor which is modeled as

JrΩ̇+BrΩ = mr +Tr (195)

where Jr is the motor inertia matrix, Br is the motor friction matrix, mr =
[
±Q1 ±Q2 · · · ±Qnrotor

]
is the rotor torque vector, and Tr is the motor torque vector.

The rotor speed is to be controlled by a PI controller. The control motor torque is given by

Tr = ur −Kr,pΩ−Kr,ier (196)

where ur (t) is the motror torque control, er (t) is the rotor speed integral error and the controller gain
matrices Kr,p and Kr,i are computed by the LQR optimal control.

The error dynamics are given by
ėr = Ω−Ωc (197)

The equation of the rotor dynamics is expressed with the unsteady aerodynamic correction as

− ∂mnc,r

∂ẋa
ẋa −

∂mnc,r

∂v̇p
v̇p −

∂mnc,r

∂u̇θ
u̇θ + JrΩ̇ = −BrΩ+

∂mc,r

∂xa
(r0xa + raya) +

∂mc,r

∂vp
(r0vp + rayp)

+
∂mc,r

∂uθ
(r0uθ + rayθ) +

∂mc,r

∂Ω
(r0Ω+ rayΩ) +

∂mnc,r

∂xa
xa + ur −Kr,pΩ−Kr,ier (198)
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E. State Space Model

We form the integrated flight dynamic model by coupling together the flight dynamic model, dynamic inflow
model, actuator dynamic model, and unsteady aerodynamic model. The integrated flight dynamic model is
expressed compactly in a physical state-space form as

Mẋ = Sx+Tu (199)

In the physical state-space form, M is the mass matrix, S is the force-moment stability derivative matrix,
and T is the force-moment control derivative matrix.

By inverting the mass matrix M, we obtain the standard state-space form

ẋ = Ax+Bu− v (200)

The state-space equation can also be expressed in a partitioned form as[
Mrr 0

0 I

][
ẋr

ẋc

]
=

[
Srr Src

Scr Scc

][
xr

xc

]
+

[
Trb Trr

0 0

][
ub

ur

]
+

[
vc

0

]
(201)

where xr (t) =
[
σ⊤ (t) x⊤

a (t) v⊤
p (t) u⊤

θ (t) Ω⊤ (t) e⊤b (t) e⊤r (t)
]⊤

, xc (t) =
[
y⊤
a (t)

y⊤
p (t) y⊤

q (t) y⊤
θ (t) y⊤

Ω (t)
]⊤

, and vc (t) =
[
0⊤ 0⊤ 0⊤ 0⊤ 0⊤ θ̃⊤

b,c (t) Ω⊤
c (t)

]⊤
is the blade

pitch and rotor speed command. For aircraft state tracking control, we set vc = 0 to maintain trim blade
pitch and rotor speed. We then obtain

ẋ = Ax+Bu (202)

The mass matrices are given by

Mrr =



I 0 0 0 0 0 0

0 Mv − ∂Snc,a

∂ẋa
−∂Snc,a

∂v̇p
−∂Sna

∂u̇θ
0 0 0

0 −∂Cnc,p

∂ẋa
Mp − ∂Cnc,p

∂v̇p
−∂Cnc,p

∂u̇θ
0 0 0

0 −Bb
∂mnc,b

∂ẋa
−Bb

∂mnc,b

∂v̇p
Mb −Bb

∂mnc,b

∂u̇θ
0 0 0

0 −∂mnc,r

∂ẋa
−∂mnc,r

∂v̇p
−∂mnc,r

∂u̇θ
Jr 0 0

0 0 0 0 0 I 0

0 0 0 0 0 0 I


(203)

The stability derivative matrices are given by

Srr =



0 H̄ 0 0
∂Fb

∂σ
∂S
∂xa

+
∂Sc,a

∂xa
r0 +

∂Snc,a

∂xa

∂Sc,a

∂vp
r0

∂Sc,a

∂uθ
r0

0
∂Cc,p

∂xa
r0 +

∂Cnc,p

∂xa

∂Cc,p

∂vp
r0 − L−1

p
∂Cc,p

∂uθ
r0

0 Bb

(
∂mc,b

∂xa
r0 +

∂mnc,b

∂xa

)
Bb

∂mc,b

∂vp
r0 Bb

(
∂mc,b

∂uθ
r0 + Sb −Kb,p

)
0

∂mc,r

∂xa
r0 +

∂mnc,r

∂xa

∂mc,r

∂vp
r0

∂mc,r

∂uθ
r0

0 0 0 Cb

0 0 0 0

0 0 0
∂Sc,a

∂Ω r0 0 0
∂Cc,p

∂Ω r0 0 0

Bb
∂mc,b

∂Ω r0 −BbKb,i 0
∂mc,r

∂Ω r0 −Br −Kr,p 0 −Kr,i

0 0 0

I 0 0


(204)
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Src =



0 0 0 0 0
∂Sc,a

∂xa
ra

∂Sc,a

∂vp
ra

∂Sc,a

∂xq
ra

∂Sc,a

∂uθ
ra

∂Sc,a

∂Ω ra
∂Cc,p

∂xa
ra

∂Cc,p

∂vp
ra

∂Cc,p

∂xq
ra

∂Cc,p

∂uθ
ra

∂Cc,p

∂Ω ra

Bb
∂mc,b

∂xa
ra Bb

∂mc,b

∂vp
ra Bb

∂mc,b

∂xq
ra Bb

∂mc,b

∂uθ
ra Bb

∂mc,b

∂Ω ra
∂mc,r

∂xa
ra

∂mc,r

∂vp
ra

∂mc,r

∂xq
ra

∂mc,r

∂uθ
ra

∂mc,r

∂Ω ra

0 0 0 0 0

0 0 0 0 0


(205)

Scr =


0 Ba 0 0 0 0 0

0 0 Bp 0 0 0 0

0 0 0 0 0 0 0

0 0 0 Bθ 0 0 0

0 0 0 0 BΩ 0 0

 (206)

Scc =


Aa 0 0 0 0

0 Ap 0 0 0

0 0 Aq 0 0

0 0 0 Aθ 0

0 0 0 0 AΩ

 (207)

The control derivative matrices are given by

Trb =



0

0

0

Bb

0

0

0


(208)

Trr =



0

0

0

0

I

0

0


(209)

IV. Linearized Flight Dynamic Model of Lift-Plus-Cruise eVTOL Aircraft in
Hover

The Lift-Plus-Cruise (LPC) eVTOL aircraft is a six-passenger aircraft4 as shown in Fig. 1. It employs
8 vertical lift rotors for eVTOL and an aft push fan. In forward flight, the LPC vehicle operates like a
conventional fixed-wing aircraft with the 8 vertical lift rotors stopped and locked in place. Two versions
of the Lift+Cruise vehicle are conceptualized: a turboelectric version and an all-electric version.4 The all-
electric Lift+Cruise vehicle has a design gross weight of 8,395 lb and cruises at an average 100 knots. This
model is used in the current study.

An aerodynamic trim analysis for hover flight at 4000 ft altitude is performed in CHARM.3 The trim
solution is used to compute the analytical derivatives of the forces and moments created by the rotors. In
addition, the non-circulatory forces and moments generated by the aircraft lifting surfaces are also computed.

Figure 4 shows the rotor thrust radial distributions of the eight rotors. The front rotors 1, 3, 5, 7 are
trimmed at higher thrust values than the aft rotors 2,4, 6, 8.
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Figure 4. Rotor Thrust Distributions

A MATLAB script is created to read in the CHARM trim solution and automatically compute the
analytical stability and control derivatives of the LPC aircraft developed in this study. The linearized flight
dynamic model of the LPC aircraft in hover contains 236 states including 8 aircraft states excluding the
heading angle, 24 dynamic inflow states, 16 blade pitch actuator states, 8 rotor speed actuator dynamic
states, 8 blade pitch integral error states, 8 rotor speed integral error states, and 164 unsteady aerodynamic
lag states. There are 16 control inputs: 8 rotor speed commands and 8 blade pitch angle commands.

Static stability of the Lift+Cruise aircraft is examined. Key static and dynamic stability derivatives are
computed and are shown in Table 1. The force and moment stability derivatives are normalized with respect
to ρ∞πR4Ω2 and ρ∞πR5Ω2, respectively. Longitudinal stability requires stability derivative Cmw < 0, lateral
stability requires Clv < 0, and directional stability requires Cnv > 0. The Lift+Cruise aircraft is statically
stable in pitch but unstable in roll and yaw. The dynamic derivatives Cmq

, Clp , and Cnr
are basic rate

damping derivatives which are required to be negative. The Lift+Cruise aircraft satisfies this basic rate
damping requirement.

Cmw
−1.9859 · 10−4 Cmq

−1.9938 · 10−4

Clv 4.6984 · 10−6 Clp −0.01818

Cnv −2.9123 · 10−7 Cnr −0.004848

Table 1. Stability Derivatives of All-Electric Lift+Cruise Aircraft

The eigenvalues of the aircraft 6-degree-of-freedom (6 DoF) rigid-body modes in hover are shown in
Table 2. The vehicle has two unstable modes: phugoid mode and spiral mode. The Lift+Cruise aircraft
is dynamically unstable. The differences in the eigenvalues between the integrated model and the 6-DoF
model alone are noticeable for some of the modes such as the Dutch-roll mode and the spiral mode. The
short-period mode is overdamped.
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Rigid-Body Mode Integrated Model 6-DoF + Inflow Model 6 DoF Model
Phugoid 0.09327± i0.2142 0.09368± i0.2139 0.08926± i0.2126

Short-Period −0.06723,−0.2810 −0.06755,−0.2860 −0.07994,−0.2932

Roll −0.04541 −0.04523 −0.04567

Spiral 0.08947 0.08861 0.1155

Dutch-Roll −0.1776± i0.05671 −0.1749± i0.06245 −0.2106± i0.09380

Table 2. Eigenvalues of Rigid-Body Modes of All-Electric Lift+Cruise Aircraft

Figure 5 is the root locus plot of the eigenvalues of the Lift+Cruise aircraft. The unsteady aerodynamic
lag states have the largest negative values which imply that the unsteady aerodynamic effect is mostly
decoupled from the aircraft response. That is, the aerodynamic response is quasi-steady. The dynamic
inflow states have eigenvalues in the mid-range from −100 to −60. There are two groups of eigenvalues in
the range between −30 and −20 associated with unsteady aerodynamics and inflow dynamics. The blade
pitch dynamics are in a frequency range of up to 4 rad/sec. The rotor dynamics have frequencies up to 1.2
rad/sec.
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Figure 5. Eigenvalues of Lift+Cruise Aircraft

The Lift+Cruise aircraft requires feedback stabilization for hover operation. Since the unsteady aero-
dynamic lag states and dynamic inflow states have large negative values, their dynamics are essentially
decoupled from the aircraft and actuator dynamics. A reduced-order control can be designed using the

reduced-order state xo (t) =
[
σ⊤ (t) x⊤

a (t) u⊤
θ (t) Ω⊤ (t) e⊤b (t) e⊤r (t)

]⊤
. It is assumed that these

state variables are directly measured or observable for state reconstruction through a Kalman filter state
estimation. The feedback gain matrix is computed by the linear quadratic regulator (LQR) optimal control.
The reduced-order gain matrix is then used in the full-order model to evaluate the vehicle stability.

Figure 6 and 7 show the stable closed-loop response of the Lift+Cruise aircraft due to an initial pitch
angle disturbance θ (0) = 10◦. The aircraft response mostly settles to zero within 100 sec except for the yaw
rate which tends to zero very slowly. This is due to the lack of a heading angle control implementation.
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Figure 6. Closed-Loop Response of Lift+Cruise Aircraft
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Figure 7. Closed-Loop Response of Lift+Cruise Aircraft

Figure 8 shows the blade pitch and rotor speed responses while being regulated by the PI controllers.
The blade pitch changes up to 2.2◦ and the rotor speed changes up to 13 rpm.
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Figure 8. Blade Pitch and Rotor Speed Responses of Lift+Cruise Aircraft

V. Conclusion

This paper presents an analytical model development of flight dynamics of a Lift+Cruise eVTOL aircraft.
The analytical model accounts the full vehicle motion in the rotor forces. The non-circulatory forces are
accounted for in the model to capture unsteady aerodynamics. The circulatory forces are corrected for
unsteady aerodynamics using the time-domain approximation of Theodorsen’s function. The integrated flight
dynamic model includes the rigid-body aircraft flight dynamics, inflow dynamics, unsteady aerodynamics,
and blade pitch and rotor actuator dynamics. The flight dynamic model shows that the Lift+Cruise aircraft is
unstable in hover. The unstable modes are the phugoid mode and spiral mode. Stabilization is accomplished
by feedback control. A reduced-order LQR controller is designed to enable the vehicle to achieve closed-loop
stability.
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