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This paper presents an analytical flight dynamic model development method for a multi-
rotor eVTOL aircraft in hover and transition flight. The method captures the analytical
stability and control sensitivities of rotor unsteady aerodynamic loads about a trim solution
generated by a rotorcraft aeromechanics comprehensive analysis tool. The rotor aerody-
namic forces include circulatory and non-circulatory components to account for unsteady
aerodynamics. The circulatory forces are corrected for unsteady aerodynamics using the
time-domain approximation of Theodorsen’s function. The integrated flight dynamic model
includes the rigid-body aircraft flight dynamics, inflow dynamics, unsteady aerodynamics,
and blade pitch and rotor actuator dynamics. Stability analyses shows that the Lift+Cruise
aircraft is statically unstable in roll and yaw axes and also dynamically unstable in hover.
Closed-loop feedback control is necessary for stable hover flight.

I. Introduction

The flight dynamic motion of a rotorcraft is generally much more complex than that for a fixed-wing
aircraft. The complex flight physics of a rotorcraft is difficult to predict precisely. The complex unsteady
flow and unsteady wake interactions between rotors and airframe makes the flight dynamic modeling of
eVTOL a particularly challenging task. Flight control system design for rotorcraft still largely depend on
experimentally-derived flight dynamic modeling using system identification flight experiments. With the
emerging Advanced Air Mobility (AAM), there exist a plethora of multi-rotor eVTOL aircraft designs with
highly complex aerodynamic configurations. These complex configurations pose significant challenges in
stability and control of AAM aircraft. Due to the need for computational efficiency, flight dynamic modeling
of eVTOL aircraft still depends on relatively lower fidelity tools such as unsteady vortex lattice method
which cannot capture complex unsteady flow fields with viscous dissipation generated by rotor wakes. CFD
methods have been coupled to rotorcraft comprehensive analysis tools such as CAMRAD II? for use in
analyzing rotorcraft dynamics, but the computational cost is quite high which limits the broad applicability
of these high-fidelity tools in conceptual flight dynamic analysis.

In the current practice, general nonlinear flight dynamic models of eVTOL aircraft are generated by rotor-
craft comprehensive analysis tools such as CAMRAD II,' CHARM,? and FLIGHTLAB.* These rotorcraft
tools are widely used in rotorcraft community. Linearized flight dynamic models are usually extracted from
nonlinear models created by rotorcraft comprehensive analysis tools using system identification techniques or
numerical differentiation for linearization. Due to nonlinearity, traditional system identification techniques
using sinusoidal inputs results in signal distortion which could result in inaccurate identified models.

In this work, we present a general method for estimating the analytical stability and control derivatives for
a multi-rotor eVTOL aircraft which can be applied to trim solutions obtained from rotorcraft comprehensive
analysis tools. The method affords a computationally efficient process for evaluation of the analytical stability
and control derivatives and flight dynamic model development for eVTOL aircraft. A numerical tool has
been developed to be used in conjunction with CHARM to automate the process of creating a linear flight
dynamic model. The tool is applied to the NASA Lift-Plus-Cruise eVTOL aircraft® in hover and transition
flight.

*Senior Research Scientist and Technical Group Lead of Advanced Control and Evolvable Systems Group, Intelligent Systems
Division, nhan.t.nguyen@nasa.gov
TResearch Engineer, Intelligent Systems Division, benjamin.d.webb@nasa.gov
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II. Analytical Flight Dynamic Model Development

In this section, a flight dynamic analysis is performed to develop the analytical stability and control
derivatives of an eVTOL aircraft in hover and transition flights. For the analysis purpose, the NASA
Lift-Plus-Cruise (LPC) eVTOL aircraft is used.® The development assumes a small perturbation about a
nonlinear trim equilibrium solution which is obtained by a trim analysis provided by CHARM which is chosen
as the rotorcraft comprehensive analysis tool in this work. Complex unsteady wake interactions between the
rotors and fixed-wing airframe are neglected in the present analysis due to the lack of fidelity in the wake
models employed by CHARM.

A. Reference Frames

The various reference frames of the LPC vehicle are shown in Figure 1. We assume a rigid blade system
with no flapping motion in the present analysis, but this assumption will be relaxed in future work.

Figure 1. Lift4Cruise Vehicle Reference Frames
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Figure 2. Wing, Aircraft, Rotor, and Blade Reference Frames

The wing has a negative dihedral angle —I" and a positive sweep angle A. The wing elastic reference frame
is defined by (2w, Yw, 2w). The reference frame defined by (2,4, 2’) is obtained by a rotating (., Yw, 2w)
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about x,, = 2/ by —T" where I is a negative value. This is shown in Figure 2(a). The negative value indicates
that the dihedral angle is negative or equivalently a positive anhedral angle. Thus,

i 10 0 i
i | =10 cosT' —sinT Jw (1)
k’ 0 sinl’  cosT k.,

where i, j’, and k’ are unit vectors along the x’-axis, y’-axis, and z’-axis, respectively.
The 2’-axis points in the upward vertical direction in the direction opposite to the aircraft z,-axis.
Referring to Figure 2(b), the (2,4, 2) reference frame is related to the aircraft reference frame defined by

(%a) Ya, Za) aS

i —cosA —sinA 0 ig
i | =] —sinA cosA 0 ja (2)
K 0 0o -1 k,

There are eight lift rotors on the Lift+Cruise vehicles, numbered 1 through 8. Rotors 1, 4, 5, and 8 are
rotating in the counterclockwise (CCW) direction as viewed from the top of Figure 1. Rotors 2, 3, 6, and 7
are rotating in the clockwise (CW) direction. The rotors are canted by an angle n; in the y,-z, plane where
the positive angle is about the z,-axis. Referring to Figures 2(c) and (e), the CCW and CW rotor reference
frames defined by (., yr,, zr,) are related to the aircraft reference frame (x4, ya, 24) by

i, -1 0 0 i
i, | = 0 cosm;  —sinmn ja (3)
k., 0 —sinn; —cosn; k,

Referring to Figures 2(d) and (f), the CCW blade reference frames is defined by (zs,, ys,, 2;), i = 1,4,5, 8,
where the blade pitch axis is aligned with the yp,-axis. The CW blade reference frames is defined by
(Tb, s Ybss 2p,), © = 2,3,6,7, where the blade pitch axis is aligned with the yp,-axis. The CCW and CW
rotations are defined by the angle ¥, where the positive angle is about the zp,-axis .The CCW and CW
blade reference frames (xp,, ys,, 2,) are related to the rotor reference frames (z,,, yr,, zr;) by

ip, sinV, Fcos¥,; 0 i,
o, | = | cos¥; £sin¥; 0 Jr; (4)
kp, 0 0 +1 k;,

7

where the upper sign corresponds to the CCW blade reference frame.
The rotor support reference frames are defined by (x,,ys;, 2s;), © = 1,2,3,4 in the same orientation as
the aircraft reference frame (x4, ya, 24). Therefore,

i, 100 i,
J: | =10 10 Ja (5)
K., 00 1]k

The aircraft body station, buttline station, and waterline station are defined by the global reference frame
(z,y, 2z) as shown in Figure 1. The global reference frame (z,y, z) is related to the aircraft reference frame

(xa) yaﬂ Z(l) as

i -1 0 0 i,
=10 10 Ja (6)
k 0 0 -1] [k

The aircraft center of gravity (CG) is located at (z¢g,Ycg, 2¢g) In the global reference frame (x,y, z).
The origin of the wing elastic reference frame is located at (T, Yuw,, 2w, ) relative to the CG location with
respect to the global reference frame (z,y, z). The origins of the rotor support reference frames are located
at (Ls,0, Ysios Zs;0) Telative to the CG location with respect to the global reference frame (x,y, z). The origins
of the rotor and blade reference frames are located at (., Yr,q, 27 ) relative to the CG location with respect
to the global reference frame (z,y, z).
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B. Air Velocity and Acceleration

The lift forces are created by the air velocity and air acceleration due to the motion of the aircraft and
the rotors. The circulatory lift force on an airfoil due to circulation is created by the downwash at the
three-quarter chord collocation point. The non-circulatory lift force due to the inertial acceleration of the
air is also accounted in the model.

1. Air Velocity Analysis

The air velocity on a rigid blade section is computed by a coordinate transformation from the global reference
frame (x,y, z) to the blade reference frames (zp,, yp,, 2p;) as

Vb, = Vb, + Vi, (7)

where v, is the air velocity due to the aircraft motion and v, is the relative air velocity due to the blade
motion in the rotor reference frame. These air velocities are given by

Vb, =V +w X (r,, + Aryp,) (8)
Vi, = Vi +wp, X Ary, (9)
where
o v=—ui, —vj, — wk, = ui — vj + wk is the air velocity opposite to the aircraft velocity,
o w = —pi, —qj, —rk, = pi—qj+rk is the air angular velocity opposite to the aircraft angular velocity,
e v; = —v,,k;, is the inflow velocity normal to the rotor plane,

o wp, = :Féb,i Jjv, —Qiky, is the air angular velocity on the rotor blades opposite to the rotor blade angular
velocity,

. 0@ Jjb, is the blade pitch velocity about the blade pitch axis,
o (;k;, is the blade angular velocity,
e r,, is a position vector from the aircraft CG to the origin of a rotor reference frame, and

e Ary, is a position vector from the origin of a rotor reference frame to a point on a blade section.

The airfoil coordinate is defined along the blade chord direction, pointing from the leading edge £ at £ = 0
to the trailing edge at £ = ¢;. The velocity at the collocation point at the three-quarter chord establishes
the equivalent lift circulation. Thus, the position vectors are given by

ry, = Az i+ Ay, j + Azr k (10)
Arbi = (5 - fe) lbL + r/jbi (11)
where

o (AZyiy AYriys A2Zryy) = (Trio — Tegs Yrio — Yegs Zrig — Zeg) is the coordinate of the origin of the rotor i-th
reference frame relative to the aircraft CG,

e ¢ is the blade chord coordinate from 0 at the leading edge to ¢, at the trailing edge,
e £, is the location of the pitch center, and
e 7’ is the blade radial station.

The air velocity due to the aircraft motion is obtained in the blade reference frame (zy,, ys,, 2, ) as

Vi, = 1_}-tbi iy, + ﬁybljbi + @Zb,;kbi (12)
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where

Uy, = (u— qAzr,, — rAYr) sin¥; £ (v + pAzy,, — rAwxy,,) cosn; cos ¥;

F (w+ pAyyr,, + qAz,,,) sinn; cos U; F gr’ sinn! F rr’ cosn; (13)
Uy, = (u—qAzp,y — 1Ay, ) cos W F (v + pAzyy, — 1Az, ) cosn;sin ¥,

+ (w + pAyYy,y + gAz,,,) sinn sin W, + ¢ (§ — &) sinn; £ (§ — &) cosn; (14)
Uy, =+ (0 + pAzp,, — 1Az,) sing & (W + pAyr,, + AT, ) cosn;

—pl(€—&)cosW; — ' sinU,] £ (geosm; — rsinm) [(€ — &) sin W, + 1’ cos U] (15)

The relative air velocity due to the blade motion is

The tangential, radial, and normal airspeeds on a rotor blade section are obtained

Vi (6,1 By, + Qi
Vi (T/ 13 t) = {}ybi - (§ - ge) (17)
V. (T/’ 67 t) :l:'l_}zbi — Up; + ebi (5 - fe)

The inflow velocity is prescribed by®

7’ r

Up;, = V0.p; + Vs,p; = sin W; + ve p, 7 008 v, (18)
The Pitt-Peters three-state dynamic inflow model is used to describe the inflow velocity”
. —1 v i
vapi = _Lpi R?] + Cpi (19)
T T . .
where v,, = { Vopi Vspi Ve } ; Cp, = [ Cr,, C,, Cm, } » M, = gopdiag ([ I T Ior
202
- ]) is the apparent mass matrix, and L,, = B9 diag ({ i1 D for hover and L,, =
p i Tp, 2 i
61 g _1
242 75T 2
% 0 4‘% 0 is the reciprocal of the sensitivity matrix. The thrust and moment coefficients
2
£ 0 0
5

are defined as
T,

CTri = pooﬂ'R492 (20)
L,

G, = PR (21)

o e (22)

T poon RO 02

2. Air Acceleration Analysis

The air acceleration creates inertial forces, also called non-circulatory forces. The air acceleration is computed
as

dvy,
ay, = < Vb1> + (w+ wp,) X vy, (23)
d /,

where (%)b, denotes differentiation with respect to the blade reference frame.
We are interested in the vertical acceleration component in the rotor thrust k,,-direction which contributes
to the non-circulatory force. It is given by

ay, =+ f)zbi — [@pi — ébi (& - 56)} + (psin ¥; + g cosn; cos ¥; F rsinn; cos U;) [ﬁybi V(e fe)}

T (p cosU; F geosn; sin ¥, &+ rsinny; sin ¥; F ébi) (@Ibi + Qﬂ“/> (24)
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C. Unsteady Aerodynamic Forces

The unsteady aerodynamic forces comprise forces due to lift circulation, also called circulatory forces, and
non-circulatory forces which are inertial reaction forces exerted by the air.

1. Circulatory Lift Analysis

The air velocity vy, (r’ , ?%, t) at the three quarter-chord location is obtained by letting £ — &, = 3% —¢. =ew

where e, is the distance between the three-quarter-chord and the pitch axis, positive when the three quarter-
chord location is aft of the pitch axis.
The blade angle of attack is defined as

3 Ve (' 2t
4 Vi (', 5. t)
The circulatory lift is given by
dlep, 1
Wﬁ;z = Cl§pooV2 (7,,/7 Ees t) Cp (26)
where ¢, (') is the blade chord.
The lift coeflicient is given by
a=cyta,atc, a? (27)

where « is the angle of attack on a blade section which is defined as

3
a =, 0's0)+ o, (.5 1) @8
The blade pitch angle is given by
O, (r',t) = O, (') + Oy, (', W, 1) (29)

where ébi (r',t) is the blade pitch control input which can be expressed as
) N
0p, = Z 0, ,, sinnQt + 0., , cosnt (30)
n=0

The circulatory drag is modeled as

dd. p, 1
d\I;jL = CigpesV? (1 s t) 0 (31)
where the drag coefficient ¢4 is given by
Cd = Cdy + Ca, 0+ Ca_, a? (32)

The circulatory force on a blade section in the blade reference frame is expressed as

Afees, ., df:
= 1. +

fop, . N T 33
S T T (33)
where
df$c,bv dlc b; . ddc b;
a0, av, sin ap, + av, COS Qup, (34)
dfse,.  dley, ddep, .
i, ~ av, cos ap, + v, sin ay, (35)
The circulatory force on a blade section in the aircraft reference frame is
Uoea,. | Wyew,, | e,
£y, = Doy g Dones | Foemny, (30)

aw, T Tqw, T g,
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where

dfwc,ai _dflcc,b

v, aw, M (37)
dfyc,a- dfzc‘lr dfzc,b- .

o, T a0, cosmn; cos U, — a0, sin7; (38)
df.. .. dfe.,. . df..,.

. + a0, sinn; cos U; — av, Cos1); (39)

The circulatory force on a blade section in the rotor reference frame is

dwcv‘-. d c,ry . dzcr
f’zl +fyvz,J +f>

f., = . . ' 40
T ey T qwy T gy (40)
where
dfwcy,«v dfﬂfc,h
iU, ~ dv, in ¥, (41)
dfy..,, dfz,.,,
" = — cos U, 42
av, T aw, Y (42)
d Ze s d Ze by
ovry e, )
dv; dv;
The circulatory rotor thrust force in the rotor reference frame is
d*T..,..  dfz. — dl.y, dd.p,
L — ., i = Zobi pog ap, + biin ap, (44)

The position vector of the quarter-chord point on a blade from the origin of the rotor reference frame is
expressed as

Arbi (Czb) :T/jbi - ebibi (45)

where e, = {. — ¢ is the offset between the blade elastic center and the aerodynamic center at the quarter-
chord location.
The circulatory rotor moment about the origin of the i-th rotor reference frame is

1 R 27
M., = — / / Ary, (@) x Fop, AU dr’ = Loy iy, + Mersjr; — Qo ko (46)
’ 27T R; 0 4 ’ ’ ’ ’
where
N, (BT dfs..,
ley, = :F—b/ / (r' sin ¥; + e, cos U;) frc, AW ;dr’ (47)
’ 2T R; JO d\IJfL
N R 27 d .
Mep, = 72—; /Ri /0 (r' cos W; — e, sin ¥;) fl\I/jl dv;dr’ (48)
Nb R 2 /df’t b,
o =+— ©2 QW dr’! 49
Qe =57 /R /0 ", " (49)

with N, = 2 is the number of blades.

Note that the negative sign in front of the rolling moment /. ,, and yawing moment or rotor torque Q. r,
reflects the sign convention in flight dynamics where the positive rolling moment points forward and positive
yawing moment points down.

The circulatory rotor force acting on the aircraft due to the i-th rotor is obtained as

Fc,ai = Xc,ai ia + }/c,aija + Zc,ai ka (50)
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where

271'
Xea, = / f”C "L dWdr (51)
271'
You =5 / J;y\ll AW, dr’ (52)
0
N, (B 2 df...,
Zen, = =2 0 W, dr’ 53
@i = o /R /O v, " (53)

The circulatory rotor moment about the aircraft CG due to the i-th rotor is obtained as

Mc,a,i = Mc,m + r, X Fc,m = lc,ai ia + mc,aija + nc,aqyka (54)
where
lc,a,; :lc,m + Yc,aiAzrio + Zc,a,;Ayrio (55)
Me,a; =Me,r; COSN; + QC,W sin Ni — XCJMAZMU + Zc7aiAx'f'1i(J (56)
Neya; = — Meyr; sin ni + Qc,m COS Tl — XC#MAyTz‘o - }/C;ai Ax?‘io (57)

2. Non-Circulatory Lift Analysis

Theodorsen’s unsteady aerodynamic theory for an oscillating airfoil in pitch and plunge provides the non-
circulatory forces and moments as functions of the air acceleration.® In this work, we extend the Theodorsen’s
theory to account for a general blade motion. The air vertical acceleration component can be expressed as

azbi (rlv Ev t) = azo,bi (T/’ t) + ag (T/’ t) (E - fe) (58)

The time derivative of the velocity potential due to the air acceleration according to Theodorsen’s theory

is given by?
d
if =E&(ep — &) |:a20’bi T g (g + % - fe)] (59)

The non-circulatory lift contribution is computed as

Alpep, 0 Ch T Ch
b oy [ B~ S o ()] - T (450) @

The non-circulatory pitching moment contribution about the blade pitch axis is computed as

AMpep,  dMaep, €0
u = ’ _2poo/ aif(f_fe)dg

dv; av;
O (CROIN[CER )
:dij\;’bi — emb dfin\;:i — %pmcg% (61)
where e,,;, = £ — &, is the offset between the blade pitch axis and the mid-chord location and ib‘ is the

pitching moment about the aerodynamic center of a blade section given by

dmac,b',

1
4. - = Crmge 2p00V2( /?£€7t)cg (62)

The pitching moment about the aerodynamic center does not depend on lift, hence it is a non-circulatory
pitching moment. Moreover, it is a function of the effective blade mean camber angle which is expressed as

% = —tan"!
d€ -

=L

~ _O‘Zi (T/’ t) - Q¢ (Tlv t) (5 - ge) (63)
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where _ _
Vi v, V. oV

‘22+Vz28(§_£e) ‘22+Vz2a(§_£e)
Using the transformation § = 2 (1 —cos ), the pitching moment coefficient about the quarter-chord
aerodynamic center is evaluated as'’

ag (r',t) = (64)

1 [Tdz 7r
Cmae = 5 /0 o (cos26 — cos ) do = —gcbag (65)

We assume the non-circulatory drag is zero. Then, the non-circulatory force on a blade section in the
blade reference frame is expressed as

df’l:nc.bi ib + dfznc,bi

frep = v ky,.
nec,b; d\I/Z i d\I/Z b; (66)
where
dfznc,lr dl’ﬂc bi .
d\IIi = — d\I/i S11 (ep, (67)
dfznc,b; dlnc.bq,
v, du, COS (p, (68)

The non-circulatory force on a blade section in the aircraft reference frame is

WS rnera; . Yynew, . Urne,
= v, T gy, 0T gy, K (69)

fnc,bi

where

Wrnes,  frn,

v, — v, sin ¥, (70)
df, dfz,. s, Zno.b:

f;gza =F fd&;b” cosn; cos ¥, — d\p? sinn; (71)
d z ) d Tne b: Zne,b;

fd:IJ: =4 fd\I/Zb sinn; cos ¥; — d\II: cos 7); (72)

The non-circulatory force on a blade section in the rotor reference frame is

dfz..., . dfye.r. . df...,
fnc,bi — d\l’z lri d\I/l Jri + d‘I’z km (73)
where

B rnerr, Yo, .

.~ au, sin U, (74)
dfync T dfmnc b

Lt = — \II

v, F v, cos U, (75)
B onerr, Uz,

dv, 4, (76)

The non-circulatory rotor thrust force in the rotor reference frame is

dzTnc,ri dfznc,ri dfznc,bi dlnc,bi cos (77)
= = = .
dr'd¥, dv, dv; dy; bi

The position vector of the mid-chord point on a blade from the origin of the rotor reference frame is
expressed as

Arp, (g) = T/jbi + emplp, (78)
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The non-circulatory rotor moment about the origin of the i-th rotor reference frame is

2m
C dmac b; 7T 4 . ’
= A — frc, —— — —— D | dsd
nc T 271_/ / |: ry, X b; + ( d\Ili 128[7 Cba£> Jbb:| d T

- lnc Ky 17"1 + My TI.]m an i h (79)
where
Lo Bonery [ dMaep,
Ine.r = 5 /R/ /0 {:F (r'sin ¥; — eynp cos W;) qu/:” - < Zq}i’bz - 17;8,00002‘%) cos \I/Z} d¥;dr’  (80)

1 R 27 . d .
Mane,r; = 2*/ / [ (1" cos W; + ey sin ;) f;q, %4 ( Z\I!v,bl — &gpmcgag) sin \I/Z] dV;dr'  (81)

am fz
Q: / / ! Sl d\I/idr’ (82)

The non-circulatory force acting on the aircraft due to the i-th rotor is obtained as

Fnc,ai = ch,ai ia + Ync,aija + ch,ai ka (83)

where

271' fz

Xnca: = 5= / / v’ (84)
27 df

Yooa: = 5= / / y - AU dr’ (85)
2 d fz

Toeias = - / / vy (86)

The non-circulatory moment about the aircraft CG due to the i-th rotor is obtained as

Mnc,ai - Mnc,ri + r. X Fnc,ri - lnc,ai ia + mnc,aija + Nne,a; ka (87)
where
lnc,ai :lnc,n + Ync,aiAZrio + ch,ai Ay’!'io (88)
Mapc,a; =Mne,r; COST); + an,ri sin i — ch,ai AZ”O + ch,ai Axrio (89)
nnc,ai - - mnc,r,; Sin 7’2 + an,m COS Th' - ch,ai Aymo - Ync,ai Amr,;o (90)

D. Stability and Control Derivative Analysis

To construct a linearized flight dynamic model of eVTOL aircraft, the partial derivatives of the forces and
moments are evaluated.

1. Partial Derivatives of Circulatory Forces and Moment

We write the lift force as

‘Zgjj - Cprb (V (xa,vpb,ebl, ) ¢ (M(V),a(ébi,abi <v>))) (91)

T - :
where x, () = [ u(t) v(t) wi) pt) q) r(t) } is the aircraft state vector and 6y, (t), 65, (t), and

Q; (t) are the control variables.

Let x (t) be a place holder variable for a state or control variable. The partial derivative of Le b’ with
respect to z (t) is evaluated as

g dlc,bi o 0 dlc b; ov + 2 0 dlc b; 8cl oM +%a (901 Oa (92)
Ox \ d¥; TV O Ocy OM Oz ' Oa Ox
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dl

. . . c,b;
The partial derivatives of Tp.- are

O (dlcp,\ 1 _
P ( v, ) = cl2poQ2Vcl7 (93)
0 (dlcp, 1 -5
i i) = 2o 4
8cl<d\11i) gP=V e (94)
where
V=V 4V 4T (95)
The partial derivatives %—Zand %—{‘f are
ov  V,ov, V.oV, V.oV,
gy _ndve | M -z 96
or Vor Vor Vor (96)
M 1 1
oM _ 1 ov_ 1 9V (97)
Or  a(h) 0r a(h)Ox
Oa  Oay  Oag, Oy,
dx Oz 7+ ox + ox (98)
Do, v, ov. V. o
T 52 52 -5 =2 5, (99)
(R VAN VA 2 B Vo VA oL
The Prandtl-Glauert compressibility correction formula is given by!®
o “ (100)

1 - M + W/é%f
where ¢; is the ideal incompressible lift coefficient, A% is the aspect ratio, and € is the span efficiency factor.
The partial derivative 22 is evaluated as

oM
da _ i (101)
M T=IP (VI + )
¢/ can be solved in terms of ¢; as
V1— M?
¢ =T (102)
1 _ L
T ARe
Upon substitution, we obtain
8Cl Cy (l—kb.cl)M
—— A Mt 1
oM 1— M2 (103)
where
1 1 V1—M?
b= = = = T (104)
TwARe ¢ c
The partial derivative g% is evaluated as
Oca _ OcqOa D _ Cay &1 = ko)) M (105)
OM — da Oc;OM ¢, 1—M?
The partial derivative of déipb is i
9 (dlep, dlep, Ofp,
il i ) Zebs Db 1
where
dlfc’bi . 1 =9
v, - clgpocV cp (107)
Ofp, ke, OV ¢ Oy  Ooyg Oay,
i Az’ o i L 108
ox V Oz 9 ox + ox + ox (108)
(1 — kbi El) M?
ko =2+ (109)
i = 1, + 201, (110)
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dde.p,

The partial derivative of 76, 18
0 ddc b, dJa b; 8gb.
— L) = L 111
where
ddey, 1 -,
qu, ~ CigheVe (112)
agb, kcd oV Cd oy, Oas, Oay,
i o Cd 77 o 2 2 113
Ox V8x+6d 8x+8x+8x (113)
Cq.Cl (l—kb,él)MQ
ko, =24 o d 114
4 + ¢, Cd 1— M2 ( )
Cd, = Cd, + 20da2d (115)
We express ag;", ag;’?, d ag;”‘ as
Ofv,  Ofon, | Ofsp Ofc.p,
L= — = v, = v, 116
Or or + ox sin ¥ + or cos (116)
dgv,  09op, | OFsp, 09e b
- = 71 — \Ifi = \117 117
ox or + ox s ¥ + or o8 (117)
50&1;. 50[0 b, 8as b; . 8ac b,
L= — = v, d v, 11
ox or + or sin ¥ + or o8 (118)
2. Partial Derivatives of Rotor and Aircraft Circulatory Forces and Moments
The partial derivatives of the circulatory axial and normal forces in the blade reference frame are
g dfzc,bi _ _dzc,bi afb,, sin & + dJG,bi aglh COS @, — dvfzc,bi 8abl (119)
0 dfzcbv dl—cb‘ 8fb dczcb. 89[, dfwcb. 8&1,.
— e e : Op, 2L 22 sin au, o ! 12
Ox ( d‘I’i d\I/Z ox cos o + d\I/Z ox St Qs + d\I/i or ( 0)
where
dfe., dl,p, dd.. ,
D= 2 ginqy, + ——t (p, 121
a0, v, sin ap, + v, COS @y, (121)
Afeey. dloyp, des,
5‘11’:’ = d\If: cos ap, + d\I/J: sin ap, (122)

The partial derivatives of the integrated circulatory thrust force and rotor moments which affect the
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inflow velocity are computed as

8Tc,rb
ox

8lw1

ox

Ome.r,

5

ox

Qe.r,

where

/ <lc,b, 0o oS @y, + dep, 9.
1 / /27r /271'

ox

fz(‘b

w5 (G

/R / ( afs,b
T lc,bi
R; 8.T

) d\IJid’I“/

[r sinW; +

L cos ap, + de.p,

Jevi 5 0Oge,
S 008 Ap, + dep; Je
x

[— (r’' cos ¥; — e, sin ¥;)

7005041, +dcb

- cos i, + dc b;

- sin oy, + fxc,bl

3a07b
ox

Afz,
dw

epcos U,)

0gsp; . -
9s,b: sinagp, + fa, ,

ox

ebi . r
S sinin, + o
Uers,

:t
dv,

d\IJ

agc b . r
—sin oy, + fz,
Oox Faca

OGsbi . _ =
a; sin ap, + fz.,
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7) d,r_/
] dW;dr
8 S,bi /
o ) dr
3ac7bi ’
oy ) dr
sin U, ] dV,;dr’
aac)bi ’
. ) dr

80&5,1)1 ’
i on >d7‘

8040 b,

;z)d,r/

or

(123)

(124)

(125)

(126)

(127)
(128)
(129)

(130)



The partial derivatives of the aircraft integrated circulatory forces are evaluated as

e ] o (e

- 7/ < le.b, Of s, sin &y, + dep, 09s.bs cos ap, — fTZc,bi aas’b"> dr! (131)

ox ox ox
/ /271' a
or

1
7 0gc.p, ~ Oacy,
=+ 5 cos 771/ ( le,b, f b gin ap, + dc b gc’b’ cosap;, — [z, 0407171) dr’
R; T i Ox

) sin U, dW,;dr’

cosn; cos ¥, — dZ\I/jZ sin 772’) d,;dr’

ox ox ox

2
c Qg a d dfzc,bi /
o / / ( T, av, cos 772’) d¥,dr

sinn; cos U; —
_ - Ogcup, ~ 0
= i 5 sin 7; / (—lc,b, O sin &, + dep, Je.bi cos ap, — f=,. by Qebi ) dr’
R; Ox

R
_ 090 p. - 0 ,
—sin®; / (ZC b; Ofo.: Cos ap, + dc by 90.b; sin oy, + fxc,bi 20.b: > dr’ (132)

ox ox

R
_ = Ofop 090.b; . = Oagp, /
— ; l :bi d, = . — | d 133
oS ; /Ri (C,b 5 oS Ay, + de p, 5y S a, + faen, B r (133)

The partial derivatives of the aircraft integrated circulatory moments are evaluated as

alc a; alcr» aYc a; aZc a;
=t — Az, =L Ay, 134
Ox Ox + dr T + gr = Jrio (134)
amc,a,; amc,r,; _ an,r,; P aXc,r,; aZc,ri
W :W COS 1); + W smn; — Azmo + O AI"H,O (135)
anc,a,» amc,m . Qc Ylde,ri _ aXC,”’j 8Y’c,r,»
D L= — o “sin ) + ——— on COSTi T “Ayr,, — W’A:pm (136)
T T T T T
Let vy (1) = [ VL (8) v, () o vl (@) ] where vy (1) = [ oy (1) vap (1) ven (1) ]
- . T - - - - T
up (t) = { 0, () 6, (t) ] where 0y (t) = { Oy, (t) Opy (t) -+ Op, (1) } , and (1) = [ (2)
T
Qa(t) - Q. () } . We sum all the aircraft integrated circulatory force and moment contribu-
tions by the rotors and express them in terms of the partial derivatives as
& aFc a 8Fc a aFc a
Fc a = Fc a; — Xa : - — () 1
) Z s . + v, vp + ug ug + 790 (137)
Ry OM_, oM oM oM
MC @ — 1\[[C a — a c,a c,a c,a Q 138
’ Z ‘ 0%, * ovy Vet duy up + o0 (138)

In addition, the rotor circulatory thrust and moments acting at the origin of the i-th rotor reference
frame are expressed in terms of the partial derivatives as

oT. .. oT... oT. .. oT,
T, = 5" Xa + 5V, “hug, ST, 139
T e e v, T B, M g, (139)
M., M., OM,.q LY
M,,, = —<lix, Ty, % g, 20, 140
sT aXa Xq + avpi sz + au9i u@z + aQZ ( )

Note that the aircraft circulatory force and moment contributions by the airframe including wings,
horizontal tail, and vertical tails as well as the control surfaces should also be included for both hover and
especially for transition flight. These contributions are well-developed and are not included here.

15 of 28

American Institute of Aeronautics and Astronautics



8. Partial Derivatives of Non-Circulatory Forces and Moment

We write the non-circulatory lift force and the quarter-chord pitching moment as

e, o
d\Ij’éL = gpooczazbi (Xaaxa7vpi79i79bi) (141)
7
dMge b, 1 .
772\1,,’“ = Cmye PV (xa, megmei) c (142)
The partial derivatives of dfiipbl and dﬁ;“qfi’bi are evaluated as
0 dlnc b, s 28azb,
9. — | =P - 143
ax( av, ) T4l gy (143)
0 dmac.b' acm 1 =2 92 dl_c b; Cb aCm
< bi ) _Pomae 2, 22 @ebi € TCmae 144
oz ( v, > gr 2P T v, & ox (144)

where z (t) is a place holder variable.
The partial derivatives of the non-circulatory axial and normal forces in the blade reference frame are

0 (dfe,... O (dluen,\ . _ T . _ Oa,
P2 ( d\Ilz-bl ) =~ ( ) sin &y, = —Zpoocf sin &y, 8; (145)
0 dfznc b 0 dl.p. ™ 9 aazbv
- i —_— bt vy = — o . L ].4
oz ( v, > Oz < v, > O8O = Pl COSA 5, (146)
da a c,
We express —-*, %, and 88’% as
aazbi aa07zbi 8a3,zbi . 8ac,zbi v 147
ox  Ox + ox s & ox cos T (147)
3@5 8@0 I3 6as 13 8ac I3
Jae _ : ; U, i U, 148
oz oz + oz s ox o8 (148)
acm 800 m acs m . aCc m
e = ac ac gin Uy ac v, 149
ox ox + Ox s ¥ ox o8 (149)
The partial derivative of the integrated non-circulatory thrust force and rotor moments are computed as
Tnc T 27 d Znec, R aaz i
0 o L= / / 9 ( Fenca >d\Ilid'r' = %pm /Ri c2 cos y, a;b" dr’ (150)

e r m , Afzpen,
Zineri .~ ¥ inv; — e, v, b
ox 2m /Ri /0 { (r'sin emp c0s 0i) dw;

7 4 /
128poocba5) Ccos 1} dV,dr

_< AW
R 0ass, dac,»
=¥ﬁpoo/ (r’ 2 et b )cgcosab dr’
8 R
1

dmac,bi

or ox

R
— cp Ocem T 46%5 ,
- = lop, — —2ee d 151
2/121 <C7b1 El ax 128p00 b a T ( )

m L /R /Qﬂ { (r' cos ¥; + epp sin U;) i
R - i b i
nc,r. 27T R’L o K3 m K3 dwl

d ac i .
+ ( Macb; _ %pmcgaf) sin \Ifl] dU,dr’

d\p» 12
,0ac,z,. Oas, -,
1 B/ ¢ dc T Odag
+ = lop — —2Mae _ o Ch dr’ 152
2/1%(’1’151 or 128" oz ) (152)
1 ™ dfy, R dao,z,.
Qne,ri =5 /R /O +7 fd\y‘j”l d\pidr':;%pw /R r (;x ci sin ay, dr’ (153)
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The partial derivatives of the aircraft integrated non-circulatory forces are evaluated as

0X . o 8 dfa: b ™ R Oas -,
neai _ 1 2 ) sin WidWidr' = —poo | Ch 2t sin Gy, dr’! 154
s s s (= o [t
2m
nc a; a d Tne, & Zne,
x Yonca; / / ( f bi cos 7); COS\IJ fd\I/ bi smm) d‘I’id’lJ
B 9 i@a&z 28a0,zbi _ ind: | d / 155
**Poo / . c 97 sin Qp, COST); — W COS vy, S11 7); | AT ( )
2
nC g 4 8 nc, d nec,b;
Zonees / / ( L sinn; cos ¥; — Fone, cos ni) dW;dr'
.’L’ 1 d\pi
R 9 aac zp 26a0,2bi _ 7 dr! 156
SpOO /R c :FW sin &, sin7; — o cos Qip, cos 7; | dr (156)

The partial derivatives of the aircraft integrated non-circulatory moments are evaluated as

Olnca; Olners  OVnca, 0Znec.a,

ne,a; _ Yinery ne,a; A o nec,a; A . 157

Ox Oz + dr e * ox o (157)
amnc,ai _ amnc,ri — 8an,ri o 8ch,ri 8ch,7‘i

e + SN — —- Az, + Az, (158)
annc a; amnc T . QTLC T — aXTLC T aYnCAT'

e — A 5 T i _ A A s _ A A r 159
3I 8I 77 + COS 77 az y 0 ax €T i0 ( )

We sum all the aircraft integrated non-circulatory force and moment contributions by the rotors and
express them in terms of the partial derivatives as

Ry Fnc a aFnc a 6Fnc a aFnc a
nc a — Fnc a; — ’ a — X a — v — 3 160
E T Tox, X + %, X + o, Vp + a0 (160)

Nrotor
M - Mnc,a aMnc,a . 81\/Inc,a . aMnc,a
n(‘ a — ne,a; — X v

; 161
%, ony ¢ (161)

In addition, the rotor non-circulatory thrust and moments acting at the origin of the i-th rotor reference
frame are expressed in terms of the partial derivatives as

0T ner, T e, . OTpe.r, OT e,
P X + ' P K2

ne,r; — a 3 a . V. ——1g, 162

o 0%, 0%, *Xat vy, Ve F Oy, 1os (162)
OM,.c -, OMyer, . OM,cr, . OM,cr, .

Mnc,m = a;j Xq + 8):2 Xq + a‘.:l:ir Vo, + au:lr Uy, (163)

Note that the aircraft non-circulatory force and moment contributions should be included for both hover
and transition flight. These contributions show up as the apparent mass derivatives such as C,,, for fixed-
wing flight dynamics.

ITII. Integrated Flight Dynamic Model of eVTOL Aircraft

An integrated flight dynamic model of an eVTOL aircraft includes

e An unsteady aerodynamic model which models the phase delay and amplitude attenuation by a state-
space realization of the frequency-domain Theodorsen’s function,

e A flight dynamic model of the rigid-body aircraft,
e A rotor dynamic inflow model, and

e A closed-loop servo-actuator dynamic model of the control effectors which includes a closed-loop PID
controller that tracks an actuator command.

Each of these elements are described as follows.
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A. Unsteady Aerodynamic Correction

The unsteady aerodynamic effect of a rotor in motion is much more complex than that of a fixed wing.
The dynamic inflow models are generally used in flight dynamic modeling of rotors to capture the unsteady
aerodynamics of the induced flow. Since the flight dynamic motion of a rigid-body rotorcraft or aircraft
involves very low frequencies, the dynamic inflow models are sufficient. For motions that involve high
frequency dynamics such as structural modes when those modes are coupled to the rigid-body modes, the
unsteady aerodynamic behaviors created by the high frequency motion which involved pitching and plunging
of the entire rotor are less well-understood. Theodorsen’s unsteady aerodynamic theory for an oscillating
airfoil in free air is well-known,® but there exist gaps in the theoretical knowledge of unsteady aerodynamics
of a rotating airfoil in a pitching and plunging motion. The unsteady aerodynamic response of a rotor can
be estimated by conducting forced oscillation numerical experiments using CFD 6,112 but such studies are
computationally very expensive. In this study, we propose to use the Theodorsen’s theory to capture some
semblance of unsteady flow on an airfoil in a rotating period motion subject to high-frequency dynamic
motion in the vertical plane. While the present study pertains to flight dynamic model development, the use
of the Theodorsen’s theory creates a general framework for future consideration of high frequency dynamic
motion such as coupled flight dynamic motion with aeroelasticity for eVTOL aircraft. The simplicity of the
Theodorsen’s theory facilitates the analytical flight dynamic model development readily. Other methods
such as the Leishman’s method!3 are also considered.
The circulatory lift according to Theodorsen® is given by

dlcp,
av

1
= [a+C (k) er0] 5pV e (164)

where C (k) is the Theodorsen’s function which adjusts the lift expression to correct for unsteady aerody-
namics. The Theodorsen’s function C' (k) is a complex-valued transcendental function given by

_ H K
HP (k) +iH (k)

C (k) = F (k) + G (k) (165)

where Héz) (k) and Hl(z) (k) are the Hankel functions.

Figure 3. Theodorsen’s Function

The functions F (k) and G (k) are plotted in Fig. 3. It is noted that F (0) = 1 and G (k) = 0 for
steady-state aerodynamics when w = 0. As k — oo, F'(k) — % and G (k) — 0. So the magnitude of the
unsteady circulatory lift coefficient is always less than the magnitude of the steady-state lift coefficient.
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In the time domain, the unsteady lift may be approximated by a rational fraction approximation in the
form

G=c.Ck)a=c, <r0+T1 2 >a (166)
s§—P1 §—=DP2

where ro = 0.5, 71 = 0.08851, 75 = 0.003620, p; = —0.2278, and ps = —0.03249.

Let ~
i 2V,
Sl L N IO R [ P (167)
To Cp 0 po To 1
Then, the unsteady lift coefficient is obtained as
El =, (7”00& +rixr, + T2$2) (168)

We now generalize the unsteady aerodynamic analysis for the aerodynamic force acting on the aircraft.
We write the aircraft circulatory force and moment expressions in the time domain with the unsteady
aerodynamic correction as

OF . q,
0x,

c,a;

vy

c (k) Fc,aq‘, = (TOXa + raya) + (Tovp + I‘pyp)

c,a;

8u9 o

aMc,ai (’l" X, +r )+ a c,aq
8Xa 0&a aYa an
OM,.q,

+ —

6119

c,a;

(roug + roye) + (ro2 +raya) (169)

C k)M, = (rovp +TpYp)

MC a;
89’ (ro2 +raya) (170)

0
(roug +roys) +

where 1, 4.0,.0) = [ I rol } with I as an identity matrix of appropriate dimension, and y(, p.q,0,0) are
the aerodynamic lag state vectors described by

Yo = AaYa + BaX, (171)
Yo = Apyp + Bpvy (172)
Yo = Apyos + Bouy (173)
yo = Aqgya + Bao2 (174)

_ _ T
With Aapq0.0) = Zediag(| piI poI |) and Blapgoo = 2 [ 1 1 |

Note that for rigid-body flight dynamic motion at very low frequencies, the quasi-steady aerodynamic
assumption is generally valid. Therefore, C' (k) ~ 1. This results in a simplification with ro = 1 and
r1 = rg = 0 which effectively removes the aerodynamic lag states y(q4,p.4,0,0) from the model.

B. Flight Dynamic Model

The nonlinear flight dynamic equation of a rigid-body aircraft is described by

MelsV+wxv=C(k)Feq +Fpeo+Fy (175)
Tw+wxI,w=0C(k)M.,+M,.,+M, (176)

The body and propulsive force and moment vectors F, and M, are given by

[T Meg sin 0
Fyp= | mggcosfsin¢ (177)
| mag cosfcos g
L
Mb - mr (178)
L nr
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where T denotes forward flight thrust force, I, my, and ny are thrust-induced moments, 6 (¢) is the aircraft
pitch angle, and ¢ (t) is the aircraft bank angle.

We are interested in the linearized equations of motion about the equilibrium condition given by & = 0
and w = 0. Upon linearization, we obtain

. OF OF,
maIgv = 8Tuw + C (k‘) Fc,a + Fnc,a + 870 (179)
Iw=C (k)Mo +M,ea (180)

o =w = Hx, (181)

(an)
|
g
[

T —
where o (t) = [ o) 0@1) (b } , 1(t) is the heading angle, I, = diag (I,), Z£ = | @ 0 -a |,
v u 0
0 —mgeg 0
Fe=1meg 0 0 ,andH:[O 1]
0 0 0

.
Let S, = [ F] M/ } and M, = diag ([ mals I, D The linearized equation of motion is ex-

pressed with the unsteady aerodynamic correction as

(MU _ (r)SWl) i, OBncay  OSna, 08 8S..q

c,a

%4 vy P Bl T B, T o, 0% TTaYa) F G F(rovy Frayy)
c,a c,a 6Snc a 8Sb
» . (1o + 14 X+ ra (182
T Gy 000 T TaYe) + Fa7 (R draya) + =5 Txa + 5 e (182)
s 0o & s T
where &2 = 9w | and &2 = | 9o |,
0xq 0 0 do 0
C. Dynamic Inflow Model
The linearized Pitt-Peters three-state dynamic inflow model is given by
M, vV, = =L, 'v;, + C (k) Cep + Crep (183)

Applying the unsteady aerodynamic correction by the Theodorsen’s theory yields

CTLC . CTLC . CnC . — CC
0 P <Mp 0 ,p) v, — L.#’ug =Ly, + % (roXa + Ta¥a)

8>'<a 8\";0 aug Xa
aC., aC.. ac., 9C,.,
+ 8vpp (rovp +rayp) + 8u@p (roug + raye) + 6Qp (ro2 +roya) + i Px, (184)

D. Actuator Dynamic Models

The control effectors include the aerodynamic control surfaces d. (t), d, (), and J, (¢), the blade pitch angle
0y, , and the rotor speed €2;. For hover, the blade pitch and rotor speed are used as control effectors.

1. Blade Pitch Actuator Dynamic Model

The blade pitch angle is driven by a DC drive motor which is modeled as
Jbéb + Gbéb =my + T (185)

where Jp is the motor inertia matrix, Gy is a matrix representing the motor friction windage loss, m;, is the
blade pitching moment vector about the pitch axis, and T} is the motor torque vector.
The blade pitch actuator dynamic model is also expressed as

My = Spup + By C (k) m.p, + Bym,,., + BTy (186)
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,and By =

WhereMb:[I O] b= 0 I

0
0 J, 0 -Gy I |
The circulatory and non-circulatory blade pitching moments are computed as

//% fz”’d\I!dr (187)

2
dmac b; dlnc,bi ™ 4 /
Mpc,b; = / / ( Emb av, @pmcbag dV;dr (]_88)
The partial derivatives of the circulatory and non—circulatory pitching moments are obtained as
Omep, Ny [T [*T 0 (dmey, / s fOb "
— =3 — — | dW;dr’ = N, leb, : 189
oz / / or \_dv, re /R :b: € (189)
OMype . o 8 dmeae.p, dlyeb, T 4 ,
Zlinebi —em 2 heo d¥,d 190
Bz / / ( “mbTay, T 12870 " (190)
-y 0Com,, o 3a(),zb T 4 0ao ¢ ,
=N lep, — dr 00CLCmb——— — —— Poo = ) d 191
b/Ri(,bl pe 4pcb€bax 125l 5, ) 4" (191)
The blade pitch angle is to be controlled by a PI controller. The control motor torque is given by
Tb = Uup — KbJDUQ - Kbyieb (192)

where ey, () is the blade pitch angle integral error and the controller gain matrices Ky , and K, ; are computed
by the linear quadratic regulator (LQR) optimal control.
The error dynamics are given by
€, = CbUQ — Bb’c (193)

where Gy = [ T 0
The equation of blade pitch dynamics is expressed with the unsteady aerodynamic correction as

Omycp . omy,, 8mm . Jdm
B % Lx, — By v (Mb - By b) g = Spup + By  (roxq + raya)
Xq Vp 0x,
5mcyb 8mc b om,
+B, ov, (rovp +ray,) + By Jug (roug +rayg) + By 89 (?”OQ +r1.y0)
om,,,
+ Bb 8X bXa + Bbub Bbeypllg — Bbeyieb (194)
2. Rotor Actuator Dynamic Model
The rotor speed is driven by a DC drive motor which is modeled as
J.Q+B,Q=m,+T, (195)
where J,. is the motor inertia matrix, B, is the motor friction matrix, m, = [ +Q1 +Qs -+ Q... }

is the rotor torque vector, and T, is the motor torque vector.
The rotor speed is to be controlled by a PI controller. The control motor torque is given by

T, =u, - K,,Q - K, e, (196)

where u,. () is the motror torque control, e, (t) is the rotor speed integral error and the controller gain
matrices K., and K,.; are computed by the LQR optimal control.
The error dynamics are given by
e =0-Q, (197)

The equation of the rotor dynamics is expressed with the unsteady aerodynamic correction as

omy,. - . omy,. ;. . omy,., | : om, om, ,
- ’ a — — - — JTQ = _BT‘Q ’ a aYa ’ a
0%, T v, P ong T T x, (T0¥aFTaYa) + 50 (rovy + Tayy)
8111 8m 8mnc,r
+ Te = (roug + raye) + 89 = (roQ +royq) + Txaxa +u, - K., Q- K, e. (198)
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E. State Space Model

We form the integrated flight dynamic model by coupling together the flight dynamic model, dynamic inflow
model, actuator dynamic model, and unsteady aerodynamic model. The integrated flight dynamic model is
expressed compactly in a physical state-space form as

Mx = Sx + Tu (199)

In the physical state-space form, M is the mass matrix, S is the force-moment stability derivative matrix,
and T is the force-moment control derivative matrix.
By inverting the mass matrix M, we obtain the standard state-space form

x=Ax+Bu-v (200)

The state-space equation can also be expressed in a partitioned form as

Mrr 0 5(1“ _ Srr Src Xr Trb Trr up Ve
l 0 I]l)‘cc]_[scr sccch 1o o u, + 0] (201)
where x, (t) = [ ol (t) xJ () vi(t) u (t) QT(@) e (t) el (¢ ]T, x.(t) = [yi(®

T - T
yy (6) yg (1) yg (1) y& (1) ] ;and v (t) = { 0" o" o" o" o' 6/ .(t) Q) } is the blade
pitch and rotor speed command. For aircraft state tracking control, we set v. = 0 to maintain trim blade
pitch and rotor speed. We then obtain

x = Ax + Bu (202)
The mass matrices are given by
B! 0 0 0 0 0 0]
0 M, Bree  Bnea = 0 0 0
0 T M, - Tmee STgee 00000
M, =| 0 -B,2z=t _pB,%er )\ B2t g 0 0 (203)
Omyc r Omy,c,r Omy,c,r
0 T 0%, oV, BCEY) J. 0 0
0 0 0 0 0 I o0
L0 0 0 0 0 0 I |

The stability derivative matrices are given by

0 H 0 0
OF, oS 9Sc,a OSnc,a 0Sc.a 0Sc.a
o Oxq + OXq To + Oxq vy To Ouy To

acc,p acnc,p 8Cc,p _ —1 BCCYP

0 D%, |0 + OXq vy, ro Lp Oug To

_ om,, omy, ., om, om,.
Sy = 0 B, ( 8xab7'o + 78xa'b) B, avpb”f'g B, ( 3u9'b7"0 + Sy — Kb,p)

0 ome, + Omyc,r ome, om, .

Fx, 10 0%, vy To Oug To

0 0 0 Cy

0 0 0 0

0 0 0 |
OSc.a
8%9 To 0 0
c,P
[())Q To 0 0
m.
5 Bb Bﬂ’b To 7BbK},7i 0 (204)
m ,
o "0 —Br — K p 0 K,
0 0 0
I 0 0 |
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[ 0 0 0 0 0 1
88c.a 08c,a 0Sc,a 9Sc.a 9Sc.a
Ix, La dv, La Ix, La Jup La oq La
BtTa eiTa pctTa Tutte TggRT,
Sre= | Byomety, Bylmetr, ByZetr, B,Zetr, B,2str, (205)
omg, om, , om, , om, , dm,
Ox, La dv, La ox, La Juy La aq Ta
0 0 0 0 0
i 0 0 0 0 0 |
[0 B, 0 0 0 0O
0 0 B, 0 0 00
Se=10 0 0 0 0 00 (206)
0 O 0O B, 0 0 O
L0 O 0 0 Bop 0 O
A, 0 0 O0 ©
0 A, 0 0 O
See=| 0 0 A, 0 0 (207)
0 0 0 Ay O
0 0 0 0 Agq
The control derivative matrices are given by
o
0
0
T, = | By (208)
0
0
L 0 .
o
0
0
T, =| 0 (209)
I
0
L O .

IV. Linearized Flight Dynamic Model of Lift-Plus-Cruise eVTOL Aircraft in
Hover

The Lift-Plus-Cruise (LPC) eVTOL aircraft is a six-passenger aircraft* as shown in Fig. 1. It employs
8 vertical lift rotors for eVTOL and an aft push fan. In forward flight, the LPC vehicle operates like a
conventional fixed-wing aircraft with the 8 vertical lift rotors stopped and locked in place. Two versions
of the Lift+Cruise vehicle are conceptualized: a turboelectric version and an all-electric version.* The all-
electric Lift4Cruise vehicle has a design gross weight of 8,395 1b and cruises at an average 100 knots. This
model is used in the current study.

An aerodynamic trim analysis for hover flight at 4000 ft altitude is performed in CHARM.? The trim
solution is used to compute the analytical derivatives of the forces and moments created by the rotors. In
addition, the non-circulatory forces and moments generated by the aircraft lifting surfaces are also computed.

Figure 4 shows the rotor thrust radial distributions of the eight rotors. The front rotors 1, 3, 5, 7 are
trimmed at higher thrust values than the aft rotors 2,4, 6, 8.
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Figure 4. Rotor Thrust Distributions

A MATLAB script is created to read in the CHARM trim solution and automatically compute the
analytical stability and control derivatives of the LPC aircraft developed in this study. The linearized flight
dynamic model of the LPC aircraft in hover contains 236 states including 8 aircraft states excluding the
heading angle, 24 dynamic inflow states, 16 blade pitch actuator states, 8 rotor speed actuator dynamic
states, 8 blade pitch integral error states, 8 rotor speed integral error states, and 164 unsteady aerodynamic
lag states. There are 16 control inputs: 8 rotor speed commands and 8 blade pitch angle commands.

Static stability of the Lift4Cruise aircraft is examined. Key static and dynamic stability derivatives are
computed and are shown in Table 1. The force and moment stability derivatives are normalized with respect
t0 PoomR*Q? and po,mR°Q?, respectively. Longitudinal stability requires stability derivative C,,, < 0, lateral
stability requires C;, < 0, and directional stability requires C,, > 0. The Lift+Cruise aircraft is statically
stable in pitch but unstable in roll and yaw. The dynamic derivatives C., , Cp,, and C,,  are basic rate
damping derivatives which are required to be negative. The Lift+Cruise aircraft satisfies this basic rate
damping requirement.

Cny | —1.9859-10* | C,, | —1.9938 - 10~
G, | 46984-10¢ | ¢ —0.01818

v D

Cn, | —29123-10°7 | C,, | —0.004848

Table 1. Stability Derivatives of All-Electric Lift4Cruise Aircraft

The eigenvalues of the aircraft 6-degree-of-freedom (6 DoF) rigid-body modes in hover are shown in
Table 2. The vehicle has two unstable modes: phugoid mode and spiral mode. The Lift+Cruise aircraft
is dynamically unstable. The differences in the eigenvalues between the integrated model and the 6-DoF
model alone are noticeable for some of the modes such as the Dutch-roll mode and the spiral mode. The
short-period mode is overdamped.
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Rigid-Body Mode

Integrated Model

6-DoF + Inflow Model

6 DoF Model

Phugoid 0.09327 £ ¢0.2142 0.09368 £ ¢0.2139 0.08926 £ ¢0.2126
Short-Period —0.06723, —0.2810 —0.06755, —0.2860 —0.07994, —0.2932
Roll —0.04541 —0.04523 —0.04567

Spiral 0.08947 0.08861 0.1155
Dutch-Roll —0.1776 £ ¢:0.05671 —0.1749 £ 10.06245 —0.2106 £ 20.09380

Table 2. Eigenvalues of Rigid-Body Modes of All-Electric Lift4+Cruise Aircraft

Figure 5 is the root locus plot of the eigenvalues of the Lift-+Cruise aircraft. The unsteady aerodynamic
lag states have the largest negative values which imply that the unsteady aerodynamic effect is mostly
decoupled from the aircraft response. That is, the aerodynamic response is quasi-steady. The dynamic
inflow states have eigenvalues in the mid-range from —100 to —60. There are two groups of eigenvalues in
the range between —30 and —20 associated with unsteady aerodynamics and inflow dynamics. The blade
pitch dynamics are in a frequency range of up to 4 rad/sec. The rotor dynamics have frequencies up to 1.2
rad/sec.

5 T T T T T T T T
O Full Model
4| = Aircraft 8 1
v Rotor Speed
31| ¢ Blade Pitch b
x  Inflow
21| + Aerodynamic Lag 1
L
> 1 i b
g
@ ote g @ g ® ®oe 0‘ b
E
-1 F . .
2t i
_3 - .
4+ @ i
5 L L L L L L L L
-160 -140 -120 -100 -80 -60 -40 -20 0 20
Real

Figure 5. Eigenvalues of Lift4Cruise Aircraft

The Lift+Cruise aircraft requires feedback stabilization for hover operation. Since the unsteady aero-
dynamic lag states and dynamic inflow states have large negative values, their dynamics are essentially
decoupled from the aircraft and actuator dynamics. A reduced-order control can be designed using the

[T x[ () w () QT () o (1) e (1)
state variables are directly measured or observable for state reconstruction through a Kalman filter state
estimation. The feedback gain matrix is computed by the linear quadratic regulator (LQR) optimal control.
The reduced-order gain matrix is then used in the full-order model to evaluate the vehicle stability.

Figure 6 and 7 show the stable closed-loop response of the Lift+Cruise aircraft due to an initial pitch
angle disturbance 6 (0) = 10°. The aircraft response mostly settles to zero within 100 sec except for the yaw
rate which tends to zero very slowly. This is due to the lack of a heading angle control implementation.

T
. It is assumed that these

reduced-order state x, ()
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Figure 6. Closed-Loop Response of Lift4Cruise Aircraft
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Figure 7. Closed-Loop Response of Lift4Cruise Aircraft

Figure 8 shows the blade pitch and rotor speed responses while being regulated by the PI controllers.
The blade pitch changes up to 2.2° and the rotor speed changes up to 13 rpm.
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Figure 8. Blade Pitch and Rotor Speed Responses of Lift4Cruise Aircraft

V. Conclusion

This paper presents an analytical model development of flight dynamics of a Lift+Cruise eVTOL aircraft.
The analytical model accounts the full vehicle motion in the rotor forces. The non-circulatory forces are
accounted for in the model to capture unsteady aerodynamics. The circulatory forces are corrected for
unsteady aerodynamics using the time-domain approximation of Theodorsen’s function. The integrated flight
dynamic model includes the rigid-body aircraft flight dynamics, inflow dynamics, unsteady aerodynamics,
and blade pitch and rotor actuator dynamics. The flight dynamic model shows that the Lift+Cruise aircraft is
unstable in hover. The unstable modes are the phugoid mode and spiral mode. Stabilization is accomplished
by feedback control. A reduced-order LQR controller is designed to enable the vehicle to achieve closed-loop
stability.
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