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Abstract— Future space missions require spacecraft to
autonomously navigate non-cooperative environments for ren-
dezvous and proximity operations (RPO). Current navigation
filters used for RPO can have difficulty when optical sensors
are used, due to complications with data association, high
measurement uncertainty, and clutter. This paper provides an
initial demonstration of the feasibility of using random finite
set (RFS) filters for spacecraft relative navigation and pose
estimation. Spacecraft relative navigation is formulated as a
simultaneous localization and mapping (SLAM) problem, in
which an observer spacecraft seeks to simultaneously estimate
the location of features on a target object or spacecraft as well
as its relative position, velocity and attitude. Simulated flash
LIDAR measurements are processed using a Gaussian Mixture
Probability Hypothesis Density (GMPHD) filter embedded in
a particle filter to obtain a feature map of a target and a
relative pose estimate between the target and observer over
time. Results show that an RFS-based filter can successfully
perform SLAM in a spacecraft relative navigation scenario.
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I. INTRODUCTION

Future space missions require autonomous navi-
gation solutions for spacecraft rendezvous and prox-
imity operations (RPO) to support a variety of
missions including on-orbit servicing, active debris
removal, and small body exploration. However, reli-
able solutions are difficult to achieve due to the chal-
lenges of operating in space. Noisy measurements
cluttered with additional false detections can make a
state estimation filter diverge if association between
measurements and state space cannot be performed
quickly and correctly.

A. Simultaneous Localization and Mapping

Spacecraft relative navigation can be formu-
lated as a Simultaneous Localization and Mapping
(SLAM) problem, where a robotic agent (e.g. the
spacecraft) attempts to estimate a map of its en-
vironment and its pose (position, velocity, and at-
titude) within that environment at the same time.
With feature-based SLAM methods, sensors typi-
cally measure features in the environment, for exam-
ple the location of points or edges on the body of a
rendezvous target using sensors such as cameras or
LIDAR. Thus, the mapping part of SLAM becomes
a multi-target tracking problem, as the observer is
attempting to estimate the location of many features
to construct a feature map of the other body.

Many methods have been proposed to solve the
multi-target SLAM problem and are well summa-
rized by surveys of current SLAM methods [1],
[2]. These existing methods however tend to be
limited by the fact that the underlying mathematics
were originally intended for single-target tracking.
To use the same methods for multi-target track-
ing, heuristic methods must be used to account
for additional challenges introduced by multi-target
tracking. Among the most significant of these chal-
lenges is the data association problem, where mea-
surements must be matched to states in state space
for navigation. False sensor returns can make it
difficult to assign a measurement to a feature prior to
filtering; some heuristic must be developed to assign
measurements to expected features despite having
extraneous measurements available. Conversely, a
filtering algorithm must be able to account for a
sensor failing to detect a feature that is expected,
which commonly occurs with optical measurements
due to difficult lighting conditions such as those
found in space. With a low number of features
and measurements, heuristic methods may suffice
for solving these problems on a case by case basis.
However, as the number of features and measure-
ments increases, the data association problem be-
comes computationally challenging and the filters
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that rely on the correct association can diverge if the
association is incorrect. [3]

Previous studies have addressed SLAM methods
for spacecraft relative navigation. Work by Augen-
stein as well as Sonnenburg et al., has demonstrated
the problem can be solved using a SLAM formula-
tion [4], [5]. However, both methods required signif-
icant computational resources for feature manage-
ment and data association prior to the navigation
filter; moreover, their formulations do not account
for clutter and missed detections. Dennison, et al,
successfully demonstrated their proposed architec-
ture for autonomously performing SLAM, as well as
estimating an asteroid’s gravity field, rotational mo-
tion, and shape using an Unscented Kalman Filter
(UKF) processing data from a swarm of spacecraft
in a high fidelity simulation [6].

One of the most widely used feature-based
SLAM algorithms is FastSLAM, where the feature
map is estimated by an Extended Kalman Filter
(EKF) and the corresponding trajectory and pose is
estimated with a particle filter. [7] FastSLAM has
been successful because of its lack of assumptions
on the pose probability distribution, and real-time
implementations, which are crucial for limited com-
putation on-board a spacecraft [8]. However, the
data association problem must still be solved before
FastSLAM can be performed. A study by Cocaud
and Kubota uses an algorithm based on an improved
particle filtering method, intended for navigation
and pinpoint landing on small bodies. [9] Their
results address issues with drift in the particle filter
that is commonly seen in FastSLAM, however their
approach is reliant on heuristic methods for data
association of features.

B. Random Finite Sets for SLAM

The random finite set (RFS) approach to multi-
target tracking is an emerging alternative to tradi-
tional methods. In the RFS formulation, the collec-
tion of individual targets is treated as a set-valued
state, and the collection of individual observations
is treated as a set-valued observation. Modeling set-
valued states and set-valued observations as RFSs
allows the problem of dynamically estimating multi-
ple targets in the presence of clutter and association
uncertainty to be directly addressed in a Bayesian
filtering framework.

The first RFS filter, the Probability Hypothesis
Density (PHD) filter, was proposed for multi-target
tracking by Ronald Mahler in the early 2000’s [10].
Mullane, et al., demonstrated a feature-based map
used for SLAM is fundamentally a finite set, and
is thus more accurately represented and estimated
with RFS methods [3]. Their results show that in the
presence of uncertain dynamics and measurements

and high degrees of clutter, the PHD filter can
outperform EKF-based mapping filters.

Several recent studies have also leveraged the
ability of RFS-based tracking methods for space-
based multi-target tracking applications. McCabe
and DeMars used RFS-based filters in feature-based
robotic mapping for planetary landing, successfully
mapping the features of a lunar environment during
a descent trajectory given a known spacecraft pose
[11]. Their work compares the multi-target tracking
performance of several RFS-based filters for this
purpose. Studies have also performed and evaluated
the use of RFS-based filters for space object tracking,
resulting in an integrated framework for successful
identification and tracking of space objects [12].
These works have shown that RFS-based methods
such as the PHD filter are a promising approach for
handling the challenges associated with multi-target
tracking in space.

The objective of this paper is to provide an initial
demonstration of the feasibility of using random
finite set (RFS) filters for spacecraft relative naviga-
tion and pose estimation. We formulate spacecraft
relative navigation as a SLAM problem and use
an RFS-based filter for mapping combined with a
particle filter for pose estimation. In this paper,
we simulate processing flash LIDAR measurements
using a Gaussian Mixture Probability Hypothesis
Density (GMPHD) filter embedded in a particle filter
to obtain a feature map of a target and a relative pose
estimate between the target and observer.

II. THEORY

A. Random Finite Sets for Multi-Target Tracking

In multi-target tracking, we wish to jointly esti-
mate the number of targets and their states. We are
given a set of noisy, potentially cluttered measure-
ments. Assume that at time step k, there exists a set
of N(k) targets and M(k) measurements. In general
there is no specific order in which it is known that
these measurements and states are associated, thus
we represent them as random finite sets given by:

Xk = {xk,1, ..., xk,N(k)} (1)

Zk = {zk,1, ..., zk,M(k)} (2)

In the RFS framework, the sets Xk and Zk are a multi-
target state and multi-target observation, respec-
tively. Xk and Zk are random finite sets, variables
that can be characterized by a probability distribu-
tion and a family of joint probability densities of
all the elements of Xk and Zk [13]. Additionally, the
cardinality | · |, or number of elements in a random
finite set becomes a variable that can be estimated,
and does not have to remain the same over time.
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This formulation allows more possibilities for
the time evolution of the states contained in Xk.
For a given multi-target state Xk−1, each element
xk−1 ∈ Xk−1 either continues to exist at the next time
step k with probability pS,k or ceases to exist with
probability 1 − pS,k. Alternatively, a target which
does not exist at time k − 1 may begin to exist at
time step k independently of the targets existing at
time step k − 1. We say that this target has been
birthed. Similarly, a new target may begin to exist
at time step k by being “spawned” from a target
which existed at time step k − 1. In real scenarios,
both of these events may occur because a target is
entering the region of state space of interest after
previously being outside it, or a target that was
initially estimated to be one target becomes better
resolved and is more likely to be several targets that
are closely spaced. Thus at a time step k, a general
target state is represented as

Xk =

 ⋃
ζ∈Xk−1

Sk|k−1(ζ)

 ∪

 ⋃
ζ∈Xk−1

Γk|k−1(ζ)

 ∪ Bk

(3)
where Xk is composed of a union of a set of sur-
viving targets Sk|k−1 each with transition density
fk|k−1(xk|xk−1), a set of newly birthed targets Bk, and
a set of spawned targets Γk|k−1. Note that Γ and B
are entirely general and their forms are determined
by the specific scenario in which they are used.

Similarly, the RFS measurement model accounts
for probabilities of detection and the possibility of
clutter. A target xk ∈ Xk can either be detected
with probability pD,k, or not detected (missed) with
probability 1 − pD,k. Additionally, the framework of
RFS allows for the concept of clutter measurements,
which we represent as an additional RFS Kk of false
detections which do not originate from a target.
Thus, our set of measurements at a time step k is
denoted by

Zk = Kk ∪

 ⋃
x∈Xk

Θk(x)

 (4)

where Zk is composed of a union of sets of actual
measurements Θk(x) which occur with probability
density gk(zk|xk) and clutter measurements Kk. Kk is
also entirely general and determined by the specific
scenario involved.

The goal of multi-target filtering is to obtain a
posterior density of the multi-target state Xk given
a multi-target observation Zk. The posterior density
can be calculated using a Bayesian recursion given
by

pk|k−1(Xk|Z1:k−1) =∫
fk|k−1(Xk|X)pk−1(X|Z1:k−1)µs(dX)

(5)

pk(Xk|Z1:k) =

gk(Zk|Xk)pk|k−1(Xk|Z1:k−1)∫
gk(Zk|X)pk|k−1(X|Z1:k−1)µs(dX)

(6)

where fk|k−1(·|·) is a transition density from one
state to another, gk(·|·) is the observation likelihood
of a measurement given a state; µs is an appropriate
reference measure on the collection of all finite sub-
sets of state space [14] and Z1:k−1 is the prior history
of measurements. Unfortunately this recursion is
computationally intractable due to the set integrals
required.

B. Gaussian Mixture PHD Filter

To approximate the multi-target posterior density
in equations 5 and 6, we choose to propagate the
posterior intensity, which is the first order statistical
moment of the multi-target state. This simplification
forms the basis of the Probability Hypothesis Den-
sity (PHD) filter [10]. As a result, the integral of the
intensity function over a particular region of state
space is equal to the number of targets expected to
exist in that region of state space. This means that
the number of expected targets at each time step can
be propagated jointly. In other words, we find that
N̂(k) =

∫
ν(x)dx, where the intensity function ν(x)

is referred to as the probability hypothesis density
and is integrated over the whole RFS space, allowing
for estimation of the cardinality of the multi-target
state set.

A number of additional assumptions are made to
obtain a tractable PHD recursion from equations 5-
6. Full derivations and proof are detailed by Vo and
Ma in [14] and will not be reproduced here. To use
the PHD recursion in a tractable, closed form man-
ner, the following assumptions must be made: each
target follows a linear Gaussian dynamics model,
each sensor follows a linear Gaussian measurement
model, and the intensities of the birth and spawn
sets are modeled as Gaussian mixtures. This means
that we assume each individual target follows a
similar model as is typically seen with a classic
Kalman filter:

fk|k−1(x|ζ) = N (x; Fk−1ζ, Qk−1) (7)

gk(z|x) = N (z; Hkx, Rk) (8)

where in general N (·; m, P) represents a Gaussian
distribution with mean m and covariance P; Qk−1 is
process noise covariance on the dynamics, Fk−1 is the
state transition matrix, Hk is the measurement model
observation matrix, and Rk is the covariance of

3



the measurement noise. Additionally, the Gaussian
mixture birth and spawn intensities become:

βk(x) =
Jβ,k

∑
i=1

w(i)
β,kN (x; m(i)

β,k, P(i)
β,k) (9)

γk|k−1(x|ζ) =
Jγ,k

∑
j=1

w(j)
γ,kN (x; F(i)

γ,kζ + d(j)
γ,k−1, Q(j)

γ,k) (10)

where J, w, P are given model parameters that deter-
mine the shape of the corresponding intensities and
can be chosen depending on the scenario, allowing
for the inclusion of a priori knowledge of the targets
if desired or available.

Finally, we assume that the posterior intensity at
k − 1 is also a Gaussian mixture, which continues to
be a Gaussian mixture at the next time step:

νk−1(x) =
Jk−1

∑
i=1

w(i)
k−1N (x; m(i)

k−1, P(i)
k−1) (11)

The end result of using these assumptions is
the following computationally tractable recursion,
where the predicted intensity at time k is also a
Gaussian mixture consisting of the sum of surviving,
spawned, and birthed targets:

vk|k−1(x) = pS,k

Jk−1

∑
j=1

w(j)
k−1N (x; m(j)

S,k|k−1, P(j)
S,k|k−1)+

vγ,k|k−1(x) + βk(x)
(12)

m(j)
S,k|k−1 = Fk−1m(j)

k−1

P(j)
S,k|k−1 = Qk−1 + Fk−1P(j)

k−1FT
k−1

where the intensity of spawned targets depends on
the set of previously existing targets:

vγ,k|k−1(x) =
Jk−1

∑
j=1

Jβ,k

∑
ℓ

w(j)
k−1w(ℓ)

γ,kN (x; m(j,ℓ)
γ,k|k−1, P(j,ℓ)

γ,k|k−1)

(13)
m(j,ℓ)

γ,k|k−1 = F(ℓ)
γ,k−1m(j)

k−1 + d(ℓ)γ,k−1

P(j,ℓ)
γ,k|k−1 = Q(ℓ)

γ,k−1 + F(ℓ)
γ,k−1P(j)

γ,k−1(F(ℓ)
γ,k−1)

T

Then, the measurement updated posterior is also a
Gaussian mixture:

vk(x) = (1 − pD,k)vk|k−1(x) + ∑
z∈Zk

vD,k(x; z) (14)

where the intensity of detected targets is:

vD,k(x; z) =
Jk|k−1

∑
j=1

w(j)
k (z)N (x; m(j)

k|k(z), P(j)
k|k ) (15)

m(j)
k|k(z) = m(j)

k|k−1 + K(j)
k (z − Hkm(j)

k|k−1)

P(j)
k|k = [I − K(j)

k Hk]P
(j)
k|k−1

K(j)
k = P(j)

k|k−1HT
k (HkP(j)

k|k−1HT
k + Rk)

−1

and where the weight of each element of the Gaus-
sian Mixture is given by:

w(j)
k (z) =

pD,kw(j)
k|k−1q(j)

k (z)

κk(z) + pD,k ∑
Jk|k−1
ℓ=1 w(ℓ)

k|k−1q(ℓ)k (z)

q(j)
k (z) = N (z; Hkm(j)

k|k−1, Rk + HkP(j)
k|k−1HT

k )

Thus, equations 12-15 combined give a tractable,
closed-form solution for the GMPHD filter. This
recursion takes in noisy, cluttered measurements and
extracts an intensity function which represents the
location of likely target positions in state space. The
form presented here is similar to the Kalman filter,
but it is more general due to the nuances introduced
by the RFS formulation.

1. Extended Kalman Filter Approximations
Similar to how the Kalman filter can be modified

to incorporate nonlinear dynamics and measure-
ment models, Vo and Ma [14] have shown that
the PHD filter can also use nonlinear dynamics
and measurements by locally linearizing the state
transition matrix and observation matrix. These ap-
proximations for the state transition and observation
model derivative matrices are used In this paper, as
the problem defined in Section III utilizes nonlinear
dynamics and measurement models.

C. Rao-Blackwellized Particle Filter

The GMPHD filter in equations 12-15 is used to
perform the mapping duties of SLAM, similar to the
approach used by Vo and Ma [14]. In the context
of a SLAM application, the targets tracked by the
filter are the features which have been identified and
extracted from images of the target spacecraft taken
by the observer. To perform the localization aspect
of SLAM, a method must be used to obtain a relative
pose estimate of the observer based on the feature
map multi-target state provided by the PHD filter.
Mullane et al., successfully achieved this by using
an outer Rao-Blackwellized particle filter (RB-PF) [3].
To fully perform SLAM with an RFS-based filter, we
also use a RB-PF to recursively obtain a maximum
a posteriori pose estimate.

In this formulation, each particle of the particle
filter represents an individual estimate of the pose of
the observer as well as a corresponding estimate of
the map. The map comes from the PHD filter which
each particle utilizes independently, thus the feature
map belonging to each particle is conditioned on an
independent estimate of the pose. Figure 1 depicts
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the relationships between the GMPHD filter and the
particle filter. The combined filter structure is re-
ferred to as the Rao-Blackwellized GMPHD (RBGM-
PHD) filter in the remainder of this paper. Further
details of the filter implementation are provided in
[16].

Fig. 1. Simplified diagram depicting the flow of data between
different parts of the filter [17].

1. Importance Weighting
For this method to succeed, there needs to

be a way to determine which particle has the
”best” joint estimate of feature map and ob-
server pose. To achieve this, an importance weight
pl(Zk|X

[l]
k , Z1:k−1) is calculated for each lth parti-

cle. In other words, a weight can be strategically
assigned to each particle based on how well the
observations in Zk match with the map conditioned
pose associated with each particle. The basis of
importance weighting begins by assuming that a
posterior density of states x and measurements z can
generally be approximated with Np particles as

p(xk|z1:k) ≈
Np

∑
l=1

η
[l]
k δ(xk|xl

k) (16)

where the weight η
[l]
k from Bayes’ Rule of the lth

particle is calculated recursively as

η
[l]
k ∝ η

[l]
k−1

p(zk|x
[l]
k )p(x[l]k |x[l]k−1)

π(xk|xk−1, zk)
(17)

This approximation of the posterior approaches
the true posterior density as Np → ∞. Thus, the
weights of the particles in equation 17 must be
calculated to sequentially update the weight of a
particle based on newly obtained measurements at
each time step. Further assumptions must be made
to make this a tractable computation. In this paper,

Single Cluster (SC) importance weighting [18] is
used.

Lee argues that SLAM is fundamentally a single
cluster process, where the daughter process of the
map is conditioned on the parent process of the
vehicle pose. Thus by assuming the measurements
obtained are a result of Poisson point processes,
a single cluster update for the PHD filter can be
obtained. This argument and subsequent derivation
of how it affects the calculation of the multi-target
likelihood is presented in [19] and is not reproduced
here.

Using these arguments, the right hand side of
equation 17 becomes computable and the updated
weight η

[l]
k of the lth particle can be calculated from

the previous map PHD ν
−[l]
k as:

η
[l]
k = exp

N(k)−[l]

∑
r=1

wr,[l]
k

×

∏
z∈Zk

κ(z) + pD,k

N(k)−[l]

∑
r=1

p
(

z|N r,[l]
k , x[l]0:k

)
wr,[l]

k

 η
[l]
k−1

(18)

where N r,[l]
k is the rth Gaussian in the intensity

ν
−[l]
k of targets in the PHD filter associated with

particle l and x0:k is the history of states. This is a
computationally tractable form of equation 17, and
it represents a multi-target likelihood, or how likely
the measurements “agree” with each particle’s pose-
conditioned feature map. Moreover, it does not re-
quire data association for computation of the multi-
target likelihood.

2. Resampling
In addition to importance weighting, a particle

filter requires periodic resampling to maintain par-
ticle hypothesis in regions of the posterior that have
higher probability. The primary reasons for this are
to prevent degenerate particle estimates with unrea-
sonably high variance and to improve the explo-
ration of state space, enabling more efficient filtering.
In this paper, Low Variance Resampling (LVR) [20]
was chosen as the resampling technique because it
is relatively simple yet rigorously systematic and
thus lends itself well to applications in which the
“best” sampling distribution isn’t necessarily known
or may be complicated and difficult to resolve.
Moreover, LVR schemes are of complexity O(Np), as
compared to naive approaches which are typically of
complexity O(Np log Np). In LVR, particle hypothe-
ses have a certain probability of being deleted and
reset to be more similar to higher weighted particles,
based on their original weight [21].

The important properties of LVR are: the proba-
bility that a particle gets resampled is directly pro-
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portional to its weight, if resampling does not take
place, the particle maintains the same weight, and
particles may be “roughened” after being resampled,
meaning that their properties are varied slightly
from the particles from which they were resampled
in an attempt to maintain particle diversity and
efficient exploration of state space. The magnitude of
roughening which occurs is determined by the user.
In this paper, particles are resampled at a given time
step only if the “effective” number of particles, de-
fined as ∑ η2

l , falls below a chosen threshold which
is tunable by the user.

3. Pose Estimation
The relative pose estimate at each time step

is updated by extracting the pose of the particle
with the highest weight prior to resampling, i.e. the
maximum a posteriori estimate. With the inclusion
of a particle filter for pose estimation the overall
method employed in this paper resembles that of
FastSLAM, where the EKF portion for mapping has
been replaced with a GMPHD filter.

III. SPACECRAFT RELATIVE NAVIGATION
SIMULATION

This section describes the spacecraft navigation
scenario that was simulated to test the proposed
RFS-SLAM filter.

A. Test Case Scenario

Figure 2 shows a general spacecraft RPO sce-
nario, including relevant coordinate frames and
defining vectors. The observer spacecraft (also com-
monly referred to as the chaser or deputy spacecraft)
is collecting measurements of features located on a
target spacecraft (also commonly referred to as the
chief spacecraft.) The features being observed are
physical details that are ”optically significant,” such
as edges or corners of a solar panel, or craters and
rocks on an asteroid.

Fig. 2. Relationship between observer and target coordinate
frames and vector definitions.

1. Target Properties
The target object is assumed to be spherical and

covered with randomly distributed features. It has a
radius of 50 meters and has 20 randomly distributed
features on its surface. This size was chosen to be be-
tween a typical satellite and a small asteroid. For this
initial demonstration, the features are chosen from a
uniform distribution constrained to the surface of
the sphere – however, the filter used in this paper is
aware of this constraint.

B. Assumptions

Several assumptions are being made to simplify
the models used for this initial feasibility study. The
measurement frame (i.e. the camera frame) is the
same as the observer body fixed frame to avoid in-
cluding another rotation from an external measure-
ment frame to the observer body frame. A spherical
target was chosen to eliminate the need for occlusion
computations. The motion of the spherical target
includes the general dynamics of features rotating
in and out of view of the observer. Clutter mea-
surements are drawn from a uniform distribution
in the field of view of the sensor independently at
each time step. In other words, clutter measurements
are non-persistent. Persistent clutter could be used
instead without loss of generality in the algorithms
used, and it has been demonstrated by past studies.
[22] And the noise on the measurements is Gaussian.

C. System Dynamics

The target is in a circular orbit about the Earth,
and the observer is in close proximity to the target,
i.e. within less than 1km range. Thus, the dynamics
of the observer relative to the target can be ap-
proximated by the linear Clohessy-Wiltshire (CW)
equations.

To simplify the dynamic equations, the motion
is constrained such that the attitude of the target is
fixed in the CW frame, similar to a nadir pointing
spacecraft. We also assume that the observer is per-
fectly tracking the target in its field of view, which
is a reasonable assumption given an appropriate
control system for pointing. In other words, the
center of the target is assumed to be located in the
center of the images taken by the observer. This
negates the need to estimate angular velocity, since
the angular velocity of the observer body frame with
respect to the Hill body frame can then be directly
calculated as:

ω =
r × ṙ
|r|2 (19)

The relative attitude of the observer and target
are expressed using Modified Rodrigues Parameters
(MRPs) as they have one easily avoidable singular-
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ity, compared to multiple singularities common in
an Euler angle description of the attitude dynamics.

D. Measurement Model

In the scenarios studied in this paper, the ob-
server spacecraft collects flash LIDAR measurements
of the target spacecraft or body. These measurements
are corrupted with Gaussian-distributed noise after
being simulated from the truth trajectory. Addition-
ally, extraneous measurements which do not orig-
inate from features on the target are appended to
the noisy measurements which did originate from
features on the target. Although the algorithms used
in this paper are, in theory, fully capable of handling
missed detections, this was not simulated.

We define that a measurement of an extracted
feature consists of angular position in pixel coordi-
nates on an image as well as an associated range
for that pixel position. It is important to note that
the measurements have no other identifying infor-
mation, i.e. the filter doesn’t receive any informa-
tion about which feature a particular measurement
originated from.

The flash LIDAR measurements are simulated
from the simulated feature locations using a pinhole
projection camera model for the pixel coordinates.
The range measurement of a feature is determined
by the Euclidean distance from the optical center C
of the sensor to the feature located on the target at
point P. The sensor frame is defined such that the u
and v axes are aligned with the rows and columns
of the detector and the third axis points along the
boresight of the optics. The pixel coordinates of the
feature image p are defined in the sensor frame as
{u, v, w}. The measurements of a feature are thus
defined as y = [u v ρ], where ρ is defined as:

ρ = ∥X − Xc∥ (20)

where X is the feature location and Xc is the sensor
location in the same frame, in this case the Hill
frame previously defined as {B}. To calculate u and
v a pinhole camera projection is defined with the
following standard equations:

x = w

u
v
1

 =

wu
wv
w

 (21)

where x is calculated as:

x =

 f mu s Pu
0 f mv Pv
0 0 1

 [R][I3×3 − Xc]

[
X
1

]
(22)

where [R] is the rotation matrix from the Hill frame
to the sensor frame, f is the focal length of the
detector or the distance between the sensor plane
and image plane, s can be used to account for any
skew in the optics if desired, Pu and Pv are the

location in pixels of the optical center of the sensor
projected onto the image plane, and mu and mv
are the inverse sizes of the pixels in each dimen-
sion. [23] These relationships fully dictate the base
measurement model used to generate non-corrupted
measurements.

Noise and nclutter clutter measurements are
added after truth measurements are calculated. The
noise is generated with a zero-mean Gaussian distri-
bution with a block diagonal covariance [σ2

u , σ2
v , σ2

ρ ].
Clutter events were Poisson distributed and clutter
measurements were uniformly distributed across the
field of view. If a measurement with noise is outside
the the sensor field of view, then it is disregarded
prior to the filter. The constants used to simulate
these data are included in Table I. These values were
chosen to produce an angle of view of approximately
14◦, to closely mimic the specifications of the flash
LIDAR on-board Raven, an experimental payload
on the International Space Station which performs
autonomous tracking of rendezvous targets. [24].

TABLE I
Measurement model parameters.

Parameter Value Units

f 25 mm
Pu, Pv 128 []

s 0 []

mu, mv 20480 m−1

ncol , nrow 256 []

σu, σv 1 []

σρ 10 m
nclutter 10 []

IV. RESULTS AND DISCUSSION

The purpose of this paper is to demonstrate that
an RFS-based filter can perform SLAM for spacecraft
relative navigation. The mapping results of the PHD
filter are analyzed by observing how closely the
estimated map matches the actual map of visible
features at each time step, both in terms of how
many features are tracked and their proximity to the
actual feature locations. Pose estimation is analyzed
by comparing the estimated pose with the true pose.

A. Test Case Descriptions

The measurement models and dynamics used to
generate the test cases are described in Sections II
and III. Two test cases are used to demonstrate the
results of the filter. The orbit for the first test case is
shown in Figure 3; the blue curve is the trajectory,
the sphere is the target body, and the red x’s on
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the target body are the locations of the features
to be tracked. This is a periodic orbit around the
target body that could be used during an inspection
phase of a servicing mission or the mapping phase
of a small body exploration mission. This orbit was
chosen to investigate the long-term behavior of the
filter, on the order of several hours. In this case, the
observer periodically encounters the same features
as ones it has observed in the past. Currently, no
mechanism is in place to have the filter store features
that have been tracked in the past; features are
simply deleted from the tracked set once they go out
of view. However in the future, this test case would
be ideal for implementing a loop-closure method,
i.e. storing old features and identifying if they are
encountered later in the trajectory.

Fig. 3. Trajectory for Case 1, the periodic orbit [17].

A fundamental problem with SLAM implemen-
tations is dealing with sparse maps. Thus, a second
test case was chosen to investigate how the filter
performs in the event that few or no measurements
originate from a true feature for a period of time,
i.e. no features on the target body are visible to the
sensor. The relative orbit of the observer with respect
to the target is shown in Figure 4 and is referred
to as a walking safety ellipse (WSE). This type of
relative orbit may also be used for the inspection
and rendezvous phase of a servicing mission [25].

The WSE brings the observer to within 30m of
the surface of the target and as far away as 650m.
The trajectory shown is over a time period of 15,000
seconds to see the behavior of the orbit, though this
full time span is not shown in the results. The sensor
periodically sees no features on the target body for
at least 1 time step, leading to a sparse feature map.

In both test cases, the birth model γk(x) for
the PHD filter is given to be a Gaussian Mixture
with means located at the true feature locations and
covariance of 10 meters. Usually birth distributions
would be defined as a distribution mixture around
the edge of the field of view, however, this can
be computationally intractible since for every ad-
ditional birth distribution, another potential target
would be propagated through every prediction and
update. Thus, we assmumed some knowledge of the

Fig. 4. Trajectory for Case 2, the walking safety ellipse [17].

a-priori state of your target set, to avoid this po-
tential computational issue. Since feature spawning
is not expected to occur in this scenario, no spawn
intensity function is specified. All time steps are
in units of 50 seconds. Each test case is given 10
uniformly distributed clutter measurements at each
time step, in addition to the noisy measurements
which originate from true features. For the RB-PF
implementation, 100 particles are used. The pose
hypotheses of the particles are initially distributed
slightly offset from the true pose state with a covari-
ance corresponding to a standard deviation of 0.1
meters in the position coordinates, 0.1 cm/s in the
velocity coordinates, and 1e-3 in the dimensionless
attitude coordinates. This covariance was chosen to
allow for a relatively small initial particle dispersion
similar to what may be expected from an external
estimate of the pose from other sensors.

The initial relative states used to generate these
trajectories are given in Table II. The features are
randomly distributed onto the target body and mea-
surements are simulated.

TABLE II
Test case initial conditions.

Test Case 1 2
x (m) -200 0

y (m) 0 0

z (m) 0 -500

ẋ (m/s) 0 0.1

ẏ (m/s) 0.4241 -0.01

ż (m/s) 0 0.1

B. Test Case 1: Periodic Orbit

Figure 5 shows the results of the RBGMPHD
filter mapping step for the first case, the periodic
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orbit. This case was chosen to be slightly less strict
about allowing features to be accepted past the prun-
ing step. From the first time step, the map is fully
tracked; as time progresses, the features continue to
be observed over a long period of time.

Fig. 5. Sequential snapshots of the estimated feature map for
the full RBGMPHD filter used on Case 1 [17].

Figure 6 depicts the number of true features
visible to the observer compared to the number of
features obtained by the PHD filter. Additionally,
the less strict pruning of the features is seen as the
filter consistently overestimates how many features
are visible. Further tuning would make it possible
to improve these estimates, as well as implementing
the merging procedure specified by Vo and Ma [14].
[14]

Fig. 6. Comparison between the true number of visible
features vs. how many features the RBGMPHD filter has

estimated for Case 1 [17].

Figure 7 shows the position and velocity errors of
the highest weight particle compared to the filter 3σ
uncertainties, which are calculated from the sample
covariance of all the particle poses. The black line
shows the difference between the true and estimated
pose, and the red dashed line shows the 3σ uncer-
tainties of the 100 pose hypotheses. Note that there is
no sample covariance calculated for the Euler angles,
as these have been converted from MRPs. In the
MRP formulation, the concept of an additive sample
covariance is not valid. The periodic nature of the
orbit is seen in the filter covariance uncertainties,
as the sample covariance periodically increases and
decreases, particularly in the Z coordinate which

may be slightly less observable due to the planar
nature of the orbit. In some dimensions, the filter
appears to converge on the correct pose as time pro-
gresses. These results show that the RBGMPHD filter
has potential for accurate and stable pose estimation
over a long period of time.

Fig. 7. Comparison between sample covariance 3σ
uncertainties vs. the estimate error for Case 1 [17].

C. Test Case 2: Walking Safety Ellipse

Figure 8 shows the results of the RBGMPHD
filter for the highest weight particle at 4 selected
time steps. The PHD filter is not only determining
the feature map from the first time step, but the map
continues to be updated as features move in and out
of the field of view as the observer sees different
sides of the target. Moreover, when measurements
become sparse such as at 1400 seconds, the filter is
able to recover and maintain a stable map estimate.

Fig. 8. Sequential snapshots of the estimated feature map from
the RBGMPHD filter over time for Case 2 [17].

Figure 9 depicts the number of true features
visible to the observer compared to the number
of features obtained by the PHD filter. This figure
shows that the estimated number of features roughly
tracks the truth.
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Fig. 9. Comparison between the true number of visible
features vs. how many features the RBGMPHD filter has

estimated for Case 2 [17].

Figure 10 shows the position and velocity errors
compared to the sample covariance 3σ uncertain-
ties of all the particle poses, as well as the Euler
angle differences between the true and estimated
relative attitude. These results show that the covari-
ance uncertainties are reasonable for the amount of
estimation error, and the pose is being tracked to
within a few meters in relative position and cm/s in
relative velocity, and generally less than one degree
of error in relative attitude. These results show that
even in the presence of a sparse feature map with
features frequently moving in and out of the field of
view of the sensor, the RBGMPHD formulation can
successfully perform SLAM, although we note that
the birth model is a Gaussian Mixture with means
located at the true feature locations and covariance
of 10 meters.

Fig. 10. Comparison between sample covariance 3σ
uncertainties vs. the position and velocity errors for Case 2 [17].

V. CONCLUSIONS

Spacecraft relative navigation can be formulated
as a SLAM problem where the mapping consists of
tracking a number for features on the target space-
craft or body. We proposed using an RFS-based filter
for mapping combined with a particle filter for pose
estimation to perform SLAM. The proposed method
avoids some of the issues with current methods,
such as the need for a separate heuristic data asso-
ciation algorithm to determine a mapping between
measurements and features prior to filtering. Ad-
ditionally, the RFS framework inherently accounts
for measurement issues which occur with optical
navigation in space, such as clutter measurements,

and the possibility that features move in and out of
the field of view of a sensor over time.

The test cases used to test the RBGMPHD filter
provided a challenging dynamics and measurement
environment for the filter; namely an abnormally
low signal to noise ratio (i.e. many clutter measure-
ments, at times a ratio of 1:10). Realistically, the first
use of an RFS-based filter on-board a spacecraft may
be in less difficult circumstances. For example the
initial pose of the particle filter may be initialized by
another estimate of the spacecraft pose from other
sensors. The majority of the challenges seen with
the RBGMPHD filter came from particle filter tuning
issues and sensitivity to pose estimate errors. De-
spite this, careful selection of a resampling method
can allow the particle filter to converge estimates
even when the estimation errors grow large. Thus,
the results presented in this paper demonstrate that
use of an RFS-based filter is feasible for spacecraft
relative navigation. Future studies could investigate
the ability of this method to handle higher num-
bers of features, robustness to reduction in number
of tracked features and larger apriori errors, and
increased fidelity of dynamics and measurement
models.
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