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The large-scale analysis task of deciphering gravitational wave signals in the LISA data stream
will be difficult, requiring a large amount of computational resources and extensive development
of computational methods. Its high dimensionality, multiple model types, and complicated noise
profile require a global fit to all parameters and input models simultaneously. In this work, we detail
our global fit algorithm, called “Erebor,” designed to accomplish this challenging task. It is capable
of analysing current state-of-the-art datasets and then growing into the future as more pieces of the
pipeline are completed and added. We describe our pipeline strategy, the algorithmic setup, and
the results from our analysis of the LDC2A Sangria dataset, which contains Massive Black Hole
Binaries, compact Galactic Binaries, and a parameterized noise spectrum whose parameters are
unknown to the user. The Erebor algorithm includes three unique and very useful contributions:
GPU acceleration for enhanced computational efficiency; ensemble MCMC sampling with multiple
MCMC walkers per temperature for better mixing and parallelized sample creation; and special
online updates to reversible-jump (or trans-dimensional) sampling distributions to ensure sampler
mixing and accurate initial estimates for detectable sources in the data. We recover posterior
distributions for all 15 (6) of the injected MBHBs in the LDC2A training (hidden) dataset. We
catalog ~ 12000 Galactic Binaries (~ 8000 as high confidence detections) for both the training
and hidden datasets. All of the sources and their posterior distributions are provided in publicly

available catalogs.

I. INTRODUCTION

In the mid-2030s, the Laser Interferometer Space An-
tenna (LISA) will launch into space to measure gravi-
tational waves emanating from a variety of astrophysi-
cal and cosmological sources in the millihertz frequency
band [T}, 2]. LISA will add important information to the
gravitational-wave spectrum, following on the discoveries
of ground-based observing networks at higher frequencies
[3] and pulsar timing arrays at lower frequencies [4H7].
LISA will detect different astrophysical sources: com-
pact object binaries, also referred to as Galactic Bina-
ries (GB), inside and close to the Milky Way Galaxy in
slowly evolving orbits [e.g. [T, BHIT]; Massive Black Hole
Binaries (MBHB) in the centers of galaxies [e.g. [8 12+
15]; and Extreme Mass Ratio Inspirals where a smaller
compact object orbits around a Massive Black Hole [e.g.
8, 16]. LISA will also be able to detect astrophysical
and cosmological stochastic signals of sufficient ampli-
tude [e.g. [I]. All of the signals will exist simultaneously
in the LISA data stream with MBHBs providing quasi-
transient signals over days to weeks; GB signals existing
for the duration of the mission with almost monochro-
matic signals; and EMRIs somewhere in between with
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long-duration (~year) signals that will merge after a long
time inspiralling.

In addition to this astrophysical variety, LISA will have
a complicated noise profile with non-stationary, non-
Gaussian noise effects such as sensitivity drift, gaps, and
glitches [I7H21]. Additionally, the orbit and performance
of the LISA experiment will need to be included in any
global analysis [22H25]. There will also be an initial data
reduction pipeline that must be run properly prior to per-
forming the scientific data analysis. This step includes in-
strument calibration [26] and reduction of primary noises
such as laser noise, clock noise, and tilt-to-length (TTL)
noise [27H29)]. The techniques of time delay interferome-
tery (TDI) [e.g. B0, BI, and sources within], global time
synchronization, and ranging [32] will be used to reduce
these crucial noise contributions.

This complicated analysis requires a global fit over all
parameters characterising the models for the signals and
the noise. The design of this type of pipeline has been,
and will continue to be, a large developmental project re-
quiring many participating groups and expertise. LISA
global fit pipelines are likely to be built on the concept
of the global fit “wheel” separate modules specifically
designed for different source or instrumental analyses
will run in parallel and communicate with each other
throughout the global fit run [2I]. An example “wheel”
illustration is shown in Figure[I] This takes advantage of
the small correlations expected between different source
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Figure 1. The “Global Fit Wheel” representing an exam-
ple flow for a global fit algorithm across different source and
instrument sub-analyses for LISA [33]. In clockwise order:
massive black hole binaries (MBHB), Galactic binaries (GB),
extreme-mass-ratio inspirals (EMRI), stellar-origin black hole
binaries (SOBHB), unmodelled gravitational wave sources
(e.g. bursts), and stochastic signals like astrophysical and cos-
mological backgrounds. The instrument, noise, and calibra-
tion will enter the process throughout to ensure updated ex-
perimental information. Boxes outlined in black show which
components are currently included in their initial implemen-
tation state in Erebor. However, as of now we do not include
any instrument or calibration analyses. That is left to future
work.

classes and instrumental models to perform the complex
analysis in a much more computationally friendly man-
ner.

In order to benchmark and test the implementation of
these algorithms across the LISA community, the LISA
Data Challenges Working Group (LDCWG) has released
a series of datasets of simulated LISA data. The LDC2A
dataset, also called “Sangria” [34], was formulated to test
the current state of the art in the LISA global fitting com-
munity: simultaneous fitting of MBHBs, GBs throughout
the Galaxy, and a stationary, Gaussian and overall sim-
plified noise profile. It contains one year of data with the
aforementioned signals and noise combined into a single
dataset. It also comes with information related to the
exact input populations to be used for debugging and
developing experimental pipelines [35].

There are a few groups working on this large-scale
problem. In [21I], B3] [36], the authors describe a pipeline
that can successfully analyse the LDC2A dataset and
produce output posterior distributions for the detected

sources and noise properties. They also provide details
of their methods and findings and discuss future projects
related to their global fit pipeline.

Recently, [37] demonstrated a highly-efficient maxi-
mum Likelihood solution for GBs and MBHBs, which
also included a fit to the overall noise profile including the
confusion foreground signal generated by the many unre-
solvable GBs. They performed this analysis for one year
of data, updating week by week, thus showing its util-
ity and capabilities to handle time-evolution. This useful
pipeline will provide a low-cost initial estimate of source
parameters, populations and noise properties. The in-
formation contained in this estimate can also be used to
further improve the efficiency of full posterior estimation-
based global fit samplers.

In this work, we present our implementation of a LISA
global fit pipeline for analyzing the sources and noise pro-
file in the LDC2A dataset. We perform this full compu-
tation on the “training” data and, for the first time, on
the “hidden” dataset provided by the LDC. Our goal was
to learn valuable lessons from [2I], while trying to build
an independent algorithm with important differences in
order to further expand the LISA global fit knowledge
space.

Our pipeline follows a similar Bayesian approach as
presented in [2I]. We use Reversible-Jump Markov
Chain Monte Carlo (RJMCMC; also known as Trans-
Dimensional Markov Chain Monte Carlo) techniques [38]
to fit for and characterize the uncertain number of GB
sources in the data. We also adapt the concept of the
global fit “wheel” (Figure running large modules of
the sampler in a blocked Gibbs fashion [39H41], sending
out and receiving updates to and from all other modules
periodically [21].

There are three important large-scale differences be-
tween our pipeline and [21I]. The pipeline in [21] used a
large number of CPUs run in parallel. In contrast, we
designed our algorithm specifically to maximize the effi-
ciency and usage of Graphics Processing Units (GPU).
GPUs are specialized hardware that are designed for a
high level of parallel processing. GPUs are generally
more cost and energy efficient than CPU clusters with
equivalent computational power and are expected to con-
tinue to improve at a more rapid rate than CPUs [42].
For these reasons, we designed our algorithm for GPUs
in order to take advantage of the computational and en-
ergy efficiency, which we expect to further improve over
the coming years.

The second main difference is we use an Ensemble
Sampling setup for our Markov Chain Monte Carlo runs
[43]. Rather than having one walker per temperature
as used in [21I], we use many walkers per temperature
by leveraging the MCMC software package eryn [43H45].
A “walker” is one point in parameter space represent-
ing a current state of the sampler. As walkers evolve
due to probabilistic distributions, each state they evolve
through forms the chain of samples that comes together
to make the posterior distribution. In addition to the



intrinsic benefits of ensemble sampling, within the LISA
global fit context it allows us to marginalize over the var-
ious model types more efficiently: walkers can contain
different residuals or noise estimates that come from the
random differences during sampling of other parts of the
pipeline. Ensemble sampling is also better for paralleliza-
tion of MCMC sample creation: there is more than one
walker in the cold-chain; each walker can be evaluated
independently in parallel across the GPU. We also em-
ploy the “group stretch” MCMC proposal, which requires
an ensemble setup to use and minimal tuning compared
to typical covariance proposals [44].

Finally, using one or more extra GPUs, we perform
online search and refitting techniques to continue to im-
prove and update our RIMCMC proposals as the sam-
pling run proceeds. This allows our algorithm to adapt
and ensure all detectable sources are found and character-
ized, as well as to maintain strong mixing in the sampler.
This also makes it much easier for us to restart our global
fit at later times rather than requiring to build it up over
time.

Our pipeline finds all 15 (6) MBHB sources in the
training (hidden) data and provides posterior estimates
for all of them. We determine the posterior distributions
on parameterized models of the detector noise and galac-
tic foreground noise components. We produce a catalog
of ~ 12000 GB sources (~ 8000 with high confidence) and
characterize the uncertainty in the template (or source)
count found in the sampler at various times.

In the next section (Section [[I)), we will detail and ex-
plain the gravitational-wave signals and Likelihood com-
putations for MBHB and GB signals. In Section [[TI} we
explain our parameterized model for the fit to the noise
and foreground confusion. An overview of the MCMC
methods employed is provided in Section [V} In Sec-
tion [V we detail our full global fit algorithm. We fol-
low that with our results for our LDC2A analysis in
Section [VIl and a broader discussion of those results in
Section [VII] We end with some concluding remarks in

Section [VITIl

II. GRAVITATIONAL-WAVE LIKELIHOODS

For the current implementation of the pipeline, there
are two gravitational-wave sources: Massive Black Hole
Binaries (MBHB) and Galactic Binaries (GBs). These
are the two types of sources included in the LDC2A
dataset (also called “Sangria”). This dataset is the first
LDC dataset designed to test multiple-source pipelines.

The two sources have vastly different waveform prop-
erties and generation methods. Here, we will detail the
overall properties that apply to both and describe the
specific models used to generate the signal templates.

Gravitational-wave signals are real-valued signals in
the time domain denoted by s(t). These signals are mea-
sured by the detector by observing their projection on
the sensitive axes of the detector. In LISA, multiple sig-

nals will be detected simultaneously: S(t) =2, > ;c; sij
with j indicating the source type (MBHBs or GBs) and
1 indexing the sources within type j. The output of the
detector measurements, from a data analysis perspective,
are these signals combined with the noise in the detector:
d(t) = S(t)+n(t), where n(t) is the noise component. To
match these signals, we construct template waveforms,
H(t) = >, > ic; hij, built from theory and use these to
detect and statistically characterize the signals present in
the data stream. We assume that the noise is distributed
according to a Gaussian distribution; therefore, we use a
Gaussian Likelihood based on the residual between the
data stream and the specified combination of template
waveforms. We will discuss more about this choice of
Likelihood and the noise properties in Section [[I]} The
natural log of the Likelihood is given by,

1
Inf=—2(d—H|d— H) - Zf:lnSn(f), (1)

where . InS,(f) needs to be included when there is
noise uncertainty, with S,(f) representing the Power
Spectral Density of the noise. We will also refer to this
Likelihood as the “base Likelihood“ or £;. The first term
on the right hand side is an inner product:

b(f)*&(f)
(b(t)|c(t)) = 4Re Y  —L—==Af, (2)
>

for real-valued time-series b(t) and c(t), where b(f) de-
notes the Fourier Transform of b(t) and Af is the fre-
quency spacing of the Discrete Fourier Transform. This
term quantifies the quality of the template fitting by look-
ing at the size of the residual. Both summations in Equa-
tions[[]and[2] are over all positive frequencies contained in
the Discrete Fourier Transform of the observed discretely-
sampled time-domain signals.

There are a few useful quantities that we will also de-
fine here that will be helpful later on. When there is
only one source in the data H(t) = hi(¢). In these cir-
cumstances, it can be useful to separate the source term
in Equation [I]into constituent pieces using the bilinearity
of the inner product:

In 1 o~ ((dld) + (o) —2(dln)) . (3)

The optimal signal-to-noise ratio (SNR) of the template
waveform is then given by \/(h1|h1). The observed SNR
of the source (when it is the only source in the data) is
(d|h1)/+/{hi|h1). When there are multiple sources in the
data, the observed SNR of a single source is more com-
plicated to define because of contributions from overlaps
with the other sources in the data.

For the purposes of this work, we use two “special”
Likelihood formulations that are related to adjusting the
data stream by one source. The first is the change in log-
Likelihood associated with adding a single source, a(t),



to the current set of templates (H + a):

Ly o —%(d— (H+a)ld— (H+a)) |

zlnﬁb—%[<a|a>—2<d—H|a>] ,@

ALy = —% lala) — 2(d — H|a)].

In other words, if we have already calculated the base
Likelihood (Equation [I), we can determine the Likeli-
hood after adding one source by only computing terms re-
lated to the addition of the single template. This helps in
the frequency domain to restrict the summation in Equa-
tion [2| to frequencies at which the new signal is present.
This is especially useful for individual GBs as they have a
very small range of frequencies over which they emit grav-
itational radiation. Similarly to Equation [4 we can also
write down the change in Likelihood due to the swapping
of one source in the current template, r(t), for another,

a(t):
InLy/ 4o —%(d— (H+a—-r)ld—(H+a—-r1))

=Ingy, — % [(ala) + (r|r) — 2(a|r)
~2(d — Hla) +2(d — H|r)] ,

SoAInLy = f% [(ala) + (r|r) — 2(a|r)

—2(d — Hl|a) +2(d — H|r)] .
(5)

This once again allows for single-source-width computa-
tions. However, in Equation [b] the number of frequencies
needed to evaluate the (a|r) term will be between the fre-
quency width of one and two sources depending on how
much a(t) and r(t) overlap in frequency. If they per-
fectly overlap, then the effective width is the width of
one source. If they do not overlap at all, the effective
width is the combination of the frequency widths of both
sources. If they overlap imperfectly, the width will be
between these two extremes.

As previously mentioned, observations from the trian-
gular LISA detector will be pre-processed on-ground to
reduce laser frequency noise using TDI [30]. The outputs
of this pipeline are called “TDI observables”. The most
basic set of these are the observables constructed from
each set of two arms: Xi,Y7,Z;. The “1” denotes the
1.5 Generation TDI observables [46, 47]. The Sangria
dataset uses the 1.5 Generation TDI observables, and
assumes equal and constant detector arm lengths (TDI
Generation 1.5 can handle a rigid and rotating LISA con-
stellation; the armlengths do not have to be equal). Dur-
ing the actual mission, we will be using Second Genera-
tion TDI observables [48], which are slightly more com-
plicated. These observables will account for the rotation
and flexing of the LISA constellation, meaning the arm-
lengths can vary with time. This is an ongoing area of

study and will be added into the pipeline presented here
as a part of future work.

The X;,Y7,Z; variables are correlated in their noise
properties. Therefore, we make a linear transformation
to Ay, B, Ty variables [49, [50], which, under idealised
assumptions about the LISA instrument, would have un-
correlated noise properties:

Al :% (Zl — Xl) 5 (6&)
E, :% (X1 —-21+Z1) (6b)
T1 :i (X1+Y1 +Z1) . (6(3)

V3

For the sake of simplicity, in this work we do not consider
the T7 channel as it generally suppresses gravitational-
wave signals. These uncorrelated variables simplify the
analysis, but, as in the case of First versus Second Gen-
eration TDI, they will not be used in the final analysis.
A more complicated Likelihood matrix will be needed to
properly take into account the existence of correlations
between the channels.

A. Input Template Models

All waveform models used in this pipeline as templates
are mathematically equivalent to those used in previous
works. For that reason, we are not going to describe all
of the details. Rather, we point the reader to the neces-
sary citations to understand the specifics of the template
generation methods used.

The MBHB waveforms are those used in [5I]. One ex-
ample waveform for an MBHB is shown in the frequency
domain in Figure We use the aligned-spin IMRPhe-
nomD waveform model [52,[53]. A few computational im-
provements have been made since that paper. The most
important of these is a combination of the waveform gen-
eration with the Likelihood computation. Previously the
waveform was constructed and then stored in memory. It
would then be passed to a Likelihood function where the
Likelihood would be computed. Now, as each value of
the waveform is generated at each frequency, within the
same GPU kernel the Likelihood at that frequency is im-
mediately computed and entered into the full Likelihood
summation. This avoids the need to store full waveforms
in memory, allowing us to run more Likelihood compu-
tations simultaneously across a single GPU.

The GB waveforms are based on the FastGB [54] al-
gorithm. FastGB is an efficient GB waveform generation
method that works by leveraging the small f observed in
GB sources to separate the waveform generation into a
fast time scale piece and a slow time scale piece. They
were updated and used for circumbinary exoplanet anal-
ysis with LISA in [55]. For this work, we re-implemented
FastGB in a special form for efficient usage on the GPU.
This is discussed further in Section [F]in the Appendix.



Frequency (mHz)
3.999 4.000 4.001

ﬂ 10—38
I —— MBHB .
= I}
— GB !
2107394 ——— |nst. Noise + GF == s —
> st. Noise + GF S — !
= --- Inst. Noise V2

I
2 ~ // \\\ !
Q 107404 AN / Vi
o AN / ”
— N / H
E \\ // ]
= 10—41 J \ \ / ]
o \ / o
() “ // :
& \/ ;
L 107424 . X |
o 1 T g !
2 |
& 1074 L : , : -

107> 10~ 1073 1072 1071

Frequency (Hz)

Figure 2. An example of an MBHB waveform, GB waveform,
LISA instrumental noise, and the Galactic foreground (GF)
confusion contribution. The MBHB waveform is shown in
blue. The GB waveform is shown in orange. The GB wave-
form is very narrow-band in frequency. For this reason, we
also show a zoom-in on the GB signal.

An example GB waveform is shown in Figure 2] as well as
a zoom-in on its very localized frequency domain struc-
ture.

For more specific information on each waveform model,
we refer the reader to the publications cited above.

III. NOISE TREATMENT

In the Sangria dataset, as well as our analysis, the
detector noise is modelled as stationary and Gaussian.
In reality we expect a variety of non-stationary effects
including data gaps, glitches, and sensitivity drift over
time [2]. The effect of removing these assumptions is a
topic of ongoing research and other LDC datasets will be
produced for this purpose. In the future, these advances
will be combined with the multiple-source pipeline pre-
sented here as those techniques are further developed.

Under the assumption of stationarity and Gaussian-
ity, the noise covariance matrix in the frequency domain
reduces to a vector (the matrix diagonal) due to the ab-
sence of correlations between different frequency compo-
nents. Hence, the summations shown in Equations
and [2] are one-dimensional over frequency rather than
two-dimensional, which would be needed if there were
off-diagonal elements of the noise covariance matrix.

The exact noise in the detector is uncertain and needs
to be fitted as an additional component of the analysis.
There are a few different suggested methods for this pro-
cess. We consider a spectral model for the noise as the
sum of two major noise components: the Acceleration
and Optical Metrology System (OMS) noises. The over-

all PSD, S,,, in the A and E channels is given by [56],

Sy () = 8sin® x [2S,m (3 + 2 cos x + cos 2x)

7

+Sop(2 + cosz)] @
where x = 27(f/f*) with f* = ¢/L (the speed of light
divided by the LISA armlength). Spy, is related to the
acceleration noise, S,cc, by,

Spm(f) =Sacc (2770][)72
<l <0.4 x 1073 Hz>2
f

Similarly, Sop is related to the OMS noise, Soms:

o f\ 2 2% 1073 Hz\*
Sop(f) = Soms (Cf> X [1 + (Xf>

In our global fit pipeline, we fit for +/Soms and
VSace in both channels (i.e., four parameters in
total). The injection noise for the LDC2A was
generated using /Soms = 7.9 x 10712m Hz= %% and
V/Sace = 2.4 x 10715 m s72 Hz= %5 [47]. Figure [2| shows
the injection noise PSD as the grey dashed line.

Please note the above model is used for fitting the data.
Due to a previous omission from the LDC documenta-
tion [35], we did not include a third noise, backlink noise,
that was included in the LDC2A dataset noise injection.
We discuss this further in the Section [V

f 4
1 - 4
* <8 x 103 Hz

(®)

- (9)

A. Galactic foreground noise parameterization

To characterize the Galactic foreground noise we also
choose a simple parameterized model that describes the
shape of the expected foreground spectrum. In future
work, we will be exploring other potential models to pa-
rameterize the noise and foreground.

Our foreground noise model contains five parameters:
Ayg represents the overall amplitude of the foreground; a
is a power law index; fy is the “knee” frequency where the
underlying slopes change; and s; and s, are the slopes
before and after the knee frequency, respectively. The
analytic formula for the foreground noise sensitivity, hy,,
is given by [57],

hia() =g Agef %07
x [1 4 tanh (—=s2 (f — fx))] -

The contribution to the PSD in the A and E channels
from the galactic foreground is given by,

Stg = 622 (sin2 x) hyg(f) s (11)

where = 27(f/f*) as in the previous section. This
contribution is directly added to S,, given in Equation [7]

(10)




to give the total PSD used in the inner product (Equa-
tion . Please note that, while we parameterize the
instrument noise separately for the A and E channels,
we parameterize the foreground contribution as one fore-
ground of five parameters that is then shared across both
channels.

An example foreground is shown in Fig-
ure for  parameters (Ayg, a, fi, 51, 52) ~
(3.3 x 107%4,1.2,2.8 mHz, 1763.3,1686.3).

IV. MARKOV CHAIN MONTE CARLO

Throughout the entire pipeline, both in search and
parameter estimation, Markov Chain Monte Carlo
(MCMC) techniques are heavily used. Here we will give
a quick primer and references for these MCMC methods.
As we describe further details of the full pipeline later,
we will indicate where each of these methods is used. We
begin with Bayes’ rule:

7 p(D|6, Mp(6) _ L(6)p(d]A)
D,A) = - , 12
where p(é]A) is the prior probability for model
A; p(@|D,A) = =(0) is the posterior probabil-

ity of the parameters of model A given data D;

p(D|,A) = L(6) is the Likelihood function; and
p(DIA) = Z(A) = [7L( 0)dd is the evidence for the
model A.

We build our entire pipeline around the eryn sampler
[43H45], which is an ensemble-based sampler (ensemble:
multiple walkers per temperature rather than just one)
designed for use in both fixed-dimensional and trans-
dimensional MCMC settings.

As discussed in previous global fit work [21], the num-
ber of templates needed to fit the data is uncertain.
Therefore, we have to use sampling methods that al-
low for the addition and removal of templates over the
course of an MCMC run. For this, we employ the use
of Reversible-Jump (or trans-dimensional) MCMC [3§].
“Between-model” proposals are so-called because they
propose to change the underlying model or model dimen-
sion (A) rather than just the model parameters (6).

In our situation, where all templates are of the same
kind, the addition and subtraction of templates is con-
sidered “nested,” which vastly simplifies our problem. In
a nested setting, this means changing the source count
by +1 or -1. The acceptance fraction for nested models
when adding one component is given by [5§],

arj = min [1, _— 7 (13)

where k is the current number of templates in the data,
“+1” indicates the proposed model addition, and ¢ is the
proposal distribution. In other words, the acceptance

fraction becomes the ratio of the Likelihood values of the
new and previous point multiplied by the ratio of the
prior density to the proposal density of the newly added
source. The prior terms for the first k& binaries, p(ék),
cancel out because they are found in both the numera-
tor and the denominator. When proposing to remove a
source, the acceptance fraction is inverted and the “4-1”
is replaced with a “-1” now indicating the source that is
to be removed. At the moment we only use RIMCMC
in the GB sampler. All RJ moves within that sampler
are based on the acceptance ratio given in Equation [I3]
but they have different proposal distributions (¢(641)).
These distributions will be described below.

MCMC moves that conserve the model type and/or the
model dimensionality (or source count) are referred to as
“in-model” or “within-model” proposals. These propos-
als only change the parameters contained in the current
model. In fized-dimensionality or fived-model settings
where Reversible Jump is not needed, we use propos-
als built around the affine-invariant or “stretch” proposal
[59]. The stretch proposal relies on the ensemble setup
where multiple MCMC walkers are run simultaneously.
As a reminder, a walker represents an instance of a mov-
ing sampler state in parameter space that will build up
the MCMC chain samples over time. The stretch pro-
posal moves a given walker using the parameter space
locations of the other walkers in the ensemble:

YVi=X;+2(Xy —Xj), (14)

where X and Y, are the current and proposed posi-
tions of the walker of interest, respectively; X; is another
walker drawn uniformly from the remaining members of
the ensemble (excluding the kth walker of interest); and
z is a randomly distributed variable drawn from a distri-
bution with specific requirements [59]. A main benefit of
this type of proposal is that it does not require specific
tuning-based adjustments. For more information on the
stretch proposal see [59]. In the PSD and MBHB por-
tions of the global fit sampler we use the regular stretch
proposal as described in [43].

In our GB sampler where we employ Reversible Jump,
we use the “group stretch” proposal discussed in [44] be-
cause the regular stretch proposal does not scale properly
to a Reversible Jump setting where there is, in general, a
different number of model instances for each walker. The
key difference between the base stretch and group stretch
proposals is the determination of X; in Equation
Rather than drawing from the current walkers of the en-
semble, X; is drawn from a “stationary group” [44] that
stays fixed through a large number of proposals (required
to satisfy detailed balance). For this group, we use a flat-
tened set of all templates contained in the cold-chain in
all current walkers within the sampler. Individual groups
are formed by sorting this large set of templates by fre-
quency and taking the ngenqs closest sources in frequency
to the GB of interest. We update this group every ~ 50
proposals and are careful to satisfy detailed balance dur-
ing the change over. The purpose of this setup is to



facilitate efficient in-model sampling in RIMCMC with-
out needing to calculate or tune a covariance matrix or
similar such proposal.

We employ the technique of parallel tempering in all
modules of our pipeline. We discuss the specifics of our
tempering implementation in Section |D|in the Appendix.
There, we include details about how a typical tempering
scheme must be adjusted to handle a residual-based anal-
ysis as is used here.

V. THE GLOBAL FIT

The global fit algorithm presented in this work is very
similar in nature to the methods presented in [2I], with
some important differences. The main idea is that the
sampler uses a Blocked Gibbs sampling technique [39-
41] to analyze the MBHBs, PSD (and foreground noise),
and GBs as separate sampler entities. Then, periodi-
cally, each individual sampler will read out its current
cold-chain information to a controlling process. The con-
trolling process will then transmit this to all participat-
ing individual samplers so that they update their cur-
rent residuals and PSD information. It is this operation
that marginalizes over other source and PSD posterior
distributions contained in the larger global fit. This is
effectively the “wheel” method shown in Figure [I}

Our global fit algorithm has four simultaneously run-
ning modules: PSD and foreground fitting; MBHB fit-
ting; GB fitting; and a fourth module that contains a
search and updating proposal setup for the GBs. A
schematic diagram of this process is shown in Figure 3]

A. Noise and stochastic foreground signal PSD
fitting

The PSD and foreground noise fitting module is the
most straightforward of the four. As described above,
each channel (A and E) will have a set of two parameters
(acceleration noise and OMS noise) to describe the base
LISA sensitivity. This results in four total parameters
representing the PSD, with the two sets of parameters
acting only on their associated channel.

The foreground noise, as detailed in Section [[II} is pa-
rameterized by five parameters (amplitude, power-law in-
dex, knee frequency, and slopes before and after the knee
frequency). In contrast to the four PSD parameters,
the foreground noise represents an astrophysical model
meaning it is computed independently of each channel
and is then transformed and added across both A and E
channels.

MCMC sampling of these parameters directly uses
eryn and its constituent resources. A fixed-dimensional
MCMC is run with ten temperatures ranging from the
cold chain sampling the posterior (T' = 1) to an infinite
temperature chain sampling the prior distribution, with
eight geometrically spaced temperature rungs in between

that are allowed to adapt over time [60]. The regular
stretch proposal is used in this fixed-dimensional appli-
cation.

Before beginning to search for astrophysical signals, we
run the PSD and foreground sampling operation until it
converges to an initial estimate. This estimate is usually
okay for the instrumental noise parameters; however, the
foreground fit strongly compensates for the lack of sub-
traction of GW signals. Over the course of the global
fit run, as GW signals are found and removed from the
residual, the foreground and instrumental noise parame-
ters converge to a their proper state.

During each update from the controlling process, resid-
uals from the GB and MBHB modules are drawn uni-
formly from the batch of cold-chain residuals coming in.
Each randomly drawn residual is assigned to one walker
in the PSD cold chain. Then, in a vertical fashion, the
residual assigned to walker w in the cold chain is used
for all walkers of index w in all of the higher tempera-
ture chains. With this in mind, and for computational
efficiency, the ensemble permutations during tempera-
ture swapping, which is the default in eryn, is turned
off. Temperature swaps are, therefore, only proposed for
walkers with the same walker index w located in neigh-
boring temperature chains. With this setup, it is not
required to calculate new Likelihoods as described in Sec-
tion [D] of the Appendix because the underlying residual
and PSD against which the Likelihoods are computed are
the same.

B. Searching for MBHBs

With the initial noise PSD fitting complete, we extract
the maximum Likelihood PSD and foreground noise com-
ponents. As previously mentioned, the foreground noise
at this point is much higher than it should be, since no
astrophysical signals have been subtracted. The MBHBs
in the LDC2A dataset are loud enough that all sources
can still be detected in this setting. In the future, when
lower SNR, MBHB signals are included, this method will
need to be extended as the confusion noise component
is successively reduced. We will discuss this further in
Section [Vl

The 1-year dataset is split into multiple segments, usu-
ally determined by the number of GPUs available. In our
case, running four GPUs, we split the dataset into eight
segments, running two of them per GPU so that we are
analyzing the full year simultaneously.

Within each segment, we further split the larger pieces
into chunks of 3/2 days, overlapping the first 1/2 day and
last 1/2 day with neighboring chunks. Therefore, each
chunk focuses on a specific 1/2 day, but it contains data
from the 1/2 day before and 1/2 day after. The purpose
of this is to remove, as best as possible, any confusion
between MBHB mergers, which can inhibit the search.

These chunks are then transformed to the frequency
domain and stacked as “separate” data streams within
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the MCMC sampler. Within each of the eight larger seg-
ments, we allow the merger time to vary only across that
segment (i.e., the edges of the prior on the merger time
are the edges of the 1/8-year time window). When it
is time to evaluate the Likelihood for a sample in the
MCMC run, we determine which 1/2-day window its
merger time falls into. We then calculate the Likelihood
using the associated 3/2-day window, centred on the 1/2
day in which the merger occurs. This, once again, al-
lows us to focus on merger detections specifically. There
are advantages and disadvantages to this which will be
further discussed in Section [VIIl

This strategy will produce discontinuities in the Like-

lihood when the merger time crosses from one window to
another. However, in practice these discontinuities cre-
ate only small disturbances in the Likelihood. They are
further minimized by including the 1/2 day before and
after the window of interest. Therefore, this does not
cause any noticeable issue in the sampling allowing this
search process to proceed properly.

Each of the eight larger pieces of data are analysed
independently. The MCMC in each chunk is run until
the Likelihood converges to a maximum value (remain-
ing fixed for 500 sampler iterations) and every sample in
the cold chain is within a few tens of that maximum
value. The detected and optimal SNRs are then cal-



culated. Right now, we apply a threshold of 20 to the
smallest of these two SNRs. This choice is loosely based
on what was found empirically in previous works [e.g.
51], but in the future we plan to further investigate this
choice of threshold and its effect on the MBHB search
results. Under an SNR of 20, we begin to confuse poten-
tial sources with a combination of the noise and the GB
signals. However, as stated earlier, the loud MBHBs in
the Sangria datasets allowed us to leave the resolution of
this issue to later work.

If the source found has detected and optimal SNRs
greater than 20, the source is kept and added to a running
list of found sources. These sources are then subtracted
from subsequent runs. This process is repeated until each
of the 8 larger-time pieces are unable to locate a source
above the SNR threshold.

This process usually results in finding more sources
than are actually there. We prune our catalog for du-
plicate entries. The probability of an extreme match be-
tween two astrophysical MBHB signals is infinitesimally
small; therefore, we assume that a high match between
the signals indicates imperfect extraction of the first sig-
nal found, with a second or third signal completing the
extraction process. The first source is usually very close
to the true point with subsequent found sources attach-
ing to a much smaller fraction of the signal. We keep,
as is, only the highest SNR source within each of these
multiple-source groups. After performing this pruning
operation, we end up with the 15 (6) MBHBs that are
truly injected in the LDC2A training (hidden) dataset,
indicating its success. This will obviously need to be
tested on more datasets in the future, but our initial tests
give us confidence it will perform correctly. In addition
to the sources of interest, this search also provides a set
of samples that act as a starting point for each source in
the larger global fitting run to come.

Following the culmination of the MBHB search
pipeline, we run the global fit sampling operation without
the GBs: the PSD, foreground, and MBHB parameters
are allowed to vary until the PSD and foreground esti-
mation properly accounts for the MBHBs removed from
the residual. This process culminates when it converges
to a maximum Likelihood value. Following this occur-
rence, GBs are added back in and the full global fit run
commences.

C. MBHB Parameter Estimation

The MBHB parameter estimation operation is more
demanding than the PSD module, but not as difficult as
the GB module. It runs in a very similar way to the PSD
module: it uses ten temperatures spaced the same way
as the PSD run; a similar update function to read in and
out information; and a vertically arranged set of residuals
and PSDs for marginalization, removing the permutation
property of the ensemble tempering scheme (for compu-
tational efficiency).

The main difference between the MBHB part of the
sampler and the PSD module is that there are multiple
MBHBES in each of the datasets. In this iteration of our
global fit algorithm, we operate the MBHB portion as
a fixed-dimensional sampler that assumes the search has
found all sources of interest. In future work, this will be
adapted into a trans-dimensional setup that is similar in
nature to how we currently run the GB module.

We implement a special proposal move designed specif-
ically for sampling across the MBHB sources. It is de-
scribed in Algorithm [3] in Section [H] in the Appendix.
The main idea, like the global sampler as a whole, is to
sample each source in a parallel tempered fashion while
marginalizing over only the cold chain information from
the other sources.

We leverage the fast heterodyned Likelihood functions
available in bbhx [6I], [62] for improved efficiency. For
more information on heterodyning MBHB waveforms,
see [e.g. 51l [62]. The MBHB proposal algorithm is given
in the Appendix.

The “inner proposal” that operates each individual step
of the sampling operation is chosen each step at random
from the four proposals detailed in [5I]. The main pro-
posal chosen with ~ 90% probability is just the regular
stock stretch proposal from eryn [44] [45] [59]. The other
three split the last 10%. These are “sky moves” that
leverage sky-mode symmetry by changing the sky-mode
in which the point lies, while keeping all other param-
eters fixed. The three different moves include an only-
latitudinal move, an only-longitudinal move, and a move
that is both latitudinal and longitudinal. See [5I] for
more information on these moves.

D. Galactic binary search and parameter
estimation

By far the most complicated operation of our global
fit pipeline is the detection and characterization of GBs.
The complication is due to many aspects of the problem,
including the large number of expected signals, a high
degree of confusion between signals, and the fact that
there is an unknown number of signals.

To accomplish this task, following the lead of [21],
we use Reversible Jump MCMC [38] to characterize the
number and type of signals detectable in the LISA data.
In this section, we will describe the overall properties of
the GB algorithm, detail the various proposals used in
the GB sampler, and discuss how we proceed naturally
through search and parameter estimation stages.

With GBs in the global fit, there are three scales of con-
cern. The smallest scale represents the individual sources
(dimensionality, D ~ 8). The largest scale involves all
sources across the whole frequency band (D ~ 10°). The
middle scale is the scale over which individual source pos-
teriors interact with each other. While this varies across
the LISA frequency band, this scale involves the interac-
tion of ~ 2 —50 sources via the overlap in their frequency



domain spectra (D ~ 16 — 400).

The GB algorithm is designed to primarily handle the
middle scale (source interaction) while successfully meet-
ing both the small- and large-scale requirements. We
break up the computation across the full band into a
sequence of sub-bands whose widths are primarily de-
termined by the widths of the GB frequency spectra.
The sub-band to which a source belongs is determined
based on its initial frequency parameter. With one year
of observation, the sub-band widths employed are 128
frequency bins (each of width 1/T5ps) at low frequencies
(< 1 mHz), 256 at middle frequencies (<10 mHz), and
1024 at high frequencies (>10 mHz). For more informa-
tion on this construction, please see [54].

Within each sub-band is really where the MCMC-
related operations are run. This means proposals, tem-
pering, and accounting for source changes are all per-
formed at the sub-band level. Within the ensemble setup,
we leverage multiple walkers and multiple temperatures
for each sub-band. However, there are a few important
limitations. First, while sources are grouped into the sub-
bands by their initial frequency parameter, their spec-
trum may extend beyond what we call the “band edge”
of the sub-band. Figure [4 shows the leakage of the GB
template models into neighboring sub-bands: the purple
template waveforms cross over band edges represented
with black dashed lines. This is natural and represents
our inability to specifically localize each source to its own
set of frequencies. For this reason, sub-bands are run in
an “odds and evens” way, where the odd-numbered bands
are run first and even numbered bands are run second.
This holds fixed sources with spectra that may leak across
the band edge while sources within the band of interest
are moved with MCMC operations.

We allow samples to go halfway into neighboring bands
while the sampling within a band of interest is occurring.
This prevents the effect of “hard” edges barring samples
from moving across them in their initial frequency pa-
rameter. After a sequence of sampling operations within
the band of interest, if a cold chain sample falls into a
neighboring sub-band, the sub-band ownership over that
sample is shifted to the neighboring band it now falls
under. This treatment of these “edge effects” is similar
to [21].

Second, similar to the PSD and MBHBs, we want all
residuals to be cold-chain information. In other words,
we want all computations to be performed on residuals
representative of the posterior distribution (7" = 1) which
ensures the marginalization efficiency is maximized. For
this reason, all sub-bands at higher temperatures are
marginalized against neighboring sub-bands from their
associated walker index (w) in the cold chain. In the GB
sampler, because the tempering is not as much of a com-
putational bottleneck, we choose to do a full ensemble-
permuted tempering setup. This helps to filter the var-
ious sub-band states more efficiently to the cold chain
while properly marginalizing over the various residuals
and PSD information coming from the other parts of the
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global sampler.

We run our sampler with 18 walkers in 24 tempera-
tures, allowing for a large number of running sub-bands
to better sift through all the signals and output the de-
sired information. Our temperature ladder at the start
ranges from 1 to infinity with the temperatures in the
middle spaced geometrically by a factor of 1.2. These
temperatures do adjust over time. Each sub-band is
given an independent temperature ladder. This means
that the sub-bands will generally have different temper-
ature ladders that will ideally adjust to their differing
characteristics. Only their cold chain information will be
able to directly translate between sub-bands because the
cold chain is the only temperature rung guaranteed to be
at the same temperature as its neighbors at all times.

As the sampling proceeds, a user-defined number of
in-model proposals are performed consecutively (we use
~ 30) followed by one reversible jump proposal and then
temperature swapping. For in-model proposals, we use
the group stretch proposal discussed in Section [[V]

For between-model moves, we use a mix of various pro-
posals. The most basic RJ proposal is a draw from the
prior distribution. We refer to this proposal as the “Prior
RJ” proposal. It is the least informative proposal, but is
helpful to ensure the entire space is explored.

E. Online updating of RJ sampling distributions

In addition to the Prior RJ propsoal, we developed
two proposals based on fitting Gaussian Mixture Models
(GMM) [63] to empirical sample distributions for resam-
pling within the larger posterior estimation run. The first
of the GMM-based proposals, the “search RJ proposal”,
searches every sub-band independently and simultane-
ously for the maximum Likelihood source that still re-
mains to be subtracted from the best-fit residual. To do
this, it runs a sampler that is fixed-dimensional, parallel
tempered, and stretch-proposal-based. Once the high-
est Likelihood point still remaining in each sub-band is
found, samples are generated around each point to build
a distribution to sample from within the larger sampler.
We fit each source separately to its own GMM and then
combine them all into one larger GMM by assigning each
source-specific GMM as having equal probability. More
information about the algorithmic side of this process can
be found in Section [G] of the Appendix.

A similar process is performed for the other GMM-
based proposal. However, rather than the inputs being
points found from a search operation, the inputs are sam-
ples that repeatedly appear in the sampler. Once the
sampler reaches a user-defined number of iterations, we
go back roughly 10 (thinned) samples within each walker
and perform a cataloging operation (see Section .
The samples that appear regularly are grouped into dis-
tinct distributions that are then fit individually with a
GMM. Similar to the search RJ proposal, we combine
all these individual distributions into one larger GMM
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Figure 4. Illustration of the sub-band structure used to analyze the GB population, as well as the special storage of residual
information for maximal memory efficiency. The left column, in the middle, shows the input data with the MBHB signals
subtracted from it. The dashed black lines divide the window into sub-bands. These sub-bands represent the analysis unit of
the GB algorithm. The sub-bands are run in parallel rotating between odd and even groups. During each specific sub-band
analysis, we need information from three sub-bands: the sub-band of interest, the sub-band before, and the sub-band after the
sub-band of interest. In the cold-chain (T' = 1), this is straightforward. At higher temperatures (7' > 1), the sub-bands before
and after the band of interest need to come from the cold chain (7" = 1) because neighboring sub-bands will have generally
different temperature ladders with only the cold-chain able to transfer information across the sub-band edge. If we stored
three sub-bands for each sub-band of interest, it takes (per TDI channel) ~3 Xn; X n, X npx(length of each sub-band) =
3 Xng X nyx(data length) 16-byte numbers. This can quickly fill available GPU DRAM (device RAM). Instead, we store
cold-chain odd-band and even-band buffers that are read in at runtime and adjusted to the above three sub-band setup needed
for analysis. This uses (per TDI channel) 2Xn, X (data length) 16-byte numbers, reducing the storage needed by a factor of
~ ng/2. To form these odd and even buffers, we duplicate the input data (with MBHBs removed) and subtract waveforms
belonging to odd or even bands from the two instances of input data (purple waveforms in the top and bottom plots in the left
column). The resulting buffers are illustrated above in the center column. The orange shows the stored residual and the grey
shows the original input data to use as reference to see which sub-bands have been updated. This storage method separates
into odd and even bands while maintaining any signal leakage across sub-band edges. The online residual formation process is
shown in the right column. When running online computations on an odd (even) band at any temperature, the three sub-bands
needed for the analysis are read-in from the even (odd) cold-chain buffer to a temporary GPU buffer. Then, the proper residual
for analysis is formed by removing the waveforms belonging to the temperature, walker, and sub-band of interest.

by assigning equal probability to each individual GMM. F. Transition from search to parameter estimation
We refer to this proposal as the “refit RJ proposal.” The
main point of using this proposal is to ensure satisfac-
tory mixing at higher temperatures by proposing points
that have already been found, but may not appear in all
higher temperature chains depending on their SNR.

At the start of the full global fit run, after the initial
search for the MBHBs, overall instrumental noise and
foreground confusion level, we begin the GB sampling run
with special settings. The purpose of the initial search
settings is to prevent a specific problem: when starting
with zero GBs in the model, it is common for the sam-



pler to fill itself with an excess of low-SNR sources while
it takes time to find the louder sources. This is mainly
caused by proposals like the prior proposal, since it uses
an uninformed distribution. This can clog up the sam-
pler with many unnecessary computations, significantly
slowing its convergence. Additionally, even in a more
refined state that is close to the ground truth, the sam-
pler efficiency is highly dependent on the total number
of templates currently being used. Therefore, many un-
necessary and false detections cause the sampler to slow
down.

This is more of an issue when starting directly from one
year of data. In [2I] the authors start with 1.5 months of
data and gradually build up to use the whole year. They
use the information from the previous duration to help
the sampler more quickly converge for longer durations.
This is a different but effective way to deal with the issue
of small-SNR source buildup when beginning sampling
runs at longer observation times.

The approach we take to solve this issue, when using
1 year of data from the beginning, is to set up our RJ
proposals in a specific way. We use only the search RJ
proposal to both add and remove sources. This proposal
is selected on average 80% of the time. We do not use the
refit RJ proposal until later in the search run. We use the
prior proposal ~ 20% of the time, but, importantly, we
only allow it to remove sources. Preventing the prior RJ
proposal from adding sources prevents the addition of a
large chunk of low-SNR sources. It also helps to “prune”
the ongoing search by easily removing any sources that
evolve through RJ or in-model moves to an SNR too low
for them to remain in the sampler consistently.

When the GB sampler begins, the search RJ proposal
is finding the loudest sources in each sub-band. This
distribution is then used to propose new points, which
ensures the loudest sources enter the model first. As the
search RJ proposal updates, it will use the best-fit data
residual, which allows it to extract sources and move to
lower and lower SNRs over the course of the run. To
keep the large number of extra low-SNR sources out of
the data residual, we use an optimal SNR limit of 7 in
the search RJ proposal at the beginning.

The search operation finds ~ 600 sources in its first
iteration across all sub-bands. As the search proceeds,
the number found in each iteration decreases. The end
of the search phase comes when the maximum number
of templates in the sampler converges. At this point,
the settings are switched to those appropriate for full
parameter estimation.

During parameter estimation an SNR limit of 5 is used
for the search RJ proposal. The search proposal and refit
RJ proposal are each used ~ 20% of the time. The prior
RJ proposal is used for ~ 60% of proposals (both for ad-
dition and removal). These settings allow the sampler to
focus on sources at the limit of detection, that may not
have been found properly during the search operation,
while still ensuring good mixing of chains at higher tem-
peratures where the larger-SNR sources are added and
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removed.

G. Cataloging Operation

Our cataloging operation begins with an optimal SNR,
cut on all collected individual samples from the parame-
ter estimation run: optimal SNR > 7. We begin with one
sample (meaning ~ 10* templates from across the band)
as the control group against which we make our initial
overlap computations. We group all other templates in
every other sample into a test group. For each binary
in the test set, we find the maximum overlap with the
sources of the control group. If this maximal overlap is
greater than 0.9, the test set source is added to the group
of the control source it matches with. We repeat this step
with the next sample as the control and all other non-
grouped sources as the test set. This continues until all
samples have been treated as the control. Then, to re-
move any imperfections, we merge any groups that have
an overlap greater than 0.9 with each other.

At the culmination of the cataloging operation, each of
these groups is assigned a “confidence” value, C. The con-
fidence is the number of samples contained in a cataloged
group divided by the total MCMC sample count. For
louder sources with any appreciable SNR, this confidence
fraction will be close to or equal to one because they will
appear in every sample extracted from the global fit. We
note the cataloging operation is not perfect. It requires
making some set of assumptions and/or cuts. For this
reason, a few samples may be missing from clearly de-
tected sources, making their confidence values close to
but not equal to one.

For sources near the SNR detection limit ~ 7, the con-
fidence value may decrease because the RIMCMC algo-
rithm may locate a model configuration that removes the
marginally detectable source from the current sample.
Confidence values for these sources can range from zero
to one. Since full global fit runs and results have only re-
cently been produced, the cataloging step—its choices and
ramifications—are not well understood and are expected
to improve in the future. Similarly, the relation of our
confidence readings to these cataloging choices is a topic
for future investigations. We also do not account for two
or more cataloged binaries fitting one real source. Our
initial checks indicate this does not happen often; a more
detailed analysis of where and why it happens is left for
future work. With these important points in mind, we
believe our cataloging operation is good enough to prove
our global fit algorithm’s capabilities.

After the full operation is done and confidences are
accounted for, the samples that make up the catalog are
saved to HDF5 files to be read in and analyzed using
lisacattools [64]. Many of the plots shown below were
produced using this LISA catalog analysis package.



H. Large-scale algorithmic setup

The global fit is an extremely compute intensive pro-
cedure. For this reason, it is absolutely essential to have
efficient sampling and Likelihood computations. We fo-
cus here on the large-scale setup. More specific informa-
tion about the proposals, tempering, and the distribution
fitting pipelines can be found in the Appendix.

Our overall goal was to use GPUs to handle as much
of the global fit analysis as possible. The most important
reasons for this are the efficiency of GPUs when it comes
to handling highly-parallelizable problems and the fact
that GPUs are expected to continue to improve at a faster
rate than CPUs in the near future leading up to the LISA
mission [42].

Every separate module (MBHBs, GBs, PSD, etc.) in
our algorithm is run simultaneously using mpidpy [65-
68] for launching and communicating between all current
computing processes. Each separate module uses a single
GPU of its own (except for the MBHB search operation
that uses as many GPUs as you give it). All of the main
sampling modules run directly out of eryn [44] [45] for
sampling. The only customized parts of this are the spe-
cial MBHB and GB proposals, as well as the GB tem-
pering piece. They are, however, directly worked into the
highly modular framework of eryn for adding customized
proposals and tempering setups.

Besides the specific proposals mentioned previously for
the PSD, foreground, and MBHB analysis, their GPU-
accelerated, vectorized Likelihood functions were impor-
tant to the efficiency of this pipeline. The fast GPU-
based PSD Likelihood was created specifically for this
pipeline to ensure its computational and memory effi-
ciency. As mentioned previously, the MBHB sampler
uses Heterodyning [61], [62] to improve its Likelihood eval-
uation time.

For rapid evaluation of GB sampling operations while
maintaining memory efficiency, we use a special setup for
the storage of the GB residuals in the GB sampler. We
store two sets of residuals: one for cold-chain residuals
from odd numbered sub-bands and one set for cold-chain
residuals from even-numbered sub-bands. However, both
of these sets of residuals contain the original data with
all MBHBs subtracted. Therefore, to recover the full
residuals across the entire band, it is necessary to add
the two sets of residuals together and then subtract out
the original data (with MBHBs subtracted). This process
is illustrated in Figure [4]

The main idea here is that all sub-bands within the
analysis need information only from the neighboring cold-
chain sub-bands. To illustrate this usage, imagine we
want to operate at temperature ¢t for walker index w in
sub-band index b which we take to be odd. We read in
sub-bands b — 1, b, and b + 1 from the even-numbered
cold-chain residual of walker w into a GPU buffer. The
only template waveforms subtracted from band b (which
is odd) in the even-numbered cold-chain residual are
sources in the neighboring bands that leak over into the
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band of interest. We subtract from the buffer residual
the waveforms contained in (walker, temperature, sub-
band)=(w,t,b). This produces, in the buffer, the full
residual at the start of sampling with all current sources
in the sampler removed from the sub-band of interest.
This process is illustrated in Figure [d] This simulates
the sub-band of interest at each temperature by reading
in the proper cold-chain residuals of its neighbors and
filling information in the sub-band of interest with its
own sources at its specific temperature. This means we
do not need to store any of the higher-temperature resid-
uals in GPU global memory. Memory optimization on
GPUs is very important. If we stored every higher tem-
perature residual, the GPU memory burden would be
Ny X My X (2 channels) x (memory size of each residual).
We reduce this by a factor of n;/2 since we have 2x the
cold-chain residuals.

The alternative easier choice is to store 3 sub-bands
worth of information (b — 1,b,b + 1) for every (w,t,b)
combination (with b —1 and b+ 1 coming from the cold
chain). This would cost n,, X n; X np X (2 channels) x
(memory size of 3 sub-bands), which is three times the
cost of storing all higher-temperature residuals.

When the proposal operation (see Section in the
Appendix) on the GPU is complete, the odd-numbered
residual will be updated with the new sources in (walker,
temperature, sub-band)=(w, 0, b).

VI. LDC2A RESULTS

Our analysis of the LDC2A data is presented below.
Overall, our pipeline performed well. It found, extracted,
and characterized resolved signals of the expected types;
characterized the detector noise and confusion noise fore-
ground; and accomplished all of this without any human
intervention. We ran our pipeline for ~ 7 days on 4
NVIDIA A100 GPUs and ~ 12 CPUs.

Figure [§] shows the high level picture of the source ex-
traction and noise analysis. It shows the residual com-
pared to the injection in the A channel (left) and E chan-
nel (center), as well as the template waveforms for the re-
solved sources subtracted to form those residuals (right).
The training and hidden datasets are shown in the top
and bottom rows, respectively.

The residual plot shows that we were able to extract
all appreciable signals (note, the line in the residual spec-
trum at the right of the plot is an artifact of data gen-
eration and not a missed GB signal). This is true for
both the training and hidden datasets. We also found
and extracted all 15 MBHB signals from the training
dataset, with no false or missed detections. For the hid-
den dataset, we extracted all 6 MBHB signals with no
false or missed detections.

The low-frequency noise fit for the A-channel (E-
channel) in the training (hidden) data shows a small
inconsistency with the residual data. We believe this
is due to two factors. First, the injected noise model



contains acceleration noise, Optical Metrology System
(OMS) noise, and backlink noise (see [23] for more in-
formation on these noises). Our fitted model given in
Equation [7] only contains two of those noises: OMS noise
and acceleration noise. This causes a mismatch in the
noise model at low frequencies. This was due to a pre-
vious oversight related to the LDC documentation [35].
Second, our pre-processing operation did not perform the
necessary detrending of the time-domain data prior to
transforming the data. We have verified that detrending
by removing a linear fit to the data over time removes
much of this issue. This does lead to a small increase
(~ 100 —300) in the number of detected binaries and will
slightly affect the individual posteriors of various sources.
However, we did not rerun our entire pipeline because the
observed changes were small enough that the necessary
computational expense was not worthwhile.

A. Massive Black Hole Binary Posteriors

The posteriors on the MBHBs are shown in Figure[6]for
both the training and hidden datasets. In this figure, we
focus on the observed masses and detector-frame merger
time information to concisely represent our results. The
single-source posterior windows are labeled in order of
coalescence time. Full posteriors can be created and an-
alyzed for all sources by anyone using the lisacattools
software package [64] and our final catalogs [69), [70].

Both black hole masses lie within the 20 credible inter-
val for all injected sources, with the exception of 2 sources
(one in each of the training and hidden datasets), for
which the true masses were within 3¢ credibility. Most
source coalescence times show unimodal Gaussian distri-
butions with widths of the order of a few tens of seconds
with the injected value lying within the posterior bounds.
The fifth source in the training dataset contains the true
coalescence time far into the tail of its distribution. The
first and fourth sources in the training dataset show mul-
timodal posteriors. This is likely caused by the same ef-
fect in both cases, but for the first source the larger of
the posterior modes contains the true time of coalescence
while for the fourth source, it is the smaller of the poste-
rior modes. Similar results were obtained by other groups
analysing this dataset [e.g. 2I]. It is currently uncertain
what causes these additional modes (separated by ~ 10s)
and will be a topic for further analysis in the future.

B. Recovery of Galactic Binaries

Our algorithm collected samples for and cataloged
~ 12000 Galactic Binary sources including known (or
verification), detached, and interacting binaries. Approx-
imately 8000 of these were detected with high confidence
(C > 0.9). All of these sources are included in the same
Galaxy sampling module. Known GBs are found and
characterised in the same way as unknown GBs. We do
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not specifically search for them, but we do use them as
markers of the performance of the algorithm.

Figure [7] shows information about the detected popu-
lation of GBs from the training dataset after cataloging.
The A — f plot is color-coded according to the SNR of
the detection. This plot also shows the expected dearth
of sources between the sensitivity curve and the detected
population. This difference is the characteristic confusion
noise. The sky location point estimates are also given
in the same figure. The sources congregate as expected
along the Galactic plane.

Our comparison to the injection catalog for each
dataset is shown in Figure [§] This plot is similar to
Figure 13 in [2I] and the right side of Figure 5 in [71].
Since the injected catalog technically has ~ 107 bina-
ries, an optimal SNR cut of 7 is applied. This narrows
the tested injection set to ~ 10* injection sources to com-
pare against our cataloged source samples. We take every
sample contained for all sources in our catalog and com-
pare them all against each source in the injection set.
The maximum overlap achieved per injection source is
plotted on the horizontal axis.

The cumulative distribution function (CDF) of this
maximal overlap against each injection source is shown
in the top plots (training on the left and hidden on the
right). Their associated survival function is shown in
the bottom plots. The curves are also labeled by their
confidence, C, i.e., the fraction of MCMC samples that
contained a given source (in the range [0, 1]). As a re-
minder, the choice of a detection statistic in RIMCMC is
nuanced and depends a lot on choices made during cat-
aloging, especially on the margins. Understanding and
optimising this is a topic for future discussion.

Our algorithm performed similarly for hidden and
training sets with a > 90% match rate for both runs.
The confidence lines are quite close together indicating
that most of the samples have confidences greater than
0.9.

With greater than 8000 detected sources of high confi-
dence, it is difficult to analyze a large number on an indi-
vidual basis. Therefore, we try to pick sets of sources that
can help to indicate how well the sampler is performing.
The three groups we have focused on are high-frequency
detached GBs, high-frequency interacting GBs, and the
known (or verification) GBs. Groups of eight f — f 2D
posteriors for each of these three categories are shown in
Figure [9] (for both datasets).

The first group in the top row are the known VGBs.
We have chosen the eight highest-frequency VGBs with
SNR 2 15 arranged in descending order according to
their frequency. These sources all exist in regions with
some level of confusion. HMCnc is above the main con-
fusion noise frequencies, yet it still suffers from confusion
with nearby detectable sources. The rest of the VGBs are
all at frequencies where the confusion noise is expected
to play an important role.

In [21], they perform a targeted search for these sources
by including direct information from EM observations.
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Figure 5. Comparison of injected (blue) versus residual (orange) data streams. The best fit noise profile is also shown with a
black dashed line. The gray dashed line represents only the instrumental noise contribution. The difference between the black
and gray dashed lines is the galactic confusion noise. The left and center columns are for the A and E channels, respectively.

The column to the right shows all template waveforms subtrac
MBHBs shown in cyan. The upper row is the training dataset.

While this is a good idea in reality and will most likely
be the method used during the final LISA data analysis,
we chose to analyze these sources as a part of the larger
population without any targeted assumptions. This al-
lows us to test the performance of our algorithm against a
specific subset of known sources and compare our poste-
rior distributions to [2I] to understand how deliberately
targeting the VGBs affects their constraints.

In Figure [9] we include a horizontal dashed line to in-
dicate f = 0. For HMCnc and ZTFJ1539, the injected
value is well separated from f = 0 and the posterior ex-
cludes this value. This indicates a confident detection,
which will provide a stronger constraint on the source
chirp mass. As we move to lower frequencies, shown on
the right of the figure, the f = 0 line and the injected
value converge until f = 0 is well contained within the
posterior uncertainty. This is an indication that there
are weak constraints on f.

The middle row of Figure [9] shows posteriors for the

ted to make the given residual, with GBs shown in purple and
The bottom row is the hidden dataset.

eight highest-frequency detached GBs. As a reminder,
“detached” means that the only driving force of the
gravitational-wave chirp is General Relativity. These
sources are very useful to understand how well the sam-
pler’s within-dimensional or in-model moves are working.
These sources are found at frequencies where the density
of sources is low enough that we do not expect them to
overlap. Therefore, we can check our global fit posteri-
ors against single-source, fixed-dimensional MCMC runs.
We have verified that this procedure produces identical
posteriors.

GBs at high-frequency will also have strong constraints
on their f parameter. For this reason, none of the plots
in the middle row of the Figure show a line at f = 0
because it is beyond the range of the axes.

The final row shows posteriors for the interacting GBs.
While these sources have a strong astrophysical basis [e.g.

[72], the actual f values injected into this population were
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Figure 6. Posterior distributions for the MBHB sources. The left hand column shows posteriors on the masses of the binary
components, including contours at 1, 2, and 3o credibility. Sources are numbered in order of their merger time. The middle
column shows the same results, but now zoomed-in and expressed as a difference to the injected value. The injected values are
marked by blue lines. The right hand column shows 1D marginalized posterior distributions for the coalescence time. Injected
values are again marked with blue lines lines. The top/bottom row of plots shows results for the training/hidden dataset.

assigned ad hoc rather than with a specific parameterized
model, largely due to the lack of a robust astrophysical
prediction for this population.. Nonetheless, we were able
to constrain f values well enough to show at least a few
of these sources have negative chirps.

As we move towards the right of the bottom row in

Figure [ to sources at lower frequency, the constraints
weaken, but still show potential detections of a negative
chirp, and hence a difference to the predictions of vacuum
GR. We are unable to translate this into a meaningful
bound on the astrophysical parameters or chirp mass be-
cause of the ad hoc nature of the injected population.
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Figure 7. Point estimates for the cataloged population of GB signals observed in our global fit. The left and right plots show
point estimates colored according to their SNR for amplitude versus frequency and ecliptic latitude versus ecliptic longitude,
respectively. These point estimates are the median frequency sample for each cataloged source. The training (hidden) dataset

is given in the top (bottom) row.

However, this should be pursued with future datasets.

C. Recovery of instrumental noise and confusion
foreground

The fitting of the instrumental and confusion fore-
ground noises is unique within the global fit in that the
algorithm is fast and efficient, but it is slow to converge
because it is highly dependent on the extraction of all
detectable GBs. In other words, the noise PSD and
confusion foreground information only converge once the
galaxy fit has converged. As the GBs are found and re-
moved from the residual, the foreground noise estimate
decreases gradually down towards its final state.

As discussed at the beginning of this section, there
was a mismatch in the low-frequency noise fitting due to
incorrect detrending of the data and using a fitted noise
model that did not match the injected model (missing the
backlink noise component). This most likely affected the
foreground estimation as well, but it is hard to determine

by how much. We leave this to future work.

The posteriors on all of the instrumental noise and fore-
ground signal parameters were found to be fairly Gaus-
sian in both runs. The uncertainty in the total PSD was
very small, such that when plotting the PSD as a func-
tion of frequency, as in Figure[f] the confidence intervals
are smaller than the width of the plotted line. How-
ever, individual parameters in the PSD model are less
well constrained. We were able to constrain the confu-
sion foreground amplitude to ~ 5 —10%. We believe this
is larger than expected [e.g. [73] due to parameter correla-
tions built into our model parameterization clearly seen
in the foreground posterior distribution. Samples for the
instrumental noise and foreground parameters over the
course of the search and parameter estimation runs are
included in our output catalogs [69, [70].
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D. Algorithmic performance

In this section, we will discuss some initial findings
about the algorithmic performance of each module of the
pipeline. The first three segments of the pipeline — initial
instrumental and confusion noise fit, MBHB search, and
MBHB plus PSD information mixing — all occur fairly
rapidly.

The initial overall noise PSD fitting takes under 30
minutes. There are some potential ways to improve this
timing, but given it is a small fraction of the whole
pipeline, only a small amount of initial effort was put
into optimizing this segment. The MBHB search, which
results in a reasonable posterior estimate of each source,
takes ~hours with roughly eight processes running simul-
taneously over four GPUs. This could also be improved
in various ways, but it is still a small percentage of the
overall pipeline run time. The mixing of the MBHBs and
PSD fits also takes less than one hour.

The Galaxy analysis is the clear driver of the global fit
computational cost. The PSD information and MBHBs
need time to converge to a posterior, but in the absence
of GBs, this would take < 1 day. The ~ 7 days of total
runtime is to allow for convergence of the Galaxy anal-
ysis. The most challenging part about the GB analysis
is the scale: with ~ 10* sources, the overall runtime can
be slow, even when the evaluation cost per source is ex-
tremely efficient. Our approximate MCMC generation

efficiency is 1 proposal per binary source per ~ 1us, with
actual waveform generation occurring at a rate of 1 wave-
form computation per ~ 0.3us. These timing estimates
occur when performing a large number of these compu-
tations in parallel as we do in our algorithm.

In different frequency regimes, the algorithm faces dif-
ferent difficulties. At low (< 1mHz) or high (2 10mHz)
frequencies, there are fewer resolvable sources which
means these regimes generally do not greatly contribute
to the overall runtime of the algorithm. At low fre-
quencies, the primary complication is the confusion fore-
ground. At high frequencies, the sources are well sep-
arated, which is generally easier to deal with than the
confused regimes.

The middle frequency band (1lmHz < f < 10mHz)is
the most computationally challenging. The foreground
confusion noise is above the instrument PSD at the start
of this middle frequency window. It then falls below
the PSD around ~ 4mHz. While the confusion fore-
ground decreases over this range, the confusion between
detectable sources increases, reaching its peak around
~ 3 — bmHz and then decreasing again before sources
become more isolated at = 10mHz.
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Figure 9. Marginalized 2D posterior distributions in the f — f plane. The top row represents the highest frequency VGBs
arranged in order of decreasing frequency. These VGBs interact with other surrounding sources. The VGB parameters are not
inferred using a targeted search as in [2I], but simultaneously fitted with the remainder of the population. The middle row
shows posteriors for the highest-frequency detached binaries in the randomly generated galactic injection population. These
detached sources all occur at frequencies high-enough to avoid confusion with other detectable sources. The bottom row shows
posteriors for the highest frequency interacting GBs with f # faw. The orange contours show the 1o and 20 contours with
the blue solid vertical and horizontal lines representing the injection values from the input population. The injected f value is
given in units of Hz/s along the vertical axis. The horizontal dashed black line is f = 0, which gives a sense of the scale and
constraint on f The training dataset is the top grid of plots and the hidden dataset is shown in the bottom grid of plots.



VII. DISCUSSION

The LISA global fit is an extremely complex task that
is difficult to accomplish. Here we have presented a new
global fit pipeline capable of extracting multiple sources
of different types, and a fit to a stationary noise pro-
file. Our pipeline is not the only global fit algorithm that
has been developed, but it is extremely useful to now
have multiple global fit algorithms within the commu-
nity. Having multiple algorithms will help with research
into many open questions pertinent to the planning of
the LISA mission. One example is how all the output
catalogs produced by the multiple pipelines that will be
run as part of the ground segment will be conglomerated
into a single output catalog to be released by ESA. This
will require making a variety of mixing assumptions and
choices between the outputs of the individual global fit
algorithms.

As well as a number of minor differences, our algorithm
adds three main novelties in comparison to [21I]: i) GPU
acceleration, ii) ensemble sampling, and iii) the online
fitting of RIMCMC proposal distributions.

A. GPU Acceleration

The GPU set up has improved computational efficiency
relative to [21]. It is difficult to directly compare the tim-
ing between the two implementations. Our implementa-
tion starts at one whole year of data analyzing it all at
once, while [21] builds up the analysis over time, using in-
formation from early times for later analyses. This time
build up is a more natural way to design a global fit al-
gorithm given that the mission will be producing data
for several years, and we do not want to wait until the
end of data taking to start an analysis. In the future, we
will adapt our algorithm to build up over time as well.
It is hard to predict how this will affect the timing of the
algorithm, so that comparison is left for future work.

If we compare with what we have, O(7) days on 4
GPUs, to O(5) days on O(1000) CPUs, our algorithm
is about ~ 5x more efficient in terms of power usage
and cost (multiplying power usage by a flat price per
kWh). This is encouraging and we hope it will continue
to improve in the future.

When building algorithms for GPUs or CPUs, there
is a trade off between performance, availability, and ease
of use. The goal of this code is to have building blocks
that work for both machine types (most likely optimized
for the GPU), with wrappers that run them in the de-
sired fashion. Being CPU/GPU agnostic will also aid in
development.

The GPU development is necessary in our opinion be-
cause it is clear that algorithms designed for the GPU
will be more energy efficient. This is already true at the
present time and, as we move into the future, it is ex-
pected that GPUs will advance at a much more rapid
pace than CPUs, meaning the efficiency difference be-
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tween the algorithms will most likely increase further.
Our Galaxy sampler generally saturates the GPU with
computations. Therefore, newer generations of GPUs like
the NVIDIA H100 should improve the evaluation time of
our algorithm because of the greater number of CUDA
cores available.

Currently, computing facilities with CPU hardware are
more widely available than facilities with GPUs. How-
ever, the GPU demands of our algorithm are not great,
and most new computing clusters that have (O(1000)
CPUs also have multiple modern GPUs available.

B. Ensemble sampling

Ensemble sampling is a very important aspect of our
algorithm. It allows for two main advantages: multiple
cold-chains generating samples in a more parallelizable
fashion and better mixing between the temperatures due
to the random permutation of the walkers when swapping
between temperatures. The full ensemble, the total num-
ber of walkers in all temperatures, provides a large num-
ber of computations for building up sub-band searches
and proposals that feed down to the cold-chains.

It is hard to assess or quantify the impact of ensemble
sampling and tempering on the efficiency of this sampler.
Qualitatively, it seems it can only help. At a minimum,
more parallelization is possible since all walkers in all
temperatures have Likelihood computations that are all
independent of one another. The improved paralleliza-
tion will also strongly benefit as GPU technology and
capacity improves.

In the MBHB and PSD sampling modules, we cur-
rently do not employ ensemble tempering. This is be-
cause it requires the computation of extra Likelihoods
that we have currently deemed to be unnecessary. How-
ever, in the future this may be useful to improve conver-
gence. We could perform an ensemble tempering move
periodically after a specified number of iterations, while
maintaining the “vertical” tempering structure during the
majority of proposals. This would surely help the mix-
ing. Future work will determine its actual impact on effi-
ciency and sampling quality, and optimize the frequency
of vertical and ensemble tempering proposals.

C. Single source search-to-parameter estimation
information transfer

Another important piece of our algorithm is how we
build up the galaxy population. We start with a single-
source MCMC search that gives a posterior estimate.
This estimate is then transformed into a proposal with
a GMM and sampled directly as an RIMCMC proposal
distribution.

This search-to-proposal pipeline was essential to the
success of our Galaxy search due to the fact that we ana-
lyze the entire year of data at once. If we relied on basic



RJMCMC proposals, it would take prohibitively long to
converge because all of the loud sources would be fit with
multiple templates at the beginning. In [21I], they avoid
this issue by building up over time. This time build-up
method finds louder sources first when they are the only
detectable sources and then adds quieter sources as they
become detectable over time.

In addition to the careful addition of sources to build
up the galaxy solution, this search-to-proposal method
ensures that we will never leave a source of appreciable
SNR in the data. It will always locate the best fit tem-
plate that remains in the data residual (if there are any
left).

This method can be extended beyond the galaxy fit. It
is at its core a general method for adding sources into a
larger global fit running on an RJIMCMC backend. This
would allow for much greater flexibility compared to fixed
source searches like the MBHB search we currently use.
It would be more capable of ensuring sources are removed
down to the lowest detectable SNRs that are only found
as the full pipeline converges.

Other types of astrophysical sources, such as EMRIs,
stellar-origin black hole binaries, and MBHBs, could also
be treated using this framework. We can sample them
with a single-source search and parameter estimation al-
gorithm to get an initial estimate for the source posterior.
We will then fit these posterior estimates with GMMSs or
normalizing flows [e.g. [74]. Once they are transferred
into the global fit and allowed to fit simultaneously with
all other sources, the initial estimated posteriors will be
refined. The usefulness of this method cannot be over-
stated as we add more sources and source types in the
future. We expect it to play a key role in ensuring our
global fit has the full range of required capabilities.

D. MBHB Recovery

We recovered all 15 (6) of the MBHB sources in the
LDC2A training (hidden) dataset. This search was done
in a rather ad hoc manner and could be improved. The
search currently uses an SNR cut of 20. However, this
SNR is computed against a PSD that is far too high since
this computation comes before fitting any GBs. There-
fore, this SNR 20 cut corresponds to a much higher op-
timal SNR.

Having this higher-than-expected effective PSD at the
beginning of the MBHB search helps to eliminate spu-
rious sources at the cost of sacrificing our sensitivity to
low-SNR MBHBs. In the future, we will have to improve
this. One potential solution is to use the same system
of adding GBs for MBHBs (as mentioned in the previ-
ous section). This will allow for the search and addition
of MBHBs with RIMCMC rather than the fixed search
we currently employ. This would mean that as the over-
all noise PSD converges and GBs are subtracted, we will
have the ability to add low-SNR MBHBs that cannot be
found without near complete GB subtraction.
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In our current implementation that uses the entire year
of data in one analysis, we split up the MBHB search
computation into separate frequency windows and ana-
lyze them simultaneously. Within this setup, we have not
considered the problem of pre-merger detection of MB-
HBs. The inclusion of this feature of the global fitting
process is left for future work.

In the future, there are also obvious improvements to
be made in terms of the quality and type of MBHB wave-
forms used in the fit. The LDC2A has just the l =m =2
mode of the PhenomD waveform [52] 53]. In the near fu-
ture, there are plans to re-release the LDC2A dataset
with higher-order modes included using the PhenomHM
waveform [75]. While still not the most up-to-date or
complete waveform available (it lacks features such as
precession and eccentricity), it will be slightly close to
what will be required for the final global fit algorithm.
Although these waveforms are more expensive to gen-
erate, higher modes are expected to make the search
and parameter estimation of these important sources eas-
ier while producing posteriors that are much more con-
strained in most cases [e.g.[5I]. Therefore, we expect the
algorithm will perform as well or better when this wave-
form improvement is included. The inclusion of preces-
sion is also not expected to change this conclusion much,
other than adding further cost to the waveform evalua-
tion. Adding other physical effects like eccentricity are
likely to have a bigger impact, but this is quite uncertain,
in part because eccentric waveforms for MBHB systems
have only recently started to become available[e.g. [76].

E. Galaxy extraction

The extraction of the GB population is the largest
and most difficult part of the LISA global fit (at least
for currently simulated datasets). Overall, our global
fit algorithm performed very well. It was able to confi-
dently find, characterize, and remove the detectable GB
sources. It is more energy efficient than other pipelines,
such as [21], and we expect the difference in the efficiency
between CPU and GPU algorithms to increase over time
as discussed in previous sections.

One aspect of the sampler setup that should be further
investigated in the future is the dynamic selection of di-
mensions within the temperature ladder. Currently, we
use dynamic temperature adaptation to adapt the tem-
peratures over the course of the run, but the number of
walkers and temperatures for each sub-band is kept fixed
and equal across the full frequency range. Ideally, we
would place more resources where they are needed. For
example, we should remove temperatures/walkers from
edge samplers that do not need as large of a dynamic
range due to the low number of templates needed to fit
the data within those sub-bands. We would then use
these resources in the center of the band, where the high-
est source counts and confusion exist, by adding temper-
atures/walkers. There are a few small planned changes



to our algorithm to accomplish this goal.

We also need to examine a larger variety of astrophys-
ical models for the GB population, e.g., eccentric, triple,
or accreting systems. The detached GBs are expected to
make up the majority of the resolved catalog, so the fact
that our algorithm performed so well means the largest
piece of the fit is in place. Adding other astrophysi-
cal GB populations will complicate the fit, but probably
only within a subset of the overall galaxy fitting problem.
The two most difficult aspects of adding additional astro-
physics to the GB population (in terms of data analysis)
will be to create accurate, efficient template models and
to understand how well those models can be matched by
a basic detached GB template. If the match is high, it
complicates the RIMCMC process by requiring efficient
interchange between the model types. This is a topic for
future work.

F. Noise and instrument analysis

For the current assumptions used to construct the
LDC2A dataset, our instrumental noise and confusion
signal PSD fitting algorithm performed well. It was able
to fit both features and produce good posterior informa-
tion.

The noise model assumed for the LDC2A analysis
was purely stationary and Gaussian, including for the
foreground. In reality, the foreground noise is cyclo-
stationary. As the LISA constellation orbits the sun,
the foreground confusion gains a directionality as the
constellation moves toward and away from the Galac-
tic center. The fit that we give is effectively an average
of this time-dependence over the course of the observa-
tion. This not only affects our information about the
Galaxy, it also affects the sensitivity used for each indi-
vidual MBHB merger. The foreground noise locally in
time to the MBHB merger may be above or below the
average estimated from the full-year fit. This will affect
the characterization of these signals [20].

In the future, we will also have to include realistic or-
bits and instrumental effects in our global fit. This means
using numerically generated orbits to construct the LISA
response and include fitting for non-stationary noise from
sensitivity drift, gaps, glitches, etc. in the global fit.
Additionally, we will move to a more instrument-centric
PSD parameterization to both input useful prior informa-
tion into the global fit and to extract information about
the instrument performance from it.

VIII. CONCLUSION

We have presented a new global fit algorithm capable
of successfully analyzing the LDC2A training and hidden
datasets from start to finish with no human intervention.
We extracted and characterized all MBHB signals in both
datasets without any false alarms. Our Galaxy sampler
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extracted ~ 10* GBs with > 90% match rate to the input
population. Along with these astrophysical sources, we
were able to fit the PSD and foreground confusion noise.

The most important advancements in this pipeline are
in the Galaxy sampler because of its large computational
burden: i) GPU-accelerated sampling operations; ii) en-
semble sampling and tempering; iii) and online fitting
of RIMCMC distributions via refitting of samples and
single-source MCMC runs against the current residual.
The GPU-accelerated pipeline is more efficient in energy
usage and cost than comparable CPU-based pipelines,
and is expected to continue to improve into the future.
The ensemble sampling allows for better mixing and bet-
ter marginalization between source and noise modules
across the global fit. The refitting and single-source
MCMC pipelines used to generate the RIMCMC pro-
posal distributions are very helpful to building up the
galaxy solution. We expect these methods to extend to
other sources as more advanced pipelines are constructed.
We have also published our catalogs for both training
and hidden LDC2A datasets [69, [70]. Our new open-
source algorithm and its catalog outputs now available
to the public will be critical tools for encouraging ac-
cess to and advancement of LISA data and astrophysical
analysis across the global LISA community.

DATA /CODE AVAILABILITY

The analysis codes (and the specific commits) used
were LISA Analysis Tools [77], Eryn [45], BBHx [61],
and (GBGPU] [78]. We plan to clean up the code and add
documentation and tutorials in the coming months. At
this point, the full code will be released and made readily
available to all.

Our output catalogs are available for download on Zen-
odo. The training dataset catalogs [69] can be found
herel. The hidden dataset catalogs [70] can be found
here. These data can be read-in and analyzed with
lisacattools [64] and LISA Analysis Tools [77].
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Appendix A: GB Proposal algorithm

The GB proposal algorithm builds on the special GPU-
based waveforms to handle the sampling and Likelihood
computations in an efficient and light-weight manner. Al-
gorithm [I] describes the GB sampling implementation.

Due to complications with changing the dimensional-
ity of the sorted and grouped GBs used in the proposal,
the RJ proposals are currently run a bit differently from
in-model Proposals. They are implemented in exactly
the same way as in-model proposals, but the inputs are
handled differently. For in-model proposals, the initial
points and their associated information are organized and
entered into the GPU kernel. It then runs multiple pro-
posals for each binary and reads out the final information.

As discussed in Section [C] of the Appendix, RJ pro-
posals are generated in a batched way across the whole
band by proposing to remove all sources that are cur-
rently there and proposing to add a generated source for
each array entry currently absent of a source. From an
algorithmic perspective, we propose all points for the un-
used array entries upfront. This is true for all walkers,
all temperatures, all unused array entries. We organize
and group them with the sources that are in the sampler
currently. This specialized grouping information is then
input into the GPU kernel with two extra pieces of infor-
mation: whether each binary is already in the sampler
or not, as well as the PDF value for all sources (both ex-
isting and proposed) as determined from the generated
distribution.

The GPU kernel then runs through all of these exist-
ing and proposed sources in randomized order within the
same sub-band. We treat this like an in-model proposal
simulating an RJ step by making the source of interest
almost identical before and after the proposal, adjusting
only its amplitude. If the source exists in the sampler,
meaning it is a proposed removal, we set the initial am-
plitude to the true value and its proposed amplitude to
a negligibly small number. If the source of interest is
a proposed addition, we set the final amplitude to the
true value and the initial amplitude to a negligibly small
number. We accept or reject the proposed change after
each individual proposed binary addition or removal. All
sources and source parameters, other than for the spe-
cific source for which we propose a change, remain fixed
throughout this sampling process.

Appendix B: Setting up in-model GB proposals

In-model proposals are MCMC proposals that do not
change the dimensionality. In our case here, this is the
underlying model count. As discussed in [44], the regu-
lar stretch proposal does not scale well to reversible jump
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situations where the dimensionality varies. For this rea-
son, we implement a “group stretch proposal” as detailed
in [44]. The group stretch proposal is a generalization
of the stretch proposal to reversible-jump situations with
varying dimensionality and multiple intertwined maxima.
The main idea of the group proposal is to set a stationary
group of points from all leaves and walkers in the sam-
pler from which to draw the auxiliary point needed in
the stretch proposal. This point is drawn from a distri-
bution of points in the stationary group that are “close”
to the current point of interest from which the proposal
originates. Here, “close” means as determined by some
user-defined distance metric.

For the GB sampler, the initial frequency parameter is
the most obvious parameter on which to base a distance
metric to use to cluster points into nearby distributions.
The GB group proposal begins by selecting the ngiends
points out of the previously stored stationary distribution
that are closest in initial frequency parameter. It then
draws uniformly from that group of nearby points to use
in the stretch proposal.

In the limit where every walker contains every template
and no template’s posterior distribution interacts closely
with another source, the group proposal will converge to
the performance of the base stretch proposal. However,
in realistic situations, the efficiency of the group proposal
is highly situation dependent.

We update the stationary distribution every ~ 30 it-
erations. One downside to this setup is it does not work
well when moving a template that appears in a low frac-
tion of walkers (e.g., a source that is not real or a source
that is marginally detectable). In this case, the moves
are rarely accepted. While recognizing this shortcom-
ing, based on empirical runs, we decided to use only this
group proposal rather than dealing with the tuning and
complications of implementing a covariance-based pro-
posal. In the future, we plan to add a covariance proposal
to help with these cases.

Appendix C: RJ GB Proposal Basis

When running the RJ proposals, we do not use the
typical “birth-death” model where one source is either
added or subtracted for each RJ proposal. We set an
array of npin, max boolean values for each walker. True
values in the array indicate a binary exists. False val-
ues indicate there is no binary at that array entry. The
value of npin, max 1S chosen to be sufficiently high so as
not to affect the outcome of the experiment. During
each RJ proposal, we propose to switch every value of
this array. We propose to remove all binaries that exist
and add a binary for each value in our array that begins
as “False.” We randomize the order of these additions
and subtractions and run through them one-by-one us-
ing Algorithm [I] Theoretically speaking, this method is
equally valid compared to the single birth-death setup
usually used for nested RJ problems. Additionally, our
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Algorithm1 Galaxy sampling algorithm.

j <« (t,w,b)
T ) X )
v 71 — Zeeej h(6)
0]',0 — 0]'
p<+0
while p < nprop do
k <+ randint(0, g;)
0k < 0;[k]
0}, + Make Proposal on 0
if accepted then
0;[k] < 0%
r' <1 +h(0)
r <1’ —h(9;,)
end if
p—p+1
end while
if t = 0 then
r,w,b) < rOwb) T Zeeej,o h(0)
r(O,w,b) < I‘(wayb) — Zeeej h(6)
end if

> All information contained for band (¢, w,b). Assume b is odd.
> Applies to frequencies contained in bands b — 1, b, and b+ 1.
> Subtract current sources in band b, walker w, and temperature ¢.

> g; is the number of GBs in band j = (¢, w, b).

> Includes accept/reject and Likelihood computations described in Equation

> Remove h(6) from r'.
> Add h(6},) to r'.

> Remove starting waveforms from residual in global memory.
> Add new group waveforms to residual in global memory.

Algorithm?2 Galaxy Tempering algorithm.

i< (t,p,0)

Current Likelihood array: len(L.) = ns
Swapped Likelihood array: len(Ls) = ny
t+ 0
while ¢t < n; do
w « p[t]
j <+ (t,w,b)
4 P0wb—1) F T0wb+1) — Xgeo, D(O)
Le[t] = L(6;)
t—t+1
end while
t+—ny — 1
while ¢t > 0 do
Wt < p[t}
wi—1 + p[t — 1]
r' 4 T0,w,,0-1) F T(0,w5,0+1) — Z9€9<t71,wt,1,b> h(6)
Lplt] = LO@—1,0,_1 )
T 0wy b 1) F T w1 b4) T Dpea,,, ) BO)
Lylt = 1) & L0,
Accept or reject swap with Equation
if swap accepted then
0" < Ot,w,,b)
a(t,wt,b) — e(t—l,wt,l,b)
Ot—1,w,_1.6) < 0

Let] < Lplt]
Lt — 1]« Lp[t — 1]
if t =1 then

P(0,w0.6) £~ F(O,w0.) + Xgea, . 4 BO)
P(0,w0,6) £~ F(0,w0,) ~ 2oe6(q g 0 PO
end if
end if
tet—1
end while

> t is the array over the temperature indices (range(nt)).
> p is the array of permuted walkers with len(p) = n..

> w is the walker index associated with temperature ¢.

> Store all current Likelihood values.

> Residual in w; with sources from band (¢ — 1, w;—1,b).
> Use r’ in Likelihood computation.
> Residual in w¢—1 with sources from band (¢, wy, b).

> Use updated r’ in Likelihood computation.

> New cold-chain parameters (t =1, ¢t —1=0).
> Remove old cold-chain sources from global residual.

> Add new cold-chain sources to global residual.




RJ proposal distributions span the entire space, which
we believe creates more flexibility and power in proposal
generation.

Appendix D: Parallel tempering in a residual-based
analysis

We leverage parallel tempering in every module in our
global fit sampler. Parallel tempering “heats up” the
Likelihood surface by raising it to the power of the in-
verse temperature: L5 = L8, with 8 = 1/T. Samples
are then probabilistically swapped between temperature
chains (see below). This allows for the algorithm to ex-
plore the full Likelihood surface using the higher temper-
ature chains to move between Likelihood maxima. As the
sampling proceeds, the temperatures across the chains
adapt to optimize swapping percentages according to the
prescription given in [60]. You can find more information
about parallel tempering and its implementation in Eryn
in [44].

In all of the sampling discussed below, we leverage the
ensemble nature of Eryn which allows for many walk-
ers per temperature. The ensemble setup creates bet-
ter tempered mixing because the order of walkers within
a temperature is randomly permuted before proposing
temperature swaps. This means that, from one step to
the next, sets of walkers for proposed swaps will always
be newly randomly generated.

The typical expression for the acceptance, a1, of tem-

perature swaps between the parameters, 9_;1 and §m, of
walkers at temperatures 1/7; = f; and 1/T;, = j; is
given by [60],

L Bi—Bi
or,1 =min |1, <£ZL> ,

where Ly, denote§ the cold-chain Likelihood evaluated at
the parameters 6.

In our global fit algorithm, each source type and the
overall noise has its own temperature ladder setup, only
sharing cold-chain information with each other. We use
the ensemble setup within each source or noise module
to marginalize over different instances of residuals (GBs
plus MBHBs) and total noise PSDs (total means includ-
ing the stochastic confusion noise) that come from the
posterior distributions of other modules. For example, if
we have n,, walkers in each temperature, we may choose
to have n,, different realizations of the PSD or n,, differ-
ent residuals from the MBHB analysis in the GB part of
the sampler (or vice-versa).

Having residual or PSDs attached to a specific walker
complicates the swapping of samples between rungs on
the temperature ladder. Equation assumes that the
Likelihoods for the two states being swapped are equiva-
lent. This is generally not the case if the two walkers have
different residuals or PSDs. Suppose that we are propos-
ing a swap between a walker, labelled 7, in the chain at

(D1)
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inverse temperature 3y, currently at parameter values 9_;“
with a walker, j, at temperature f;;, at parameter val-
ues @,L. We denote the cold-chain Likelihood for walker i,
evaluated at é;L by L; . When deciding whether to swap
the parameter values, 9; and 9_;,,“ of the two walkers, we
must account for the difference between the Likelihood
functions associated with the walkers. The correct ac-
ceptance fraction, ar o, is given by,

(Li,m)ﬁl (‘Cj,n)ﬂ” .
(ﬁi,n)ﬂl (ﬁj,m)ﬂ”

(D2)

ar2 = min 1,

Notice that in the case where the two walkers are sam-
pling the same Likelihood we have (L;, =L;, =L,
and L;m = Lim = L), Equation reduces to Equa-
tion [DI] as expected.

We use independent temperature ladders that adapt on
their own This type of issue has important ramifications
for the efficiency of the sampler. It effectively means
that for every swap proposed, two new Likelihoods need
to be computed in addition to the original Likelihoods
that enter the swapping operation. We will discuss how
this applies differently to each module of the global fit in
more detail below and in Algorithms and[2] We use
independent temperature ladders that adapt on their own
for PSD, each different MBHB, and each sub-band in our
GB sampler (see below). We communicate information
between these ladders only through the cold chain (T" =

).

Appendix E: GB Tempering algorithm

The tempering algorithm is very similar to the pro-
posal algorithm with a few important changes to the in-
formation passed and how it is passed. This includes the
ordering of the sub-bands to ensure permutation of walk-
ers during temperature swaps. The tempering scheme is
shown in Algorithm

Appendix F: GB Waveform Generation

Besides the source count uncertainty, the most diffi-
cult aspect of the GB algorithm is the large scale needed.
With ~ 10* binaries expected from ~ 1 year of observa-
tion, even when using the most efficient waveform gener-
ators, the sheer number of waveforms needed throughout
the MCMC run can be computationally difficult or pro-
hibitive. To address this, we have developed an extremely
efficient waveform generation pipeline.

Ultimately, we use functions based on GBGPU [78] for
generating GB waveforms efficiently. However, we use
a special implementation that heavily leverages the us-
age of GPU Blocks and Shared Memory to make the
waveform generation as efficient and light-weight as pos-
sible. For this task, we implement the waveforms in
C/CUDA. We use a special FFT CUDA package [83] to



perform FFTs of the slow-part of the waveform within
GPU shared memory. Therefore, we never read out the
waveforms to global memory, which ensures maximal ef-
ficiency for our computations.

This waveform generation method can build the most
common waveform in our analysis (256 frequency bins)
at a rate of one waveform per ~ 200 ns when properly
batched. This is roughly ~ 1000 times faster than those
generated on a single CPU. From initial estimates, this
translates to a power usage efficiency improvement of ~
70x.

Appendix G: Algorithm for fitting proposal
distributions

While the other modules are running on their own
GPUs, one extra process and one or two extra GPUs are
used to search for and continuously improve upon the
proposal distributions for the GBs. The cost of adding
this GPU operation needs to be weighed against its help-
ful increase in efficiency of the overall process. We believe
this step is incredibly helpful for getting the sampler to
converge more rapidly.

There are two types of distribution fitting performed
in the GB proposal fitting module. The first is the fit-
ting of the distributions generated from searching for new
binaries in each sub-band. The algorithm for this is a cus-
tomized, batched, parallelized fixed-dimensional MCMC
code based on eryn. It runs with ~ 10 temperatures and
~ 100 walkers per temperature using the stretch proposal
to find the maximum Likelihood source that still exists
in a given sub-band (meaning it is yet to be found and
subtracted from the residual data).

This algorithm runs simultaneous, independent
MCMC runs for each sub-band (~ 900). The priors are
modified so that the initial frequency spans its assigned
sub-band only. Therefore, in this setup, the sources can-
not move across sub-band edges.

The starting points for each independent MCMC are
generated from these modified priors. A user-defined
threshold, nit max, is set to determine the number of it-
erations required for maximum Likelihood convergence.
This means the sampler must not find (within each spe-
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cific sub-band) a higher Likelihood value for ni; max con-
secutive iterations. For the results presented here we use
Nig, max—000.

Once this convergence criterion is reached, the best
Likelihood point is taken for each sub-band. A new “ball”
of points around this max Likelihood point is generated.
The MCMCs are then relaunched with the same settings
and stopping criterion. After this converges, we can be
sure we have found the maximum Likelihood point avail-
able in each sub-band. We then do a test of each source
against an optimal SNR limit of 7 to start. We even-
tually lower this to 5 over the course of the run (see
Section for more information). The MCMC is then
run again for each source in each sub-band with an SNR
above the limit. We generate 30 samples (after thinning
by a factor of 25) for each of the 100 walkers giving us
3000 samples per source.

When all of these sample groups have been generated,
we use mpidpy [65H68] to spread out this process to mul-
tiple processors which use scikit-learn [63] to fit the
GMM distributions. Ideally, this operation would be per-
formed in batches on a GPU. This is a topic for future
work.

We also fit the points that have been in the large-scale
sampler recently. This includes all sources in the cold
chain that are appreciably detectable (optimal SNR2> 7).
We group these sources based on our cataloging oper-
ation described in Section [VG] After they have been
grouped, we perform the same type of GMM fitting de-
scribed above for the search proposal distributions. As
mentioned previously, the purpose of this proposal is to
help the mixing of the higher temperature chains by pro-
viding them with more direct proposals for binaries that
are at higher SNR.

In the future, we also plan to include GB population
distributions fit with normalizing flows [74]. We will
investigate using these fitted distributions as our prior
and/or proposal distribution functions.

Appendix H: MBHB Proposal Algorithm

The MBHB proposal algorithm is given in Algorithm[3]
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Algorithm3 MBHB Sampling Algorithm within the global fit.

7+0
while j < ngteps do
7l <— permutation(range(0, Tmbhb))
10
while ¢ < len(n) do
I < ni]
how,y + f(0,w,)
Iy < rw +how
Wref <= aTgmMax g [L(00,w.)]
hper < h(O,wref,l)
p<+0
while p < nprop do
Make proposal step for all (t, w,1)
pp+1
end while
hl(O,w,l) — f((g(O,w,l))
Tw < Thy — hl(o,w,z)
i1+ 1+1
end while
FILE«+ G(t,w,l)
HEAD PROCESS < 6(0,w,1)
I'w ¢ Fw new
j+—J3+1
end while

> Randomly order the MBHBs each time.

> w represents all walker indexes here. The “0” is the temperature index.
> Remove current cold chain waveforms from residuals (d., — Ho).
> Use maximum Likelihood point as reference waveform for Heterodyning.

> Use heterodyned Likelihood with residual rl, and reference waveform hy.cs.

> Add the new cold chain waveforms back into the residual (dw — Hu).

> Residual update from HEAD PROCESS.
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