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GENERALIZED REFERENCE TARGETING FOR SPACEFLIGHT
David Geller; David Woffinden | Collin York *

For spaceflight programs to achieve some of the aggressive exploration initiatives such as
visiting and landing on other celestial bodies, rendezvousing with other orbiting vehicles,
and ultimately returning crew safely to Earth, an assortment of targeting algorithms to com-
pute the necessary burns to strategically maneuver a spacecraft to a variety of destinations
are required. Numerous examples exist, but rather than creating and implementing multiple
targeting solutions, is it possible to have a general targeting model that can accommodate a
variety of applications? Originally motivated for mission design and analysis purposes, this
paper outlines a generalized reference targeting algorithm for spaceflight that may also have
applications in on-orbit flight software. It accommodates arbitrary flight dynamics and both
impulsive and finite burns for either absolute or relative targeting applications. It also allows
for an arbitrary number of targeting design parameters such as multiple discrete correction
burns or finite thrust parameters to satisfy numerous combinations of targeting constraints
that can have fixed or variable time epochs. Given a reference trajectory, this targeting tech-
nique provides a general framework to quickly solve an assortment of targeting problems
that may be well-defined, over-determined, or under-determined while naturally producing
metrics providing insight into the controllability for a given problem formulation. Due to the
derivation, speed, and accuracy of the algorithm, it lends to supporting rapid linear covari-
ance analysis and robust trajectory design applications for a variety of flight phases such as
rendezvous and docking, cislunar transfer, interplanetary flight, orbit maintenance, de-orbit,
and powered descent and landing.

1 INTRODUCTION

As space exploration continues to advance and the possible missions and destinations expand, an increased
capability in the scope and breadth of targeting algorithms continues to emerge. Past and current programs
have demanded and produced an assortment of targeting algorithms to address rendezvous and docking needs,
deep space exploration initiatives, and classical orbital transfer scenarios. These algorithms such as the classic
Lambert targeting for orbit transfers or the well utilized and linear Clohessy Wiltshire (CW) targeting for
rendezvous, and the more recently developed and complex two-level targeter (TLT) for the Orion spacecraft
utilized for deep space exploration reflect the wide-assortment of targeting problems being addressed. Rather
than creating and implementing multiple targeting solutions to enable spaceflight programs to achieve some
of the aggressive exploration initiatives, is it possible to have a general targeting model that can accommodate
a variety of applications? Originally motivated for mission design and analysis purposes, this paper outlines
a generalized reference targeting algorithm for spaceflight that may also have applications in on-orbit flight
software.

The literature is replete with nonlinear targeting algorithms based on shooting methods and other means to
solve complex nonlinear problems.[[1} 12,3, 14} 5, 16]. In many cases the solution approach is designed specifi-
cally for (or reused from) a particular application. Embedded in these solutions is often a correction process
based on the linearized equations of motion, and the theory of these linear equations and there numerical
applications is well known [[7, |8].
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With this context, the purpose of this paper is to present a unified approach to linear targeting problems for
spaceflight applications. If such a paper already exists, it is unknown to the authors. The underlying linear
theory in this paper is not new; however, a single generalized formulation for solving arbitrary spaceflight
targeting problems is developed. It accommodates arbitrary flight dynamics and both impulsive and finite
burns for either absolute or relative targeting applications. It also allows for an arbitrary number of targeting
design parameters such as multiple discrete correction burns or finite thrust parameters to satisfy numerous
combinations of targeting constraints that can have fixed or variable time epochs.

Given a reference trajectory, this targeting technique provides a general framework to quickly solve an
assortment of targeting problems that may be well-determined, over-determined, or under-determined while
naturally producing metrics providing insight into the controllability for a given problem formulation. Due to
the derivation, speed, and accuracy of the algorithm, it lends to supporting rapid linear covariance analysis and
robust trajectory design applications for a variety of flight phases such as rendezvous and docking, cislunar
transfer, interplanetary flight, orbit maintenance, de-orbit, and powered descent and landing.

The development of the generalized reference targeting (GRT) algorithm is initiated by first providing a
basic overview comparing different targeting methods for analysis followed by outlining the common GRT
framework to solve both well-defined, over-determined, and under-determined problems that manifests itself
for a spectrum of problems in Section[2]and Section [3|respectively. Given this modular problem formulation,
details for capturing the generalized formulation for arbitrary targeting parameters and constraints are pre-
sented in context of impulsive translational burns in Section 4] finite burn targeting in Sections [5]and [6] and
relative targeting in Section |/} The theoretical development is then applied to a lunar orbital escape problem
in Section [§] with three examples using GRT with either impulsive or finite burns. The first example uses
GRT with impulsive maneuvers and variable constraint times. The second then utilizes GRT with finite burns
with variable thrust vector, ignition time, variable engine cutoff time, and variable constraint times. The last
example uses finite burns with a fixed thrust magnitude and allowing the thrust direction and turn rate to
vary. These examples illustrate the core capability and flexibility of the algorithm while also highlighting the
impact of calculating the targeted burn at different intervals prior to the burn execution. Final remarks and
conclusions are then provided Section 9]

2 TARGETING METHODS COMPARISON OVERVIEW

Prior to deriving the generalized reference targeting or GRT algorithms for impulsive and finite burns, a
simplified comparison overview of targeting methods for spaceflight analysis is provided to give context to
the limitations and potential of GRT. Figure [I| highlights three-levels of targeting fidelity with the simplicity
and speed toward the right and complexity and flexibility on the left.

Figure captures a general non-linear targeting algorithm that only requires a reasonable initial guess
and the solution is computed iteratively. It does not require an a priori reference trajectory. The state rela-
tionship matrices (SRM) and constraint partials are modified with each iteration. These types of non-linear
predictor algorithms may also compute the targeting partials numerically at each iteration via finite difference,
handles equality and inequality constraints, and provide maneuver partials with flexibility for changing con-
straints and initial guesses. This generality and capability to address a wide range of problems with limited a
priori information comes at the price of longer run times.

Figure[I(b)emphasizes how GRT can be expanded by adopting an iterative non-linear predictor. Although
the pre-generated SRMs and constraint partials are derived based on the a priori reference trajectory, the
linear correction solution is iterated by using a non-linear trajectory propagator to determine if the constraint
tolerance was satisfied. If not, the correction is modified using the pre-generated partials until an iterative
solution converges. This approach assumes the reference trajectory provided represents a viable solution, so
if the dispersions are within the linear regime of the reference profile, few iterations should be required.

Figure captures the basic linear implementation of GRT intended for rapid analysis. If the system
dynamics are truly (or assumed to be) linear such as the CW-equations [9] for the relative motion dynamics
near a target vehicle in a circular orbit near a central body, GRT can be configured to produce the well-
known CW-targeting equations. For applications with non-linear dynamics, GRT requires an a priori non-
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Figure 1. Comparison of Targeting Methods for Analysis

linear reference profile which serves as the targeting solution. The targeting state transition matrix (STM)
and constraint partials are computed exactly along the reference trajectory using a semi-analytic evaluation.
Consequently, it provides a rapid evaluation of maneuver partials when a solution and analytic expressions
are provided.

3 GENERALIZED REFERENCE TARGETING FRAMEWORK

If a reference trajectory is provided z*(¢), then the objective of the generalized reference targeting algo-
rithm is to determine the dispersion from the nominal burn parameters du required to achieve the targeting
constraints. The myriad of targeting problems can all be cast as a set of m linear equations of the following
common and general form

)]

where Ju represents n parameters to be solved for, and dz(t) represents the initial position and velocity
dispersion from the reference trajectory. For finite burns, dx(¢§) will also include the initial mass dispersion
and initial thrust Isp dispersion.

Mébu = Nz (t) ‘

For the impulsive targeting implementation the n targeting parameters are single or multiple impulsive Av
maneuvers and variable constraint times. For the finite-burn targeting algorithm, the n parameters are the
engine ignition time, a perturbation to the thrust vector or the direction and rotation rate of the thrust vector,
the thrust cutoff time, and an optional variable constraint time.

When the number of targeting design parameters equals the number of linear equations, m = n, Eq/[I]
represents a well-defined problem whose solution for the targeting design parameters du is obtained simply
by taking the inverse of M~!

Su= MTINGSz(t]) )

When the number of linear equations is greater than the number of control inputs, m > n, Eq[I|represents an
over-determined problem and a solution for the minimum constraint error norm is desired

Su = (MTWyM) P MTWyN Sz (t]) 3)



where the constraints may be weighted by a diagonal matrix W,,. When the number of linear equations is
less than the number of targeting control parameters, m < n, Eq|[I]represents an under-determined problem
and a solution to the minimum parameter norm is desired

Su = W MT (MW MT) NG (t) 4)

Regardless on how the targeting problem is formulated, (m = n , m > n, or m < n), one of the above
three solutions to Eq |I| will be available. The next four major sections demonstrate how this generalized
reference targeting framework is implemented to solve the targeting problems associated with impulsive or
discrete burns, finite-thrust burns, and the dual inertial relative state targeting problems.

4 GRT USING IMPULSIVE BURNS

When the position and velocity dispersion from a desired reference trajectory are zero, all trajectory con-
straints will by definition be satisfied. However, when the position and velocity dispersion are non-zero, a
single or multiple corrective impulsive maneuvers may be needed to meet mission requirements. For many
applications, modeling the translational burn as an instantaneous velocity change or impulsive Av is ad-
equate. This section will highlight several targeting options that are derived and presented in context of
impulsive-burn targeting. The three potential options are: 1) one impulsive burn and one set of constraints
at a single time, 2) one impulsive burn and multiple sets of constraints at multiple times, and 3) multiple im-
pulsive burns and multiple sets of constraints at multiple times. The objective of these targeting algorithms is
to correct nominal maneuver parameters based on initial trajectory dispersion to ensure trajectory constraints
are satisfied.

Underlying the derivations that follow in this section is the assumption that a reference trajectory satisfy-
ing all trajectory constraints is available. The reference trajectory may include nominal impulsive maneuvers.
The nonlinear coasting-flight dynamics in between the nominal impulsive maneuvers for a vehicle with iner-
tial position r(¢) and velocity v(t) are most generally given by

&= f(z)

where the state 2 represents the vehicle position and velocity = [r,v]T. For inertial dynamics with an
arbitrary gravity field

o= 0 (5)

o= g(r) (6)
the associated linearized differential equations of motion are given by

. 0 I
0t = Féu, F[G 0] 7
where 6z = [dr, 6v]T defines the coasting-flight state dispersion from the reference trajectory, i.e., r =
r—1r* 6v=v—v*(t), and where G is given by
0
or |,

For non-inertial dynamics such as the CW-equations [9] or the restricted 3-body problem (R3BP) in a
rotating frame [10], the Jacobian F" in Eq. [7)is simply replaced with the appropriate Jacobian, F' = Few or
F' = Frspp. Thus, for arbitrary dynamics, the discrete-time format for the state dispersion at time ¢ is given
by

5a(t) = ®(t, t0)d(to) ©)

where the differential equation for the state-transition matrix is

O(t,tg) = FO(t,tg), P(to,to) =1 (10)



If 6V is a correction to a nominal maneuver at time ¢j,, or if 6V is a trajectory correction maneuver (TCM)
at time t3,, where the nominal maneuver is zero, the state dispersion at a future time ¢ > 3, is to first-order
given by

dx(t) = ®(t, t5y) [P(t5y, to)dx(to) + BIV] (11)

o[}

In the subsections that follow, the equations of motion above are utilized to derive three impulsive burn
targeting algorithms each more general than the previous. Section[4.T|will solve the problem of one impulsive
burn and one set of constraints at a single time, Section will the solve the problem of one impulsive
burn with multiple sets of constraints at multiple times, and Section will solve the problem of multiple
impulsive burns with multiple sets of constraints at multiple times.

4.1 Single Impulsive Burn with an Arbitrary Number of Constraints at a Single Variable Final Time

This sub-section will outline details for solving the targeting problem for a single impulsive burn with an
arbitrary number and type of constraints at a single variable final time. The derivation below is representative
for the developments for this section and the subsequent sections. For example, the targeting parameters for
this first algorithm are du = [6V, §t ;] where §V is the deviation of the nominal impulsive burn Av, and 6t ¢
is deviation of the nominal final constraint time.

Let a single set of targeting constraints at time ¢ ;,U [z(¢;)] = 0, represent m nonlinear constraints that
must be satisfied by the final inertial position and velocity state vector z(¢ ;) at a time t; = 3 + o0ty, where
0ty can be selected to improve performance. The reference final state vector x*(t;i) at the nominal final

*

time ¢}, must also satisfy the constraints, ¥ [m*( f)} = 0. To first-order, the final state x(¢) is given by

x(ty) = x*(t}) + 6x(t}) + ¥ (t})0t s, and the m nonlinear constraints can be linearized about the reference
position and velocity state vector 2*(t7})

W [z*(t})] + e [0 (t7) 4 &*(t7) ot ¢] (12)
Tl (t7)
or
U, g [0x(t}) + 2 (t})dtg] =0 (13)
where 0w
\I/IM“ = 87
Tl (t3)

=[]

-
¥
. . ty .
Substituting 6ty = P’ du into Eq. [13[produces
0="0,, [&:(t}) + m*(t;)ngg‘(su} (14)

where Pgif represents the partial derivative of 0t with respect to the targeting parameter vector du.

The state dispersion 6z (t}) at time ¢} is a function of the initial state dispersion, 5z (¢{), and the maneuver
impulse, 6V, at the fixed maneuver time t},,, and can be found using Eq.

dx(ty) = @(t},t5)0x(ty) + (¢}, 15, ) BV

or
Sx(ts) = ®(t7,5)0m(t5) + (¢}, 5, ) BPSY du (15)



where PV is the partial derivative of 6V with respect to du.

Eq. [T5]can be written in the generic linear form

0x(ty) = My o062 (ty) + My ju0u (16)
where
My, zy = @(t},tz‘))

Mmfu = (I)(t?, t;V)BPg‘f
Substituting Eq. [I6]into the linearized constraints in Eq. [I3|produces

o [ Moy 02(t5) + { Moo+ 3 ()P } 8u] =0

This equation represents 1 constraint equations in n = 4 unknown targeting parameters, 01" and 6t ¢, and
can be written in the standard form

]M(su = Nox(t]) (17)

where
M= Wy g { My + 3 (6)P5 } (18)
N: - \Ilz,fofzo (19)

For fixed final-time problems, the fourth column of M is removed.

4.2 Single Impulsive Burn with Arbitrary Number of Constraints at Multiple Variable Final Times

In the previous section, the targeting parameters consisted of a single impulsive correction and a single
constraint time. The targeting parameters in this section consist of a single corrective impulsive maneuver 6V
and r variable constraint times 6t.,,i = 1,2,--- ,r, i.e., du = [0V, AT] where AT = [dt,,,0tcy, .- -, 0tc,] -
Let W;[z(t.,)] = O represent p; nonlinear constraints at constraint times t., = t;; + dt.,, fori =1,2,... 7,
where dt., represent r targeting parameters to be determined. The reference state vectors z*(t7 ) at the
nominal times ¢, must also satisfy the constraints W;[z*(¢7)] = 0. The total number of constraints is
m=>3_pi

If the state x(t., ) is expanded to first-order using x(t.,) = x*(t,) +0x(t% ) +2*(t:,)dt.,, the p; nonlinear
constraints can be linearized about the reference position and velocity state vector z*(t7,)

ov,

U, [z* ()] + [6(ts,) + ™ (¢ )ot, | (20)
N S R "
or
0=y, [6x(t;) +a*(t:)ote,], i=1,2,---,r 21)
where P
\Ijm,i = 67
Tlew(tz)

o Ste, Ste, . . . .
Substituting 6t., = P, du , where P “ represents the partial derivative of dt., with respect to the targeting
parameter vector du, produces

0= W [So(s) +a" (5 Py ou], i=1,2,0 (22)

u




As a reminder, each set of constraints ¥, ; consists of p; scalar constraints for a total of m = 22:1 Di
constraints.

The state dispersion 0z (t7,) in Eq. [21]is a function of the initial state dispersion, §x(t) and the maneuver
impulse 6V at the fixed maneuver time ¢}, and be determined from Eq.

Sa(ty,) = D15, 13)52(th) + DL, () BSV

Ci

or
Sz(ty,) = O(t;,, t8)0x(ty) + ©(t;, 5y )BPIY du, i=1,2,--- 7 (23)

where PV is the partial derivative of 6V with respect to du.

Eq. 23] can be written in the generic linear form

dx(th) = MxCizoém(tS) + My, wou (24)

Ci

where
M ;o @(t;,ta)

My, = 2(t;,, t5y ) BPS)

Substituting Eq. [24]into the linearized constraints in Eq. [22| produces

o [ Ma g0 (t5) + { Mo+ (£2,)P3" } 6u] =0 25)

)

Eq. 25|represents m constraint equations in n = r + 3 targeting parameters and can be written in the standard
form

| Mdu = Nox(t;) (26)
where 5
sk 4k ey
\Ilz,l {Mzclu +x (tcl)Péu }
ot
\I/a:,2 MJ:C u +$*(t: )P uC2
M= (M JPa) 27)
. k% Ste
\Ijz,r {Mzcru +x (tCT)P(;ur}
\Ilw7lecl;E0
\I/x,QMerg
N=- ) (28)
\I’x,erchg

These equations represent m > r constraints (at least one scalar constraint at each of the r variable
constraint times t.,) and r + 3 unknowns (one dV vector and the r time variations, dt,,). Constraints can be
added or removed by adding or deleted the associated rows from M and A . Fixed constraint time problems
can be handled by removing 2" (¢;,) from M and the associated column from M, .

4.3 Multiple Burns with Arbitrary Number of Constraints at Multiple Fixed or Variable Final Times

The previous section introduced an arbitrary number of sets of constraints at multiple constraint times ¢, .
The same constraints will be applied here, but ¢ multiple impulsive maneuvers §V; will now be allowed at
fixed maneuver times, tgvj ,j = 1,2,---q. The targeting parameters for this targeting algorithm are du =
[AV, AT] and consists of ¢ impulsive maneuvers AV = [6V7,V; ...,8V,], and r constraint times AT =
[0tc,, Otey, ..., 0tc,] -



The linearized constraints in Eq. [22] are repeated here for convenience.

0= Wi [6a(ty) +&* (L5 )Py du| , i=1,2,0- 7 (29)
whereszc'i represents the partial derivative of dt., with respect to the targeting parameter vector du. As a

reminder, each set of constraints ¥; consists of p; scalar constraints for a total of m = Z:Zl p; constraints.

The state dispersion at each of the constraint times dz(t7,) in Eq. can be determined by repeated
applications of Eq. and is a function of the initial state dispersion, dx (), and the maneuver impulses
0Vj at the fixed maneuver times, tay; < ti,j=0,1,---q;. Itis assumed there are g; maneuver impulses
from ¢, to t.,, g2 maneuver impulses from ¢ to t.,, etc., such that a total of ¢ = ¢, maneuver impulses are
allowed from tg to ¢, . Using this maneuver numbering scheme, the state dispersion dx(t},), at times ¢ ,
1=1,2,---r,are given by

q1

Sx(ty,) = ®(t),, t5)0x(ty) + Y ®(th, thy, ) BIV;

Cc2 c1?
Jj=0

q2

Sa(ts,) = (L5, (5)0a(ty) + > B(17,, 15, ) BV,

Sa(ty,) = B(t;, 43)5x(ty) + 3 B, thy, ) BOV,

cr
Jj=0

or in a more compact form

q=qi
Su(ty) = (5, t)0x(ts) + | S @5ty )BPS, | du, i=1,2,-,r (30)

Jj=0

where ngj is the partial derivative of 6V; with respect to du.

Eq. [30|can be written in the generic linear form

ox(ty,) = Ma, 2,02 (t5) + My, w0u 31

Ci

where
chixo = (I)(t:,- to)

q9=4qi
* * %
chiu = Z q)(tci7t§‘/j)BP5u]

=0

Substituting Eq. [31]into the linearized constraints in Eq. 29| produces

The equation above represents m constraint equations in n targeting parameters and can be written in the
standard form

| Mo = Noa(t;) (32)




where

& c
\IJ@-J {Macclu + x*(tzl)Péi ! }
ot
\IIT,Q {M’I‘C u + I*(t* )P ucz}
M= : we (33)

W {0t i PR

\IIZL’,IMI.HI()
\I’x,2M:cC,23:U
N=- . (34)

\Il.t,’r‘MxCT o

These equations represent m > r constraints (at least one scalar constraint at each of the r variable
constraint times t.,) and 3g + r unknowns (¢ Av vectors and the r time variations, dt,,). Constraints can be
added or removed by adding or deleted the associated rows from M and N. Fixed constraint time problems
can be handled by removing 2" (¢7,) from M and the associated column from M, .

5 GRT USING FINITE BURNS WITH VARYING THRUST VECTOR

The objective of this section is to derive an implementation of GRT using finite burns with a varying thrust
vector that determines the values of up to n = 6 targeting parameters to achieve a set of m constraints at
a variable final time. Underlying the derivation is the assumption that a reference trajectory that satisfies
the final constraints exists. The reference trajectory consists of a coasting-flight, powered-flight, and final
coasting-flight segments as notionally shown in Figure 2} This finite burn implementation of GRT uses a
constant perturbation to the nominal thrust vector as a targeting parameter such that the total n = 6 number
of target parameters are du = [0, 0ts;q, Otco, Ot f], to achieve a set of m constraints at a variable final time.

Figure 2. Notional Finite Burn Reference Trajectory.

In Section [5.1] the nonlinear powered-flight equations of motion are presented and linearized about a ref-
erence trajectory. In Section[5.2]a state-space targeting model is introduced that includes both the targeting



algorithm parameters and the linearized powered-flight equations of motion. This model is presented in terms
of matrix block partitions explicitly showing the dependency of the powered-flight equations on the targeting
parameters. In Section[5.3]the targeting model state-transition matrix is used to relate initial trajectory disper-
sion and targeting parameters to the final state dispersion, and lastly, in Section [5.4]the nonlinear constraints
on the final state dispersion are introduced and linearized about the reference trajectory. The targeting model
STM and the linearized targeting constraint equations are then used to solve for the values of the targeting
parameters required to achieve the targeting constraints.

5.1 Powered-Flight Dynamics

The nonlinear powered-flight dynamics are written in terms of the inertial position r(¢) and velocity v(t),
the mass of the vehicle m(t), the thrust vector T'(¢), and the thrust efficiency a=constant (defined as one
divided by the engine exhaust velocity). The relevant nonlinear differential equations are

Fo= v (35
T

v o= g(r)—&-a (36)

m = —||T|a 37

@ = 0 (38)

If the reference trajectory is defined by r*(¢), v*(¢), m*(t), a*, and the nominal thrust vector is defined
by T, the above equations can be linearized about the reference values and written in terms of the trajectory
dispersion dz = [67, v, dm, o], and a thrust vector perturbation §7'. The associated linearized differential
equations are then given by

or = v (39)
Sv = GO&r+ Mém+ AST (40)
om = —|T*| da+T6T (41)
da = 0 (42)
where
dg(r)
= 43
G or |, “3)
T*
M = ——— 44
CHE “
1
A= — (45)
m
= —atin. (46)

where ip- =T/ ||T*|.

In the models developed below the time-derivative of the reference state vector during powered-flight
(indicated by a subscript T') is given by

,U*

g(r) + L

w (47)
— T e

0

i =

and the time-derivative of the reference state vector is during coasting-flight (indicated by a subscript C) is
given by

*

v

10



5.2 Targeting Model Dynamics

The state vector for the targeting model dynamics is obtained by appending the targeting six parameters

du = [8T, 6t ¢, 6tyig, Otco) to powered-flight state vector x = [dr, dv, m, da]”, such that

0
53)15975 = I: 52 :|

where the targeting model dynamics are given by

or = v
bv = GOr+ Mdm + AST
om = —|T*|éa—T6T
sa = 0
5T = 0
5ty = 0
Strg = 0
Sty = 0

or
(Si'tgt = tht (t)(s.%'tgt

where the Jacobian F g (t) can be written in terms of matrix block partitions

Fige(t) = [ Osxs  Ogxs

*

03x3 I3x3 Ozx1  Ozx1
G O3xz3 M 03x1

szt - *
®) O1x3 O1x3 0 — [T
01x3 0O1x3 O1x1 O1x1
03x3 0O3x3
_ A 0343
Fa=1 0 0
01x3 O1x3

and where 7" = M = A = I' = 0 during coasting-flight.

Similarly, in discrete-time the STM can be written in terms of matrix block partitions,

o [}
Dyge(t,t0) = [ gm }cu ]

*

where the STM is determined by numerically integrating
(.btgt(tﬂfO) = Figt(t)Prge(t, o),  Pige(to,to) =1

5.3 Relating Targeting Parameters to Final Trajectory Dispersion

(49)
(50)
(G
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(59)

(60)

To first order, the targeting state dispersion at the end of the first coasting-flight segment and at the nominal
time of engine ignition t};, is a function of the initial targeting state dispersion, 64 (t7), and the time-of-

ignition dispersion, dty;g,

0xtgr(thig) = Pugt(thig: t6)0%egt (t5) + [#7g1,0(tig) — Tige,r (tig)] Otrig

11

(61)



where 37, ~(t};,) is the reference state time-derivative at the end of the coasting-flight (C) segment given
in Eq. 48| appended with zeros to accommodate constant targeting parameters states, and &7 o, 7(t5,) is the
reference state time-derivative at the beginning of the powered-flight (T) segment given in Eq. again
appended with zeros to accommodate the constant targeting parameters states. Eq. [61]can be written as

* * * - * Otiig *
5$t9t(ttig) = |:<I)tgt<ttig7t0) + Amtgt(ttig)Pait_[n} 0tge(tg) (62)

where P “9

Amtgt(ttig) = irgt,c’(t:ig) - i:gt,T(trzg)
Next, the targeting model state dispersion at the nominal engine cutoff time ¢}, is, to first-order, a func-

tion of the targeting state dispersion at the nominal time-of-ignition, dxq; (¢; g), and the engine cutoff time
dispersion, dt.,,

6371‘/975(1;:0) = (I)tgt( co? tzg)émtgt( tzg) + [jj:‘fgt,T(t: ) xtgt C’( )] Otco (63)

whered; at, r(ts,) and @}, o (t7,) are the state time-derivatives at the nominal time of engine cut-off. Eq.
can be written as

 is the partial derivative of dt;, with respect to the targeting model state vector vector ¢4, and

558159,5(15:0) = (I)tgt(t:o’tz{ig)(sxtgt(t:ig) _Ajjzgt( ) 5wt téztgt(to) (64)

where P t“’ is the partial derivative of dt., with respect to the targeting model state vector 0x¢ s .

Lastly, the targeting model state dispersion at the nominal final time and end of the final coast segment,
dx(t}) is given by

0xige(ty) = Puge(th, teo)dxige(te,) (65)
Substituting [62] into [64] and [64]into [65} produces
* * * * .k * Oty; co *
6T (t]) = Pugn (b tia) { egt (tiostiig) [Pgu(Figs 15) + Ay tiig P, | = Aty (82, PR} S ()

Since ®;4; has the matrix block partition form shown in Eq. |3_U|, and since the time-derivative of the reference

targeting state vector has the form,
St — ox* | | 6xF
tgt — 5u* - O7>< 1

Eq. 66 can be written in terms of matrix block partitions

5-Ttgt(tf) = |: 0 I :| 6xtgt(t0) (66)
5m(t}) = M. 02 (t)) + Myyou (67)
su(t}) = du (68)
where

. Ottig Steo * gk
MIU = (I)$$(tf7tco) |:(I)9L’5L’(tcovttzg)Aivtgt(ttzg)P — Az tgt( )P . j| + (I)mu(t)“t()) (70)
where the Jacobian and state-transition matrix are now defined by Eqgs. [57H60)

As expected, Eq. [68]shows that the targeting parameters du are constant, and Eq. [67]shows how the initial
state dispersion dz(;) and the targeting parameters du contribute to the final dispersion dz(t%), or, in other
words, given an initial state dispersion, dx(t), Eq. provides the information needed to compute the values
of the targeting parameters du required to achieve the desired final dispersion constraints. This last step will

be presented in the next section.
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5.4 Trajectory Constraints and Targeting Solution

Let W [z(tf)] = O represent m nonlinear constraints that must be satisfied by the final state vector z(ty)
atatime ¢ty =t} + dty, where oty is a variable final constraint time determined by the targeting algorithm.
The reference final state vector x*(t}) at the nominal final time ¢%, must also satisfy the constraints, i.e.,

v {x*(t})} = 0. If the final state x(t) is to first-order given by x(ty) = 2*(t}) + 0x(t}) + £¢(t})dty, the

m nonlinear constraints can be linearized about the reference state vector z*(t})

V(] + 5 [0x(t}) + &5(t})dt ] 71
or
0=V, [0x(t}) + @6 (t})ots] (72)
where P
Yol = o
z* (t})
Substituting 6ty = Pg;f du in Egq. produces
0=, [5])(75}) + " (t;)Pgtf,5u§u] (73)

where ngf represents the partial derivative of 0ty with respect to the targeting parameter vector du.

Substituting Eq. [67]into Eq. [73| produces

0=10,, [Mméa:(té) + {Mw + g (6P } 514

which results in m algebraic equations in n = 6 unknowns

| Mou = Noa(t5)

(74)

M =Wy g { My + 35 (65)P) |
N=-U, M,
where M, and M,,, are given in Eqs. @]and@]and defined by the new Jacobian and state-transition matrix.

Eq. [74] represents the solution to this finite-burn targeting problem. There are m constraint equations
in 6 unknown targeting parameters, 67, 6t+4, 0t and 6ty. When constraints are added or removed from
the targeting problem, the corresponding rows of M and N are added or removed. If fewer parameters are
required, the corresponding columns of M are removed.

Further, when the only targeting parameter is the perturbation to the thrust vector §7°, the above matrices

reduce to
M= \I!mf@m(t}, 29

N =0, &, (t},15)

6 GRT USING FINITE BURNS WITH FIXED THRUST MAGNITUDE

In this section an alternative to the finite burn GRT implementation in Section[3]is presented. The powered-
flight dynamics are the same as in the previous section, however a different set of targeting parameters is
utilized. Instead of using a constant perturbation to the nominal thrust vector, this modified finite burn im-
plementation of GRT uses a constant perturbation to the initial thrust direction and turning rate assuming a
fixed thrust magnitude. Consequently, instead of 6 targeting parameters, this formulation has n = 7 targeting
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parameters, du = [0b, 09, 0tsig, Otco, Otf] Where b is a perturbation to the initial thrust direction , dg is a
constant perturbation to the thrust turning rate, and dt;4, 0tc, and oty are perturbations to the engine ignition
time, engine cutoff time, and the final constraint time, respectively. The perturbations to the initial thrust
direction and turning rate are 2-dimensional and are constrained to be perpendicular to the initial nominal
thrust direction. The objective of this section is to derive an algorithm that can determine the values of the
targeting parameters needed to achieve a set of m constraints. The remainder of this section follows the same
approach as in Section [3}

In Section [5.1] the nonlinear powered-flight equations of motion are presented and linearized about a ref-
erence trajectory. In Section[5.2]a state-space targeting model is introduced that includes both the targeting
algorithm parameters and the linearized powered-flight equations of motion. This model is presented in terms
of matrix block partitions explicitly showing the dependency of the powered-flight equations on the targeting
parameters. In Section[5.3]the targeting model state-transition matrix is used to relate initial trajectory disper-
sion and targeting parameters to the final state dispersion, and lastly, in Section [5.4]the nonlinear constraints
on the final state dispersion are introduced and linearized about the reference trajectory. The targeting model
STM and the linearized targeting constraint equations are then used to solve for the values of the targeting
parameters required to achieve the targeting constraints.

6.1 Powered-Flight Dynamics

The nonlinear powered-flight dynamics are written in terms of the inertial position r(¢) and velocity v(¢),
the mass of the vehicle m(t), the thrust magnitude T'(¢), the thrust efficiency a=constant (defined as one
divided by the engine exhaust velocity), and the thrust direction A(t). The relevant nonlinear differential
equations are

r o= v (75)
o T A

m = -Ta (77)
a = 0 (78)

If the reference trajectory is defined by 7*(t), v*(t), m*(t), o, and the nominal thrust vector is defined
by T*S\*(t), the above equations can be linearized about the reference values and written in terms of the
trajectory dispersions 67 (t), dv(t), dm(t), da(t), and a thrust vector perturbation §A(t) = 68 + 0(t — t;, ),
where d3, and -y are constants. The associated linearized differential equations are then given by

or = bv (79)
Sv = GOr+ Mdm+ ASB +T'éy (80)
dm = —-TSa (81)
fa = 0 (82)
58 = 0 (83)
by = 0 (84)
where
_ 9g(r)
G = = * (85)
T* )\*
M = -—_ (86)
m? [|A*]|
T 1 AT
N [1 } (87)
m ||| [[A*[] A=
L = A(t—tf,) (83)
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Although the trajectory dispersions are assumed to be small, they are generally unconstrained. However,
the initial thrust direction perturbation § 3 and turning rate J-y are required to be perpendicular to the nominal

initial thrust Aj;, = \*(¢};,). To enforce this constraint, the perturbation J/3 is written as
58 = ObiN%, + b, (89)
N N 5b1
o8 = [, A, ] [ " ] ©0)
58 = Léb (91)
where
N N iy
o= (92)
[IA%ig > 22l
. Al X N
1= et (93)
(A% X ALl

Similarly, the turning rate perturbation -y is written as

0y = g, +0g2A, (94)
A 5

v = [ A, A { o ] (95)

oy = Ldg (96)

Using this formulation for the thrust vector perturbation, the linearized equations of motion in terms of the
state vector perturbation dx = [67, Jv, dm, 6a]T are given by

or = v 97)
6v = Gér+ Mdm + ALSb + T Lég (98)
om = —T*a (99)
ba = 0 (100)

where during powered-flight (T) the time-derivative of the reference state vector is given by

,U*

* T \*
9(r") + = e
—T*a*

0

ik = (101)

and during coasting-flight (C) the time-derivative of the reference state vector dynamics is

it = 9(r") (102)

6.2 Targeting Model Dynamics

The state vector for the targeting model dynamics is obtained by appending the targeting parameters du =
0b,6q, 6tiig, Oteo, Ot ¢] to powered-flight state vector dz = [§r, v, om, 5T | i.e.
g frop g

J
6xtgt = I: 52 :|
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where the targeting model dynamics are given by

or = v

Sv = Gor+ Mém+ ALSb+T'Lég
om = —Téa

Sa =
6b =
bg =
5t;§ig =
ooy =
Stp =

o O O o o o

or
5j5tgt = tht (t)ﬁxtgt

where the Jacobian F} 4 (t) can be written in terms of matrix block partitions

Fugn(t) = [ Frp  Fu ]

O7><8 O7><7

*

03x3 I3x3 0Ozx1 Ozx1
G O3xz M 0O3x1

Frea(t) = O1x3 O1xz3 O =T
O1x3 O1x3 O1x1 Oix1 ||,
O3x2 0O3x2 Oszx3
Fout) = AL I'L  0s3x«3

O1x2 O1x2 O1xs3
O1x2 O1x2 O1x3 ||,

and where ' = M = A =T = 0 during coasting-flight.

Similarly, in discrete-time the STM can be written in terms of matrix block partitions,

cbww (I):ru
(I)tgt(tvt()) = |: 0 I :|

*

where the STM can be determined numerically by integrating
Dygi(t.to) = Fige(t)Puge(tito),  Pegelto,to) =1

6.3 Relating Targeting Parameters to Final Trajectory Dispersion

(103)
(104)
(105)
(106)
(107)
(108)
(109)
(110)
(111)

(112)

(113)

(114)

(115)

The approach to relating targeting parameters to the final trajectory dispersion is identical to the approach

in Section[5.3] and the final result is the same,

0x(t}) = Myadx(t5) + Mypydu

* gk * * s * Otes .k * Oteo kg%
Mwu = q)ﬂw(tf’tco) q)ww(tco’ttig)Axtgt(ttig)Péut ! = Axtgt(tco)Pﬁz j| + (I)Iu(tf7t0)

where the Jacobian and state-transition matrix are now defined by Eqs. |1 12
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6.4 Trajectory Constraints and Targeting Solution

Similarly, the approach to deriving the final targeting solution is same as in Section[5.4], and the final result
is identical,

| Mdu = Nox(t;) (117)

where
M =W g { My + 35(65)PS |

N = _\le,sza:

Eq. [[T7]represents the solution to this finite-burn targeting problem. There are m constraint equations and
7 unknown targeting parameters, oc = [dcy,dca]”, 8g = [6g1,8g2]7, Ottig. Otco. and 6ty. When constraints
are added or removed from the targeting problem, the corresponding rows of M and N are added or removed.
If fewer parameters are required, the corresponding columns of M are removed.

Further, when the only targeting parameters are the perturbation to the initial thrust direction and thrust
turning rate, the above matrices reduce to

M =T, By, (5, 15)
N =V, . (t},15)

7 GRT FOR DUAL INERTIAL RELATIVE TARGETING

The above targeting formulations were focused on solving problems with constraints on the inertial position
and velocity of a single vehicle, such as the absolute trajectory constraints. In this section, the above targeting
solutions are reused to solve problems with relative trajectory constraints such as specifying limits on the
relative position and velocity of two vehicles.

Let x; denote the inertial position r; and velocity v; of an active Vehicle 1 with impulsive or finite ma-
neuver capability. This is the same inertial position/velocity state used to develop the absolute targeting
algorithms above. For finite-burns/powered-flight =1 also includes mass m; and thrust efficiency a;. Let x5
denote the inertial position ro and velocity v of a passive Vehicle 2. Let ¢ = [z, 23] denote a dual-inertial
state vector, and let the relative position and velocity state be denoted by x,.¢; = [r1 — ro, v1 — V2] = M,z
where M,..; maps the absolute positions and velocities of Vehicles 1 and 2 to the relative position and ve-
locity. The reference trajectories for Vehicles 1 and 2 are denoted by 7 and x5, and the relative reference
trajectory is denoted by z7 ;.

The relative trajectory constraints, W;[x,..;(t.,)] = 0, represent p; nonlinear constraints at times t., =
ty. 4 Otc,, fori = 1,2,...,r, where the dt. represent r targeting parameters, 67 = [t.,,0tc,,...,0lc, ],
to be determined. The reference relative state vectors x*(t;,) at the nominal times ¢}, must also satisfy the

relative constraints W;[2% (¢ )] = 0. The total number of constraints is m = Y.\, p;.

If the relative state 2,.¢; (., ) is expanded to first-order using @, (tc,) = @}, (t5 ) +0xrer (th)+at,, (t5)dte,,

rel
*

*
Ci
the p; nonlinear constraints can be linearized about the reference relative state vector ., (¢ )

\I/i I:-r:iel(tzb):l + \Ilfli'y»ehi [6l’7~el (t;) + j::jel (tzb)étcj ’ = 17 2) o (1 18)
where
ov
\I}Irel’i = Oz,
axrel ft:el (fz7)

In terms of the absolute states, the linearized constraint equations in Eq. become

0=y, iMpe [0x(t],) + 3 (t5)6t, | (119)
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where

Substituting dt., = Pgiﬂi ou produces

0=, ;Mo [5x(t2i) + (PO 5u} (120)

Ste, . I . .
where Py “ represents the partial derivative of 0t., with respect to the targeting parameter vector Ju.

Next, the dual-inertial state dispersion dx(t} ) = [dx1(t},), dxo(t},)] at time ¢} needs to be determined.
The generic form for the active vehicle dispersion 0z (¢, ), whether for impulsive maneuvers or finite-burn
maneuvers, is given by

Sz (ty,) = My, 4 621(t5) + My, 5,0u (121)

I“i xo
where the targeting parameters du and the matrices Mj,c

targeting problem (e.g., see Eqs. [I6] [24] [31] and [67).

The coasting-flight dynamics model for passive Vehicle 2 is given in Eq. [ where the passive vehicle
dispersion, 62 (t7,) is given simply by

2, and M, ;C s are dependent on the particular

dza(ty,) = B(te,, 15)0w2(tg) = M7, 02(t5) (122)

The dual-inertial state dispersion dz (¢} ) is determined by combining Eqs. [121]and

dx(ty) = Mmcyiwoéx(tS) + Mx%gu&u (123)
where )
M 0 [ M2
o Te; To M _ Ze; 0u
e [ 0 M, ] o e |

Substituting Eq. [T23]into[T20} produces

0= Ve iMre [Mquo&ﬂ(té) + {Mzciau +at(t )Pl } (5u]

The equation above represents m constraint equations in n targeting parameters and can be written in the
standard form

| Mdu = Noa(t;) (124)
where
\I]:I:rel,erel {Mzcltsu + "t*(tzl)PMcl,é’U«}
\I]:rm ,2Mrel Mzc Su +x*(tz )P5tc ,0u
M _ L { 2 ‘ 2 2 } (125)
\IjmTel,erel {Mzcréu + i*(t:T)PétCT,&L}
\I’xrel,erelMacclxg
\I]xre;,,QM'releng
N = — . (126)

\I]wTEL,TMTElMZECTIQ
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8 CISLUNAR APPLICATIONS WITH GENERALIZED REFERENCE TARGETING
8.1 Cislunar Example 1: GRT Using Impulsive Burns

The main purpose of this first example is to show how generalized reference targeting and the generalized
augmented state covariance (GAUSCOV) [[11]] analysis techniques can be used to plan impulsive maneuver
control states ahead of their execution, and to show how the duration of the planning phase affects Av disper-
sion and final position/velocity constraint dispersion. The targeting algorithm is based on the accompanied
Generalized Reference Targeting document, Section 4. The targeting constraints (2) are the magnitudes of the
final position and velocity vectors on a hyperbolic escape trajectory originating from low lunar orbit (LLO).
For navigation, a Kalman filter provides lunar centered inertial (LCI) position vector measurements corrupted
with noise (e.g., optical measurements of the earth, moon, or lunar surface features). For simplicity, two-body
dynamics are assumed, and there are no actuator or sensor biases, scale-factors, and misalignment. The true
state x and the navigation state & consist of the LCI position and velocity vectors. The control state consists
of 1 impulsive maneuver at fixed time and a variable time for the final constraint & = [AV}, t.]. The GRT is
used to plan a correction 6@ = [§V7, dt.] to the nominal maneuver and the final constraint time A7), minutes
before the nominal maneuver execution time.

The GAUSCOV propagation, update, and correction equations presented above are implemented using
the problem parameters in Table |1/ below. Several cases are investigated. The first case uses only the three
targeting parameters of the maneuver impulse correction §V to achieve the final constraints. Figure [3]shows
the 3-¢ dispersion of position and velocity magnitude as a function of time with zero navigation errors. The
targeting algorithm is executed 30 minutes prior to the impulsive maneuver, and the impulsive maneuver
correction dV is computed and saved. Since the position and velocity have zero navigation error and the
process noise is very small, the targeting solution is accurate, and the final dispersions are nearly zero. The
required corrections to the x and y components of the impulse are (19.7, 22.7 m/s, 3-0) are on the order of
2% of the nominal thrust, while the z component is much smaller.

Parameters Values
Initial orbit Low lunar orbit, circular, 100 km altitude
Initial mass my=1000 kg
Final constraints |7 ¢ || =2860 km, |jv¢|| =2247 m/s, at t}; =3600 sec
Nominal Impulsive Maneuver | Av=[-795.3 m/s -606.2 m/s -0.4 m/s], at ¢, =2500 sec
Initial state dispersion oy, =3.33 km, 0,,=3.33 m/s
Planning phase duration AT, =30 min, 10 min

True/filter model sensor noise o, =6, =0m, 1000 m

True/filter model process noise o, = 0, =1.0e-8 m/s

True/filter model actuator noise o¢ =06¢=0N

Table 1. Parameters for Example 2 and Example 3

Figure[d]shows the 3-¢ dispersion of position and velocity magnitude as a function of time with navigation
errors on. On the left, the targeting algorithm is executed 30 minutes prior maneuver execution, and the
impulse correction V is computed and saved. However, because the navigation errors are large at that time
(not shown in the figure), the targeting solution is inaccurate and results in large final dispersions. On the
right, the targeting algorithm is executed only 10 minutes before maneuver execution when the navigation
errors are much smaller. The results in a more accurate targeting solution and near zero final dispersion
(compare to the case with zero navigation errors above).
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Figure 3. 3-0 dispersion of position and velocity magnitude as a function of time with
zero navigation errors. The targeting algorithm computes and plans the required
correction to the maneuver impulse /1, 30 minutes prior to the maneuver execution.
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Figure 4. 3-o0 dispersion of position and velocity magnitude as a function of time
with navigation errors on. The targeting algorithm computes and plans the required
correction to the maneuver impulse 517, 30 minutes prior to maneuver execution (left)
or 10 minutes prior to the maneuver execution (right).

The second case uses four targeting parameters 0V and 6t ¢ to achieve the final constraints. Figure|§| shows
the 3-o0 dispersion of position and velocity magnitude as a function of time with zero navigation errors. The
targeting algorithm is executed 30 minutes prior engine ignition, and the targeting solution, 6V and dt, are
computed and saved. Since the position and velocity have zero navigation error and the process noise is very
small, the targeting solution is accurate, and the final dispersions are nearly zero. Notice also that the required
corrections to the x and y components of the maneuver impulse (5.4, 3.7 m/s, 3-0) have been reduced by an
order of magnitude by introducing the additional targeting parameter ét¢. The 3-o value for the additional

targeting parameter 10.8 seconds.
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Figure 5. 3-0 dispersion of position and velocity magnitude as a function of time
with zero navigation errors. The targeting algorithm computes and plans the required
correction to the maneuver impulse 61" and final constraint time 6t ¢, 30 minutes prior
to the maneuver execution.

Figure[6]shows the 3-0 dispersion of position and velocity magnitude as a function of time with navigation
errors on. On the left, the targeting algorithm is executed 30 minutes prior to maneuver execution, and the
four targeting parameters 6V and dt; are computed and saved. However, because the navigation errors are
large at that time (not shown in the figure), the targeting solution is inaccurate and results in large final
dispersion. On the right, the targeting algorithm is executed only 10 minutes before engine ignition when the
navigation errors are much smaller. This results in a more accurate targeting solution (compare to the case
with zero navigation errors above).

Targeting Param(4): 6V, 6t; Targeting Param(4): 6V, 6t¢

50 T 50 T T

o
o 3¢ Target Soln PosWep g | 3¢ Target Soln Pos Mag
2401 DVx = 5.2 m/s Targeting | | 240-DVx = 5.4 m/s %  Targeting | |
iao» DVy = 3.5 m/s Tdv 1 iao,DVy =3.7m/s Tdv ]
£ DVz = 0.0 m/s £ DVz = 0.0 m/s
520 Tf=10.3 1 2201 Tf = 10.8 5 Targeting 1
S — | 8 ]
& Targeting &

0 . . | . . . 0 . . . . . .

0 500 1000 1500 2000 2500 3000 3500 4000 0 500 1000 1500 2000 2500 3000 3500 4000
time (sec) time (sec)
30 T T T T T 30 T T T T

© ©
£ Vel Mag £ Vel Mag
2 % Targeting 2 % Targeting
o 20 Tdv 1 20 Tdv 1
Q o
E E
$10 1 10 Targeting 1
@ @
fa — fa
g Targeting 2

0 . . . . . . 0 . . . . . .

0 500 1000 1500 2000 2500 3000 3500 4000 0 500 1000 1500 2000 2500 3000 3500 4000
time (sec) time (sec)

Figure 6. 3-o dispersion of position and velocity magnitude as a function of time
with navigation errors on. The targeting algorithm computes and plans the required
correction to the maneuver impulse ¢V and final constraint time 4t ;, 30 minutes prior
to the maneuver execution (left) or 10 minutes prior to the maneuver execution (right).
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8.2 Cislunar Example 2 - GRT Using Finite Burns with Varying Thrust Vector

The main purpose of Example 2 is to show how a GAUSCOV analysis tool can be used to plan finite-
burn control states ahead of their execution, and to show how the duration of the planning phase affects Av
dispersion and final position/velocity constraint dispersion. The targeting algorithm is based on the accom-
panied GRT formulation using finite burns with the thrust vector outlined in Section[5] The two targeting
constraints are the magnitudes of the final position and velocity vectors on a hyperbolic escape trajectory
originating from low lunar orbit. The nominal trajectory consists of an initial coasting-flight phase, followed
by a powered-flight phase, with a final coasting flight phase as shown in Figure[7} For navigation, a Kalman

Example 2 Targeting Parameters
0T, Styig, Oteo, Otf

Example 3 Targeting Parameters
6b,8g, 6tyig, Otco, Sty

Figure 7. Nominal trajectory with variable time of engine ignition, variable time of
engine cutoff, and variable final constraint time.

filter provides inertial LCI position vector measurements corrupted with noise (e.g., optical measurements of
the earth, moon, or lunar surface features). For simplicity, two-body dynamics are assumed, and there are no
actuator or sensor biases, scale-factors, and misalignment. The true state x and the navigation state & consist
of the LCI position and velocity vectors 7 , v, the mass of the vehicle m, and thrust efficiency a=constant (de-
fined as one divided by the engine exhaust velocity). The control state consists of the thrust vector, the time
of engine ignition, the time of engine cutoff, and a variable time for the final constraint & = [T, t1ig, tco, te]-
The GRT is used to plan a set of constant control state corrections 0% = [07', 0t4ig, 6tco, Otc]. It is assumed
this targeting algorithm is executed is AT, minutes before the nominal maneuver execution time.

The GAUSCOV propagation, update, and correction equations presented above are implemented using
the problem parameters in Table 2] Several cases are investigated. The first case uses only three targeting
parameters 67" to achieve the final constraints. Figure [§] shows the 3-o dispersion of position and velocity
magnitude as a function of time with zero navigation errors. The targeting algorithm is executed 30 minutes
prior engine ignition, and the thrust vector perturbation 67" is computed and saved. Since the position and
velocity have zero navigation error and the process noise is very small, the targeting solution is accurate, and
the final dispersions are nearly zero. The required perturbations to the x and y components of the thrust vector
(16.0, 20.6 N, 3-0) are on the order of 2% of the nominal thrust, while the z component is much smaller.

22



Parameters

Values

Initial orbit

Low lunar orbit, circular, 100 km altitude

Initial mass, thrust, and Isp

my=1000 kg, T*=981 N, a*=400 sec

Final constraints

|7 ¢ || =3022 km, [Jv|| =2324 m/s, at t}; =3600 sec

Nominal powered-flight time

t1g =2000 sec, t7, =3000 sec

Initial state dispersion

or, =3.33 km, 0,,=3.33 m/s, 0, =0kg, 00, =0 s/m

Planning phase duration

AT, =30 min, 10 min

True/filter model sensor noise

0, =06, =0.0m, 333.0 m

o, = 6, =1.0e-8 m/s
0’5 = 6’5 :OON

True/filter model process noise

True/filter model actuator noise

Table 2. Parameters for Example 2 and Example 3
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Figure 8. 3-o dispersion of position and velocity magnitude as a function of time with
zero navigation errors. The targeting algorithm computes and plans the required
perturbation to thrust vector 7', 30 minutes prior to the start of powered-flight.

Figure[9]shows the 3-o dispersion of position and velocity magnitude as a function of time with navigation
errors on. On the left, the targeting algorithm is executed 30 minutes prior engine ignition, and the thrust
vector perturbation d7" is computed and saved. However, because the navigation errors are large at that time
(not shown in the figure), the targeting solution is inaccurate and results in large final dispersions. On the
right, the targeting algorithm is executed only 10 minutes before engine ignition when the navigation errors
are much smaller. This results in a more accurate targeting solution and near zero final dispersion (compare
to the case with zero navigation errors above).
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Figure 9. 3-0 dispersion of position and velocity magnitude as a function of time
with navigation errors on. The targeting algorithm computes and plans the required
perturbation to thrust vector 7', 30 minutes prior to the start of powered-flight (left)
or 10 minutes prior to the start of powered-flight (right).

The second case uses six targeting parameters 01", dt44, 0t.o, and dt to achieve the final constraints. Fig-
ure[T0]shows the 3-c dispersion of position and velocity magnitude as a function of time with zero navigation
errors. The targeting algorithm is executed 30 minutes prior engine ignition, and the targeting solutions, 67,
0tiig, Otco, and Ot ¢, are computed and saved. Since the position and velocity have zero navigation error and
the process noise is very small, the targeting solution is accurate, and the final dispersions are nearly zero.
Notice also that the required perturbations to the x and y components of the thrust vector (2.3, 2.8 N, 3-0)
have been reduced by an order of magnitude by introducing the additional targeting parameters, dtt;g, dtco,
and dt¢. The 3-0 values for the three additional targeting parameters are only 7.5 seconds or smaller.

Targeting Param(6): 6T, 6ty g, Gtco, Ot
0 T T T

T T
E 30 Target Soln Pos Mag
%’ 40 5Tx =23N * :argeting B}
© L [¢]
,530, 5Ty—2.8 N Cutoff 7
= 8T, =0.01N 30 Target Soln
g20r Sty =4.1sec ]
a -
> 10 Step = 2.9 sec 1
& \ Targeting | 8ty = 7.5 sec |

0 500 1000 1500 2000 2500 3000 3500 4000

time (sec)

© 25 T T
€ Vel Mag
% 20+ *  Targeting | 7
5 Tig
) Cutoff |
E
a 10 B
é 5+ Targeting .
[}
> 0 L 1 L 1 L

0 500 1000 1500 2000 2500 3000 3500 4000

time (sec)

Figure 10. 3-o dispersion of position and velocity magnitude as a function of time with
zero navigation errors. The targeting algorithm computes and plans the required per-
turbations to thrust vector 47, ignition time dt,;,, cutoff time /¢ .,, and final constraint
time 6t 7, 30 minutes prior to the start of powered-flight.

Figure[TT|shows the 3-0 dispersion of position and velocity magnitude as a function of time with navigation
errors on. On the left, the targeting algorithm is executed 30 minutes prior engine ignition, and the six
targeting parameters 67, 0t;q, Otco, and 0ty are computed and saved. However, because the navigation
errors are large at that time (not shown in the figure), the targeting solution is inaccurate and results in large
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final dispersion. On the right, the targeting algorithm is executed only 10 minutes before engine ignition
when the navigation errors are much smaller. This results in a more accurate targeting solution and near zero
final dispersion (compare to the case with zero navigation errors above).
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Figure 11. 3-o0 dispersion of position and velocity magnitude as a function of time
with navigation errors on. The targeting algorithm computes and plans the required
perturbations to thrust vector 07", ignition time dt;;,, cutoff time Jt.,, and final con-
straint time Jt;, 30 minutes prior to the start of powered-flight (left) or 10 minutes
prior to the start of powered-flight (right).

8.3 Cislunar Example 3 - GRT Using Finite Burns with Fixed Thrust Magnitude

This section presents another example of incorporating finite-burn targeting into a GAUSCOV analysis
tool. The key difference in this example is the control states. Instead of a perturbation to the nominal thrust
vector d7", the control state in this section includes a perturbation to the initial thrust direction b and a
perturbation to the thrust turning rate dg, i.e., the control states are 0p = [0b, §g, 0t4ig, Otco, 0t ] instead of
dp = [0T, 0tsig, Otco, 6t f]. All other elements of this example remain the same as in Example 2 including the
values of the problem parameters in Table[2] The targeting algorithm used to determine the new control state
are documented in the accompanied Section[6]

Several cases are investigated. The first case uses only four targeting parameters, b and dg, to achieve
the final constraints. Figure [I2] shows the 3-o dispersion of position and velocity magnitude as a function of
time with zero navigation errors. The targeting algorithm is executed 30 minutes prior engine ignition, and
the initial thrust direction db and turning rate dg are computed and saved. Since the position and velocity
have zero navigation error and the process noise is very small, the targeting solution is accurate, and the final
dispersions are nearly zero. The 3-c magnitudes of the required perturbations §b and dg are 8.7 deg and 0.23
deg/s, respectively. The perturbation to the thrust turning rate is much too high and unrealistic.
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Figure 12. 3-0 dispersion of position and velocity magnitude as a function of time
with zero navigation errors. The targeting algorithm computes and plans the required
perturbations to the initial thrust direction /b and turning rate jg, 30 minutes prior
to the start of powered-flight.

Figure[T3]shows the 3-o dispersion of position and velocity magnitude as a function of time with navigation
errors on. On the left, the targeting algorithm is executed 30 minutes prior engine ignition, and ¢b and g are
computed and saved. However, because the navigation errors are large at that time (not shown in the figure),
the targeting solution is inaccurate and results in large final dispersion. On the right, the targeting algorithm
is executed only 10 minutes before engine ignition when the navigation errors are much smaller. This results
in a more accurate targeting solution and near zero final dispersion (compare to the case with zero navigation
errors above). The perturbation to the thrust turning rate is still unrealistic.
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Figure 13. 3-0 dispersion of position and velocity magnitude as a function of time
with navigation errors on. The targeting algorithm computes and plans the required
perturbations to the initial thrust direction 60 and turning rate jg, 30 minutes prior
to the start of powered-flight (left) or 10 minutes prior to the start of powered-flight
(right).

The second case uses seven targeting parameters 6b, g, 0t:i4, 0tco, and 6ty to achieve the final constraints.
Figure [I4] shows the 3-¢ dispersion of position and velocity magnitude as a function of time assuming zero
navigation errors. The targeting algorithm is executed 30 minutes prior engine ignition, and all seven targeting
parameters, b, g, dtsig, 0tco, and 6t ¢, are computed and saved. Since the position and velocity have zero
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navigation error and the process noise is very small, the targeting solution is accurate, and the final dispersions
are nearly zero. By adding the three additional targeting parameters, dt;;4, 0t.o, and 0t s, the 3-0 magnitudes
of 0b and dg are reduced to only 0.0003 deg and 0.0.005 deg/s, respectively, and the 3-o values of dt;q, dtco,
and dt, are less than 1.7 seconds.
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Figure 14. 3-o dispersion of position and velocity magnitude as a function of time
with zero navigation errors. The targeting algorithm computes and plans the required
perturbations to the initial thrust direction ¢b, turning rate Jg, ignition time dt;;,
cutoff time 4%, and final constraint time 0t ¢, 30 minutes prior to the start of powered-
flight.

Figure[T5]shows the 3-o dispersion of position and velocity magnitude as a function of time with navigation
errors on. On the left, the targeting algorithm is executed 30 minutes prior engine ignition, and the seven
targeting parameters are computed and saved. However, because the navigation errors are large at that time
(not shown in the figure), the targeting solution is inaccurate and results in large final dispersions. On the
right, the targeting algorithm is executed only 10 minutes before engine ignition when the navigation errors
are much smaller. This results in a more accurate targeting solution and near zero final dispersions (compare
to the case with zero navigation errors above).
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Figure 15. 3-o dispersion of position and velocity magnitude as a function of time
with navigation errors on. The targeting algorithm computes and plans the required
perturbations to the initial thrust direction ¢b, turning rate Jg, ignition time dt;;,
cutoff time 4%, and final constraint time 0t ¢, 30 minutes prior to the start of powered-
flight (left) or 10 minutes prior to the start of powered-flight (right).

9 CONCLUSIONS

This paper outlined a generalized reference targeting (GRT) algorithm that accommodates arbitrary flight
dynamics, both impulsive and finite burns, and either absolute or relative targeting applications. It also
allows for an arbitrary number of targeting design parameters such as multiple discrete correction burns
or finite thrust parameters to satisfy numerous combinations of targeting constraints that can have fixed or
variable time epochs. Given a reference trajectory, this targeting technique provides a general framework
to quickly solve an assortment of targeting problems that may be well-defined, over-determined, or under-
determined while naturally producing metrics providing insight into the controllability for a given problem
formulation. Due to the derivation, speed, and accuracy of the algorithm, it lends to supporting rapid linear
covariance analysis and robust trajectory design applications for a variety of flight phases such as rendezvous
and docking, cislunar transfer, interplanetary flight, orbit maintenance, de-orbit, and powered descent and
landing.
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